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Abstract In this paper, an adaptive state-feedback
control technique is proposed for a class of unknown
pure-feedback systems. A remarkable feature is that
not only the problem of full-state constraints and pre-
scribed performance tracking is solved together, but
also the design is an approximation-free control scheme
for pure-feedback systems with completely unknown
nonlinearities. These properties will lead to a diffi-
cult task for designing a stable controller. To this
end, a novel prescribed performance-barrier Lyapunov
function is developed to guarantee that all the state
constraints are not violated and the tracking error is
preserved within a specified prescribed performance
bound at all times, simultaneously. Then, by utiliz-
ing the mean value theorem, Nussbaum gain tech-
nique, a low-pass filter and a novel bounded estima-
tion approach at each step of back-stepping procedure,
a novel adaptive dynamics surface control scheme is
developed to remove the difficulties of pure-feedback
characteristic, unknown nonlinearities, unknown con-
trol direction and “explosion of complexity”, which can
guarantee that the proposed design is universal and low-
complexity. Moreover, it is proved that all the signals in
the closed-loop system are global uniformly bounded.
Two simulation studies are worked out to illustrate the
performance of the proposed approach.
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1 Introduction

Robustness and tracking performance are vital indexes
of controller design. Tracking performance is the sys-
tem properties shown in the steady-state and transient
processes, for example, convergence rate, maximum
overshoot and steady-state tracking error. Robustness
is the maintenance ability of tracking performance in
the presence of uncertainties, such as external dis-
turbances, system parameter variations, un-modeled
dynamics, and so on. In particular, for the unknown
nonlinear systems, how to guarantee these perfor-
mances comprehensively is still an open and significant
problem [1]. During the past several decades, back-
stepping technique has been recognized as a powerful
tool to design controller for a larger class of uncertain
nonlinear system, and the robustness and tracking prob-
lem for unknown nonlinear systems has been inten-
sively solved based on back-stepping technique [2—7].
A main limitation in these works is that the progress can
only be applied to systems in the affine form. Compared
with this progress, relatively fewer results are available
for control of pure-feedback systems, which represents
a more general class of triangular systems. The diffi-
culty associated with the control design of pure feed-
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back systems arises from the lack of the appropriate
variables to be used as virtual and/or actual control in
the recursive design procedure. Therefore, control syn-
thesis and stability analysis of pure-feedback systems
are challenging issues and have attracted considerable
research efforts [8—19]. To enhance the robustness of
uncertain nonlinearities or completely unknown non-
linearities, most of these back-stepping-based schemes
were developed based on neural networks (NNs) or
fuzzy logical systems (FLSs). By utilizing the mean
value theorem [8-15], the auxiliary integral method
[16] and the contraction mapping method [17-19], the
original pure-feedback system was transformed into an
equivalent model with quasistrict-feedback form. Sub-
sequently, the back-stepping-based control scheme was
developed by employing the NN [8-13,16-18] and
FLS [14,15,19] to approximate the unknown nonlin-
earities of the equivalent strict-feedback form mod-
els. However, the repeated differentiation calculations
of virtual controller in back-stepping may lead to the
problem of “explosion of complexity”, which results in
tremendous calculation burden and undesirable numer-
ical noise in practice. To eliminate this problem, the
dynamic surface control (DSC) was developed in [20]
and extended to unknown pure-feedback systems by
utilizing a low-pass filter for the synthetic input at each
step of back-stepping procedure. By borrowing the fea-
tures that universal approximator (i.e., NN and FLS)
can approximate arbitrary nonlinear continuous func-
tion to a given accuracy, an adaptive NN-DSC approach
was formulated for a class of unknown pure-feedback
systems, where the mean value theorem [21-24] and
contraction mapping method [25,26] were employed
to transformed the original systems into strict-feedback
form, respectively. In [27,28], the pure-feedback sys-
tem was transformed into pseudostrict-feedback form
by adopting the contraction mapping approach, then, an
adaptive NN output feedback DSC design [27] and an
adaptive fuzzy output feedback DSC design [28] were
presented for unknown multi-input and multi-output
(MIMO) and single-input and single-output (SISO)
pure-feedback systems, respectively. Unfortunately, all
aforementioned works guarantee convergence of the
steady-state tracking error to a residual set, whose
size depends on explicit design parameters and some
unknown bounded terms, which makes a priori selec-
tion of the design parameters satisfying certain steady-
state behavior practically impossible. Furthermore, the
analytical relationship between transient behavior (i.e.,
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convergence rate and maximum overshoot) and design
parameters is difficult to analyze by using mathemat-
ical tool. To formulate the relationship between per-
formance indexes and design parameters as specific
analytical functions, an alternative approach, named
prescribed performance control (PPC) to guarantee the
transient and steady-state performance was first pro-
posed in [29], where prescribed performance bound
(PPB) can characterize the convergence rate, maximum
overshoot and maximum steady-state error of the track-
ing errors. With the appropriate performance function
and error transformation, the tracking errors can con-
verge to a predefined small residual set with a conver-
gence rate no less than a predefined value and maximum
overshoot less than a sufficiently small specified con-
stant. Subsequently, PPC methodology was employed
to design adaptive controller for various classes of
unknown nonlinear systems by using NN [30,31] and
FLS [32]. Only a few results are available in the liter-
ature for the PPC of unknown pure-feedback systems.
Two low-complexity global approximation-free con-
trol scheme with prescribed performance for unknown
pure-feedback systems were proposed in [33,34]. An
adaptive robust control with prescribed performance
for a class of unknown pure-feedback system was stud-
iedin [35]. However, a major obstacle in the application
scope is that the output and state constraints are not con-
sidered in the above-mentioned results about unknown
pure-feedback systems.

In recent years, adaptive control of nonlinear sys-
tems with output or state constraints has received much
attention. Many significant control schemes have been
developed by utilizing the back-stepping and DSC
approach [36—45]. Since the barrier Lyapunov func-
tion (BLF) candidate was originally proposed in [46],
the BLF-based control scheme has been widely used
for the nonlinear system with state and output con-
straints. By employing the BLF, an adaptive control
scheme was developed to tackle the problem of con-
trol output constraints in [36,37] and time-varying out-
put constraints in [38,39]. An adaptive fuzzy control
approach for a category of uncertain nonlinear systems
with output constraint was developed in [40], and the
problem of output constraint was handled by utilizing
a BLF. A BLF-based adaptive control was developed
for a class of strict-feedback nonlinear systems with
full-state constraints in [41,42] and partial-state con-
straints in [43]. But in the aforementioned works, the
research results are obtained under the condition that
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the considered systems are strict-feedback nonlinear
systems, there are very few existing research results for
unknown pure-feedback systems with state and output
constraints. In [44], for a class of pure-feedback sys-
tems with output constraints, a dynamic surface design
approach based on an appropriate integral BLF was pre-
sented to design an adaptive controller to ensure both
the constraint satisfaction and the desired tracking abil-
ity. In [45], for a class of uncertain pure-feedback para-
metric systems, an adaptive recursive design procedure
was constructed to remove the difficulties for avoiding
nonaffine terms and guarantee that the full-state con-
straints are not violated by introducing BLF with the
error variables.

Despite the efforts made to unknown pure-feedback
systems recently, certain issues still remain open.
Firstly, all aforementioned works about unknown pure-
feedback systems have resorted to universal approxi-
mation theorem to deal with the unknown nonlinear
dynamics of the system. Unfortunately, this univer-
sal approximation-based (i.e., NN and FLS) approach
inherently introduces certain issues affecting con-
troller complexity, closed-loop stability and robustness
[33]. Secondly, the assumption is always very strin-
gent, for example, the signs of control gain are com-
pelled to be known [8-14,16-19,21-28,33,34,45] and
the unknown nonlinear functions satisfy linear-in-the-
parameters (LIP) condition [45]. Finally, there are very
few results about the constrained or prescribed per-
formance control problem of pure-feedback system.
In particular, to the authors’ best knowledge, in the
literature, there are no results reported on the inte-
grated control design for prescribed performance and
state/output constraints, and the previous works for all
the state/output constraints are very conservative due
to the need for a priori knowledge of control direction.

Based on the above discussions, an adaptive DSC
scheme is proposed for a class of unknown pure-
feedback systems with prescribe performance and full-
state constraints. The main contributions of the pro-
posed approach are that:

(1) Reduced design complexity. Different from the
results in [8-14,16-19,21-28] which focus on
approximation-based techniques to tackle the
unknown dynamics, this study frames a novel
adaptive bounded estimation approach to deal with
the unknown dynamics by combining the mean
value theorem, the supremum norm theory and

DSC, which is approximation-free and can avoid
unnecessary repeated differentiation calculations.
Namely, the proposed control scheme is low-
complexity.

(2) Reduced system prior knowledge and conser-
vatism. Compared with results in [8-14,16-19,
21-28,33,34,45], the knowledge of the sign of
control gain and the LIP condition of unknown
nonlinear functions are not required by employ-
ing Nussbaum gain technique and supremum norm
theory. Meanwhile, the conservatism of traditional
BLF can be removed in this study.

(3) Prescribed performance-barrier Lyapunov func-
tion (PP-BLF). The proposed control scheme con-
stitutes a first approach to solve the problem
of state constraints and prescribed performance
tracking integratedly, which can guarantee that
all the state constraints are not violated, and the
tracking error is preserved within a specified pre-
scribed performance bound at all times, simultane-
ously. Moreover, the proposed control scheme also
constitutes a first approach toward the solution of
the prescribed performance tracking problem and
state-constrained problem for pure feedback sys-
tems.

2 Problem formulation and preliminaries

Consider a class of unknown pure-feedback systems
[8] with full-state constraints as follows

Xi = filxt, ..., xit1), i=1,...,n—1
Xp = fn(xa u) (D
Yy =X1

where x = [x1,...,x,]T € R",y € Randu € R
are the states, the output, and the input of system,
respectively; x; = [x1, ...,xi]" € R, fixix1),i =
1,...,n—1and f,(x, u) are unknown nonaffine non-
linear smooth functions. In this study, all the states are
constrained in the compact sets, i.e., |x;| < k¢; with k¢,
being a known positive constant. To facilitate design,
let x,4+1 = u.

The control objective in this study is to design an
adaptive state feedback controller # such that: (1) All
the signals in the closed-loop system are bounded; (2)
the tracking error z; = y — yr achieves prescribed
transient and steady-state performance; (3) the full-
state constraints are not violated, i.e., |x;| < k;, where
Yr € R is the reference signal.
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To achieve the control goal, the following assump-
tions, lemmas, and definitions are required in the
design.

Assumption 1 For the unknown pure-feedback sys-
tem (1), the function f; is continuously differentiable
and there exists unknown positive constant Bi,j, i =
1,...,n,j=1,...,i+ 1such that

'aﬁ(xl7"'9xi7xi+l) <B
— L]

8)Cj
i=1,...,n, j=1,...,i
‘3ﬁ(X1,...,xi,Xi+1)
0xi4+1

0< < Bi,i+1,

i=1,....n

for all (x1, ..., xn, u) € R

Assumption 2 For the unknown pure-feedback sys-
tem (1), the f,(xl +1) is always bounded; that is,
there exists unknown positive constant A; such that
|f,(il°+l)| < A;, where x? =xj0),j=1,....0i+1
and xl b= = [xY 0

X[,ooon X 1T denote the system initial
conditions.

v it
Assumption 3 [27] For the unknown pure-feedback
system (1), there exists positive constants Ag and
By such that the desired trajectory yr, its first-order
derivative y; and its second-order derivative y, sat-
isfy [ye| = Ao < k¢ and Q0 = {[yr, yr, Jr] :
|yel® + 3el? + 150 * < Bo} € R?, Vi > 0.

Remark 1 (@): Without loss of generality, the stability
results will be valid as long as the states remain within
some compact sets, so the global Lipschitz condition
on f; can be relaxed to a local one in the Assump-
tion 1. Such as f; = O.lxi2 — Xi+1 + 0.2 sin(x;x;j+1)
also satisfies Assumption 1. @): From a practical view,
the energy and change rate of nonlinear dynamic
are limited. Thus, Assumption 1-3 is reasonable. (¢):
In [8-14,16-19,21-28,33,34], the adaptive control
design is required to confirm the signs of control gain,
and the unknown nonlinear function f; (x;4) satisfies
fixiy) = GI.T& (Xi41) in [45], These are conservative
for practical application and the problem of state con-
straints. In this study, the signs of control gain and the
function f; do not require to be known.

Definition 1 [47] Any continuous even function N (¢)
is called Nussbaum-type function when there are the
following properties:

fo N(©)d¢ = +o0 @)

lim sup —
§—>00
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hm inf — / N()de = — (3)

There are many functions to be viewed as a Nussbaum-
type function such as et’ cos((/2)¢) and ¢2 cos({).
In this study, N(¢) = ;2 cos(¢) is used.

Lemma 1 [48] Let V (¢) and ¢ (t) be smooth functions
defined on [0, ty) with V(t) > 0, Vt € [0,ty), and
N (¢) is a smooth Nussbaum-type function. If the fol-
lowing inequality holds

'
V(i) <c+ 67‘”/ (T (x(D)N©) + 1) cetTdr
0

“)

where uw > 0, I' (x(1)) is a time-varying parame-
ter which takes values in the unknown closed inter-
vals I: = [I=,17] with 0 ¢ I, and c repre-
sents some suitable constant, then V(t), ¢ (t) and
fé [ (x(7)) N(¢)¢dt must be bounded on [0, 1 7).

Lemma 2 [49] Suppose 0 < ty < oo and that x :
[0,27] — RY is a solution of the closed-loop system.
If x is a bounded solution, then t y = 00

Lemma 3 (Youngsinequality [15]) ForV(m, n) € R?,
the following inequality holds:

s’ 1

mn < =—|m|P + —|n|? (5)
P q¢1

where ¢ >0, p>1, g>1land(p—1)(g—1) = 1.

Lemmad For the unknown nonlinear function

fixi+1),i = 1,...,n of system (1), there exists
unknown constant §; ; € [x(/.),xj], i=1,...,n, j =
1,...,i+ 1, such that .
i
fiGipn) =Y Bijxj —x9) = Biipixly
j=1
+BiiiXip1 + fi(E) (6)

where B; j = (3 fi/9x;) ...

X Xi41)*

Proof By adding and subtracting the term f;(x;
then the f;(x;4+1) can be described as:

l+l)

- 0
Jixiv) = filxr, oo xip1) — filxy, X2, 000, Xig1)
0
+ filx), x2, ..., Xig1)
0 .0
- ﬁ(x17x27x35 "-7xi+])
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oo fiGY X X))

— @)+ S @)
Subsequently, since the f;(x;;+1) is continuous and
differentiable for all (xi,...,x;,x;4+1) € R+l and
the initial value ﬁ(i?H) are bounded, the f;(x;+1)
can be expressed as the following form with §; ; €

[x, %1, i =1,....n, j=1,...,i+1ultimately by
using mean value theorem.

9f
/i ) % (x1 — x7)
(& 1,%2 X7 Xi41)

Ji(Xip1) = <—
(o
dxa (X?fi,z,xy--,xzwxiﬂ)

0x1
*(xz—x8)+~~~

+ o
0Xj41 Y x) & i)

(1 —x ) + HGED D (8)

which together with the Bi,j =
(8fi/8xj)|(0,...,S,-,j,...,x,-,xi+1), i 1: ...,i’l,j = 17
..., 1 + 1 gives the Eq. (6).

This concludes the proof. O

3 Prescribed performance-Barrier Lyapunov
function

3.1 Prescribed performance function

PPC was first proposed in [29]. PPC is achieved if the
tracking error z; = y — y; evolves strictly within a pre-
defined region that is bounded by a decaying function
of time, i.e., prescribed performance function (PPF).
The definition of PPF is given as follows.

Definition 2 [29]. A continuous function p(¢) is called
PPF if

(i) p(¢) is positive and strictly decreasing;
(i1) lim;— 00 p(t) = poco-. In this paper, the following
exponential function is chosen as PPF

p(t) = (ko, — poc)e™ " + poo 9)

where ky, = k¢, — Ao > poo 1S the boundedness of
tracking error z1, pso > 0 and £ > 0 are appropri-
ately prescribed scalars. Then, the aforementioned

second objective is obviously equivalent to the fol-
lowing mathematical inequality:

—pt) <z1 <p@), V1>0 (10)

The constant ps, represents the maximum allow-
able size of the tracking error z; at the steady
state, which may even be set arbitrarily small, thus
accomplishing practical convergence of z; to zero.
Moreover, the decreasing rate of p(¢), which is
determined by the constant ¢, imposes a lower
bound on the required speed of convergence of
z1. Therefore, the appropriate selection of the PPF
p(t) imposes performance characteristics on the
tracking error zj.

Remark 2 To integrate PPF with BLF, the mathemati-
cal expression of prescribed performance is given as (9)
and (10) which introduce parameter ky,, . Different from
the results in [29-32] which employ an error transfor-
mation technique to transform the constrained tracking
error (10) into an unconstrained one, this study inte-
grates the constrained tracking error (10) into BLF (i.e.,
PP-BLF) to achieve PPC and state-constrained control,
simultaneously.

3.2 BLF and PP-BLF

To avoid the violation of output constraints, we employ
a BLF with the following definitions.

Definition 3 [36] V(x) as a scalar function defined
with respect to the system X = f(x) on an open region
D including the origin, is a BLF if it has the following
properties.

(1) V(x) is continuous, positively definite, and has
continuous first-order partial derivatives at every
point of D.

(2) V(x) — oo as x approaches the boundary of D.

(3) V(x) <d, ¥t > 0 along the solution of x = f(x)
with x(0) € D, where d is some positive constant.

To prevent the states or outputs of system from vio-
lating their constraints, one kind of traditional BLF is
always defined in the following form with a compact
set Q; ={z; 1 |zil <kp,,i=1,...,n}

2
kg,

i=1,...,n (11)
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where ky, > 0 is the bounded of zy, ky, > 0,i =
2,...,n is a design constant, and the k,, and z; will
be determined later on. However, the traditional BLF
is incapable of the requirement of prescribed perfor-
mance. In order to guarantee that the tracking error
71 satisfies predefined inequality (10), the PP-BLF is
developed in this study, which can be defined as follows
with a compact set 2, = {z1 : |z1/p(#)| < 1}.

1 1
I S PATSE
The following lemma formalizes the result for (11) and
(12) barrier functions and is used in the control design
and analysis for pure-feedback system (1) to guaran-
tee that state constraints and prescribed performance
scalars are not violated.

12)

Remark 3 In fact, the time-varying BLF in [38] can
solve the problem of prescribed performance, but
the relationship between BLF and PPB cannot be
expressed clearly. Moreover, only strict-feedback sys-
tem is considered with LIP condition in [38].

Lemma 5 [36,38] For any xi, any positive constant
kv, and any z; € R satisfying |x1| < 1 and |z;| <
kv, i =1,2,...,n, we have

2
kbi Zl‘2 1 l X12

n
2 2 — 12 27
kb,‘ -3 kb,' -z

1

n < (13)
1— Xi 1— X12

Proof The inequality (13) can be verified easily based
on the Lemma 2 in [36,38]. The proof is omitted here
due to the limited space. O

Lemma 6 [37] For any positive constant A, let S =
{seR:|s| <A CRand N =R' xS c R be
open sets. Consider the system

n=h(tn) (14)
where n = [w,s]¥ € Nandh : Rt x N —> R/t s
piecewise continuous in t and locally Lipschitz in 1 ,
uniformly in t, on RT™ x N. Suppose that there exists
functions U : R' x Rt — R* and Vy, : § — RT,
continuously differentiable and positive definite in their
respective domains, such that

Vo —> 00 as ls| — A (15)

Ti(lwl) = Ulw, 1) < Ta(llel) 16)

where Y1 and Y are class K functions. Let V (n) =
W(s)+U(w,t)and s(0) € S. If the inequality holds:

. A%
V=—h<—-—pV+o a7
an
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where | and o are positive constants, then s(t) €
S, Vvt € [0, 00).

Proof The proof is omitted here due to the limited
space. Interested readers can follow the similar pro-
cedures of the proof of Lemma 1 in [36]. |

4 Main results
4.1 Control scheme

In this section, the approximation-free PP-BLF-based
control scheme for systems (1) is designed step-by-step
in the presence of unknown dynamics and full-state
constraints.

Step I Define the tracking error as z; = x| — y; and
invoking (6), it has

21 =41 — Y = Bra(x) — x))
—Braxd + Broxa + fi(ED) — Ir
= @1 Y1 + Br2x2 — Ir (18)
where o1 = [B1,1, Bi2, iGED]T and ¥ = [x) —
x9, —x3, 117, Since the Bi1, P12 and fi(i9) are

bounded by Assumption 1 and 2, the ||¢;]| is also
bounded. With the supremum norm theory in mild, let

91 = sup [lo1 )12 (19)

t>0

Design the virtual control 1 as

a; = N(¢)wy (20)
-1
. 1. 1Y 1
@ =kix1— S —p ' pz1+ X2
1 —xi
-1
P X1 4
+( ; XZMWF) /(281 1)
Al

where x1 = z1/p(t). The parameter updating laws are
designed as

Go=p xio /A= xD) (22)

2 5 p~ ' xi ’
b=y b7 lyil*/@sh | (23)
- A

where k1, 81 and y; are designed positive constants,
191 denotes the estimation of .

To avoid repeatedly differentiating o1, which leads
to the so-called “explosion of complexity”, the DSC
technique in [20] is employed here. Namely, introduce
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a new variable @] and let o1 pass through a first-order
filter with time constant g; to gain o/

a1(0) = a1(0) (24)

By defining the output error ¢; of this filter and tracking
error z; as

p =a] — o (25)
2 =X — 0 (26)

giay +ay =ay,

Differentiating ¢ yields

‘i’l :&] —a =—ﬂ—(x1
81
IN (1)
=—ﬂ+[—7§1§ —N(§1)<7x1
81 a¢ X1
+3w1, +3w1 A +3ZU1 . 0wy )]
— i+ ——p1— — -
Py 1 I P1 — Yr Op1 1% o9,
= —% + Ti(z1, 22, $1. p1, D1, Vrs rs Fe) (27

All of variables of the function 77 are from compact
sets and 77 is a smooth function, so the |77| has its
maximum value 71, i.e., [Ty < T, with T being an
unknown constant (Please refer to [20] for details).

Then, consider the PP-BLF in (12) and choose the
following Lyapunov function candidate

1 - 1
50t + 54 (28)

Vi=W
1 b1+2y1

where y) is a designed positive constant, 5‘1 = 51 sl
is the estimation error. Define a set Q2,, = {x1 : [x1| <
1}. In the set 2,, = {x1 : [x1] < 1}, V1 is continuous.
Then, in the view of (12), (18), (20), (21), (22), (25),
and (26), differentiating (28) yields

PXl

Vi =
1— Xl

[Wl Y1+ Bi12(z2 + 1) + B12N ()@

+o — o — Y — p_lf)Zl]

171191
+ + 191
_ -1 ?
= —Klp Xl - p 4
1—xi 1= xi
_}_IBIILXZXI( +¢1) + [BraN@) +1] 4
2 B
<f— Xl) Dl ||2/<252>+—1 1
s xg T+ 1o 29

1_

where p is the abbreviation for p(¢). Consider (19),
(27) and Assumption 1, using the Youngs inequality,
we have

2
52
P Xl P X1 2 2 1
< a1 267 +—
et (1—x1) Iv12/ 8%
(30)
Biap~'xiza _1{p7'x P 2 2
= + 58122 31
1— X12 2\1 - X]Z g FL2%2
Bt 1o\ 1.,
———=— =<z + =812 (32)
1-— X12 2\1— X]Z 21,271
; o1 .
0101 = &1 (—— - 0!1)
81
¢t o1 TT
< — R L
== + > + >
=2
¢1 91 Ty
<—-——4+ =4+ —= 33
== +t5+5 (33)
Substituting (30), (31), (32) and (33) into (29), we have
i 11 ﬂ
V= e X (1 1 P po
1 — Xl 81 2
+ Eﬁ% 253+ [ﬂl,zN@l) +1]4
P X1 2
- Bl 11?287
o 82 T
V1 1 1
= 4+ —= 34
” 5 + > (34)

According to (23), it is easy to obtain

2 ~ A

P X1 191 ~ A

(1 o ) m||w1||2/(282>+—=—m1
S|

1
50 (35)

Substituting (35) into (34), we have

1 1 ,312
‘(5‘5‘ 2 )¢1

. 1-
+ [BraN@) +1]4 + 567535

- - 1-
=97 = = -0 +

1.2
1~
P X 52

1—)(12_5 !

Vi<—x

2
1 8 T
P BT | 36
H0 5+ (36)
2
X1 .
S
the interval | x;| < 1, and the fact p~! € [kbll, ,ooo)

we have
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Vi < —miVi+er+ [BraN@) + 1] & + 0587523
(37)

where p; = min{2c1ky " y1. 287 — 1= 7,1 >0
and &) = 0.59% +0.562 + 0.5T.

Step i, i = 2,...,n — 1. Define the variable
¢ = (Bit - Biis Biirrs iYL DIT, Wi =[x —
xl, ...,x,-—xio, —x?H, I]T, Z; = x;—o;_1, and invok-
ing (6), it also has
=% — i1 =@ Vi + Biimixip — %1 (38)

Similarly, the g; ;, j =1,...,i + 1 and f,(x 1) are
bounded, so the ||¢;]| is also bounded With the supre-
mum norm theory in mild again, let

9; = sup |lg;||* (39)

t>0

Design the virtual control «; as

o = N (40)
Z
@i = kizi — W1 + m
+ ( ?9 Kz ||2)/(25 ) (41)
kb i

where k; and §; are designed positive constants. The
parameter updating laws are designed as

G = ziwi (kg — 2D (42)

i =i | —Pi +(

2
e )nwan/(za2 43)

Similar to Step 1, to avoid repeatedly differentiating «;,
we introduce a new variable o; and let ¢; pass through
a first-order filter with time constant g; to gain «;.

g+ =0, @(0) =;(0) (44)
By defining the output error of this filter and tracking
error z; 41 as

b =a; —a; (45)
Zigl = Xigl — @ (46)
Similar to Step 1, we can obtain that

éi

<15i:—g—+T(Z1,---,Zi,¢1,---,¢i,

Biy Yr» Ves 1) (47)

and |7;| has its maximum value T;, i.e., | T;| < T; with
T; being an unknown constant.

l

p192919'-~1
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Then, consider the BLF in (11) and choose the fol-
lowing Lyapunov function candidate

Vi =V + LI lqb-z (48)
1 2)/1 1 2 1

where y; is a designed positive constant, 5,- = 19,' — 0
and ky, is specified later on. Inthe set 2, = {z; : |z;| <
ky;}, Vi is continuous. Then, we obtain V, from (11),
(38), (40), (41), (42), (45), and (46) as

2
2
. Z; Zi
wecaga - ()
2 2 2 2
kb,'_Zi kb,—Zi

(ZH—I +¢z)

i z

+ [ﬁi,i+1N(§i) +1] ¢

2
(—) dillvill® /(287
kb i

o z? .
+ 7 + e 2</),~T Vi + i (49)
1

Consider (39), (47) and Assumption 1, using the
Youngs inequality, we have

2
5 Ty < =) 282+
kgi_ziz% Iﬁz_(kb i) il / (287)

(50)
B 1 : 1
ii+12iZi+1 Zi = 5
K2 — 72 = §<k§ — Zg) + Eﬂi,i+lzi+1 (51)
i 1 i i
2
,Bl,i—HZi(P, 1 Zi 1 — )
2 =72 =3 Pra— 35BN (52)
i l i 1
—2
¢ . ¢2 ¢2
¢i¢l o - - o | < — + = 4+ — (53)
i gi 2 2

Substituting (50), (51), (52) and (53) into (49), we have
2 22

. - 1 1 2.

v S_K,.kzz_zz_(_'___m)d,g

1, :
+ 5/31-,,-+1Zi+1 + [Bii+IN (&) + 1] ¢

2
( ) %illvill? /(289
kb i

Biv; 62 T
SR (54)
Yi 2 2

According to (43), it is easy to obtain
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~ A

2
Zi ~ Vi
_<W) Billill?/@8H) + —
bi _Zi 1

1 1
< —502 + 219,2 (55)

Substituting (55) into (54), we have

2
. z 1 1 ,3
Vi g —it— = -5 - | 6 ——z?z
kb,‘_zi gi 2

o . iy 1 02 2
+[BiisiN@) +1] & + SPiinZin
2

+102+82+T (56)
2! 2 2
- ks, 2 .
From Lemma 5, it is the fact that In —— < - in
ki, =7 ki, =z

the interval |z;| < kp,, we have
Vi < —uiVi + &
+[BiiriNG) +1]& + 0587427 (57

where ©; = min{2«;, y;, 2gi_1 —1- ,B_i%i+1} > 0 and
e = 0.502 +0.552 + 0.5T.

Step n Define the variable z,, = x,, —Up—1, P =
[Bu1s -+ Buns Bun+1s fn(xn-gl s Y = [x1 — xlv
T x,?, u® 1T with u© = u(0), and invoking

(6) with u = x,,+1, it has

Zn = Xp — &n—l = fﬂg% + ﬂn,n+lu - &n—l (58)

Similarly, the ||, || is also bounded. With the supre-

mum norm theory in mild again, let

9 = sup llgall? (59)
t>0

Then, consider the BLF in (11) again and choose the

following Lyapunov function candidate

1 -
V= Vo, + —02 60
n bn + 2)/” n ( )
where y,, is a designed positive constant, l§n = 19,1 — 1y,
1}, denotes the estimation of %, and ky,, is specified later
on.Intheset 2, = {z, : |zx| < kb, }, Vi is continuous.
Then, we obtain V,, from (11) and (58) as

= . 3,
Vn: 5 n 5 ((p;wn +‘Bn’"+1u_an—1>+ nYn
kb" i Vn
(61)

Design the actual control u as

u= Ny, (62)

1 Zn
Wy = Knin — Ofn 1+2—
kbn 25
( Sl ¥ ||2> /(283 (63)
kb - Zn

where «;, and §, are designed positive constants. The
parameter updating laws are designed as

é:n = Zn wn/(k[%n - Zi) (64)
2
a Z
O =vn | —0n + (2—2) Ivall? /@285 | (65)
kb,, —

Using (62), (63) and (64), the (61) can be rewritten as

2 1 2
. Z Zn
V, = —K, —2 | ——
n nkgn —Z2 2<k§n _Z2)

n n

2
(Z—) Bullyml? ] 282)
kb in

+ ﬁnﬂn + n w
'}/n kb % (pn n
+ [lgn,n+]N(§n) + ] é'n (66)

Consider (59) and Assumption 1, using the Youngs
inequality, we have

2 52

A Ty <[ )y 2/ 282+

kgn _ Z% gon Wn — (k%ﬂ _ Z%) n wl’l / n 2
(67)

Substituting (67) into (66), we have
G %

—+_
ki —z2 2

i

2
Zn 2
—_ 19 n 252
(kb,, Zn) 1l /( )

O 19
Vn

Vi < —kn

+ L+ [Buns I N(&) + 1] &n (68)

According to (65), it is easy to obtain

/\

2
Zn
(k2 —12) Oullvull®/ 287 )4 20

bll n n

(69)
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Substituting (69) into (68), we have

2
. z 1-~
V, < —«k LB
n = nkgn_Zl% 2 n
1, &2
[ﬂnn+1N<;n)+1];n+ iRy (70)
2 2

K2
From Lemma 5, it is the fact that In o

iy
in
2 ZZ — k2 2
n

the interval |z, | < kp,, we have

[BuntiN@) +1]80 (D)
where i, = min{2«;,, y,} and &, = 0.519,% + 0.58%.

Vn S —nVp+ e +

4.2 Performance analysis of the closed-loop system

The main results of this study are summarized as the
following theorem where it is proved that the afore-
mentioned control scheme solves the control problem
of the system (1).

Theorem 1 Consider the closed-loop system consist-
ing of the system (1) obeying Assumptions 1-3, the vir-
tual controllers a;,i = 1,2,...,n — 1in (20), (21),
(40) and (41), the actual controller u in (62) and (63),
and the update laws in (22), (23), (42), (43), (64) and
(65) are constructed. If the following conditions hold:

(C1) Choosing appropriate design parameters
ki, 6i,vi,i =1,...,nand g;,i = 1,...,n — 1 such
that

ke, > Koy + Fro ke > ko @, i=1,...,n—1

(72)

where y; = max(|y;|) and @' = max([a;]).
(C2) the initial state x?, i=1,...,n— 1 satisfies:
[z1(0)] < kv, 1Zi(O)] < kv, i =2,...,0 (73)

where z1(0) = x¥ — y:(0) and z;(0) = x? — @; (0).
Then, the following properties hold:

(i) All the signals in the closed-loop system are
bounded;

(i1) The tracking error z; = y—y; is preserved within
a specified prescribed performance bound at all
times, i.e., —p(t) < z1 < p(t), Yt > 0.

(iii) the full-state constraints are not violated, i.e.,
lxi| <ke;,i=1,...,n.

@ Springer

Remark 4 According to (20), (21), (24), (40), (41),
(44) and the properties of low-pass filter, we known
thato;,i = 1,...,n — 1 is a continuous function of
19,', Xi, P, P, Yr, yr and V. Because the boundedness of
D, Xi, py p Yes Yr and Fy, the @; is bounded due to the
continuous function properties and moreover assumed
to be |a;| < o' with a positive constant o". We also
can prove the boundedness of @; by employing Lya-
punov stability theory later on.

Remark 5 The given constrained constants k¢;i =
1,...,n need to satisfy feasibility condition (72),
we can choose ky, = k¢, — Ao, then it is obvious
that k., > kp, + yr according to the Assumption 3.
From the (20), (21), (40) and (41), we known that
ai,i = 1,...,n — 1 can be derived step-by-step in
back-stepping design, and then we also can gain ;
step-by-step. Subsequently, similar to [43], using the
Matlab routine function (fmincon.m), we can com-

pute the maximum solution ky, > 0,i = 2,...,n
which satisfy inequality k¢,,, > ky,, + o}, i =
1,...,n—1in(72). The computational process is sim-

ilar to that in [43] and is omitted here due to the limited
space.

Proof Multiplying (71) by e/»" and integrating over
[0, t], we have

t
Vi <cn+ e_“ﬂt / [IBn,n-i-lN({n) + 1] ;ne_ManL
0
(74)

where ¢, = V,,(0) + €, /. With the aid of Lemma 1,
we can known that V,, and ¢, are bounded, and z,,, 19,1
and fot [Bans1N (&) + 1] Zndt are bounded.

Suppose that there exists unknown positive constant
Zn such that |z,| < z,, and defining &, = &,—1 +
0. Sﬁn 1.nZ 2 . Consider stepn — l and letini =n — 1
in (57), multlplymg both sides by e#"-1, we have

Vici Scp1 + e_'unilt

t
/0 [t nN ) + 1] &umre 170 (75)

where ¢,—1 = V,,—1(0) + &,—1/1tn—1. Thus, we can
conclude from (75) that V,,_1, {u—1, Zn—1, z?/‘,,,l and
fé [,Bn_LnN(gn_]) + 1] é,,_ldz are bounded by using
Lemma 1 again. Similarly, repeating n — 1 times
backwardly, we can prove in turn that V;, ¢, z;, z§,~
and fot [Biis1N(&) +1] Gdi, i = 1,...,n— 2 are
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Table 1. Comparison of Method Controller Parameters
proposed controller of
existing controller a1 = Ny ]
— S I P xi
W =KIX1 —Y—p pu1+ 12 K1 =25
1, Koy =2
+ (q_—;l;m k2 HZ) /@8 2 — 0.001
PP-BLF-based i
u=N(@)w vi=y2=2
T =00 - W+ s Si=8=1
by 722 kb, = 1.047
+ (—kfi,z ﬁzlllﬂzllz) /(283)
b, ~%2
The parameter updating laws B, &
are in (22), (23), (64) and (65) withn = 2.
=35
ap = N()w 2205
o=z =5+ (llvil?) 21/ @8] g1 = 0.001
Non-BLF/PPC-based
u = N()w 7 =10
@y = K272 — 1 + (192|h//2\|2) 22/(283) y2 =
51 =86m=1
Similarly to PP-BLF-based method, the parameter
updating laws D, & can be obtained easily.
o :—K[Zl-i-%k%l?iz k1 =1.3
lil o Ky =2
+ (,;—Lzzwmxl)) /@sh g1 =0.001
BLF-based in Ref. [45] _ e, n=y=2
u=—Kk22 + 3 ng*Z% 8§ =6
N =3
z b 2
+ (kgz%z%ﬂzwz(n))/(z%) ki, = 1.252
Please refer to [45] for the details of ®;, ¥; (x;), z§i
1 3
2 1 -
— PP-BLF S
05 0T - = BLF Ref[45] I i v
i s - - =No BLE/PPC Ir e, 2l
v 4 -3 -
. Y, lu.:“ 1 15 2
> 1] S S I B S kcl ><N !.I:‘
" —PP-BLF
S oo - - BLF Ref.[45]
| E Violation of constraints ~~ “NoBLF/PPC
72, ]
-1 L -3 L L L L L
0 5 10 15 20 30 0 5 10 15 20 25 30

Time(s)

Fig. 1 The output y and reference signal y,

bounded. From (20), (21), (25), (40), (41), (45), (62)
and (63), the virtual controllers¢t;, @;, i = 1,...,n—1
and actual controller u# are bounded, namely, we have
proved property (i) All the signals in the closed-loop

system are bounded.

Time(s)

Fig. 2 The state x»

Let v, be the upper bound of | [ B, n+1 N (§n) +1] Zul.

and from (71), we have

Vn < —upVp + oy

(76)
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03l ‘ ‘ ‘ " [—pp-BLF
021 N - - BLF Ref.[45]
o OE, " - - -No BLF/PPC
SR ceep(t)
o -02b ‘ ~0.02 e
- Y, 0 05 1 19 20 21 22
O S
> e Sl
0 5 10 15 20 25 30
Time(s)
Fig. 3 The tracking error z; and PPB
where 0, = ¢, + v,. According to Lemma 6, we

can obtain that |z,| < kp,. Similarly, Let v; be the
upper bound of |[ﬁ,~’,-+1N(§,') + 1] ¢i|, and form (37)
and (57), we have

Vi< —wiVito,i=1,....n—1 (77)

where 0; = & + v; + O.SB%HIZ%H with 7Z;41 being
the upper bound of |z;41],i = 1,...,n — 1. Accord-
ing to Lemma 6 again and again, we can obtain that
lzi/p(®)| < 1 and |z;| < kp;, i = 2,...,n from (12)
and (11), i.e., (ii) The tracking error z; = y — y; is
preserved within —p(t) < z1 < p(t), YVt > 0. |

Remark 6 The cyclic argument may arise from the
Nussbaum-type function for unknown control direc-
tion and BLF for constraints, so the Lemmas 1, 2 and 6

are employed to handle the problem of cyclic argu-
ment and extend the solution of the closed-loop system
to infinity.

Based on the fact that p(t) = (kp, — Poo)e ' + poo
is positive and strictly decreasing and —p(f) < 71 <
p(t), we have —kp, < z1 < kp,. Then from x| =
Z1 + yr and |y:| < Ao, we have —kp, — Ap < x1 <
kp, + Ag. Thus, we can obtain that —k;, < x| < k¢,
according to the factky, = k¢, —Ag. From the definition
ofz;,i =2,...,n,weknownthat x; = z; +@;_1, then
based on |z;| < ky,, lorj—1| < &;”71 and condition (72):
ke, > ky; + &:’11, we can obtain |x;| < kg, i.e., we

i

have proved property (iii).

5 Simulation result

To clarify and verify the performance of the proposed
approximation-free PP-BLF-based adaptive control
scheme, we present some simulation studies in this
section. In the simulation, the unknown systems are
assumed that (i) Numerical example and (ii) Single-
link robot.

5.1 Numerical example

Consider the following pure-feedback nonlinear sys-
tems

Fig. 4 The adaptive S T = ==
parameters ¢ and ¢ r
1 \ =
- ] e m == -
o y PP-BLF
05F 4 = = = BLF Ref[45]
(752 Rtk No BLE/PPC
0 l Il Il Il Il Il -
0 5 10 15 20 25 30
Time(s)
1
25 T -
o o e e e m mm e m e m e Em e Em e Em e Em Em Em m mm e mm M e = =
2F o n
1!
SLSE PP-BLF B
N = = = BLF Ref[45]
L K No BLF/PPC
0.5k 7, i
0 L.z I I I I ! o
0 5 10 15 20 25 30
Time(s)

@ Springer



Prescribed performance-barrier Lyapunov function for the adaptive control 2455

Fig. 5 The adaptive
parameters ¥ and 9,

PP-BLF 4
= = = BLF Ref[45]
‘== NoBLF/PPC | -

10 15 20 25 30
Time(s)

PP-BLF R
= = = BLF Ref[45]
/= = No BLF/PPC

%1 = 0.1x] — x2 + 0.2 sin(x1x2)

%2 = 0.2x1x2 + x1 + 2u + 0.01u? (78)
y =X
where the states are constrained in |x1]| < k;, = 0.8
and |x2| < ke, = 2.5. The initial values are x? =

0.6,x9 = —0.1,u(0) = 0,£1(0) = 0.3,5(0) =
0.1, 91(0) = 0.1 and ¥, (0) = 0.1, the reference sig-
nal is y; = 0.5cos(t/5) with Ag = 0.5 and kp, =
ke, — Ag = 0.3, it is easy to know that the z;(0)
satisfies |z1(0)| < kp,. For the control performance
requirements, we allow steady-state error no more than
0.005, minimum speed of convergence as obtained by
the exponential e =%, Then, the performance function
can be given as p(t) = (kn, — 0.005)e™® + 0.005.

In the simulation, to show the superiority, the inves-
tigated PP-BLF-based controller is compared with a
non-BLF/PPC-based control scheme and a BLF-based
control scheme proposed in [45]. The concrete con-
troller and design parameters are shown in Table 1.
Similar to [43], the parameter kp, is computed by uti-
lizing the Matlab function ( fmincon.m) to satisfy fea-
sibility condition (72) for the proposed PP-BLF-based
control scheme and satisfy feasibility condition in [45]
(Please refer to Theorem 1 in [45] for details) for BLF-
based control scheme.

Remark 7 Compared with results in [45], the proposed
PP-BLF-based control scheme can solve the problem of
state constraints, prescribed performance tracking and
“explosion of complexity” integratedly, and the knowl-

10 15 20 25 30
Time(s)

edge of the sign of control gain and the LIP condition
of unknown nonlinear functions are not required from
the Table 1.

Figures 1,2, 3,4, 5 and 6 show the simulation results.
Figures 1 and 2 show that the output can accurately
track the desired signals. Simultaneously, the PP-BLF-
based and BLF-based adaptive control scheme can
guarantee that the full-state constraints are not violated.
However, the non-BLF/PPC-based control scheme can-
not guarantee that full-state constraints are not vio-
lated (State xo breaks the constraint in Fig. 2). Fig-
ure 3 shows the system output tracking error and it
can be seen from the figure that the tracking error
with prescribed performance is achieved all the time
by using the proposed PP-BLF-based controller, and
the non-BLF/PPC-based and BLF-based in [45] con-
trol scheme cannot achieve the prescribed performance
all the time. The estimation value of ¢, ¢, ¥ and ¥,
is shown in Figs. 4 and 5, which are easily asymptotic
with respect to the zero point. The control signals are
show in Fig. 6.

5.2 Single-link robot
The single-link robot dynamic equations are

{ Mg+ %mgl sing =u (79)

y=4q
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30
—PP-BLF
20l - - -BLF Ref.[45]
- - No BLF/PPC
0,
0 pbes
= H
~10}
L]
\
20}
!
-30
~405 5 10 15 20 25 30

Time(s)

Fig. 6 The control signal u

0.5

—PP-BLF

o 0
- = BLF Ref.[45]
- = =No BLE/PPC
-0.5} Y,
71 -
0 5 10 15 20 25 30 35 40
Time(s)
Fig. 7 The output g and reference signal y,
3 H T T
I ——PP-BLF
1 - - BLF Ref[45]
2 - - -No BLF/PPC
b ko e
[ 0.1 c2
i
| fmini
= | o, I
115 2
0
71 ,I
|
T e
72 !
0 5 10 15 20 25 30 35 40
Time(s)

Fig. 8 The state ¢

where M is the moment of inertia, ¢ is the angle, u
is the input torque, g is the gravity acceleration, m
and / are the mass and the length of the link. The
robot parameters are m = [ = 1,M = 0.5 and
g = 0.8. Let xy = g,x2 = ¢, we can gain that
fOxt,x0) = x2, f(x1,x2,u) = (u — ymglsinxi)/M
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Time(s)

Fig. 9 The tracking error z; and PPB

and y = x;. The states are constrained in |xi| <
ke, = 1 and [x3] < ke, = 1.5. The initial val-
ues are x) = 0.5,x) = 0.L,u(0) = 0,£1(0) =
0.3,2(0) = 0.1,91(0) = 0.1 and ¥»(0) = 0.1,
the reference signal is y, = 0.5cos(¢/5) with Ag =
0.5 and kp, = k¢, — Agp = 0.5, it is easy to
know that the z;(0) satisfies |z1(0)] < kp,. Then,
the PPF is selected as p(t) = (kn, — 0.02)e™* +
0.02.

The design parameters are chosen as k1 = 2.05,
ky =5y =271 = 2,00 =10 = 1,8 =
0.001. Similar to [43], we can obtain kp, = 1.103
by using Matlab routine. The simulation results are
obtained in Figs. 7, 8, 9, 10 and 11. From these
figures, we can see that the prescribed performance
and state constraints requirements can be guaranteed
with the investigated PP-BLF-based adaptive con-
troller. However, the non-BLF/PPC-based and BLF-
based controller cannot achieve these two indexes
together.

6 Conclusions

In this paper, a novel approximation-free PP-BLF-
based adaptive control technique has been proposed for
unknown pure-feedback nonlinear systems with full-
state constraints. By employing the mean value the-
orem, the systems are transformed into linear struc-
ture form. Then, a novel back-stepping design is devel-
oped with the aid of use BLF, PP-BLF, Nussbaum-
type function and supremum norm theory to elimi-
nate the difficult problems of unknown dynamics, full-
state constraints and prescribed performance require-
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Fig. 10 The adaptive 3
parameters ¢ and & i
- PP-BLF i
el = = = BLF Ref[45]
+= = NoBLF/PPC | |
| | | | =
20 25 30 35 40
Time(s)
60
501 i
1 PP-BLF
401 i
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w30 No BLF/PPC
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Fig. 11 The adaptive L5
parameters ¥ and PP_BLF
1 = = = BLF Ref\[45] T
‘‘‘‘‘ No BLF/PPC
& 0.5 q
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70.5 | | | | | | |
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Time(s)
PP-BLF i
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Time(s)

ments. We have proved that all the signals in the
closed-loop system are uniformly bounded and the
tracking error is preserved within a specified pre-
scribed performance bound without violating the con-
straints. Finally, simulation results have demonstrated
the feasibility and validity of the proposed control
scheme.
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