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Abstract Collective behaviors of coupled oscillators
are an important issue in the field of nonlinear dynam-
ics and complex networks, which have attracted much
attention in recent years. For some systems satisfying
certain symmetries, the dynamics of high-dimensional
space can be reduced to that of low-dimensional sub-
space in terms of the Watanabe—Strogatz theory. In
this paper, the dynamics of the transition to synchro-
nization on the coupled star networks are studied, and
we identify a two-step phase transition in the system
both from the macroscopic and from the microscopic
viewpoints. Theoretically, the low-dimensional order-
parameter dynamical equation is developed to get ana-
lytical insights, and the roles of the coupled hubs in the
synchronization process are uncovered. Physically, the
two-phase transition steps correspond to different bifur-
cations in phase space. Theoretical analysis is exam-
ined by performing the numerical simulations, and the
results and analysis proposed in this paper are helpful
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1 Introduction

Collective behaviors of the coupled rhythmic units have
become an important issue in various fields that range
from chemistry, physics, ecology, neuron, and even
to social system [1-8]. Further studies show that the
evolutions and formulations of such cooperative phe-
nomena are closely related to the intrinsic structure of
the systems. The relationships between the topological
structure and the functions of the system have become
a significant topic in the scientific community which
attracted much attention along the past decades [9-16].

A typical example in this area is an abrupt phase tran-
sition to synchronization in scale-free networks with
considering the positive correlation between the nat-
ural frequency of node oscillators and the degree of
nodes [13]. This explosive synchronization has been
found in various networks by setting appropriate con-
ditions and experimentally implemented in electronic
circuits [17,18]. A variety of efforts have been made to
explore the microscopic mechanisms of such dynami-
cal process, for instance the heterogeneous structures of
networks, the coupling functions between oscillators,
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and even the role of asymmetry in the natural frequency
distributions and so on [18-22].

In coupled phase oscillators with various network
structures, the size of the system is always very large,
and hence, the phase space for description of the nodes’
dynamics is high dimensional which leads to the diffi-
culty in mathematical treatment. As a result, the dimen-
sional reduction technique is necessary for depicting
the system in a much lower-dimensional subspace,
especially when the dynamical equations have some
properties of symmetry, such as the significant work
of Ott and Antonsen [24]. In [24], the authors pointed
out that for the generalized Kuramoto model with an
infinite size, the system has an invariant submanifold
for the long-time evolution which can be described in
terms of several coupled ordinary differential equations
(ODEs). However, in the network with a finite size,
the Ott—Antonsen ansatz can still be used to grasp the
essential dynamical characteristics of the system by the
developed Watanabe—Strogatz approach [25,26].

In heterogeneous networks, hubs usually play an
important role in the dynamical transition to synchro-
nization. The single star network is very useful to
understand the main behaviors of heterogeneous net-
works [23,27,29-31]. However, many heterogeneous
networks have multiple hubs, and these hubs interact
with each other. In this paper, to investigate the influ-
ence of hubs on synchronization, we consider the sim-
plest case of the heterogeneous networks, i.e., the cou-
pled star networks. Surprisingly, we observe a particu-
lar phase transition to synchronization that is much dif-
ferent from the situation in a single star network [23].
In general, the phase transition in the coupled star net-
work can be divided into two steps. At the first step, the
transition is from the incoherent state to the in-phase
state where all the leaf nodes in each star form a syn-
chronized group with the same phase; at the second
step, the system gradually becomes globally synchro-
nized when the coupling strength among hubs is large
enough. Further theoretical analysis indicates that the
former is closely associated with the coupling between
hubs, which accelerates the synchronization process in
each single star network.

The paper is organized as follows: The coupled star
network is introduced, and a two-step phase transition
to synchronization is found in Sect. 2. In Sect. 3, we
extend the Watanabe—Strogatz approach and propose
the governing equation for networks with a finite size.
To get some analytical insights of the transition mech-
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anism, in Sect. 4, we reduce the original dynamical
equations into a simple model. It is revealed that the
first step of phase transition is the bifurcation from the
chaotic or quasiperiodic torus to a limit cycle in the
phase space. This conclusion can be further verified by
the linear relation between the critical point and the ini-
tial order parameter. Finally, the last section is devoted
to a summary and discussion.

2 Phase transition of coupled star networks

In heterogeneous networks, such as scale-free net-
works, hubs play the dominate roles. The process of
synchronization on scale-free networks is explosive
with a hysteresis behavior as shown in Fig. la. The
single star network which gets the essential proper-
ties of hubs had been used to investigate the intrinsic
mechanism of this kind of phase transition; the route
to synchronization in a star network is similar to that
in the scale-free networks as shown in Fig. 1b. Based
on the Watanabe—Strogatz approach (see Sect. 3), the
upper limit of the forward critical coupling strength
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Fig. 1 (color online) a The forward and backward continuation
diagrams for the scale-free network with N = 103, (k) = 6,
the exponent of degree distribution is y = 3, and the natural
frequency of each node is equal to its degree in the network. b
The order parameter against the coupling strength with differ-
ent initial states for the star network with N = 11, the natural
frequencies of the hub and leaves are set to be 10 and 1, respec-
tively. ¢ The order parameter against the coupling strength for
the coupled star network with the same size N = 12. d The
order parameter of star 1 (r]) and star 2 () against the coupling
strength with K1 = 5, K = 5. The dynamical model of (c)
and (d) is used by Eq. (1), where A; = Ao = X, r in (¢) is the
whole order parameter of the coupled star network and the order
parameters rq 2 in (d) are defined by Eq. (2)
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Fig. 2 A diagrammatic sketch of the coupled star network, the
red solid circle corresponds to the hub, the green solid circle is
the leaf, and the line is the coupling strength. A is the coupling
strength in star 1, A, is the coupling strength in star 2, and Ao
represents the coupling strength between two hubs, respectively

of phase transition can be calculated analytically, i.e.,
):Z = «/% [23]. Obviously, the forward critical cou-
pling strength of the synchronization in the star net-
work is influenced by its size. However, the forward
critical coupling strength on the scale-free network is
determined by many factors; apart from the size of the
network, it can also be influenced by the basin of attrac-
tions of the bistability in the hysteresis regime and the
exponent of degree distribution. These facts indicate
that the single star network is not enough to investigate
the intrinsic mechanism of the synchronization in the
scale-free network.

Many heterogeneous networks have multiple hubs
which interact and compete with each other. The influ-
ences of the hubs on the process of the synchroniza-
tion in heterogeneous networks are still unknown. To
address this question, we design a network which con-
sists of several star networks with the hubs linked
directly. In the following, we consider the simplest case
of two coupled star networks, and the coupling structure
is shown in Fig. 2. In this case, namely star 1 and star
2, the hubs of two star networks are coupled directly.
The dynamical equations of the model can be written
as

K

Oy =wp,+21 Y sin (O, — O,)+10 sin(On, — Oh,).
Jj1=1

0 = w1+ i sin @y, —05), 1< ji <Ki,
K>

Oy =wny+22 Y sin (0, — O))+Ao sin(@n, — Ohy).
=1

0, = w2 + 2 sin (O, —0), 1< jo < Ko,

ey

where 0Oy, 0p,,0;,,0;, and wp,, wp,, wj,wj, are
phases and natural frequencies of the hub and leaf nodes
in star 1 and star 2, respectively. K, K7 and A1, A are
the number of leaf nodes and coupling strength for star 1
and 2. 1 is the coupling strength between the two stars.
Throughout this paper, we set wp1 = K1, wp2 = Ko,
wjl = wj2 = 1.

To describe the degree of the synchronization of a
single star, we define the order parameter as

Zn (1) = rn(n)e' P

K
1 i0 ~ i)

e/hm 4 N e ) om=1,2.

)

Similarly, we define the local order parameter of the
leaf nodes as

K,
. 1 <
Zim () =rpp(t)e Pin® = o Z_jee m=1,2.
j=1
3)

It is worth noting that the single star is synchronous
globally only if r,,(#) = 1 and the leaf nodes become
completely synchronous if 77, (1) = 1.

To depict the phase transition in this coupled star net-
work [13], we first assume that A} = Ay = A9 = A. The
discontinuous phase transition from the neutral state to
the synchronous state in a single star network is shown
in Fig. 1b [23]. Here the neutral state means a cen-
tral point in the two-dimensional order-parameter space
that the two eigenvalues of such point are purely imag-
inary. Correspondingly, in the original phase-oscillator
space the neutral state is a special state that all the Lya-
punov exponents of the system are zero. A large class of
neutral periodic orbits exist in the phase space and are
determined by the initial states. Both the order parame-
ter of the neutral state and the forward critical coupling
strength for the phase transition are different from each
other in various initial states.

In the coupled star network, the order parameter of
the whole network will also change suddenly at a criti-
cal coupling, where all the nodes become synchronous
as shown in Fig. 1c. However, the process of synchro-
nization is not the same as that of the single star net-
work. As shown in Fig. 1d, the synchronization for star
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Fig. 3 (color online) The order parameter of star 1 (r;) and the
local order parameter of leaf nodes of star 1 (rz1) against the
coupling strength X or Ao with different coupled forms when
Ky = 10,K2 = 9,11 = A2 = X.a A9 = A, bidirectionally
coupled with the star 2. b A = 0.6, bidirectionally coupled with
the star 2. ¢ X9 = 1, bidirectionally coupled with the star 2.
d Ay = A, = 0.6, unidirectionally coupled by the star 2. e
A1 = 0.6, X2 = 0.8, unidirectionally coupled by the star 2. f
A1 = 0.6, 1o = 0, unidirectionally coupled by the hub of star 2

1 or star 2 in the coupled star network is divided into two
steps. At the first step, the state of the leaf nodes changes
from the incoherent state to the in-phase state, where the
phases of all the leaf nodes in each star become uniform.
This in-phase state was observed as a limit cycle in the
low-dimensional order-parameter space in the single
star [23]. Hence, the local order parameter of leaf nodes
rr1 = 1 is shown in Fig. 3a. With the increase in the
coupling strength, the hub joins in the in-phase group
and the system becomes synchronous gradually as the
second step, which is shown by the order parameter of
the star 1 r{ = 1 in Fig. 3a. The second step of the tran-
sition from the in-phase state to the synchronous state
also exists in a single star network with a phase-shift
coupling [23]. For the latter case, when the phase shift
(0 < a < 0.57m) is introduced into the coupling func-
tion, all the leaf nodes become condensed (in-phase)
once the coupling strength A > 0. The phase transition
process in a single star with a nonzero phase shift can
be considered as a bifurcation from the in-phase state
(limit cycle) to the globally synchronous state (fixed
point) in the order-parameter space.
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As a matter of fact, the emergence of the in-phase
state is closely related to the coupling between the two
star subnetworks. To confirm this argument, we first
keep the coupling strength within each star A} = A, =
A fixed and change the coupling strength Ao between
the hubs. As a result, the transition to the in-phase state
takes place as shown in Fig. 3b. We can then keep
Ao = A’ to be constant and adjust the coupling strength
A1 = Ay = X within each star; we hence observe the
transition from the in-phase state to the synchronous
state as shown in Fig. 3c, which corresponds to the
second step of synchronization.

Furthermore, to investigate the mechanism of the
first step of the phase transition, the results of numer-
ical simulations suggest that the transition to synchro-
nization within each star is independent, which implies
that the specific value of A; or A, has no influence
on the route to synchronization in the other star net-
work (Fig. 3d—f). Therefore, we just pay our particular
attentions to the impact caused by the coupled hubs.
For simplicity, we set A, = 0 within the star 2 and
only discuss the dynamical transition in star 1. Under
this assumption, the dynamical evolution of the reduced
system reads

K

Oy =cn, + X Y sin (0, —0n,)+20 sin(On, —h,),
Ji=1

0, = o1 + A sin(@, —0;), 1<ji <K,

Ony = Wp,.

“)

We emphasize that this simplified model (4) is a gener-
alized single star network, with one special leaf node of
distinct natural frequency and unidirectional coupling.

By introducing the phase differences of the system
above as ¢; = 60; — O, o = 6, — Oy,, the order
parameter of star 1 in the phase difference coordinate
can be redefined as z; = rie!® = % ZlN:l el? where
N = K;.Itis instructive to rewrite Eq. (4) in the phase
difference system as
¢j=fe'? +g+ fe %, j=1,...,N, Q)
where f = i%, g = Aw — Apsina — %(zl —Z21),
Aw = w1 — wy,. Based on the Watanabe—Strogatz the-
ory, the evolution of the order parameter z; in the finite-
size system Eq. (22) reads
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. Ao
71 = iAwz] — E(Zl -1

NA _ ] )
- 7(21 —71)z1 —iloz1 sina, (6)
A
o= Aa)/ — Z_i(ZI - Z_]) — )\.()SiIlOl,
where Aw' = wp, — wp,. By setting z; = x + iy,

it is convenient to describe the dynamics in the three-
dimensional (x, y, o) phase space, which yields

. Ao 2 2 :
x——Aa)y—E(x —y —=1)+ Niy= + Apysinc,

y = Awx — Axy — NAxy — Agx sinc,
& = Ao — NLy — Agsina.
@)

Noting that system (7) has the quasi-Hamiltonian
peculiarity [15],i.e., Eq. (7) remains invariant under the
time-reversal transformation R, which can be decom-
posed into R = TW with T : t —> —t and W :
(x,y,a) —> (—x,y, £ — «). Then, the trajectories
of the system are also time reversible, and the volume
of phase space is conserved for reversible trajectories
which cross the invariant set x = 0, « = 47 /2 more
than once.

3 The Watanabe-Strogatz theory and
low-dimensional dynamics of order parameter

Recently, the issue of low-dimensional dynamics was
reopened by Ott and Antonsen [24] with the discov-
ery of an ansatz that collapses the infinite-dimensional
Kuramoto model to a two-dimensional system of
ODEs. However, whether the ODEs can be used for
systems with a finite size cannot be directly implied
from the Ott—Antonsen ansatz.

For the system with a finite size N = K, the
original microscopic dynamical state can be reduced
to a macroscopic collective state by the Watanabe—
Strogatz approach [25,26]. At the same time, the gov-
erning equations of the system can be generated by
this method. We will illustrate the Watanabe—Strogatz
approach by the Mobius group action [32,33]. The class
of identical oscillators are governed by the following
equations of motion

¢j = fel% +g+ fe i, j=1,....N, ®)

where the analytically complex-valued 2 -periodic
function f with respect to the phases ¢1, ..., ¢y and
the over bar represents complex conjugation, g is a
smooth real- valued function due to ¢; is real. Then the
phases ¢ (t) are governed by the action of the Mdbius
transformation

e!?1 1 = M, (') ©)

where j = 1,..., N, and M, denote a one-parameter
family of Mobius group and 6, is a constant value which
is invariant for the system.

Parameterizing the one-parameter family of M&bius
transformations can be written as

eVw +n
M, = 10
W) = vy (10)
where |n(t)| < 1 and ¥ (¢) € R, and
wj=e'%. (11)

To verify that Eq. (10) gives an exact solution of
Eq. (8), we obtain the time derivative of ¢;(t) =
—ilog M;(w;), noting that w; is constant,

. YeVw —in | (in— eV w;

= — - 12
90] ez]//wj +n 1+ flem//wj ( )
From the inverse mapping

. elv —
w= M%) = e_”/’—e - 77 , (13)
1 — net¢
then we have

. ipj _

;= — (14)
1 —ne'¥i

which can be substituted into Eq. (12), we get

¢gj = Re'%i + v i = n(l;? — ) + Re™'%i,

‘ 1 —1n]

(15

where R = (i) — ijy)/(1 = [n]).
Note that Eq. (15) falls precisely into the algebraic
form required by Eq. (8). Thus, to derive the desired
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ODEs for 1(¢) and ¥ (), we now substitute Eq. (15)
into Eq. (8). Explicitly,

i — iy

_ ¢+lrm—n(m—m/f)
1—1n*’

1—nf?

f =
(16)

System (16) can be algebraically rearranged to give

. 2 &
7—l(fn +gn_jrf), (17
v=fn+g+ fn.

Through these new variables, one can write the order
parameter as

N
1 11//619] + U(f)
z(t) = el¥i = — 18
Equation (17) together with Eq. (18) can completely
determine the evolution of the system for given initial
conditions 7(0), ¥ (0) and N constants 0, 1 < j < N.

By choosing the following constants, the order param-
eter (18) can be further simplified,

J— .
0; =2nr——, 1<j<N. 19
j us N =J= (19)

With this choice, the order parameter (18) reads

z(t) = n(@)(1 + 1), (20)
where I = (1—|n(1)]73) /(1 £ (V7)) “~" the
case with even N and “+” corresponding to odd N.

For large N, I < 1, the order parameter z(¢) can be
approximated as

z(t) = n(t), for N > 1. 21)

From the analysis above, the evolutions of a finite-size
system are equivalent to the following equation

t=i(f2+gz+ ). (22)

This reduced equation is consistent with the Ott—
Antonsen ansatz for systems with an infinite size [28].
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Fig. 4 (color online) a and ¢ The phase space with A = 0.6,
Ao = 0 or 0.64, respectively, and K| = 10. The blue lines
are the trajectories of model (4) with the transformation X () =
B+x(t)-cos(a(t))), Y () = B+x(t)-sin(x(t))), Z(t) = a(t),
other color lines are the boundary of it. b and d The Poincare
section of them when o = 2 . The red points are the trajectories
in this section; the blue lines are x = 0

4 Dynamics of transition from the neutral state to
the in-phase state

In Eq. (7), by setting x = 0, y = 0 and & = 0 when
Ao # 0, we can obtain four fixed points. However, all
the fixed points are nonphysical due to the fact that the
modulus |z| > 1. Without steady solutions in Eq. (7),
the system cannot reach the synchronous state. Addi-
tionally, when A9 = 0, x, y are decoupled from « and
there is the periodic trajectory or quasiperiodic torus in
phase space with small A as shown in Fig. 4a, b. For
Ao > 0, star 1 is affected by the hub of star 2, which
leads the original torus to be chaotic as shown in Fig. 4c,
and the torus in the Poincare section becomes inflated
as shown in Fig. 4d. Furthermore, with the increase of
Ao, the system reaches the in-phase state corresponding
to a limit cycle in phase space as shown in Fig. 5a. The
transition from the neutral state to the in-phase state is
the bifurcation from the chaotic or quasiperiodic torus
to a limit cycle in phase space. The abrupt transition
and hysteresis behavior are induced by the coexistence
of the torus and the limit cycle with different basins of
attraction.

The torus and the limit cycle belong to the con-
servative and dissipative solutions, respectively. From
the system with time-reversal symmetry, the separation
line between these two states is the nullcline that pre-
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Fig. 5 (color online) a The phase space of model (4) with A =
0.6, A0 = 0.9 and K| = 10. The blue lines are the trajectories
with the transformation X (#) = (3 + x(¢) - cos(a(?))), Y (¢) =
(3 + x(¢) - sin(a(t))), Z(t) = «a(t); other color lines are the
boundary of it. b The Poincare section with o« = 37” of the phase
space, the red points are the trajectories in this section, the blue
lines are X = 0, the fixed point A is the intersection of down blue
line x = 0 and the unit cycle. ¢, d The local order parameter of
star 1 against the time with different A

vents the trajectory crossing the invariant set twice, as
x = 0 or alternatively

A
_Awy_z(xz_y2—1)+NAy2+A0y sina = 0. (23)

Obviously, the surface is wavy and will be the peak or
bottom when o = % or 37” Hence, the largest distance
between a point in the surface and a point in the torus

around the center is the case with « = %, and the
smallest one corresponds to o = 37”

Noting that in the coexistent regime of the neutral
state and the synchronous state in the single star net-
work, the orbit of the neutral state strongly depends
on its initial state. The phase transition point can be
estimated as the critical value where the orbits of the
neutral state hit the separation surface. Based on the
smallest distance between the torus and the separation

surface with o = 37”, we have

2 2 2y
x“= 2N+ 1)y —()»()-G-Aa))T-l-l. 24)

Letb = —(Ao+Aw)2/X.Dueto the conservation of the
phase volume of the torus, we can approximately con-
sider that the largest order parameter in neutral states is

Fig. 6 (color online) The order parameter of star 1 against the
coupling strength 1o with different initial states, a with K| =
10, K> = 10,11 = Ay = A = 0.5, unidirectionally coupled
by the star 2, b with K1 = 10, K, = 8, A1 = Xy = A = 0.8,
bidirectionally coupled with the star 2. Different color triangle
shapes represent different initial values of order parameter, and
they are approximately invariant before the critical point Ao.;
the black line represents the theoretical prediction of the linear
relationship between initial values of order parameter and the
critical point Ag.

equal to its initial state ro; we get the distance d between
the bottom of the separation surface rpi, and the torus
with the order parameter rq,

d = Fmin — 10

2[00’ +byb? — 42N +1) — AN +2)(4N +4)]
B (4N +2)?

+ 1 —rp.
(25)

The critical transition point Ao, can be determined by
d < 0, where the separation surface and the torus inter-
sect with each other. If the number of leaf nodes N > 1,
Fmin ~ %, which means that the order parameter r has
a linear relation with the critical coupling strength Ao,
when the number of leaves is large enough.

To illustrate the process of the transition, the dynam-
ical manifestations are shown in Figs. 4 and 5. In the
case of A9 = 0, the hub of star 2 does not affect the
behavior of star 1 as shown in Fig. 4a, b, and star 1 is
in the neutral stable state with the trajectories in phase
space regular and periodic. When A9 = 0.64, the hub
of star 2 has a larger impact on that of star 1, and the
trajectories in phase space become chaotic and irreg-
ular, as exhibited in terms of the Poincare section, the
red points correspond to the trajectories in the section
jitter and expand greatly as shown in Fig. 4d. Mean-
while, the separated surface in the section is the down
blue line upwards with the increasing of Ao constantly,
implying that the volume of the basin of attraction of the
in-phase state in phase space increases and the volume
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of the basin of attraction of the neutral state decreases.
In the critical case of the system when L9 = Aq, the
trajectories in phase space will hit the separated surface
and evolve to the limit cycle which corresponds to the
in-phase state, and finally, the phase transition occurs
as shown in Fig. 5.

Since the dynamical process of the transition to syn-
chronization of model (4) has been illustrated clearly,
three points should be emphasized. First, no stable fixed
points exist in phase space, and the green point A in
the Poincare section is the limit cycle solution which
is related to the in-phase state. Second, the torus of
the neutral state in phase space becomes chaotic and
inflated. Third, with the increasing of the coupling
strength between the hubs, the basin of attraction of the
in-phase state will enlarge, and the basin of attraction
of the neutral state will shrink. According to three fac-
tors above, the mechanism of the transition from the
neutral state to the in-phase state is clearly revealed,
which can be further checked by the linear relation
between the critical coupling Ao, and the initial con-
dition ¢ as shown in Fig. 6. The linear relation exists
both in the cases of the unidirectionally and the bidi-
rectionally coupled star networks. It is verified that the
linear relation obtained by numerical computations is
consistent with the previous results, which proves that
the mechanism of model (4) is reasonable.

5 Conclusion

To summarize, we investigate the dynamics of phase
transition in the star network with the hubs interact-
ing each other. The coupling between the system can
accelerate the progress of the synchronization in each
single star network. Furthermore, the low-dimensional
dynamical equation of the system was derived in terms
of Watanabe—-Strogatz theory, and the microscopic
mechanism of phase transition can be clearly clari-
fied. Theoretical analysis shows that the phase transi-
tion of the system undergoes two different steps, the
former is from the incoherent state to the in-phase
state corresponding to the bifurcation from the chaotic
or quasiperiodic torus to a limit cycle in the order-
parameter phase space, whereas the latter is from the
in-phase state to the synchronous state equivalent to
the bifurcation from the limit cycle to the fixed point
in phase space. This bifurcation can be reflected by the
relationship between the critical point Ao, and the initial
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condition rg. These results are helpful for understand-
ing the phase transition in more general heterogeneous
networks.
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