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Abstract The fixed-time stabilization of high-order
integrator systems with both matched and mismatched
disturbances is investigated. A continuous non-
switching control law is designed based on the bi-
limit homogeneous technique for arbitrary-order inte-
grator systems. Combining with fixed-time disturbance
observer, the proposed continuous control law for the
system with matched and mismatched disturbances
guarantees that the convergence time is uniformly
bounded with respect to any initial states. Finally, the
numerical results are provided to verify the efficiency
of the developed method.
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1 Introduction

In comparison with the systems with asymptotically
stable, the finite-time stable systems show some addi-
tional properties, such as faster convergence rate,
higher accuracy and better disturbance rejection [1—
3]. As aresult, extensive work has been studied during
the last years from the point of view both in theory and
in practice [4-6].

The homogeneous technique is commonly applied
to develop a finite-time stabilizing control law for high-
order systems [7]. Subsequently, the method in [7] was
extended to deal with the system with mismatched dis-
turbances in [8]. In addition, a sufficient condition was
proposed in [9] using Lyapunov method, which has
been widely applied in finite-time analysis of nonlinear
systems [10,11]. Nevertheless, the convergence time
achieved by these methods aforementioned increases
unboundedly together with the initial states. To address
the issue, the fixed-time stabilization has received a lot
attention [12—-16] in the recent years. The systems with
fixed-time stabilization show some excellent properties
such as uniform finite-time convergence with respect
to any initial condition, which is very useful in practice
for systems whose initial states are varying or uncertain
[17]. In this case, the finite-time control algorithm is not
able to provide an estimation of the convergence time
which is dependent on the initial condition. However,
the fixed-time algorithm avoids the issue due to the fact
that the upper bound of the convergence time is inde-
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pendent on the initial condition. In [18], the Lyapunov
technique was utilized to achieve a sufficient condition
ensuring the fixed-time stability of a class of nonlin-
ear systems. Nevertheless, it is non-trivial to extend
the fixed-time stabilizing control algorithms from first-
order or second-order systems [13,19,20] to high-order
cases due to the fact that an analytic Lyapunov func-
tion satisfying the sufficient condition is difficult to
develop. In spite of the difficulties, some work on this
issue has been investigated in the recent years. Specif-
ically, a fixed-time stabilizing control law was pro-
posed based on an implicit Lyapunov function (ILF)
for high-order integrator systems in [21]. Instead of
providing an analytical control law, an online compu-
tation of the ILF value at the current state is required
in the algorithm. Hence, it is applicable only in digi-
tal controller. Another result on fixed-time stabilization
for high-order systems can be found in [22], where a
Lyapunov-based homogeneous technique was used for
controller design. However, the control law provided
in [22] was designed based on switching control strat-
egy. In practice, the non-switching control law with less
control effort is more desirable [18].

Motivation It is well known that the classic finite-
time stabilizing control law presented in [23] can be
easily used to develop a finite-time control algorithm
for high-order systems subject to disturbances, such as
[11,24] and [25], to name a few. As aforementioned,
it is non-trivial to design a fixed-time control algo-
rithm for high-order systems utilizing the Lyapunov
methods. Hence, we are wondering if there exists a
fixed-time control law having a similar form with that
in [23] for arbitrary-order integrator systems. If it is
available, then some fixed-time control algorithms can
be designed for high-order systems following the ideas
in [11,24] and [25]. Bearing this in mind, an important
motivation of the current work is to design a fixed-time
control law covering the one in [23] as a special case.
In addition, disturbance-observer-based methods have
received much attention in improving the control per-
formance of systems subject to disturbance [26,27].
Nevertheless, the fixed-time control algorithm based
on disturbance observer for systems with both matched
and mismatched disturbances is little discussed in the
open literature but is common in practice [28], which
constitutes the second motivation of the research.

Contributions The main contributions of the work
are twofold. First, a novel continuous non-switching
fixed-time stabilizing control law is developed for inte-
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grator systems with arbitrary-order dynamics, which
covers the classic finite-time control law [23] as a spe-
cial case. Second, both the matched and the mismatched
disturbances are dealt with by a fixed-time disturbance
observer, and some fine properties of the developed
method are expected, such as fixed-time convergence
as well as chattering alleviation.

The remainder of the paper is as follows. In Sect. 2,
some concepts and lemmas on finite-time stability are
recalled, and the problem is formulated. Section 3 is
devoted to the construction of a non-switching fixed-
time stabilizing control law for arbitrary-order inte-
grator system. In Sect. 4, disturbance-observer-based
fixed-time stabilizing control law is proposed for high-
order system with matched and mismatched distur-
bances. In Sect. 5, an illustrative numerical example
is given. Finally, concluding remarks are presented in
Sect. 6.

2 Preliminaries and problem statement

In this section, some notations and useful lemmas to be
used in the subsequent development of the proposed
algorithm are provided. Then, the problem discussed
in the context is formulated.

2.1 Notations

Let « > 0 be an arbitrary positive constant, and
the notation x +— [x]¥ is defined by [x]* =
|x|“sign(x) for all x € R. For strictly positive num-

bers r;,i = 1,...,n and A > 0, define the vector
of weights r = [ry, ..., r,] and the dilation function
Ar(A) = diag{A™", ..., A»}. With the definition, one

has A, (A)x = diag{A"xy, ..., A'"x,} for any x € R".
Furthermore, for continuous and positive definite func-
tion V(x), let set V-!([a, B]) = {x € R" : a <
V(x) < B} denote the [«, B8] sublevel set of V(x).
Define B.[0] = {x € R"” : ||lx|| < ¢}. Denote the n
dimensional column vector x = [x1,...,x,]L € R”
by x = [x;]17 € R".

2.2 Definitions and lemmas

In this context, the following nonlinear system is con-
sidered
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x=f(x), x(0)=xo (1)
where x = [x;]7 € R” is the state vector, fx) =
[fi (x)]T € R" ensures forward existence and unique-
ness of the system solutions at least locally satisfy-
ing f(0) = 0. Some useful definitions and lemmas
on finite-time stability are recalled below, which are
required in the subsequent development.

Definition 1 [29] A function g : R" — R is r-
homogeneous with degree £ € R if the condition
2 7%g(A,(M)x) = g(x) holds for any x € R” and any
positive real number A > 0.

Definition 2 [29] A vector field f : R* — R" is
r-homogeneous with degree k € R if the condition
A_kA;lf(Ar (M)x) = f(x) holds for any x € R" and
any positive real number A > 0.

Definition 3 [30] A function g : R” — R is homo-
geneous in the p-limit (p = 0 or p = oo) with
triple (rp, kp, gp), Where r, = [rp1,...,7pn] € R"
denotes the vector of weights, k, represents the degree,
and g, is the approximating function, if the equality
lim; _, , maxyec |)»_k/’g(A;" (x)) — gp(x)| = 0 holds
for any C € R"\{0}.

Definition 4 [30] A vector field f : R?" — R" is
homogeneous in the p-limit with triple (rp, kp, fp)
wherer, = [rp.1,...,7p ] € R" denotes the vector of
weights, k, represents the degree and f, is the approxi-
mating vector field if the i th component of f is homoge-
neous in the p-limit under the triple (v, kp+7rp.i, fp.i)
with the condition k,, + 7 ; > 0 being hold.

Definition 5 [30] A vector field f : R” — R” is bi-
limit homogeneous if it is homogeneous in both 0-limit
and oo-limit.

Definition 6 [21] The origin of system (1) is said to
be globally finite-time stable if it is globally asymptot-
ically stable and any solution x (¢, xo) of (1) attains it
in finite time, i.e., x (¢, x9) = O for V¢ > T(x¢) where
T : R" — R4 UQ is the settling-time function.

Definition 7 [21] The origin of system (1) is said to
be globally fixed-time stable if it is globally finite-time
stable and the settling-time function 7 (x¢) is bounded,
i.e., there exists Tinax > O such that T (xg) < Tinax for
Vxop € R".

Lemma 1 [12] Consider system (1) with the assump-
tion that f(x) is bi-limit homogeneous with the triples
(ro, ko, fo) and (reo, koo, foo). Then, the system (1) is
called to be fixed-time stable provided that the systems
X = f(x),x0 = folx) and Xso = foo(x) are globally
asymptotically stable with the inequality kg < 0 < koo
being hold.

Lemma 2 [12] Consider the systemx = f(x,8) € R"
with exogenous disturbance § = (617 € R™ and sup-
pose that f(x, ) is bi-limit homogeneous with triples
((ro. 70), ko, fo) and ((reo, Too), koo, foo), Where o
and Too are weights with respect to disturbance §. Then,
the system x = f(x,38) is input-to-state stable (ISS)
with § as input if its nominal system x = f(x,0) sat-
isfies all the hypotheses in Lemma 1.

2.3 Problem statement

Consider the following high-order integrator system
subject to both mismatched disturbances A;(¢) and
matched disturbance A, (¢), which covers many prac-
tical systems such as the attitude control of vehicles
[25,28], to name just a few.

Xn=u+A4,@), i=1,...,n—1
(2)

Xi=xit1+A4; (1),

where x; € R is the state variable, u is the control input,
x = [x;]7 € R" represents the state vector. To proceed,
the following assumption is required

Assumption 1 Suppose that the disturbance A;(7)
in (2) is n + 1 — i times differentiable such that
A[(Hl_’) (¢) has a known Lipschitz constant L; satis-

fying |A" 0 (1)] < L.

The aim of the work is to design a continuous control
law u driving system output y = x| to zero in finite time
which is uniformly bounded with respect to any initial
conditions in the presence of matched and mismatched
disturbances.

3 Fixed-time stability of integrator systems

In this section, a fixed-time stabilizing control algo-
rithm is developed for integrator systems with arbitrary-
order dynamics. To show that, let us consider the system
with the following form
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X1 =xp, Xp=2x3,...,%x, =u, x(0)=xp 3)
where x = [x;]7 € R"” and u € R denote the state
vector and the control input, respectively, and xg € R"
represents the initial condition of the system. In order
to guarantee the fixed-time stabilization of system (3)
under appropriate control input u, the following control
law is developed

w@) ==Y ki ()@ + Ml +[x0%) @

i=1

where the positive constants k; > 0, = 1,...,n)
are selected to ensure that the n-order polynomials s” 4
kns" '+ Akos+ky and 5" + 3k, " 4 -+ 3kos +
3k are Hurwitz, and the detailed implementation of the
selection of the parameter ; is provided in “Appendix.”

Furthermore, the parameters o;, Q;, (i=1,...,n)are
calculated by
On—j = L
TG+ — e
/ 2—-0 .
Opn—j = (G=0,....n—1) ®))

jo—(G =1’
due to the bi-limit homogeneity reasoning to be shown
in the subsequent proof. In (5), the parameter o is
selected in the interval (e, 1) with € € (ﬁ, 1). In
fact, the high-order item Dcijgt{ in (4) is responsible for
driving the system states into a compact set in finite
time independent of any initial condition x(, whereas
the low-order item [x; |9 is used to ensure the finite
time stabilization of the system (3) with its initial state
Xxo being in a any compact set. The following theorem is
presented to summarize the main result in this section.

Theorem 1 Consider system (3) under the control
law (4) with parameters provided in (5); then there
exists a positive real number € in the interval (ﬁ, 1)
such that the origin of system (3) is fixed-time stable
Sfor any initial condition xo € R" if o € (e,1) and
the parameters ki > 0, (i = 1,...,n) are chosen to
ensure that the n-order polynomials s" + kns"~! +
oo+ kos + ki and 5" + 3k,s" "+ - -+ 4+ Bkos + 3k
are Hurwitz.

Proof The proof proceeds in the following three steps.
First, it will be shown that the vector field (denoted
by fo(x)) of closed-loop system (3) under control
law (4) with parameters (5) is bi-limit homogeneous
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with the triples (ro, ko, fo,(x)) and (reo, koo, fooe (X))
to be given later, satisfying ko < 0 < k. Then,
the globally asymptotical stability of its approximat-
ing systems X = fy,(x) and X = f,_ (x) would be
proved. Furthermore, it will be illustrated that the ori-
ginof systemx = f,(x) is also globally asymptotically
stable. In terms of Lemma 1, the result in this theorem
follows. O

For brevity, the control law in (4) is divided into the
following three parts

w(x) =—Y kifx;]®
i=1

n n
ur(0) = = kilx)us(o) = = kifxil%  (6)
i=1 i=1

Denote the closed-loop vector fields of system (3)
under control law u(x) = u1(x) and u(x) = u3(x) by
Joo(x) and f,_ (x), respectively. For any o0 € (e, 1)
with € € (%, 1), it follows from (5) that the condi-
tions0 < g; < 1 < Q;, (i = 1,...,n) hold. Hence,
it can be observed that f,,(x) and f,_ (x) can be con-
sidered as the approximating functions for f,(x) in 0-
limit and oco-limit. Furthermore, selecting weight vec-
tors rg = [ro,]7 € R" and reg = [rog;17 € R" with

G+D—jo jo—@G—1)
oy = Too, = e (1)
' I-o ' l-o
where j = 0,...,n — 1. It follows from the homo-

geneity definitions provided in Sect. 2.2 that the vec-
tor fields fp, (x) (resp. fo, (x)) are homogeneous with
weight ro = [ro,]7 € R" (resp. reo = [roo;]’ € R")
defined in (7) and degree kg = —1 (resp. koo = 1).

In the sequel, we will focus to show that the approx-
imating systems X = f,,(x) and X = f,_ (x) are glob-
ally asymptotically stable. To this end, the following
lemma is required.

Lemma 3 [23] Suppose that system (1) is homoge-
neous and there exists a compact set A C R" that
is strictly positively invariant with respect to homo-
geneous system (1), then the origin of system (1) is
globally asymptotically stable.

Next, the idea to prove the globally asymptotic sta-
bility for systems x = f,,(x) and X = f,_(x) fol-
lows the method in [23]. It follows from (5) that
oi =0} =1,(G =1,...,n) if specified with o = 1.
In this case, system X = f,(x) (resp.x = fo. (x)) is
reduced to
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Fig. 1 Visualizations idea oo
of global asymptotic -
stability for x = f,(x)

—

n
).Cl=x27x2:x3s--~axn—l:xn»xnz_§ ki-xi
i=1

®)

which is globally asymptotically stable when the
parameters k;, (i = 1, ..., n) are selected such that the
polynomial s" + kps" ' 4+ - + kas + k; is Hurwitz.
Therefore, there exists a continuous differentiable, pos-
itively definite and proper function V(x) such that
V(x) < 0 for system (8) with any x € R"\{0}. Then,
let V(o,x) = V(x) and V(Q, x) denote the derivative
of V(x) along system X = f,,(x) (resp.x = fp.. (X)),
satisfying V(l, X) = V(x). In addition, it can be easily
found that V/ (0, x) is continuous with respect to ¢ and x.
Furthermore, define A = V~1([0, wn]) for any p > 0,
and S = V- I({u}) as the boundary of set 4. Since
V (x) is proper, it follows that sets A and S are compact.
Hence, the continuous function V (1, x) = V(x) < 0
for any x € S. Following the tube lemma (Lemma
5.8) in [31] that there exists a constant ﬁ <€ <1
(resp.% <€ < 1), such that V(p,x) < Oforx € S
with o € (€1, 1) (resp.o € (e2, 1)), which is suffi-
cient to ensure that A is a strictly positively invari-
ant set for system X = f,,(x) (resp.x = fp (X))
It follows from Lemma 3 that the global asymptotic
stability of system X = fp,(x) (resp.x = fp (%))
can be guaranteed. Therefore, there exists a constant
€3 = max(eq, €3) ensuring global asymptotic stability
forbothx = f,,(x) andx = f,_(x) wheng € (e3, 1).

Next, the global asymptotic stability of system x =
fo(x)is to be proved. Instead of finding an unified Lya-
punov function for this system, we will find different
Lyapunov functions, i.e., V, V, and Vj, in different
regions of Cy, C; and C3 (see Fig. 1) which covers the
whole state spaces. In this case, if Voo, V and Vo are
strictly negative in C1, C; and C3\ {0}, respectively, then
the claim follows. The proof is summarized as below.

— S

—

Since the bi-limit systems x = fp,(x) and X =
Sooo (x) are globally asymptotically stable for ¢ €
(e3, 1), it follows from Propositions 2.16 and 2.18 in
[12] that the origin of system X = f,(x) is locally
asymptotically stable and there exists an invariant com-
pact set which is globally asymptotically stable for this
system. Following the results in [12], there exist strictly
positive real numbers vy, vso and continuous, positive
definite as well as proper functions Vy(x) and Vi (x)
satisfying

IV, N
a—x‘)fgm <0, x €C3\{0) £ By, [01\(0} )
and

%fg(x) <0, xe(C £ Vogl([voo, +00)) (10)

Next, our aim is to find a Lyapunov function V (x) in
region Cy (see Fig. 1), satisfying V(x) < 0 for any
x € Cp and

CGGUCUC =R" (11)

Specifying with ¢ = 1 in (5), system X = f,(x) is
reduced to

n

X1=X2, X2=X3,...,Xp_1=Xn, Xp= _Z3kixi
i=1

(12)

which is globally asymptotically stable with the selec-
tionofk;, (i = 1,...,n) suchthats”" +3k,s" '+ -+
3kos + 3k; is Hurwitz. The selection of positive real
numbers k; to ensure that the polynomials s” +k,s" !+
ot kos +ky and 5" + 3k, s" L+ - - -+ 3kos + 3k are
both Hurwitz provided in “Appendix.” Following the
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same analysis for system (8), it can be concluded that
there exists a constant €4, satisfying % < € < 1,
and continuous, positive definite and proper function
V (x) such that

A%
S fo0) <0, xeC 2V (vmin, max]) ~ (13)

for o € (€4, 1) and vy as well as umax being arbitrary
positive real numbers satisfying vmin < Umax. Next,
parameters Unmin and umax are to be selected to ensure
that the condition (11) holds. Since function Vo (x) is
proper, it follows that the sets Cl’: £ Vozl (10, veo]) is
compact. Taking into account the continuity of V (x),
there exists a maximum value for V (x) in C{, given by
Umax = Maxyece V (x). Consequently, for any x € Cf,
the condition V (x) < vmax holds, implying that x €
C3 £ V710, umax]). It follows that

CE 2 VN0, v SCL A V0, Umax])  (14)

In what follows, we show that there exists a positively
real number vpi, such that the following condition
holds.

C3 £ V710, vmin]) € C3 £ By, [0] (15)

For linear system (12) with Hurwitz matrix A, the Lya-
punov function used in (13) can be chosen as V(x) =
xT Px with positive definite matrix P as the solution
to ATP + PA < 0. Condition (15) holds if, for any
X € C%, we can derive x € Cs. To this end, note the fact
that Amin(P) x> < V(x) = x" Px < Amax(P)[Ix ]
holds with Amin(P) and Apax (P) being the maximum
and minimum eigenvalues of matrix P. As a result,
for any x € C3 in (15), it follows that V(x) < Umin
implying Amin(P)1X]1> < Umin. Equivalently, ||x|| <

Tomins = v if specified with Umin = Amin(P)vg. In

such case, any x € C% means x € Cs defined in (15),
which implies (15) holds.

Next we show that condition (11) holds with param-
eters Umin and umax provided previously. Taking into
account that C; U C{ = R”, it follows from (14) that
ciu C21 = R”". Following the definitions of (5, Cé and
C%in (13), (14) and (15), we have C = C, UCZ, imply-
ingC; UCy U C% = R". Bearing in mind that C% CC
which can be observed from (15), it follows that con-
dition (11) holds.
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From the proof, it can be concluded that there must
exist a constant € = max(e3, €4) such that all the con-
ditions in Lemma 1 hold for system x = f,(x) with
o € (€, 1), which implies the fixed-time stabilization
of x = f,(x). This completes the proof.

Remark 1 Tt should be noted that the developed algo-
rithmin Theorem 1 is different from thatin [12]. Specif-
ically, the bi-limit homogeneous control law in [12] is
designed recursively by backstepping technique, which
relies strongly on the recursive determination of the vir-
tual controllers. However, a non-recursive design pro-
cedure is developed in the current work to render a sim-
ple construction of a fixed-time stabilizing control law
for high-order systems. In addition, the proposed con-
trol law covers the classic finite-time stabilizing control
law in [23] as a special case if the items [x; | and [x,-JQz{
are removed from (4).

Remark 2 1t is worth mentioning that the existence of
€ in Theorem 1 is guaranteed by tube lemma [31],
and it is difficult to specify € exactly. Alternatively,
the exact selection of € may be solved via Lyapunov
analysis, which has been addressed for double integra-
tor systems in [19]. The rule for the selection of € for
arbitrary-order integrator systems will be investigated
in the future work.

4 Disturbance observer based fixed-time
stabilization control

Following the idea from the work in [32], the fixed-time
convergent arbitrary-order sliding mode differentiator
in [33] can be utilized to design the following distur-
bance observer

25 =1 +xi+1|
m;
. oS i . . .
vy = —AgOL;" T |2y — 51" — ko (1 —0) [z — xi 1% + 2}
i
=}
X 1
v

=—MOL" |2, — vl — K (1 —0)[2} — v + 2

3] o

Zm,fl - vm,fl .

. . < . . 1 . .

i — 1 2,0 ol 5 __ Ll _ i

vm,'fl - )‘m,-flel‘i |_Zm,.,1 l)m,-72-‘ 2 km;(l 9)|_Zm’_,1
— 721%1,-—1 +Z:n,-

m;
€~y OLilgh, — vl 10— K (L= O)12h, — v, 1
+ [—Li, Li]

16)
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to estimate A; in (2) and its derivatives Al(j ), (i =
1,...,n;j = 1,...,m;) , where m; = n — i and
Xp+1 = u for brevity. Furthermore, the solution of
differential inclusion (16) is understood in Filippov’s
sense [34].

Lemma 4 Consider the system (2) with assumption 1
being satisfied; then the following equalities are estab-
lished in a fixed time

dh=x1, 2= A2, =AM (17)

if the following statements hold

1. Parameters )L"j, (j = 0,...,m;) are selected in
terms of traditional high-order sliding mode dif-
ferentiator provided in [35];

2. Parameters oj, (j =0, ..., m;) are calculated by
4 D — i

) = M (18)
ja—@G—=1)

witha € (1, €y) and €5, > 1 close enough to one;
3. Parameters k; are chosen such that the following
matrix is Hurwitz

— k) 1 0 -~ 0
—kpki 0 1 o 0
Al = : Coor (19)
j=m;
—jl;[ok’j 0 --- 0 0

4. Function 0 is determined by 0 = 0 if t < Ty, oth-
erwise 0 = 1, with arbitrarily time constant Ty.

Proof Define variables 0(’; = 16 — X, 0{ = z’i —
i i 1 ..
Ay Oh =2 — A}"” ), Taking into account (2)

and (16), the error dynamics are governed by

U o1 = k(1= 0) o1 + o
L mi—1 . . . .
6l = =MoL ol —6i1 — k(1 =60)|oi — i1 + 0}

68 = —AoL

Gl 17—kl (1—0)]ot

mj—2 mi mj—1

1
) _ i 240 _
Um,'—l - )“mi—leLi I—om,-—]
) Uy —1 i
Umi—Z-‘ i +Zm,-
) i p:
Om; € —Ap,0Liloy,

m; - d"ili71—|0 - kim(l - G)Lgll;l; - d‘rizifl—lami
+ [—Li, Li]

(20)

For(0 <t < Tpimplying 8 = 0, if specified witha = 1
and L; = 0 meaning A; = 0, the error dynamics (20)
are reduced to 6! = Ao where 0! = [06, el o,i,i]T
with A’ being provided in (19). Furthermore, the
obtained linear system is globally asymptotically stable
when the third condition in Lemma 4 holds. In addi-
tion, system (20) with & = 0 and L; = 0 is homoge-
neous with weight r/ = [%]T e R+l (j =
0, ...,m;) with respect to degree d' = 1 fora > 1.
It follows from the similar analysis in Theorem 1 that
there exists a constant &, > 1 and close enough to 1
such that system (20) with & = 0 and L; = 0 is glob-
ally asymptotically stable for « € (1, gy). Following
Lemma 1 in [33], it can be known that the trajectories
that started at “infinity” for system (20) with 6 = 0
and arbitrary bounded L; > 0 enter into a compact set
containing origin for any 7Ty > 0.

Fort > Tjyimplying & = 1, the error dynamical sys-
tem (20) with the selection of parameters AL in terms
of the first condition in Lemma 4 is the same with that
provided in [32], which is able to bring the estima-
tion errors to zero in a bounded finite time, i.e., 71,
from any compact set. From the analysis, it follows
that equalities (17) are established in finite time Ty +
T1 which is independent of initial conditions, imply-
ing the fixed-time convergence. This completes the
proof. O

Now, we are in a position to construct a fixed-time
stabilizing control law for system (2). To this end, intro-
duce variables

n—1

s y}’l = xn+2 Agﬂflfl.)

i=1

yI=x1, y=x2+Aq,...

21

satisfying

n
V=Y e =y Sa=ut Y AN (22)

i=1

with x being governed by (2). Then, the objective of
the work is equivalent to designing control law u for
system (22) such that y; = x; converges to zero in a
fixed time. The main result is summarized by theorem
2 given below.
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Theorem 2 Consider system (22) with control law
n

u) ==Y ki (T3¢ + 151 + 130 ) =3 A7~
i=1

i=

where 31 = x1,y2 = x2 + Z],...,'j/}, = x, +
Zl'-':_ll Z}nq_l) are measurable with A\f =z, =
1,...,n;k = 0,...,n — i) obtained from (16). If
the parameters ki > 0 and o;, Ql’., i =1,...,n)
are selected in terms of Theorem1 and the param-
eters )»f‘/.,k;,(i =1,....,n;j =0,...,mj) and 0
in observer (16) are chosen based on Lemma4, then
y1 = x1 — 0 in a fixed time.

Proof For brevity, define variables E('f] £ Af)*], (i =
1, ..., n) such that, following from (21) and (22), the
equalities 5 = y;+e; hold with ¢; = Y-/ [A} ™7 —

A7) Then, substituting (23) into (22) results in
Vi = i+l

o =— Zki (Myi + €] (24)

i=1

+ [vi el + T+ ei)%) + e

with ¢, = Z?:l[Agn_i) — Zl("_i)]. Based on the
results in Lemma 4, it can be known that ¢; and e;,
are bounded and there exists a finite time, i.e., To + 77,
such that e; = e), = 0 for all r > Ty + 7. Taking into
account y; = y; + e;, it follows that y; = ; holds for
t > To + T). After that, the system (24) is equivalent
0V; = Tit1, Vo = = Loy ki (519 + T3]+ [3:1%)
which is fixed-time stability based on Theorem 1.
Hence, the last step to prove Theorem 2 is to show
that the trajectory of system (24) does not escape in
any finite time interval, i.e., [0, Ty + T1].

To this end, let f(y, 8) € R” with y = [y;]7 € R"
and § = [e; e;]T e R"! be the closed-loop vector
field of system (24) with g; and ¢/ in (5). It can be ver-
ified that f(y, §) is bi-limit homogeneous with triples
((ro, 70), ko, f5,) and ((reo, Too), koos f34,), Where 1o

and ro, are provided in (7) and 19, = rp;, Too;, =
reoi» i = 1,...,n), 70, ﬁ, Toops =
27

ﬁ) k0=_]1 kOO=]9 f(S() =[y27 RN yns_zfl:] kl |—yl+
ei]% + e, 1" and f5 = [y2. ... yno — 2r_  kilyi +

eﬂgg + e;l]T. Moreover, system y = f (v, 0) (see The-
orem 1) satisfies all the conditions in Lemma 1. It fol-
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lows from Lemma 2 that system y = f(y,§) is ISS
with respect to bounded disturbance §, which means
that the system trajectory in (24) is always bounded in
any finite time interval. This completes the proof. O

5 Numerical example

Considering the following integrator system with mis-
matched disturbances A as well as A, and matched
disturbances A3
X1=x0+ A1, X2=x3+A42, X3=u+ A3z (25)
In the simulation, the disturbances are set to A =
sin(t), Ap» = cos(t) and A3z = %(sin(t) + cos(?)).
The controller parameters are chosen as k| = 2,k =
3,k3 = 5 and ¢ = 0.85. The disturbance observer
parameters are given by o = 1.05, ké = 21, k’i =
15/21,k, = 1/2,ki = 1/5, L7 =100, ) = 3, A} =
2,0, =153 =1.1,G0 =1,2,3)and Tp = 1.5.
The simulation is carried out in Matlab/Simulink by
Euler method with a fixed sampling step 0.1 ms. As
a comparison, the classic finite-time control algorithm
in [23] is selected which can be recovered from the
proposed control law (4) by omitting high-order items
[x; ] and [x; | ¢/ The other parameters are the same with
those provided previously. The simulation results are
presented in Fig. 2 for initial values x (0) = [102,0, 0],
x(0) = [103,0, 0] and x(0) = [10*, 0, 0]. From Fig. 2,
it can be observed that the convergence time under our
proposed control law with different initial values is
similar, implying a weak dependence of the conver-
gence time on the initial conditions. However, it can be
observed that the convergence time under finite-time
control law grows significantly with initial conditions.
Correspondingly, the control signals obtained by finite-
time and fixed-time algorithms are provided in Fig. 3.
From that, it can be seen that the fixed-time property is
achieved at the cost of large control magnitude.

Remark 3 It should be noted that the fixed-time control
algorithm has many applications in practice. For exam-
ple, the fixed-time approach helps to design a control
law, which is able to preserve the convergence time
even with the variation of operation region. In addi-
tion, the fixed-time property is especially useful for
either hybrid or switching systems with some kind of
dwell time [33].
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Fig. 2 System responses with different initial values x(0) = (102, 0, 0) for (a), x = (103, 0, 0) for (b), and x = (10%, 0, 0) for (c)

= Finite-time algorithm

=== == Fixed-time algorithm

4
2000 5 <10
0
[72] (2]
© OfrN © ’
c c
2 o 5}
(2] w
£ 2000 o
£ £ -0}
5 5
O -4000 O st
-6000 -20
0 20 40 60 0 20 40 60
(a) Time (s) (b) Time (s)
) > 10°
w 0
©
C
D 2k
(2]
°
g
O 4L
_8 Il I}
0 20 40 60 80 100 120
(c) Time (s)

Fig. 3 Control signals with different initial values x(0) = (102, 0, 0) for (a), x = (103, 0, 0) for (b), and x = (10%, 0, 0) for (c)
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6 Conclusions

A fixed-time stabilizing control law is presented for
high-order integrator systems with matched and mis-
matched disturbances. The stability of closed-loop
system under controller and disturbance is analyzed
through Lyapunov function and bi-limit homogeneous
techniques, ensuring that the convergence time is uni-
formly bounded with respect to any initial states.
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Appendix

For brevity, define A’ (s) and A (s) as follows

AT(S) = 5" +kns" '+ kas + Ky (26)
and
AB(s) =" +kLs" T 4 4 Kys K, (27)
with
k =3k, i=1,2,....n (28)

For n < 4, a direct application of Routh criterion [36]
shows that A7 (s) is Hurwitz if the parameters k; are
selected such that the polynomial A’ (s) is Hurwitz.
For example, AT(s) with n = 4 in (26) is Hurwitz if
and only if the condition

koksks > k3 +kiky, ki >0, i=1,...,4 (29

holds. Obviously, the condition kyk;k}, > k5 + kK|
with k] > 0,i = 1,...,4 holds when k! are defined
by (28) with the selection of k; in (29). It follows
that A3(s) is Hurwitz if A}(s) is Hurwitz. Similarly,
it can be easily found that the conclusion holds for
n=1,2,3.

@ Springer

For n > 4, the polynomial A% (s) may not be Hur-
witzevenif A (s) is Hurwitz. In this case, the following
lemma can be applied to select k;,i = 1,...,n such
that A’ (s) and A% (s) are both Hurwitz.

Lemma 5 [37] The polynomial a,s" + - - - + a1x + ag
is Hurwitz if the condition ajaj+1 > 3a;_1ai42,i =
I,...,n—=2witha; >0, j=0,...,n holds.

Lemma 5 was first proposed in [38] using Chinese,
and its English description was provided in [37]. It
follows from Lemma 5 that the positive real numbers
kj,j=1,...,n canbe chosen as
kikiz1 > 3ki_1kiy2, 1=2,...,n—1 (30)
with the definition k,, | = 1 such that A’ (s) is Hur-
witz. An equivalent expression of (30) is

(3ki)(3kiv1) = 3(3ki—1)Bki2), i=2,....,n—1

(€29

Taking into account (28), (31) means the following
inequality

kiki > 3ki_tkiio, i=2,....,n—1 (32)

holds with the definition k;, | = 1. Although k), =

kn4+1 = 1does not satisfy the relationship (28), it can be
easily verified that (32) can be derived from (31) when
i = n — 1. It follows from Lemma 5 that the polyno-
mial A7 (s) is Hurwitz with the positive real numbers
k! satisfying (28) and (30). Therefore, the positive real
numbers k; can be selected in terms of (30) to ensure
that A (s) and A5 (s) are both Hurwitz.
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