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Abstract Inthe present work, we observe the dynam-
ical behavior of nonlinear and supernonlinear traveling
waves for Sharma-Tasso—Olver (STO) equation. Exact
solutions are derived using 1/ G expansion and modi-
fied Kudryashov methods. The wave transformation is
used to transform STO equation into an ordinary differ-
ential equation. Combining Runge—Kutta fourth-order
and Fourier spectral technique, we use a mixed scheme
for the numerical study of STO equation. Since spec-
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tral methods expand the solution in trigonometric series
resulting into higher-order technique and Runge—Kutta
produces improved accuracy, we extract these qualities
for a mixed scheme. Results so produced are presented
graphically which provide a useful information about
the dynamical behavior. Bifurcation behavior of non-
linear and supernonlinear traveling waves of STO equa-
tion is studied with the help of bifurcation theory of pla-
nar dynamical systems. It is observed that STO equa-
tion supports nonlinear solitary wave, periodic wave,
shock wave, stable oscillatory wave and most impor-
tant supernonlinear periodic wave.

Keywords Sharma-Tasso—Olver equation - 1/ G
expansion method - Kudryashov method - Fourier
transform - Conservation laws - Bifurcation -
Supernonlinear periodic wave

Mathematics Subject Classification 83C15 - 65T50 -
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1 Introduction

Various physical phenomenon occurring around us can
be modeled in the form of nonlinear models [1-3]. So,
nonlinear equations are of utmost importance to study.
While working with these nonlinear models, we come
to know about the underlying process and the impor-
tance of parameters involved which cannot be under-
stood at a cursory look on the model. It is important to
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observe that a completely integrable nonlinear model
equation has extensive practical application from both
mathematical and physical point of view [4,5]. In addi-
tion to this, the study of nonlinear and supernonlinear
traveling waves [6], solitons, water waves and shock
waves, etc., has experienced a revolution over past few
decades. For a complete scenario of a model equation,
the qualitative behavior of the model equation is very
important along with the exact traveling wave solu-
tions. Recently, the qualitative behavior of a singular
nonlinear equation of second class was studied and suf-
ficient conditions were established for the existence of
propagation wave solutions [7,8]. In 2012, the bifurca-
tion analysis of KP-MEW equation was reported [9].

In the present study, we deal with Sharma—Tasso—
Olver (STO) equation of the form

u; +a (u3)x +b (uz)xx + cltyyy =0, (1)

which is an odd ordered hierarchy of the well-known
Burger’s equation which produces shock wave solu-
tions [10].

In the recent years, many researchers tried to explore
Eq. (1) in various directions which include the frac-
tional sub-equation method [11], first integral method
[12], the sine—cosine method [13], Lucas Ricatti expan-
sion method [14], etc. Also, many researchers used
variety of transformations like Cole—Hopf transfor-
mation, fractional complex transform [15] and Dar-
boux transformation [16,17]. In addition to this, using
Hirota’s direct method, fission and fusion of solitary
wave solutions are obtained by using Backlund trans-
formation [16,18]. While coming to the higher dimen-
sional studies, we come across [19,20]. During the lit-
erature survey of STO equation, limited detail on the
solution schemes based on 1/ G expansion method,
Kudryashov method, Runge—Kutta fourth-order and
Fourier spectral scheme is available. Also, there is
hardly any study performed on the behavior of nonlin-
ear and supernonlinear traveling waves for STO equa-
tion (1).

In the present study, we make several investigations
to have a detailed study of the nature of solutions so
obtained. Our study includes 1/ G expansion method,
Kudryashov method, Runge—Kutta fourth-order and
Fourier spectral scheme. All these have been detailed
in the proceeding sections. Furthermore, we investigate
the bifurcation behavior of nonlinear and supernonlin-
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ear traveling waves of STO equation (1) applying bifur-
cation theory of planar dynamical systems [21-23].
This paper is organized as: After introductory part,
Sect. 2 is dedicated to exact solutions of STO equation
in hand. This part includes 1/ G expansion method
and modified Kudryashov method. In Sect. 3, we
obtain components of conservation law using multi-
plier method. After having an analytical view, we pro-
ceed for the numerical aspect in Sect. 4. In Sect. 5, we
study bifurcation behavior of traveling wave solutions
of STO equation. In Sect. 6, final conclusion is drawn
followed by the list of references used for the study.

2 Exact solutions of Sharma-Tasso-Olver
equation

We consider Sharma—Tasso—Olver (STO) equation (1)
for the calculation of the exact solution with 1 /Gl
expansion method [24] and modified Kudryashov
method [25]. We apply the wave transformation of the
form & = x — vt on Eq. (1). This will transform the
nonlinear STO equation into another nonlinear ODE as
given below

—vu’ + 3au’u’ +2b (u/)2 +2buu” +cu” =0. (2)

211/ G expansion method

Using balance equation method we obtainm = 1. Now
the solution will take the following form

1
u)=u=ap+a (E) 3)

where ag and a; are the constants to be determine and
/.
1/G is expressed as

1 A
G~ Zi+ Acy [cosh (AE) — sinh (AE)]’ @)

where ¢, A and u are constants. Also, G satisfy the
differential equation

"

G =—-pn—2G. 5)

Substituting the values of u and its derivatives in Eq.
(2) and comparing the different powers of 1/G , we
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obtain the following system and
4 12 (b* — ac — bv/b? — 2ac)
LI D 22 3 _ = . (15)
el i+ 6baypu” 4 6caipn” =0, 2a
< )  3aadh 46 From set 2:
aa aapa
! IM A(b + A/b% —2ac)
uy = —
+ IObaluA + daparbp® + 12a1cap’ =0, : 2a
w(b 4+ v/b% —2ac) 1
( ) s 6aaga > + 4bai*2* — ajp - P g ) (16)
+ Saaoalu + 6bapay ) + 7ca1u)»2 =0, where
< ) —alvk+3aa%a1)» 1 . A
G~ —p+ici[cosh(A(x — vr))—sinh(A(x —vt))]’
+ 2ba0a1A2 + ca1A3 =0. (6) ’ 1l (A€ 2 (A€ )217)
Solving the above system, we obtain and
Set 1:
2012 _ 2 _
b + T %ae 3a0) _ A=(b ac+ bvb 2ac). (18)
ap = ; @) 2a
2a
_ u(=b++ b? —2ac) @) The 3 D surfaces of the solution Eq. (13) are showed
@ = a ’ for different values of A in Fig. 1.
A2 (b% — ac — bv/b? = 2ac)
v= 2 ) ) 2.2 Modified Kudryashov method
Set 2: Using balance equation method, we obtain m = 1.
Therefore, solution will take the form as
Ab 4+ Vb2 =2
ap = 2OHT 220, 10) 4@ =a+aQ@). (19)
a
a) = — (b + vb* —2ac) (11) Substitute Eq. (19) in Eq. (2) and equating the coeffi-
a ' cients of different powers of Q (&), it gives
_ 22(b? —ac + bv/b? —2ac) 12
- 2a ’ [0 &)1 : —3aagai (Ino)
Now putting the values of ag, @1 and v in Eq. (3), we + 2apaib (Ino)?> — (Ino) ajc + ajv (Ino) = 0,
get [0 (&)1 : 3aagai (Ino)
From set 1: 5 5 5 5
5 — 6aapaj (Ino) — 6apaib (Ino)” +4aib (Ino)
AM—=b + /b* —2
= b : ac) +7aic(no)} —av(no) =0,
a
3. 2 3
w(—b + N 1 5 [Q (5)] : 6aapa; (Ino) — 3aaj (Ino)
+ p ) (13) + dagarb (no)? — 10a%b (In o)
_ 3
where 12a1c (Ino) 0,
[Q (6)]* : 3aaj (Ino) + 6atb (Ino)?
1 A +6ajc(no)® = 0. (20)
G —p+ici[cosh(A(x — vt))—sinh(A(x —vt))]’
(14) where o is a positive constant.
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Fig. 1 The 3D surfaces of the solution Eq. (13) for different values of A, whent =0,a = —-1,b=-3,c=—1,ci =10and pn =5
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Fig. 2 The 3D surfaces of
solution Eq. (27) for
different values of d, when
t=0,a=—-1,b=-3,
c=1lando =5

Fig. 3 The 3D surfaces of
solution Eq. (27) for
different values of d, when
t=0,a=1,b=-5,

c=3ando =2

By solving the above system, we get sets of Now the exact solutions of the nonlinear equation are:
unknowns as follows: From set 1:

Set 1:

b(no)+ \/(ln 0)? (b — 2ac)

up (§) = 5
(Ino) [b, [(no)? (b2 — 2ac) + (ino) (b — 2ac)] a
v = 5 i _b (Ino) + \/(ln o)? (b — 2ac)
(21) a
1
2(p2 _ -
v — b(Ino) + (1121:) (b 2ac)’ 22) (1 —I—d0'5> . 227)
From set 2:
b(no) +./(no)? (b2 — 2ac
a = — / ( ) : (23) b(no) —/(no)? (b — 2ac)
a —
u (§) = 2

Set 2: —b(Ino) \/(111 0)? (b% —2ac)

+
(Ino) [—b‘ /(no)? (b2 — 2ac) + (Ino) (b* — 2ac)] | a
vV =
- , (i) o
24) 1+do

bl o (52 —2 where d is a constant.
ap = (Ino) —/(no)* (b2 - ac)7 (25) The 3D surfaces of the solution Eq. (27) are illus-
2a trated for different values of d in Figs. 2, 3.

—b(Ino) +,/(Ino)?* (b2 — 2ac)
a; = , (26)

a
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3 Conservation laws with multiplier method

In this section, we study the conservation laws of STO
equation (1) of the form

ut+a<u3) +b(u2) + Cltgry = 0, (29)
X XX

with multiplier method [26]. Consider the zero' h order
multiplier of the form A (¢, x, u). It yields the follow-
ing determining system

(A1), =0

(A, =0

Ay =0

(A)y, =0

(A)y,, =0. (30)

Solution of this system is
Ap (1, x,u) =cy, (€29

where ¢ is the arbitrary constant. Hence, the compo-
nents conservation law for Eq. (1) are

Ct=1Uu,

Cy = au’ + 2buny + Cltyy. (32)

4 Fourier transform method

Consider the equation
ty +a @)y + bW?)rx + Cltrry = 0. (33)
initial condition u(x, 0) = f(x).

Here, we are interested to integrate Eq. (33) using

Fourier transforms [27,28]. The Fourier transform for
any w(x), x € R can be defined by

oo

i) = [ Fuwir ger (34)
—00

and its inverse can be defined by

w(x) = L/ S w(E)dx, x eR. (35)
27

—00
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Here, w(§) is the amplitude density of w(x) at wave
number &. For simplicity we define the Fourier trans-
form operator by the w(§) = F{w} and the inverse
Fourier transform operator by w(x) = F “Hw} k).
Applying Fourier transform on (33) for the spatial vari-
able, we get

ak
iy + 5 (@ — b (@) = cik’ii = 0. (36)

where F{u} = u. The resulting time-dependent ODE
(36) is a stiff one. To reduce the higher-order linear
term, we again apply the following variable transfor-
mation defining

U = eickty, (37)
Here,
ity — U, 4 ick30. (38)

Thus, with the variable transformation (36) can be writ-
ten as

ia

0[ 4 ?efick%k (@3 _ be*ick:;tkz (@2 —=0. (39)

With the above-mentioned transformation, we can dis-
cretize Eq. (36) by

0 + %ae’“k%k}' Es (e““fﬁ)r
. . A\ 12
—be FURE [F (6H0) | =0, @)

with the initial function we obtain
Flu(x,0)} = F{f(x)}. 41)

Then, we apply standard Runge—Kutta 4 scheme for
differential equation (40) subject to initial condition
(41). Here, one may use any standard implicit/semi-
implicit scheme for time integration. Here, the exact
detail of the Fourier transformations, its accuracy
results and accuracy of time integration schemes are
well known [29-31]. In Fig. 4, we plot the solution of
Eq. (40).

In Fig. 5, we plot the solution of Eq. (40) with a
different set of parameters.
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Fig. 4 uo(x) = sech(10x),
witha = —1, b = —3 and
c=-3

u(x, 1)

Fig. 5 uo(x) = sech(10x) (left), and ug(x) = (1/2)sech[20(x + 1)] + sech(10x) 4 .05sech[20(x — 1)] (right) witha =b=c =3

5 Bifurcation behavior

In this section, we study bifurcation behavior of nonlin-
ear and supernonlinear traveling waves of STO equa-
tion (1). For this purpose, we have transformed STO
equation (1) to an ordinary differential equation (2)
using traveling wave transformation & = x —vt, where
v is the velocity of the traveling wave in the positive
direction of the x-axis. Then, integrating equation (2)
with respect to &, one can obtain

—vu + au® + 2buu’ + cu” = 0. (42)

System (42) can be expressed as a nonlinear planar
dynamical system given by

u =z,
{ ;1 2y _2 (43)

Itis important to note that phase portraits of a dynamical
system can vary significantly depending on the number
of equilibrium points and number of enveloped sepa-
ratrix layers [6]. Any orbit in the phase portrait of a
dynamical system represents one wave solution for the
corresponding nonlinear evolution equation. For clas-
sification of different orbits in the phase portrait, we use
following notations: SNPO,,, ,, for supernonlinear peri-

odic orbit [6], NHO,, , for nonlinear homoclinic orbit,
and NHTO,, , for nonlinear heteroclinic orbit, where
m 1is the number of equilibrium points enveloped by the
orbit and n is the number of separatrix layers enveloped
by the orbit.

The bifurcation theory of planar dynamical systems
[21-23] plays an important role in the study of nonlin-
ear dynamical system (43). Let u(§) be a continuous
solution of (1) for £ € R with limg_, ;oo #(§) = @ and
limg_ _oo u(§) = B. Then, u(§) is called a nonlinear
solitary wave solution if « = B. In general, a solitary
wave solution of system (1) corresponds to a nonlin-
ear homoclinic orbit (NHO| o) of nonlinear dynamical
system (43). A nonlinear periodic orbit (NPOj o) of
nonlinear dynamical system (43) corresponds to a non-
linear periodic traveling wave solution of system (1). A
supernonlinear periodic orbit (SNPO,, ,) of nonlinear
dynamical system (43) corresponds to a supernonlinear
periodic traveling wave solution of system (1). Hence
for the investigation of all possible bifurcations of non-
linear solitary waves, nonlinear shock wave, nonlin-
ear periodic waves and supernonlinear periodic waves
of nonlinear system (1), we need to find all nonlinear
homoclinic orbits, nonlinear periodic orbits, nonlinear
heteroclinic orbits and supernonlinear periodic orbits of
nonlinear dynamical system (43), which depend on the
parameters a, b, ¢ and v involved in system (43). When
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Fig. 6 Phase portraits of nonlinear dynamical system (43) foraa = 0.2,b = 0.02,¢c =0.3,v =0.2,andba = 0.2,b = 0.02,c =

—-03,v=02

0.8
0.6
0.4
0.2

N o

-0.2
-04
-06
-08

-1

1T N 0

Fig. 7 Phase portraits of nonlinear dynamical system (43) for
—-0.3,v=02

a > 0, then there exist three equilibrium points of non-
linear dynamical system (43) at Eg(ug, 0), E1(u1, 0),

v

and E3 (uz, 0), withug = 0,uy = /7, anduy = —\/:

a
Let M(u,, z.) be the coefficient matrix of the lin-
earized system of (43) at an equilibrium point (u,, z¢)-
Alsolet J =det(M (u, z¢)), T1 =trace(M (u,, z.)) and
Tr = (trace(M (ue, z¢))). Then, (i, z,) is a saddle
point if J < 0, a center point if J > 0, 71 = 0, a cusp
if J = 0 and Poincaré index of (u,, z.) is zero, a node
ifJ >0and 7, —4J > 0.

Based on the above qualitative analysis, we present
all possible phase portraits of nonlinear dynamical sys-
tem (43) in Figs. 6 and 7 and all possible traveling

@ Springer
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(b)

aa =02,b=0,c=03,v=02,andba =02,b =0,c =

wave solutions of STO equation (1) in Figs. 8, 9 and
10. In Fig. 6a, we depict phase portrait of the nonlinear
dynamical system (43) fora = 0.2,6 =0.02,¢c =0.3
and v = 0.2. This phase portrait contains a family of
supernonlinear periodic orbits (SNPOj3 1) which enve-
lope three equilibrium points Eg(ug, 0), E1(u1, 0), and
E>(uz, 0), where Eg(up, 0) is a saddle point and there
are two stable spirals at E1(u1, 0),and E>(u2, 0). There
is also a nonlinear homoclinic orbit (NHO; o) at the
equilibrium point Eg(ug, 0) enclosing the stable spi-
rals at Ey(u1, 0), and E>(u3, 0). In Fig. 6b, phase por-
trait of nonlinear dynamical system (43) is shown for
a=0.2,b=0.02,c = —0.3 and v = 0.2. This phase
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Fig. 8 a Supernonlinear periodic wave, and b stable oscillatory wave of STO equation (1) with same parametric values as Fig. 6a
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S <
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Fig. 9 a Supernonlinear periodic wave, and b nonlinear periodic wave of STO equation (1) with same parametric values as Fig. 7a

portrait contains a pair of nonlinear heteroclinic orbits
(NHTOj o) joining two saddle points Ej(u1,0) and
E>(u2, 0). Furthermore, this pair of NHTO; o enve-
lope the center Ey(ug, 0) surrounded by a family of
nonlinear periodic orbits (NPOj o).

In Fig. 7a, we manifest phase portrait of the nonlin-
ear dynamical system (43) fora = 0.2,b =0,c = 0.3
and v 0.2. This phase portrait contains a fam-
ily of supernonlinear periodic orbits (SNPOj3 1) which
envelope three equilibrium points Eq(ug, 0), E1(uy, 0)
and E;(uz, 0), where Eg(ug, 0) is a saddle point and
Ei(u1,0) and E»(uz,0) are centers. There is also a
pair of nonlinear homoclinic orbits (NHO o) at sad-
dle point E(uq, 0) surrounding the centers Eq(u1, 0)

and E>(up,0). Furthermore, there are two families
of nonlinear periodic orbits (NPOj ) about centers
E1(u1,0), and E3(up,0). In Fig. 7b, phase portrait
of the nonlinear dynamical system (43) is shown for
a=02,b=0,c =-0.3and v = 0.2. This phase
portrait contains a pair of nonlinear heteroclinic orbits
(NHTOj ¢) joining two saddle points Ej(u1,0) and
E>(uz, 0). Furthermore, this pair of NHTO  envelope
the center Eq(ug, 0) which is surrounded by a family
of nonlinear periodic orbits (NPO o).

InFig. 8a, b, we show supernonlinear periodic wave and
nonlinear periodic wave of STO equation (1) with same
parametric values as Fig. 7a corresponding to the super-
nonlinear periodic orbit (SNPO3 1) enveloped three

@ Springer
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Fig. 10 a Shock waves, and b nonlinear periodic wave of STO equation (1) with same parametric values as Fig. 7b

equilibrium points Eo(ug, 0), E1(u1, 0) and E(u2, 0),
and stable spiral at the equilibrium point E(u1, 0) of
dynamical system (43) in the phase portrait Fig. 6a.
In Fig. 9a, b, we present supernonlinear periodic wave
and stable oscillatory wave of the Sharma—Tasso—Olver
(STO) equation (1) with same parametric values as
Fig. 7a corresponding to the supernonlinear periodic
orbit (SNPO3,1) enveloped three equilibrium points
Eo(uo, 0), E1(u1, 0)and E>(u2, 0), and nonlinear peri-
odic orbit about the equilibrium point Eq(u1, 0) of the
dynamical system (43) in the phase portrait Fig. 7a.
In Fig. 10a, b, we manifest nonlinear shock waves and
nonlinear periodic wave of STO equation (1) with same
parametric values as Fig. 7b corresponding to the non-
linear heteroclinic orbits (NHTOj o) joining the equi-
librium points Eq(u1, 0) and E>(u>, 0) enveloped the
equilibrium point Eg(ug, 0), and nonlinear periodic
orbit (NPO1 o) about the equilibrium point Eo(ug, 0)
of the dynamical system (43) in the phase portrait Fig.
7b.

6 Conclusion

In this work, we applied 1/ G expansion and modified
Kudryashov method in a satisfactory way to get the
exact solutions of Sharma-Tasso—Olver equation. For
numerical analysis, we combined Runge—Kutta fourth-
order and Fourier spectral technique and developed a
mixed scheme for the numerical study of STO equa-
tion. Since spectral methods expand the solution in

@ Springer

trigonometric series resulting into higher-order tech-
nique and Runge—Kutta produces improved accuracy,
we extract these qualities for a mixed scheme. Graphi-
cal and numerical consequences are introduced to fetch
the useful information about the dynamical behavior of
the Sharma—Tasso—Olver equation. From the output,
we observe that the scheme is quite simple and effec-
tive which can be further used to handle a variety of
other nonlinear problems. Using bifurcation theory of
planar dynamical systems, we successfully studied the
bifurcation behavior of nonlinear and supernonlinear
traveling waves of STO equation through numerical
simulation. It was seen that STO equation underpins
nonlinear solitary wave, periodic wave, shock wave,
stable oscillatory wave and most paramount two types
of supernonlinear periodic waves.
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