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Abstract Vibration energy harvesting systems via an
X-structure coupled with piezoelectric patches of spe-
cial arrangements are investigated in this study. Two
piezoelectric harvesters are specially installed on the
X-shaped structure to explore potential benefits that
the X-shaped structure could provide, and each piezo-
electric pad has two layers composed of a polyvinyl
chloride base patch and a micro-fibre composite patch.
The theoretical analysis and experiment results indi-
cate that the energy harvesting performance of the
proposed novel arrangements of the piezoelectric har-
vesters can be enhanced especially in low-frequency
range (below 10Hz), compared with conventional can-
tilevered piezoelectric harvesters. More and higher
energy harvesting peaks can be created and the effective
harvesting frequency band can be obviously enlarged
by expanding it to low-frequency range with the pro-
posed methods. The X-structure-based generators can
enable piezoelectric materials to harvest power from
low-frequency vibration sources due to its advantages
in designable equivalent nonlinear stiffness, which can
be easily tuned by adjusting the key structural param-
eters. The design and results would provide an innova-
tive solution and insight for smart piezoelectric mate-
rials to improve the energy harvesting efficiency in the
low-frequency range including small-scale ocean wave

M. Li · J. Zhou · X. Jing (B)
Department of Mechanical Engineering, The Hong Kong
Polytechnic University, Hung Hom, Hong Kong
e-mail: xingjian.jing@gmail.com; xingjian.jing@polyu.edu.hk

power harvesting, human motion power and animal
kinetic power harvesting, etc.

Keywords Vibrational energy harvesting · X-shaped
structure · Piezoelectric harvesters · Low-frequency
range · Tunable nonlinear stiffness

1 Introduction

Mechanical vibration sources are ubiquitous in nature
and various structures and machines, from motion
power of creatures to kinetic power of vehicles and
motors. Due to the potentials in powering autonomous
systems such as wireless sensor networks, the field of
vibration-based energy harvesting has been increas-
ingly attractive to researchers. A wide variety of vibra-
tional energy harvesting systems has been proposed in
the past decade. Basically, vibrational energy can be
converted to electrical power based on piezoelectric
[1–5], electromagnetic [6–9] and electrostatic [10–12]
mechanisms.

The essential challenge of vibration-based energy
harvesting is to capture the ambient vibrational energy
which is generally distributed over a wide spectrum,
may change in spectral density over time, and is domi-
nant at very low frequencies [13,14]. To provide solu-
tions for these problems, researchers have explored
serval approaches such as resonant frequency tuning
techniques [15–18]. In [15], a micro-power generator
array has been investigated by utilizing PZT film as

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s11071-018-4432-6&domain=pdf
http://orcid.org/0000-0003-3498-2180


1410 M. Li et al.

the transducer to harvest ambient vibration. In [16], a
magnetic force is used to alter the overall stiffness of
the energy harvesting device, and this enables one to
increase or to decrease the overall stiffness of the device
using magnetic force to change the natural frequency
of the device. In [17,18], two-degree-freedom harvest-
ing devices are designed, respectively, to broaden the
harvesting bandwidth. By employing these resonance
tuning methods, the effective power harvesting band-
width can be increased through using generator arrays
or multi-resonance modes.

As more advanced solutions, exploring beneficial
nonlinearities has become a major focus recently [19–
22]. Nonlinear stiffness and damping characteristics
are applied to design harvesting devices to improve
power harvesting performance. Ramlan et al. [23] stud-
ied the benefits of using a nonlinear stiffness in an
energy harvesting device comprising a mass–spring–
damper system.Moreover, due to the unique character-
istics of bistable oscillators, bistable harvesting devices
are widely designed and investigated in recent years
[24–28]. In [27], authors proposed to exploit the non-
linear behaviour of a bistable composite plate with
bonded piezoelectric patches for broadband nonlinear
energy harvesting. In [28], a bistable energy harvester
is proposed which is comprised of a discontinuously
laminated piezoelectric beam with a nonlinear bound-
ary condition imposed by repelling permanent mag-
nets. These bistable harvesting systems demonstrate
great advantages in enlarging energy harvesting band-
width and enhance harvesting performance. However,
because of the dynamic properties of bistable systems,
bifurcations and chaos may be generated and leading
to unstability.

For the majority of research in the literature, piezo-
electric and electrostatic principles have better energy
outcome for higher frequencies (e.g., traffic vibrations
at 20–60Hz), but they reach maximally only some
microwatts at low frequencies (e.g., human motion
vibration at 0–10Hz), which cannot meet the energy
consumption needed by targeted sensor notes [29].
Moreover, for the blue and clean ocean current energy,
the waves have a much lower frequency usually below
5Hz [30]. In this range, the conventional piezoelectric-
based cantilevered harvesters could not effectively har-
vest the ocean power.

The X-shaped structure in this study has been
recently proposed and investigated in the author’s pre-
vious work [31–33], and it can achieve tunable and

ultra-low dynamic stiffness characteristics in vibra-
tion isolation due to its inherent beneficial nonlineari-
ties. The equivalent stiffness and damping of the sys-
tem are nonlinear because of the geometry relation-
ship between the base and platform motions within the
structure. It should be pointed out that for the X-shaped
structure, the nonlinearities can be designed easily and
they are fairlyweakwithout chaos and bifurcation. This
is a special feature that is fully employed in the pro-
posed X-structured harvester of this study compared
with most of the existing nonlinear energy harvest-
ing systems. Moreover, the nonlinear benefits of the
X-shaped structure have great potentials and can be
exploited for improving energy harvesting efficiency.
Very recently, the author’s work [34–36] has shown
that the X-shaped structure can provide a novel and
effective method for passive structure design of vibra-
tional energy harvesting systems to improve efficiency
in the low-frequency range.

In this paper, a novel X-structured energy harvester
which consists of an X-shaped structure coupled with
piezoelectric patches is investigated. This study focuses
on the design, modelling, and experimental valida-
tion of this novel harvesting system. In this system,
the X-shaped structure not only acts as a supporting
structure that transfers the mechanical energy from
the base excitation, but also as a master and tunable
structure coupled with the piezoelectric beams. The
one piezoelectric patch is directly installed within the
X-shaped structure horizontally acting as a damping
component [34,36], and the other one is mounted on
a leverage supported by the top of the X-shaped struc-
ture. These special arrangements of the piezoelectric
patches are to explore the potential nonlinear effects
provided by the X-shaped structure including its non-
linear damping property, the tunable and ultralow res-
onant frequency, and the structure coupling effect with
the leverage. Compared with conventional piezoelec-
tric beam harvesters, more and higher harvesting peaks
can be created and the harvesting frequencyband can be
obviously enlarged especially for low-frequency range.
More importantly, the proposed X-structure based har-
vesters can enable piezoelectric materials to harvest
energy from low-frequency vibration sources due to
its benefits in designable equivalent nonlinear stiffness,
which can be easily achieved by adjusting the key struc-
tural parameters. The design and results would provide
an innovative solution and insight for smart piezoelec-
tric materials to improve the power harvesting effi-
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Fig. 1 Design of the X-structured harvester

ciency in low-frequency range including small-scale
ocean wave power harvesting, human motion power
and animal kinetic power harvesting, etc.

The rest of the paper is organized as follows. The
design of the coupled energy harvesting system is in
Sect. 2. The mathematical modelling of the proposed
system is in Sect. 3. The experimental part of this study
is in Sect. 4. Analysis and comparison of harvesting
performance are in Sect. 5. Afterwards a conclusion is
drawn.

2 The X-structured energy harvesting system

In Fig. 1, a two-layer X-shaped structure is designed
together with an auxiliary cantilevered rotational lever
system. One piezoelectric patch would be mounted on
the end of the leverage as a cantilever beam (Fig. 2),
and the other one would be horizontally installed in the
middle of X-shaped structure (Fig. 3).

In Figs. 2, 3, each layer of the X-shaped structure
has four rods which are combined together with joints.
The length of each rod is 2L .The assembly angle of the
rod with respect to the horizontal direction is denoted
as θ . The mass of the top platform is denoted as M ,
and the mass of each rod is denoted as M1. Springs are
also applied horizontally in the middle of the X-shaped
structure as an elastic supporting force with stiffness
K . It should be pointed out that there are two same

Fig. 2 The lever-type harvesting arrangement
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a b
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Fig. 3 The bender-type harvesting arrangement

springs installed in parallel in middle layer of struc-
ture. The stiffness mentioned in this paper only refers
to the stiffness of one spring. The absolute motion
of the body M and the base are denoted as y and z,
respectively. Note that the overall harvesting structure
in Fig. 1 can be designed to different sizes for different
usages.

2.1 The lever-type harvester

The beam of the lever-type harvester consists of aMFC
patch (for vibration energyharvesting) and aPVCpatch
(for supporting the MFC). The leverage is supported
by the X-shaped structure and also connected to the
base where the vibration comes. In the ideal case, the
vibration would not be transmitted to the top platform
due to the quasi-zero stiffness characteristic of the X-
shaped structure, and thus, the vibration transmitted to
the leverage end can be exaggerated or suppressed due
to the leverage ratio as desired. Moreover, the beam
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frequency of the leverage and the frequency of the top
platformof theX-shaped structure canbothbedesigned
and coupled with each other for a special dynamic
response characteristic.

The external excitationon thebase canbe transferred
to piezoelectric beam harvester via the X-shaped struc-
ture and the leverage link. In the low-frequency range,
the X-shaped structure can be regarded as a dynamic
amplifier with low equivalent dynamic stiffness, and
in this case the relative large-scale motion within the
X-structure between the top mass and the base would
enable the PVC/MFCbeam to rotate. At around the nat-
ural frequency of the PVC/MFC beam, the mass on the
platformcanbe regarded asmotionless due to the quasi-
zero stiffness characteristic of the X-structure; in this
way the relative motion between the top mass and the
base canmake the beamharvester still work effectively.
TheMFC patch would experience rotational motion by
the supporting lever as well as bending deformation by
itself to create electric power.

2.2 The bender-type harvester

In Fig. 3, the bender-type harvester is composed by
a simply supported post-buckled piezoelectric beam
including a piezoelectric layer attached to a PVC layer,
and the piezoelectric beam is directly installed within
the X-shaped structure horizontally. Similarly, in the
low-frequency range, the X-shaped structure also acts
as a dynamic amplifier with low equivalent dynamic
stiffness, and the relative large-scale motion within the
X-structure between the top mass and the base would
drive the PVC/MFC beam to bend. For this harvester,
the relative horizontal motion of the two ends of the
simply supported post-buckling beam would make the
MFC to bend and generate electric energy. The piezo-
electric beam harvester acts as an equivalent electric
damping factor to the vibration of the X-shaped struc-
ture in this case [34,36]. It is known that the equivalent
damping property of the X-shaped structure is nonlin-
ear although a linear damper is applied between point
a and point b in Fig. 2 [34,36]. The piezoelectric layer
installed in thisway is to explore the potential nonlinear
benefit for energy harvesting.

3 Mathematical modelling of the system

In present study, because the supporting levers and the
twopiezoelectric beamsare very lightweight compared
with the mass of the X-shaped structure, it is assumed
that the influence on the X-shaped structure from the
supporting levers and the two beams are negligible in
establishing the equation of motion for the energy har-
vesting system. In that case, it can be regarded that
the motion of the X-shaped structure provides exter-
nal vibration excitation for the two piezoelectric beam
harvesters.

3.1 The X-shaped structure

The kinetic energy and potential energy of the X-
shaped structure can be given as (see also [33])

T = 1

2
Mẏ2 + + 8 · 1

2
J0ψ̇

2 + 4 × 1

2
M1

[(
ẋ

2

)2

+
(
1

4
˙̂y
)2

]

+ 4 × 1

2
M1

[(
ẋ

2

)2

+
(
3

4
˙̂y
)2

]
, (1)

U = 2 × 1

2
Kx2, (2)

whereM andM1 are themass on theX-shaped structure
and the mass of each connecting rod, respectively. x is
the horizontal motion of the connecting joint in the
bottom right of the X-shaped structure and ψ is the
rotational angle of the connecting rod. ŷ = y − z is
the relative motion between base and the mass on the
platform. J0 = M1L2/3 is the moment inertia of the
connecting rod. They can be expressed as [31]

x = 2L cos θ − 2

√
L2 − [L sin θ +

(
ŷ

2n

)
]2, ψ

= arctan

(
2L sin θ + ŷ

n

2L cos θ − x

)
− θ, (3)

wheren is the layer number ofX-structure. In this study,
n = 2 has been determined since it is a double-layer
X-shaped structure.

The Lagrange principle is utilized to establish the
dynamic equation ofmotion for theX-shaped structure,
which can be written as

d

dt

[
∂

∂ ẏ
(T −U )

]
− ∂

∂y
(T −U )=Q1 + Q2 + Q3,

(4)
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where Q1 = − c1 ˙̂y · dŷ
dy , Q2 = − c2 ẋ · dx

dy , Q3 =
− c3n j ψ̇ · dψ

dy , and c1, c2, c3 are the air damping
coefficient, horizontal damping coefficient because of
horizontal friction and rotational damping coefficient
because of the joint friction, respectively [36]. n j is the
number of the rotational connecting joints.

By substituting Eqs. (1) and (2) into Eq. (4), the
equation of motion of the X-shaped structure can be
expressed as[

M + 2M1(2 + tan2 θ

4
+ sec2 θ

48
)

]
¨̂y + 2Kx

dx

dŷ

dŷ

dy

+
[
c1 + c2

(
dx

dŷ

)2

+ c3n j

(
dψ

dŷ

)2
]

˙̂y = − Mz̈.

(5)

Then by using the Taylor series expansion for the terms

of dx
dŷ

dŷ
dy ,

(
dx
dŷ

)2
and

(
dψ
dŷ

)2
, one can obtain the follow-

ing expression

[
M + 2M1(2 + tan2 θ

4
+ sec2 θ

48
)

]
¨̂y

+ 2K (β1 + β2 ŷ + β3 ŷ
2 + β4 ŷ

3)ŷ

+ [
(c1 + c2λ0 + c3n j δ0)

+ (c2λ1 + c3n j δ1)ŷ + (c2λ2 + c3n j δ2)ŷ
2] ˙̂y = − Mz̈,

(6)

where

β1 = tan2 θ

n2
, β2 = 3 sin θ

4 cos4 θLn3
, β3

= 5 − 4 cos2 θ

8 cos6 θL2n4
, β4 = 5(7 − 4 cos2 θ) sin θ

64 cos8 θL3n5
,

λ0 = tan2 θ

n2
, λ1 = sin2 θ

Ln2 cos4 θ
, λ2

= 4 − 3 cos3 θ

4L2n4 cos6 θ
, δ0 = 1

4 cos2 θL2n2
,

δ1 = sin θ

4 cos4 θL3n3
, δ2 = 4 − 3 cos2 θ

16 cos6 θL4n4
, n = 2.

For Eq. (6), it can be seen that the equivalent stiffness
and damping are nonlinear functions although the hor-
izontal springs are linear. It should be pointed out that
the nonlinear stiffness can be easily designed to achieve
ultra-low resonant harvesting frequency by tuning the
structural parameters of the X-shaped structure. The
HarmonicBalanceMethod is used to solve the equation
of motion, and the relative motion ŷ can be obtained.

O0
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O

X0

Y0

X
Y

h(t)

φ(t)
r0

rp

rR

Rm

wl
ul

w

u X

M2

Tip mass

PVC/MFC beam 

Fig. 4 The scheme of model for the lever-type case

3.2 The lever-type harvester

For the lever-type harvester, the cantilevered piezoelec-
tric patch can be modelled as a vibrational beam under
rotational base excitation ϕ(t) and vertical base exci-
tation h(t) as shown in Fig. 4. The two excitations can
be seen as input on the clamed end of the cantilevered
beam from the supporting X-structure. O1O represents
the section between point a and b of the horizontal aux-
iliary lever in Fig. 2. In the modelling, it is assumed
that the MFC patch has the same length and width with
the PVC patch. The displacement and deformation dia-
gram of the combined beam with a tip mass M2 can be
seen in Fig. 4.

It should be pointed out that the base excitationsϕ(t)
and h(t) can be obtained from the equation of motion
of the supporting X-shaped structure, and they can be
expressed as

ϕ(t) = ŷ

l2
, h(t) = ŷ + z, (7)

where l2 represents the length for the section between
point b and c of the supporting lever in Fig. 2.

For an arbitrary point of the combined beam shown
in Fig. 4, the displacement vector can r be expressed as

r = r0 + rp, (8)

inwhich r0 is determined by themotion of theX-shaped
structure and rp is determined by the deformation of
the beam harvester itself. The expressions of r0 and rp
are shown as [37]
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r0 =
[
l1 cosϕ

l1 sin ϕ + h

]
, rp =

[
cosϕ − sin ϕ

sin ϕ cosϕ

] [
X + u
w

]
,

(9)

where l1 is the length of O1O . u and are the longitu-
dinal and transverse displacement of the cantilevered
beam, respectively. X denotes the location of the arbi-
trary point of the beam along X -axis.

For the longitudinal displacement of one point on
the central line of the beam, it can be written as

u = s − uF = s − 1

2

∫ X

0
(
∂w

∂X
)2dX, (10)

in which represents the longitudinal deformation and
uF represents the longitudinal displacement caused by
transverse displacement of the beam.

However, for the longitudinal displacement of the
arbitrary point of the beam, it can be written as

u∗ = u−Y
∂w

∂X
= s− 1

2

∫ X

0
(
∂w

∂X
)2dX −Y

∂w

∂X
. (11)

By using nonlinear stress–strain relationship, the
normal strain of the arbitrary point of the beam can
be written as

εX = ∂u∗

∂X
+ 1

2
(
∂w

∂X
)2 = ∂s

∂X
− Y

∂2w

∂X2 . (12)

Similarly, for the tip mass, the displacement vector
can be expressed as

R = r0 + Rm, (13)

in which

Rm =
[
cosϕ − sin ϕ

sin ϕ cosϕ

] [
l + ul
wl

]
. (14)

The kinetic energy of the beam with tip mass can be
written as

T = 1

2

∫ l

0
ρAṙT ṙdX + 1

2
M2Ṙ

2

= 1

2

∫ l

0
ρAṙT ṙdX + 1

2

∫ l

0
M2δ(X − l)ṙT ṙdX

= 1

2

∫ l

0
[ρA + M2δ(X − l)] ṙT ṙdX , (15)

in which ρ, A, l and M2 are volume density of the com-
bined beam, area of the beam cross section, length of

the beam andmass value of the tip mass. ṙ and Ṙ are the
velocity vector which can be derived by differentiating
r and R. δ(X − l) is the Dirac delta function.

Thepotential energyof the beamcanbe expressed as

U = 1

2

∫
V

σXεXdV = 1

2

∫ l

0

∫
A
EεXεXdAdX, (16)

where σX and E are the normal stress and Young’s
modulus of the combined beam, respectively.

The virtual work for the beam by the air damping
force can be written as

δW =
∫ l

0
FT
r δrdX =

∫ l

0
−cṙTδrdX. (17)

The Hamilton’s principle are used to establish the
equation of motion for the beam, and one can substitute
the expressions of

∫ t2
t1

δT dt ,
∫ t2
t1

δUdt and
∫ t2
t1

δWdt
into the following equation

∫ t2

t1
(δT − δU + δW )dt = 0. (18)

If one considers the longitudinal vibration and trans-
verse vibration of the beam, the obtained equations of
motion can be expressed as follows,

δs : ρA
[− (u + l1 + X) ϕ̇2 − 2ϕ̇ẇ − wϕ̈ + sin ϕḧ + ü

]
− E A

∂2s

∂X2 + c
[−wϕ̇ + u̇ + sin ϕḣ

] = 0, (19a)

δw :
ρA

[
(u + l1 + X) ϕ̈ − wϕ̇2 + 2ϕ̇u̇ + cosϕḧ + ẅ

]
− ρA

∂

∂X

[
w′

∫ l

X

[
(u + l1 + X) ϕ̇2 + 2ẇϕ̇ + wϕ̈

− sin ϕḧ − ü
]
dX

]
+ E I

∂4w

∂X4 + c
[
(u + l1 + X) ϕ̇ + cosϕḣ + ẇ

]
− c

∂

∂X

[
w′

∫ l

X

(
wϕ̇ − u̇ − sin ϕḣ

)
dX

]
− M2

[
w′′ [(ul + l1 + l) ϕ̇2

+ 2ẇl ϕ̇ + wl ϕ̈ − sin ϕḧ − ül
]] = 0, (19b)

where w and s represents the transverse and longitu-
dinal deformation, respectively. ϕ(t) and h(t) are the
rotational and vertical excitation for the beam caused
by themotion of theX-shaped structure. The equivalent
bending stiffness term E I and the mass of unit length
ρA of the combined beam can be written as [38]
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PVC/MFC beam
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Fig. 5 The scheme of model for the bender-type case

E I = Eb
dbh3b
12

+ Ep
dp
3

[(
h p + hb

2

)3

− h3b
8

]
,

ρA = ρbhbdb + ρph pdp, . (20)

where E , d and h represents the Young’s modulus, the
width of the beam and the thickness of the beam, and
the subscripts b and p denote the base PVC patch and
the piezoelectric MFC patch.

By solving the equation of motion of the beam, the
deformation can be obtained. And then, the electric
charge Q and the open circuit voltage V developed by
the MFC patch can be expressed as [39]

Q = e31b
∫ l

0

(
∂s

∂X
− Yc

∂2w

∂X2

)
dX, V = Q

C
, (21)

where e31 and C denote the piezoelectric constant and
the capacitance of the MFC patch, respectively.

3.3 The bender-type harvester

For the bender-type beam harvester shown in Fig. 5, in
present study, it is modelled as a hinged–hinged post-
buckling beam which also vibrates, rather than treat
it only as an equivalent damping in authors’ previous
study. The post-buckling of the beam is caused by the
motion of the hinge at the right end which is induced
by the motion of the X-shaped structure. The beam
also vibrates because of vertical displacement excita-
tion caused by the vibration of the X-shaped structure.

In Fig. 5, w0(x) denotes the initial assembly deflec-
tion of the beam of arbitrary point, w(x, t), the total
deflection of the beam, and w1(x, t) represents the
transverse displacement incurred by both vibration and
post-buckling of the beam.

Nayfeh et al. [40] investigated the free vibration of
the post-buckled beams with respect to different but
known buckled deflection. Based on their works, the
governing equation of the beam harvester in Fig. 5 can
be expressed as

ρA
∂2w

∂t2
+ c

∂w1

∂t
+ E I

∂4w

∂x4

+
[
P(t) − E A

l2

∫ l

0

(
∂w

∂x

)2

dx

]
∂2w

∂x2
= 0. (22)

It should be pointed out that P(t) is an unknown
and time-dependent force in present study. P(t) is the
axial force at right hinge caused by the axial motion of
the hinge which is denoted as u1(t). u1(t) is just the
horizontal displacement x(t) in the modelling for the
X-shaped structure.

Because the first natural frequency of the post-
buckled beam is very large compared with the pre-
buckled one, the transverse displacement caused by
vibration is very small. Thus, in Eq. (22), the first
and second terms which are related to the inertia and
damping forces can be neglected for simplicity. Also,
w1(x, t) would become the transverse displacement
caused only by post-buckling. Therefore, the vibration
and post-buckling coupled problem has been simpli-
fied into only post-buckling problem. The governing
equation can be rewritten as

E I
∂4w

∂x4
+

[
P(t) − E A

l2

∫ l

0

(
∂w

∂x

)2

dx

]
∂2w

∂x2
= 0.

(23)

Because the beam is generally considered as inex-
tensible, the relationship between the total transverse
displacement of the beam and the total axial displace-
ment of the right hinge can be expressed as

u0+u1(t) =
∫ l

0

⎡
⎣1 −

√
1 +

(
∂w(x, t)

∂x

)2
⎤
⎦dx, (24)

in which w(x, t) = w0(x) + w1(x, t), and u0 =
− 1

2

∫ l
0

(
∂w0(x)

∂x

)2
dx .
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By solving Eq. (24), w(x, t) could be obtained and
substituted into Eq. (23) to calculate the unknown axial
force P(t). The force P(t)may be used to estimate the
influence on themotionof theX-shaped structure by the
beam harvester. Similarly, the open circuit voltage can
be calculated by using the obtained beam deformation.

Since the contributions of the first mode buckling
are dominant in this case, one can assume the solution
of the beam deflection as [40]

w(x, t)=w0(x) + w1(x, t) = α0ζ1(x) + α(t)ζ1(x),

(25)

in which ζ1(x) = sin
(

πx
l

)
is the first buckling mode

shape function, α0 is a known value can be measured
which represents the initial deflection coefficient, and
α(t) is to be determined which represents the time-
dependent deflection coefficient of the beam.

3.4 Characteristics of the coupled harvesting system

Based on the mathematical modelling, the frequency
responses of the transverse deformation of the lever-
type and bender-type harvesters can be obtained as
shown in Fig. 6. The parameters of the X-shaped
structure used are set as: L = 0.1 m, l1 = 0.07 m,
l2 = 0.07 m, M1 = 0.03 kg, c1 = 0.1Ns/m, c2 =

0.3Ns/m and c3 = 0.35 (Ns/m) ·m2. The two beam
harvesters have the same parameters which are set
as: l = 0.15 m, M2 = 5 g, ρA = 0.0564 kg/m,
E I = (1 + 0.003i) × 0.0435 Nm2, c = 0.8Ns/m,
C = 84.04 nF, e31 = − 6.2. Note that E I is using
the complex form (E = E(1+iη)) with consideration
of the internal material damping of the beam. The real
part of EI is obtained by Eq. (20), and the coefficient
of imaginary part is assumed to be 0.003 (η = 0.003)
in this analysis. The base excitation amplitude is set as
z = z0 · cos(ωt), in which z0 = 1.5/ω2 and ω is the
external excitation frequency.

With the obtained deflection of combined beam, the
electric charge generated by the bending deformation
of the MFC transducer (also the combined beam) can
be calculated by usingEq. (21),which demonstrates the
direct piezoelectric effect (generation of charge result-
ing from applied mechanical force). Then, the open
circuit voltages of the two types of harvesters could be
plotted as shown in Fig. 7.

For the lever-type harvester, it can be seen from
Figs. 6 and 7 that there exist two resonant harvesting
peaks. The first peak is near the resonant frequency
of the supporting X-shaped structure, and the second
is near the resonant frequency of the lever-type beam
itself. Also, it is obvious that the lever-type harvester

Fig. 6 The
deflection–frequency
response: a the free end of
the lever-type beam; b the
middle of the bender-type
beam

Fig. 7 The open circuit
voltage: a the lever-type
case; b the bender-type case
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Fig. 8 The open circuit
voltage with different
loading mass M : a the
lever-type case; b the
bender-type case

Fig. 9 The open circuit
voltage with different
assembly angle θ : a the
lever-type case; b the
bender-type case

Fig. 10 The open circuit
voltage with different spring
stiffness K : a the lever-type
case; b the bender-type case

with a tip mass can generate much more power than
the case without a tip mass, and thus, in the following
analysis only the case with a tip mass are discussed.

For the bender-type harvester, although there is only
a peak near the resonant frequency of the X-shaped
structure, the peak value is much larger compared
with the lever-type case. This is the result of the hor-
izontal motion within the X-shaped structure, and re-
deformation of the post-buckling beam can generate
more energy.

It should be pointed out that the first resonant fre-
quency of both harvesters can be easily tuned to lower
than the natural frequency of the beam harvester by
adjusting the parameters of theX-shaped structure. The
voltage curves of the lever-type and bender-typed har-

vesters with different loading mass M , assembly angle
θ and spring stiffness K can also be obtained which are
shown in Figs. 8, 9 and 10.

By comparing Figs. 8, 9, and 10, it can be seen
that with higher loading mass M , lower assembly
angle θ and lower spring stiffness K , lower harvest-
ing frequency and higher harvesting peak value can be
achieved. Moreover, it should be mentioned that, lower
harvesting frequency can be achieved with smaller
assembly angle θ , while the harvesting performance
between the two peaks can be enhanced with larger
assembly angle θ for the lever-type harvester, as shown
inFig. 9. This is due to the fact thatwith larger assembly
angle θ , the nonlinear characteristics including nonlin-
ear damping and stiffness of the X-structure become
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Fig. 11 The open circuit
voltage with different
damping coefficients of the
X-shaped structure: a the
lever-type case; b the
bender-type case

more obvious. This is a very special feature incurred
by the X-shaped structure which could be exploited to
improve energy harvesting performance.

By tuning the parameters of the X-shaped struc-
ture, the harvesting performance can be significantly
increased especially in the low-frequency range due to
the tunable and ultra-low resonant frequency, and the
harvesting frequency band can be obviously enlarged
with the double peaks created by the coupling dynam-
ics of the X-shaped structure and the leverage. These
are very special features of the proposed X-structured
energy harvesting system.

3.5 Effects of the damping coefficients

For the modelling of the X-shaped supporting structure
mentioned in Sect. 3.1, the air damping on the plat-
form, the horizontal friction and the rotational friction
of the connecting joints are considered. For the mod-
elling of the lever-type beam harvester, the air damping
and the internal material damping are considered. The
open circuit voltages of the two harvesters with differ-
ent damping coefficients are obtained as shown below
in Figs. 11, 12, and 13. The parameter configuration is
the same with last section and other parameters are set
as: M = 2 kg, K = 1 N/mm, θ = 45◦.

Figure 11 shows the effect of damping coefficients
of the X-shaped structure on the open circuit voltage
of the two types of harvesters. It can be seen that these
coefficients only have effect on the first harvesting peak
of the lever-type case and the bender-type case. For the
second resonant peak which is at the natural frequency
of the combined beam, it has almost no effect by chang-
ing the coefficients in the Figures. Moreover, the influ-
ence on the first harvesting frequency is obvious and
significant especially for the bender-type.

Fig. 12 The lever-type case with different internal material
damping of the beam

Fig. 13 The lever-type case with different air damping of the
beam

Figure 12 shows the effect of internalmaterial damp-
ing of the beam on the obtained open circuit voltage.
The results demonstrate that it only has effect on the
second harvesting peak and the effect on the first reso-
nant peak is negligible.

Figure 13 shows the effect of air damping of the
beam on the open circuit voltage of the lever-type har-
vester. The results show that it has effect on both two
harvesting peaks. It is interesting that for the first har-
vesting frequency, the peak value would be higher with
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higher air damping, and for the second harvesting fre-
quency, it demonstrates the opposite trend.

It is worth noting that the damping (air damping
and internal material damping) coefficients of the com-
bined beam have no effect on the bender-type harvester
according to the modelling result in Sect. 3.3, since it
is modelled as a post-buckling beam which is domi-
nated by the horizontal deformation of the X-shaped
structure rather than conventional bending vibration.
Overall, of all the damping factors, the nonlinear damp-
ing effects incurred by the X-shaped structure have the
most significant role on the harvesting performance of
the proposed system. It would be helpful to increase
the harvesting peaks if the frictional damping could
be reduced by making efforts such as introducing fric-
tionless joints into the X-shaped structure. However,
as discussed in Sect. 3.4, the harvesting performance
between the two peaks can be effectively enhanced for
the lever-type harvester, by using the nonlinear damp-
ing characteristic of the X-shaped structure especially
when using a larger assembly angle.

4 Experiment study

4.1 The prototype and setup of the X-structured energy
harvesting system

The prototype of the coupled X-structured energy har-
vesting system is shown inFig. 14.There are three types
of piezoelectric harvesters: lever-type, bender-type and
base-type. The base-type is a conventional cantilevered
beam case which is mounted on the base, and it works
as a benchmark comparison.

The prototype is made of Aluminium 6061. Note
that lightweight materials such as carbon fibre com-
posites maybe utilized for the connect rods and auxil-
iary levers to minimize their potential influence in the
future. The bearings of shafts and plane bearings are
installed into the joints to reduce the friction of the
system. A kind of simply supporting structure (con-
necting points at the two ends) is specially designed
for the bender-type harvester. The total dimensions
(320mm×250mm×200mm) of the whole system can
be seen in Fig. 14. It is worth mentioning that the X-
shaped structure could be designed in different sizes for
different fields without comprising its beneficial tun-
able stiffness characteristic. The length of each con-
necting rod of the X-shaped structure is 0.2m. The

l1 l2 300mm

200mm

250mm

Fig. 14 The prototype of X-shape energy harvesting system

Table 1 Dimensions of the MFC and PVC patches

Length (mm) Width (mm) Thickness (mm)

MFC(8514-P2) 100 18 0.3

Lever-type PVC 150 30 1.0

Bender-type PVC 240 30 1.0

lever ratio between l1 and l2 is adjustable by chang-
ing the supporting points on the auxiliary lever system.
The MFC (Type M8514-P2 of Smart Material Corpo-
ration) is utilized and well bonded on the host PVC
beam as shown in Fig. 14. Table 1 shows dimensions
of the MFC and PVC patches.

The experimental setup is shown in Fig. 15. The
computer controls the shaker to vibrate at given accel-
eration level via power amplifier. In order to realize con-
stant acceleration, feedback control is used. An accel-
eration sensor is mounted on the base to send accel-
eration signal to the data acquisition device and com-
puter, and then, required external excitation for the har-
vesting system can be provided using the shaker. By
varying frequencies under the same acceleration exci-
tation level, the open circuit voltage can be measured
by multi-meter or oscilloscope.

4.2 Comparative study of the three mounting types

Comparative study of the three mounting types is car-
ried out. The three types are assembled and tested at
the same time to guarantee the excitations are the same
for three cases.
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Fig. 15 Illustration of experimental setup of X-shape energy harvesting system

Fig. 16 The voltage curve of the bender-type harvester with and
without lever-type harvester

For the base-type and lever-type, adding the tip
mass or not would influence the resonant frequency
and the voltage generated. In this study, two levels
of base excitation in terms of acceleration are used:
a = 0.15g and a = 0.05g (g denotes the gravitational
acceleration). The RMS (root mean square) values of
open circuit voltages are measured under different fre-
quencies. The voltage–frequency curves of three dif-
ferent types are obtained and compared. The stiffness
is K = 2.2N/mm, the assemble angle is θ = 40◦ and
the loading mass is M = 0.8kg.

The influence of the auxiliary levers on the support-
ingX-shaped structure is studied in this part as shown in
Fig. 16. Through the open circuit voltage of the bender-
type harvesters, it can be observed that the auxiliary
levers would have little influence on the resonant fre-
quency of the X-shaped supporting structure.

It can be seen that for the case of a = 0.15g, all
the three types of harvesters can produce more power
than the case of a = 0.05g. It can be found that there
are two resonant peaks for the lever-type case, while
for the bender-type and base-type case there is one
peak, respectively. By comparing Fig. 17a, b, it can
be found that the second resonant frequency of lever-
type shifted from around 11 to 7Hz after adding 5 g tip
mass, while the resonant frequency of base-type shifted
from around 13 to 7Hz. Also, the peak values increase
dramatically after adding the tip mass. The same con-
clusion can also be obtained by comparing Fig. 18a, b.

It can be found that the bender-type demonstrates
tremendous advantages than the lever-type and base-
type. At the same time, the resonant frequency of the
bender-type is around 3Hz, implying an energy har-
vesting in ultra-low frequency range. Both the bender-
type and lever-type have obvious advantages over the
conventional cantilevered case.
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Fig. 17 Voltage–frequency
curve under a = 0.15g: a
no tip mass; b with 5g tip
mass

4.3 Power–load characteristics

The influence of the load resistor is investigated and the
power–load curves are obtained as shown in Figs. 19,
20.

In Fig. 19, the excitation frequency is 2.5Hzwhich is
near the resonant frequency of X-shape structure. For
this case, the bender-type has the largest power gen-
eration. By adding tip mass, the maximum harvested
power of lever-type is greatly improved from 3.57 to
54.12µW. The optimal load of the lever-type is 200 k�
and for bender-type is 470 k�. The maximum power
of bender-type is slightly improved from around 86.2
to 109.08µW after adding tip mass on lever type. This
is because the lever-type would have a certain extent
coupling effect on the bender-type. As for the base-
type, because the excitation frequency is quite far away

from its resonant frequency range, the harvesting per-
formance is quite poor. It can be concluded that the
base-type has quite poor performance in low-frequency
range.

In Fig. 20a, the excitation frequency is 12Hz which
is near the natural frequency of the beam harvesters
with no tipmass added. Themaximumharvested power
is only 2.97µW for the lever-type and is 3.52µW for
the base-type. The performance of the lever-type and
the base-type are quite poorwith no tipmass added even
the excitation frequency is near from resonant range.
So adding tip mass is important for the lever-type and
the base-type in order to improve their harvesting per-
formance.

In Fig. 20b, the tip mass is added on the lever-type
and the base-type harvesters. Because the resonant fre-
quency accordingly decreases, the excitation frequency
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Fig. 18 Voltage–frequency
curve under a = 0.05g: a
no tip mass; b with 5 g tip
mass

is set as 6.5Hz in order to be near from their reso-
nant range. Under this excitation level, the maximum
harvested power is 37.97µW for the lever-type and
is 104.06µW for the base-type. The optimal load is
330 k� for both types. However, this figure cannot
be used to demonstrate that the base-type has better
performance than that of the lever-type. It is just the
performance under 6.5Hz.

5 Experimental and theoretical parameter
analysis and comparisons

In this part, the harvesting performance of the proposed
X-shaped energy harvesting system is investigatedwith
respect to several designable and key structure parame-
ters including the loading mass M , the spring stiffness

K and the assemble angle θ . The rod length 2L = 0.2
m and layer number n = 2 are unchangeable after the
prototype is manufactured.

In the following analysis, the acceleration of base
excitation is set constant as a = 0.15g and 5 g tip
mass is added on the lever-type harvester. The voltage–
frequency curves are measured by experiment method
and are obtained simultaneously by theoretical mod-
elling to make comparisons.

5.1 Loading massM

In Fig. 21, the influence of loading mass M on the
voltage output of X-shaped energy harvesting struc-
ture including the bender-type and the lever-type cases
are shown. The parameters of the X-shaped structure
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Fig. 19 Curve of
power–load under
f = 2.5Hz/a = 0.15g: a
no tip mass; b 5 g tip mass

are taken as K = 3.54N/mm and θ = 40◦. Three kinds
of loading mass are 0.8, 0.96 and 1.116kg.

As for the bender-type case in Fig. 21, it can be seen
that although the obtained theoretical voltages are rel-
atively higher than the measured experiment results,
the harvesting frequencies match very well. Also, both
of the experimental results and predicted results show
that, when the loading mass M increases, the resonant
frequency decreases and the peak value increases. This
trend is also consistent with the results in Sect. 3.4.

As for lever-type case in Fig. 22, it can be seen that,
for the first resonant peak, the experiment and theoreti-
cal results have good agreements in terms of both reso-
nant frequency and peak value. Figures show that when
the loading mass increases, the resonant frequency
decreases and the peak value increases. With regard
to the second resonant frequency, the obtained theo-
retical result is around 7.5Hz, which is slightly larger
than that of the experiment result (around 6.5Hz). This
is because that the MFC patch is assumed to have the

same length and width in the modelling part, while in
the experimental setup it does not fully cover the PVC
patch. So, the modelled beam harvester has relatively
higher stiffness and the predicted natural frequency is
larger. The peak values of the theoretical results for the
second resonant frequency are larger than that of exper-
iment results. This could be due to the effect of the
damping coefficients of the beam which is discussed in
Sect. 3.5. However, more importantly, it can be found
that the experiment results show that the peak values
are nearly the same with different loading masses; this
is consistent with the theoretical prediction.

5.2 Spring stiffness K

In Fig. 23, the influence of spring stiffness K on the
voltage output of X-shaped energy harvesting struc-
ture including the bender-type and the lever-type cases
are shown. The parameters of the X-shaped structure
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Fig. 20 Curve of
power–load under
a = 0.15g: a f = 12Hz/No
tip mass; b f = 6.5Hz/5g
tip mass

Fig. 21 Voltage–frequency
curve of the bender-type
under different loading mass
M : a theoretical results; b
experimental results

are taken as M = 0.8 kg and θ = 40◦. Two differ-
ent spring stiffness values are chosen as K = 2.2 and
K = 3.54N/mm. The horizontal springs within the X-
shaped structure are easily mountable and dismount-
able, and they can be adjusted without changing other

parameters including the mass M on the platform and
the assembly angle θ .

As for the bender-type case in Fig. 23, it can be
observed from both experiment and theoretical results
that when the stiffness decreases, the resonant fre-
quency decreases and voltage peak increases. More-

123



Improving Low-frequency piezoelectric energy 1425

Fig. 22 Voltage–frequency
curve of the lever-type
under different loading
mass M : a experimental
results; b theoretical results

Fig. 23 Voltage–frequency
curve of the bender-type
under different stiffness K :
a theoretical results; b
experimental results

Fig. 24 Voltage–frequency
curve of the lever-type
under different stiffness K :
a theoretical results; b
experimental results

over, the difference of voltage peak is quite large with
two different stiffness. Since the stiffness K = 3.54
N/mm is too high for the X-shaped structure compared
to K = 2.2 N/mm, it would cause the small horizon-
tal motion even at its resonant frequency. Therefore,
too large stiffness is not appropriate for increasing the
performance of the bender-type especially in low fre-
quency range, while too small stiffness would cause the
spring too weak to support the X-shaped structure.

As for the lever-type case in Fig. 24, it can be con-
cluded that, for the first resonant peak, the experiment
and theoretical results demonstrate the same trends.
Namely, when the stiffness decreases, the voltage peak
increases and resonant frequency decreases. Similar
with last section, for the second resonant frequency and
voltage peak, it does not change much when stiffness
varies. One more finding from the experiment results

in Fig. 24 is that, although the first peak value of case
K = 3.54 N/mm is much smaller than that of K = 2.2
N/mm, the voltage value of the case K = 3.54 N/mm
is higher than that of K = 2.2 N/mm in the frequency
rangeof 3.36–14.71Hz—avery goodband-pass energy
harvesting property.

5.3 Assemble angle θ

In Fig. 25, the influence of assemble angle θ on the
voltage output of theX-shaped energy harvesting struc-
ture including the bender-type and the lever-type cases
are shown. The parameters of the X-shaped structure
are taken as M = 0.8kg and K =3.54 N/mm. Three
assembly angles are θ = 37.6◦, θ = 40◦ and θ = 43◦.
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Fig. 25 Voltage–frequency
curve of the bender-type
under different assembly
angle θ : a theoretical
results; b experimental
results

Fig. 26 Voltage–frequency
curve of the lever-type under
different assembly angle θ :
a theoretical results; b
experimental results

As for the bender-type case in Fig. 25, it can be
found both experimentally and theoretically that as
the assembly angle increases, the resonant frequency
increases and the voltage peak decreases. This charac-
teristic is similar to the casewhen the spring stiffness K
increases. It can be found that in the experiment results
a very small peak at around 6.5Hz exists due to the
effect of the lever-type harvester. While for the theoret-
ical curves, it has only one peak, since it is assumed that
the auxiliary lever system has no effect on the motion
of the X-shaped supporting structure.

Similarly, for the lever-type case in Fig. 26, it can
be found from the experiment results that for the first
resonant peak, when the assembly angle increases,
the resonant frequency increases and the voltage peak
decreases. This trend is well consistent with the the-
oretical results in Fig. 26 and with that discussed in
Sect. 3.4. For the second resonant frequency and volt-
age peak, it also does not changemuchwhen the assem-
bly angle varies. Moreover, the band-pass energy har-
vesting property of the lever-type becomes smallerwith
the increase of the assembly angle due to the increasing
first resonant frequency. It is obvious that the band-pass
harvesting property is well tunable with the structural
parameters.

As a summary, the experimental results demonstrate
similar trends with the obtained theoretical results in

terms of the three tunable parameters of the X-shaped
structure. These structural parameters have significant
effect on the energy harvesting performance especially
the assembly angle. The resonant frequency of the pro-
posed harvesting system can be easily tuned to match
the frequency range of ambient vibration by adjusting
these three parameters.

6 Conclusions

A novel coupled X-structured vibration energy har-
vesting system which consists of an X-shaped support-
ing structure and two types of piezoelectric beam har-
vesters is investigated in order to explore solutions of
improving piezoelectric energy harvesting efficiency in
low-frequency range. The harvesting performance of
the proposed system is studied both theoretically and
experimentally. The following can be drawn:

(a) The special arrangements of the piezoelectric
patches in the proposed system provide novel
insight into exploring potential nonlinear effects
offered by the X-shaped structure including its
nonlinear damping property, the tunable and
ultralow resonant frequency, and the structure cou-
pling effect with the leverage.

(b) Compared with conventional piezoelectric beam
harvesters, more resonant harvesting peaks can
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be created by using the lever-type harvester, and
the harvesting frequency band can be obviously
enlarged due to nonlinear damping effects and
structural coupling effects. Also, the bender-type
harvester demonstrates very good harvesting per-
formance at low frequency range; the lever-type
harvester shows a very tunable band-pass energy
harvesting property.

(c) Compared with other existing nonlinear energy
harvesting systems, the proposed X-shaped
structure-based energy harvesting system demon-
strates very beneficial nonlinearities which are
easy to design and achieve without a risk of losing
stability. By designing serval structural parameters
of the X-shaped structure, tunable and ultra-low
resonant harvesting frequency can be achieved and
the effective energy harvesting bandwidth can be
increased.

The design of hybrid harvesting system with X-
structure and piezoelectric beam harvesters provides
an innovative solution and insight for smart piezoelec-
tric materials to improve the power harvesting effi-
ciency in low-frequency range including small-scale
ocean wave power harvesting, human motion power
and animal kinetic power harvesting, etc. Further stud-
ies will also focus on development of more compact X-
structured energy harvesters integratedwith sensors for
various specific applications. Optimization of energy
harvesting performance with a more systematic struc-
tural design would also be studied [21].
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