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Abstract This paper focuses on designing state esti-
mators for fractional-order memristive neural networks
(FMNNs) with time delays. It is meaningful to propose
a suitable state estimator for FMNN s because of the fol-
lowing two reasons: (1) different initial conditions of
memristive neural networks (MNNs) may cause param-
eter mismatch; (2) state estimation approaches and
theories for integer-order neural networks cannot be
directly extended and used to deal with fractional-order
neural networks. The present paper first investigates
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state estimation problem for FMNNs. By means of
Lyapunov functionals and fractional-order Lyapunov
methods, sufficient conditions are built to ensure that
the estimation error system is asymptotically stable,
which are readily solved by MATLAB LMI Toolbox.
Ultimately, two examples are presented to show the
effectiveness of the proposed theorems.
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1 Introduction

It is well known that fractional derivatives are a gen-
eralization of integer-order derivatives [1,2]. Because
fractional derivatives have the special feature of infinite
memory in comparison with integer-order derivatives,
fractional-order differential equations are more effec-
tive and precise tools in describing the memory and
hereditary properties than classical integer-order ones
[3,4]. Research evidence shows fractional-order elec-
tric conductance exists in the cell membrane [5]. Both
biological neurons and fractional-order derivatives
have memory. Therefore, fractional-order neural net-
works (FNNs) can more accurately describe and simu-
late neurons in the human brain than classical integer-
order neural networks. Researchers become interested
in the dynamics of FNNs and dynamical behaviors of
FNNs have been addressed in the last years [6—16].
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Memristor comes from the words: memory and
resistor, which was first presumed as the fourth fun-
damental circuit element by Chua [17]. The first mem-
ristor device was realized in Hewlett-Packard labora-
tory [18,19]. Due to the long-term memory property
of memristors, memristors were utilized to simulate
synapses. With the replacement of resistors by mem-
ristors in classical neural networks, a special neural
network named memristive neural network has been
constructed. The first memristor-based neural networks
was proposed by Pavlov [20]. The neural networks con-
tains only three neurons connected by two synapses
simulated by memristors, but it can realize the basic
function of brain associative memory. Associate mem-
ory function was realized in [21], in which the neu-
ral network contains three electronic neurons and the
synapses were also simulated by memristors. Guo et
al. [22] pointed out that the number of equilibria in
an n-neuron memristor-based cellular neural network
significantly increases up to 227 +n compared with 2"
in a classical cellular neural network. The applica-
tion of memristor-based cellular neural networks for
associative memories will evidently enhance the stor-
age ability. At the same time, some literature showed
that memristor-based neural networks also have a great
potential application in the nonlinear circuits [23-25]
and the new generation of powerful brain-like neu-
ral computers [26-28]. The memristors have varying
history-dependent resistance, which makes memristor-
based neural networks having more complex and fruit-
ful dynamics compared with classical neural networks.
Recently, important papers have been published on the
dynamics of MNNSs, such as stability [29], synchro-
nization [30-34], attractivity [22], passivity [35].

It should be pointed out that fractional-order sys-
tems have the advantage in describing the hereditary
pinched hysteresis property of memristors. Therefore,
fractional derivatives are naturally introduced to be
combined with memristors to build a new kind of neural
networks called FMNNS. The Mittag-Leffler stability
and synchronization criteria of FMNNs were derived in
[36]. By means of a new fractional derivative inequal-
ity, the global Mittag-Leffler stabilization for a class
of FMNNSs was investigated [37]. Time delay is well
accepted in neural networks and it is considered as the
source of poor system behaviors, such as instability,
bifurcation, chaotic attractors [38—40]. In this case, it
is important to investigate FMNNs with time delays
[41-45]. Using fractional-order comparison theorem
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and linear feedback control, Chen et al. studied the sta-
bility and synchronization conditions for FMNNs with
time delay [41]. The adaptive synchronization criteria
are given for FMNNSs with time delay in [42].

Among the application of MNNs, the neuron state
information is often needed to cope with some control
schemes, such as pinning control or state feedback con-
trol [46—49]. But for MNNSs, we often have difficulty in
obtaining all the neurons state information because of
the existence of network congestion, packet dropouts
or missing measurements. Thus, it is a significant way
to evaluate the neuron state by means of the obtainable
network outputs. Till now, there are some results about
the state estimation for integer-order MNNs [50-52].
For all we know, there are few results about the state
estimation of FMNN’s with and without time delay. Our
goal is to estimate the system states to better under-
stand the true system information, which will benefit
its important applications in control fields.

Motivated by the reasons above, we focus on design-
ing a proper state estimator for a class of FMNNs with
time delay. The novelty of this paper includes three
aspects. (1) For the first time, state estimators for a class
of FMNNSs with and without time delays are designed;
(2) By means of Lyapunov approaches for fractional-
order systems, state estimation theorems are expressed
in terms of LMIs. Furthermore, some numerical simu-
lation examples are given to illustrate the validity and
applicability of the obtained theorems. (3) The meth-
ods used in this paper are also valid for the state estima-
tion problem for FMNNSs with discontinuous activation
functions.

The content of this paper is as follows. In Sect. 2, we
formulate the models under investigation and look back
some fundamental definitions and lemmas. In Sect. 3,
state estimation criteria are established. In Sect. 4, two
examples are used to demonstrate the effectiveness of
the proposed theorems. Finally, concluding remarks are
given in Sect. 5.

2 Preliminaries

We introduce mathematical models of FMNNs with
time delay, and recall Caputo fractional derivative and
some lemmas.

Notation Throughout this paper, let R, R”*" and R"
represent the set of real numbers, m x n real matrices
and n-dimensional vectors, respectively. v! (respec-
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tively, AT) denotes the transposition of a vector v
(respectively, matrix A). I, is the n x n identify matrix.
| - | is the Euclidean norm in R”. The notation P > 0
refers to a positive definite and symmetric matrix.
Amax (A) (Amin(A)) is the maximum (minimum) eigen-
value of the matrix A. The * is adopted to refer to the
symmetric term in a matrix.

Definition 1 [1,2] Define ¢ order fractional integral
for a function & as follows:

1 t
q - _ )41
116(t) = F(q)/zo(t $)I7 & (s)ds,
where t > g and g > 0.

Definition 2 [1,2] Suppose & € C" ([ty, +00), R), its
q order Caputo’s derivative is defined as follows:

1 t
DIE(t) = ——— / (t — )" 47T EM (5)ds,
F(m _Q) i)
where t > 1y and m is a positive integer satisfying
m—1 < g < m. Specially, when 0 < g < 1,
DIEW) = =g S = 9)79E (5)ds.

Consider the following FMNNs with a time delay:

D¥v(t) = —Cu(t) + A(v(®)) f (v(1))
+B®) f(u(t — 0)) + J, (1)

where 0 < o < 1, v(r) = (v1(1), Va(t), ..., V()] €
R" is the neuron’ state variable; C = diag{cy,
e} > 0, f( = 0) = (it = o)),
Fovalt = )., faoalt = )T and Fo(1) =
(11 (®), f2(2(0), ..., faa(®)))T are the neu-
ron activation functions with and without time delay;
o denotes the time delay, J = (J1(t), J2(¢), . ..
R" denotes an external input vector. A(v(t))
= laij(vi(®)]nxn, B((t)) = [bij(vi(t))]nxn are the
connection memristive weight matrix at time ¢ and
t—o:

aji, i < Ti,
aiji) =1 ¥
3 ®(0) Ia;;*, i) > T,
lvi ()] = Ti,
bi; (i (1)) =
i ®(0) {b;;*, w0 > .
T; > 0 are switching jumps; weights a;, a*, b}; and

b;“]f" are all constants for 1 <i, j <n.

In this paper, we consider Filippov solution for all
systems because of the discontinuity of a;;(v;(¢)) and
bij(vi(1)).

(H)) Vi ef(l,...,

GRS

n}, fi(0) = 0, and f; satisfies Lips-
chitz conditions:

|fi () — fi()| < Lilu —v|, Yu,v € R,

where [; > 0, L = diag{ly, l», ..., I,}.

Denote a;; = max{a”, Y, ai = mm{au, ar’y

13,7 = max{bl],b**} bl] = mm{bl],bij}, ajj =
%(aij +Ciij)a a\z{] = 2(‘11] aij), bij = 2(b,‘j + bij),
bij = 3(bij — bij).

Based on the fractional differential inclusion [53]
and some transformation [54,55], the FMNNSs (1) is
equivalent to the following system:

D*v(t) = —Cv(t) + (A + EY S\ () F1) f (v(1))
+ B+ Ex X)) f(ot —o) + . (2)
where A = (&ij)nxn» B = (Eij)nxn’ A= (aij)nxn

and B = (bij)nxn;

Ey = (Vaner, ...,vamner,....Nan€n, ...,
Vannfn)nx,ﬂa Fl = (Val 617"'1 \/alnens""
Vani€r, . .. \/annen)nzxn Ey = (Vbuer, ...,
V Blnela .. \/ ei’la .. \/ }’lnen)nxnza F2 =

bl €1, .5/ blnen, RN/ bnlelv sy bnnfn);xn
[Ek(t)]n2><n2 {diag{oF, (1), .
ok (1), ....0 1), ..., ,m(t)} |9’<| <l,1<i,j<
n,k =1,2.} ¢ € R", the ith element of ¢; is 1 and

others are 0;

We can prove X7 (1) Zi(t) < I,k = 1,2.

Inrelatively large-scale memristor-based neural net-
works which are state-dependent systems, it is not an
easy thing to get all the neurons’ state information. The
neuron states can be observed from the available net-
work output.

The network measurements u(¢) € R™ is supposed
as follows:

u(t) = Dv(t) + h(t, v(t)), 3)

where D € R™*" is a known constant matrix, and
h : RT x R" — R™ denotes the neuron-dependent
nonlinear disturbance satisfying Lipschitz condition:

|h(t, u) —h(t,v)| < |Hu —v)|, “

with H € R™*" and h(¢,0) = 0.
The estimator v(¢) € R” is as follows.

DY(t) = —Co(1) + Af (D)) + Bf((t — o))
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+ K(u(t) — DO(t) — h(t, 0(1) + J, (5)

the estimator gain K € R"*" will be determined later.

Remark 1 Different initial conditions might cause a
mismatch parameter problem between the system state
and the estimator state if the estimator system has also
memristive weights. To deal with this problem, a proper
estimator (5) is designed by transforming system (1)
into the equivalent model (2).

For the reason of simplification, let AA = E{ X (¢) Fy,
AB = E;X,(t)F,, and denote the elimination error
by 0(t) = v(t) — 0(¢). The error dynamical system is
derived from (2) and (5):
DY0(t) = —(C + KD)v(r) + Af (0(2))
+ Bf (35(t — 0)) + Kh(1,5(1)))
+AAf(()) + ABf(v(t — o)),  (6)
where f(5(1)) = fu) — F(O@), h(t,54) =
h(t,v(t)) — h(z, 0(2)).

The initial condition of (6) is v(s) = ¥ (s), s €
[to — o, to], where ¥ (s) € C([tg — o, tp], R™).

Let v() = [vT (¢), 97 (1)]" be the augmented vec-
tor, and the augmented system can be obtained from
(2) and (6):

Du(1) = —Co(t) + A&1(t) + B& (1) + K&(1), (7)

where

_ cC 0 - A+ AA 0O

€= [o C—i—KD] A:[ AA A]’

- B+ AB O - 00

BZ[ AB B]’ KZ[OK}’

g0 = [fT @), fTEONT, &) = [f7 e -
o), [T (@@ —oNI", &) = [h" (W), kT @)

Definition 3 Forevery ¢ € C([to—o, tp], R"), system
(5) becomes an asymptotical state estimator of system
(1), if lim;, 5 v(t) = 0.

Lemmas 1-5 play an important role in proving the
main theorems.

Lemma 1 [56] Suppose u(t) € R" is continuous and
differential, Q € R"™" and Q > 0. Then, we have

1
ED“uT(t)Qu(t) <ul (1 OD%u(t), Va € (0,1).
Lemma 2 [57] Let X, Y € R", € > 0, then we have:

XTy +vTXx <exTx +e'yTy.
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Lemma 3 (Schur Complement) [58] The matrix

| Q1 Q12
0= [Qsz sz} =0

if and only if conditions © or @ holds:
@ 02 <0, 011 — 01205 0F, <0;
@ Q11 <0, 0n - 0L,07'0n <0.

Lemmad4 [59] The Caputo fractional-order func-
tional differential equation

{ Dau(t) = g(tv Ml‘)a
uy =y € C([to — o, 1], R"),

where u; = u(t +60) € C([to — o, 10, R"), —0 <
0 < 0, is globally uniformly asymptotically stable, if
conditions (i)—(iii) are satisfied:

(i) g : [ty, 00) xC([to—o, tg], R") — R" is piecewise
continuous and locally Lipschitz,

(ii) V(t,u) € CY(R x R",R) — R and there exists
two positive functions qi(s) and q2(s) (s > 0)
satisfying q1(|lul]) < V(t,u) < q2(|lul|), where
q1(0) = ¢2(0) = 0 and q>(s) is strictly increasing.

(iii) There exist two constants € > | > 0 such
that D*V (¢, u(t)) < —eV (¢, u(t))+pusup_, o<
V(t 4w, u(t+0)) fort > to. o

Lemma S [60] The equilibrium point u = 0 of
the fractional-order differential equation D*u(t) =
g(t, u(t)) with initial condition u(ty) = uy, is Mittag-
Leffler stable if the following conditions are satisfied:

(i) V(t,u(t)) is a continuously differential function
and satisfy

arllull® <V, ur) < aallul,
DPV(t,u(t)) < —a3|u|,

wheret > 0,0 < 8 < 1, a1, an, @3, a, b are
positive constants.

(ii) 0 € D C R", foru € D, V(t,u(t)) is locally Lip-
schitz. D = R" implies the global Mittag-Leffler
stability of u = 0.

Remark 2 The asymptotical stability can be derived
from Mittag-Leffler stability.

Remark 3 The common integer-order Lyapunov meth-
ods used in the state estimation of neural networks are
not suitable to deal with fractional-order ones. For this
reason, Lemmas 4 and 5 are adopted to investigate the
state estimation of FNNs.
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3 Main results

We will present state estimation theorems for FMNN's
in this section.

Theorem 1 Suppose that (Hy) holds, for given con-
stants € > u > 0, system (5) is an asymptotical state
estimator of the delayed FMNN (1), if there exist two
real matrices Py > 0, P, > 0, one real matrix X,
and constants B > 0, p1 > 0, pp > 0, satisfying the
following LMIs:

®, 0 PPB 0 PiE; O

* ®» 0 PB PBRbE, 0
_ x* x —BI 0 0 PE;
¢ = x x *x —pBI 0 PE; <0 ®
* % % * —p1l O
* ok % * x  —pal
BLTL — uP 0
[ 0 BLTL —up, | <0 ©)
where

&1y =—PIC—C'Pl+PIAL+LTATP + P,
+piLTFTFIL + po LT FT B L,
@y =—-PC—XD—-C'P,—D"XT + P,AL
+LTAP, +ePy + XH+ HT'XT,
Furthermore, the gain matrix is designed by
K =P 'X.
Proof Construct the following Lyapunov functional as
V@) =o' ()P),
where P = diag{ Py, P»}.
According to (Hy), (4) and Lemmas 1, 2, we get
D*V (1) < 20T (1) PD* (1)
=20(t) P[=Cu(1) + A&1 (1) + B& (1) + K&(1)]
<ol () (=PC = CTP)o(t) + 207 (1) PALD(t)
+20T (t)PBLU(t — o) + 207 (1) PK H (1)
<37 (1) (—=PC = CT P)v(r) + 207 (1) PALY(1)
+20T (1)PKHV(1) + %_T(I)PBBTPE(I)

+ B0l (t —o)LTLo(t — o)
<ol (t)(—PC—-CTP+PAL+LTATP
1 _ _ _
+ EPBBTP +PK +K'P)o(r)

+ BTt —o)LTLo(t — o), (10)

where L = diag{L, L}.
By Lemma 3, @ < 0 is equivalent to
(¥ + p1N{ N1 + paNJ N») +;01_11§151T
+p, ' E,ET <0, (11)

where

v, PB
) = [ . ;:| ,
* _'B dnx4n

U =—-PC—-CTP+PAL+LTATP +cP
+PKH +HTKTP.

- PLE) » 0211><n2
Er=| RE| |, E2=| PE
05, 512 P E>

A0 B 0
s=[oa] 2= [04)
Ny =[FiL,0,2,3,], No=[FL,0,,3,]
Let
W = E\Z,(t)N, + NI 5T ()ET
+ E25(t)Ny + NI 2T EY
< Pf]EElT +P{1521§2T
+01N1TN1 + 021\7{1\72-
It follows from (10) and (11),
AP+ <0, (12)

where
. PB
1/ 11 ,
]
W, =—PC—CTP+PAL+LTATP +eP
+PKH+HTKTP,
Based on Lemma 3, ¥ < 0 implies that
_ _ __ - 1 _
—PC—CTP+PAL+LTATP + EPBBTP
+PK +KTP < —¢P. (13)
Using (9), (10) and (13), we have
DYV () < —eV (@) +uV(t — o).

Combing the conditions € > p > 0, all the condi-
tions in Lemma 4 are satisfied, therefore, system (7)
is globally asymptotically stable. So, system (5) is an
asymptotical state estimator of system (1). This com-
pletes the proof. O
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Remark 4 The state estimation criteria given in The-
orem 1 are given in terms of LMIs that are of less
conservatism and can be solved easily by MATLAB.
The conservatism can also be effectively decreased by
using the delay-partitioning technique. It is known that
the results obtained by delay-partitioning technique are
dependent on the partitioning size. The size of the LMIs
will get bigger and the computation complexity will
increase if delay-partitioning technique is adopted. So,
how to balance the partitioning size and the calculation
burdens is also an interesting problem.

When B(v(t)) = 0, there is no delay in system (1).
In this case, we have the following systems and results:

D*v(t) = —Cv(1) + (A + AA) fu(r) + J.  (14)
The estimator is of the form

D(1) = —Co(t) + Af (D)) + J
+ K u(t) — DO(t) — h(t, 0(1))),  (15)

and the error dynamical system and the augmented sys-
tem are as follows.

DY¥(t) = —(C + KD)i(t) + Af (3(t)) + Kh(t, 5(2)))
+ AAF(v()), (16)
DYi(t) = —Cu(t) + A& (1) + K&(1), (17)

Suppose that the activation functions satisfy the fol-
lowing condition:

(Hp) [61] Fori € {1, 2,...,n}, the neuron activation
functions f;(-) are continuous and bounded, and
satisfy the following conditions:

[7 < OS2 < 1 vy ) € R(st # 52)

i S1—82

fi(0)=0,i=1,2,...,n.

Remark 5 The conditions in (H;) are weaker than the
usual Lipschitz conditions because the constants /;, l+
can be positive, negative, or zero. The lower and upper
bounds of the activation functions can be accurately
determined. Hence, the conservatism can be effectively
reduced by means of LMIs.

Theorem 2 Suppose (Hp) holds, system (15) is an
asymptotical state estimator of FMNN (14), if there

@ Springer

exist positive matrices Py > 0, P, > 0, A =

diag{r1, A2, ..., Ay} >0, p > 0, y > 0, such that
[, 0 Iz O 0 0 PE 0 7
* H22 0 1724 0 X P2E1 0
*  x [y 0 0 0 0 0
* x x —A 0 0 0 0
m= *  x  k  x —pl 0 0 0 <0,
¥ % %k k% x —pl 0 0
* ok ok ok ok x* —yl 0
L * % x k% * * =yl |
(18)
where

I, =-PC—CT'P +pHTH— ACy,
I3 = PLA — ACy,
Il =—P,C—-C'Py+pH'H
—AC; — XD - DT xT,
Moy = PyA — ACy, IT33 = —A + yFl Fy.

Moreover, the state estimator gain matrix can be
designed as

K =Py 'X.
Proof We construct the following Lyapunov functional
V() =T () Po),

where P = diag{ Py, P»}.
Calculating the fractional derivative of V () along
the solution of (17), we obtain that

DYV (1) <207 (1) PD*%(1)

=20(1) P[-Co(t) + A& (1) + K& (1)) (19)
From (Hy), there exist A = diag{\, A2, ..., A} > 0,
such that

_ T _
(1) ACiL ACy || v(2)
[slm} [Acz A ][slm}fo 0

where A = diag{A, A}, C; = diag{Cy, C1}, C»

diag{Cs, G2}, C1 = diag{l{I],....[;l}}, C2 =
e _
diag(— L0 _hthly

From (4), one gets for a positive constant p > 0,
P&} (&3 (1) — pu(tYH Hi (1) <0, 21
where H = diag{H, H}.
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Using (19)—(21), we obtain that
DV (1) < ¢ (¢ ),

where
} ﬁll PA—ACZ PK
H = * —A O )
* * —pl
ﬁl] = —Pé — éTP + ,OHTH - AC], é‘(t) =

[T (). €] (1), & (O]
Noticing IT = §21 + .Qi, where

I1,; PA. — AC» PK
.Ql = k —A O .
* * —pl

6nx6n
Q,=E ()N, + NI =T () ET
< J/_IE1E~]T + )/NITNI
PLEy
= P Eq , N1 = [0112><2n’ F1, 0r12><3n]'
(~)4n><n2 o _ ~
Letting 21 £ 21+y NI Nyand2 £ 2,+y~'E\ET,
by Lemma 3, £2 < 0 is equivalent to (18).
Therefore, IT < 2 < 0, and

E

—_

DUV (1) < ¢ (OIE (1) < —hmin(—IDET (DE (@)
< —hmin(—=Me" (e(1)
}&min(_ﬁ)
T (P
From Lemma 35, v(¢) = Ois globally Mittag-Leffler sta-

ble. So system (15) is an asymptotical state estimator of
system (14), and the proof of Theorem 2 is completed. O

40)

Remark 6 The sufficient conditions in Theorems 1, 2
are simple and in terms of LMIs, instead of algebraic
conditions, which makes them easy to be checked by
MATLAB Toolbox.

4 Numerical examples

In this section, numerical simulations are given to illus-
trate the effectiveness of the obtained results.

Example 4.1 Consider the FMNNS (1) with the follow-
ing parameters:

100 100
C=|010|, D=|010],
001 001

A(v(r) =

B(v(r)) =

where

ai(vy) =

app(vy) =

a13(vy) =

a1 (v2) =

axn(vy) =

ax;(vy) =

azi(v3) =

az(v3) =

az3(v3) =

bii(vy) =

bia(vy) =

biz(v)) =

b1 (v2) =

by (vp) =

by (vp) =

b31(v3) =

b3y (v3) =

b33 (v3) =

[Cai1(v1) arz(vi) aiz(vy) |
a1 (v2) ax(v2) ax(v2) |,
| a31(v3) az2(v3) asz(vs) |

[ b11(v1) bia(vr) biz(vr) ]
ba1(v2) baa(v2) ba3(v2) |,

L b31(v3) b32(v3) b33(v3) |

=29, |yl =1
—27, v >1"
0.19, |vi| <1
0.14, |v|> 1"
0.3, fuil =1
0.28, |vi| > 1"
0.4, v =<1
0.5, |vu|>1"
—0.8, | <1

- 17 |v2| > 1
0.36, || <1
0.4, |v|>1
0.2, |3l <1
0.16, |vz| > 1"~
0.1, fus| =1
0.08, |v3| >1°
_21 |v3| S 1
—23,|v3] > 1"
=04, v =1
—0.46, v > 1"
—0.32, vl <1
—-0.3, v >1
0.2, |ul=1
0.27, |vi| > 1"~
0.5, v =<1
047, [va] > 1°
—0.6, || =<1
—0.5, | >1"
0.3, |n=1
0.2, v >1"
0.2, |v3| <1
0.17, jvz| > 1°
=02, u3] =1
—0.25, Jvz] >1"°
=12, Jv3| =1
=1, vzl >1
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The activation functions are taken as fj(vy) = —0.2 = 2 ‘ ‘ ‘ —
tanh (Jv1| — 1) 4+ 0.3sin(v1), fo(v2) = tanh(0.5vy), < o»><\
f3(v3) = 0.5tanh(v3), hj(v;) = 0.2sin(v;) + 0.1 g_z ) ) )
(j=1,2,3).J=[1,08—-11", 06 =2, a0 =009. 0 5 1t0 15 20
It is easy to verify that 2 : —

[ —2.80.165 0.29 ; 0 *”QL,
A= 045 —09 0.38 |, > ‘

| 0.18 0.09 —2.15 0 5 1t° 15 20

[—0.43 —0.31 0.235 L2 ‘ —
B= 0485 —0.55 025 |, < of ,

0.185 —0.225 — 1.1 ",
— 0 5 10 15 20

[ 0.1 0.0250.01
0.05 0.1 0.02 |,
| 0.02 0.01 0.05

[ 0.03 0.01 0.015
0.015 0.05 0.05 |,
| 0.0150.025 0.1

(025 0 0
L=| 0 025 0
0 0 025

Taking ¢ = 1, n = 0.8, we can verify by MATLAB
Toolbox that LMIs (8), (9) are solved and the feasible
solutions are given below

[7.2235 0.3780 0.6551
Py =] 0.3780 8.4632 0.3721 |,
| 0.6551 0.3721 6.3554

[ 9.9037 —0.0783 1.1608 ]
Py =| —0.0783 7.6432 0.1966
| 1.1608 0.1966 5.8398 |

[ —5.9963 0.9088 — 1.0012 ]
X = 09088 1.8799 0.3457
| —1.0012 0.3457 1.3601 |

[ —0.5979 0.0898 —0.1310]
K =] 0.1142 0.2460 0.0373 |,
| —0.0564 0.0331 0.2577 |

B =13.6123, p; = 14.0888, pp = 14.0872.
According to Theorem 1, it can be concluded that
system (5) is an asymptotical state estimator of system
(1), which is further verified by Figs. 1 and 2. Figure 1
shows the state trajectories of v; (¢), 0; (¢), (i = 1, 2, 3),
respectively; and the initial conditions are taken as
v(t) = [1.5,1.8, —1.8]7, o(r) = [-1.2, —0.5,2.3]7,
Vt € [—2, 0]. It can be seen from Fig. 1 that the actual
states can be well tracked by their estimators. Figure 2
depicts that the error states v;(t) (i = 1,2, 3) asymp-

)
Il

ST
I
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) L
0 5 10 15 20
t
2 r
S0
-2
0 5 10 15 20
t
4 :
. 2\\/
5
ot
-2 . L L
0 5 10 15 20

t
Fig. 2 Estimation error in Example 1
totically converge to zero, which confirms the effec-

tiveness of the proposed approach to the design of the
state estimator for the FMNNS.

Example 4.2 Consider the FMNNS with time delay
(1):

C = :1(')9 1(_)9] D= [é?] J=[-1,0.8]".
A0 = [ 00 o]
O i
where
we = {2y
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ainop = | 7022 il <1 2 ‘ —
A= _018, |Ul| >1" 1 — 0
S0
(o) = | 2Ll =1 ;1
202 =0 g9y = 1 4
-2, |nl =<1 -3 ‘ ‘ ‘ ‘
ax(vp) = , 0 10 20 30 40 50
22) =1 _ 6 | > 1 ¢
=13 w1 2 ‘ ‘ ‘ N
bri(vy) = 1Ly > 1 1 —%
&' oR 1
_ 035, Jul =1 S,
b2 =105, o> 1 :V |
—1.45,|n| <1 -3 ‘
br1(vy) = , 0 10 20 30 40 50
2102) =1 _ | 35, lva] > 1 ¢
— 1.8, |n] =1 . _ L .
by () = 17, (o] > 1° Fig. 3 State trajectories of v(¢), v(¢) in (1) and (5), respectively
— 1.7, 2
y
=098, 0=1.
The activation functions are taken as f;(v;) = L0
0.5tanh (Jv;]), hj(vj) =0.2|v;] (j =1, 2). 19_1
It is easy to verify that
I — 0.5 0 0 10 20 30 20 50
| 0 05" t
- 1
—15 02
A= ,
| -2 —1.81| ob
(12 03 S
= -1
B _—1.4—1.75:|’
i [01002 2 10 20 30 20 50
- 0.1 0.2 |’ t
B = [ 0.1 0'05:| Fig. 4 Estimation errors in Example 2
0.050.05 |-

Letting e = 1, u = 0.8, we use MATLAB LMI Con-
trol Toolbox to solve the LMIs in (8), (9), and obtain that
the following feasible solution with tmin = —0.0247
(“tmin” is negative, and it shows that LMI has a feasible
solution.), B = 0.7368, p; = 0.8626, p» = 0.8730,

p _ [ 04541 —0.0899]
"7 -0.0899 03262 |

p, _ [ 05231 —0.0644]
27T -0.0644 03342 |

5 _ [[~0:4667 —0.0578]
~ | —0.0578 —0.0576 |

c — [ —0:9356 —0.13497
~ | 03532 -0.1983 |

According to Theorem 1, system (5) is an asymp-
totical state estimator of system (1), which is verified

by Figs. 3 and 4. Figure 3 depicts the time evolu-
tion of v;(t), v;(¢), (i = 1,2) with the initial con-
ditions v(t) = [1.5,1.8]7, d(r) = [-1.2,-0.5]",
vVt € [—1,0]. Figure 4 depicts the estimation errors
of v;(t) (i =1, 2), which tend to zero as t — o0.

5 Conclusions

The dynamics of fractional-order memristor-based
neural networks have drawn considerable research
attention. However, the problem of state estimation of
FMNNSs has not been studied. This paper makes up
this gap. Based on the fractional-order Lyapunov direct
method, several new sufficient conditions are given to
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ensure the existence of the state estimator. Further-
more, we would like to point out that within the same
LMI framework, it is not difficult to extend our main
result to the state estimation problem for fractional-
order memristor-based neural networks with discontin-
uous activation functions and this will be considered in
future papers.
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