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Abstract In this paper, the truncated Painlevé expan-
sion is employed to derive a Bicklund transformation
of a (2 4+ 1)-dimensional nonlinear system. This sys-
tem can be considered as a generalization of the sine-
Gordon equation to 2 + 1 dimensions. The residual
symmetry is presented, which can be localized to the
Lie point symmetry by introducing a prolonged system.
The multiple residual symmetries and the nth Backlund
transformation in terms of determinant are obtained.
Based on the Bécklund transformation from the trun-
cated Painlevé expansion, lump and lump-type solu-
tions of this system are constructed. Lump wave can
be regarded as one kind of rogue wave. It is proved
that this system is integrable in the sense of the con-
sistent Riccati expansion (CRE) method. The solitary
wave and soliton—cnoidal wave solutions are explic-
itly given by means of the Bicklund transformation
derived from the CRE method. The dynamical char-
acteristics of lump solutions, lump-type solutions and
soliton—cnoidal wave solutions are discussed through
the graphical analysis.
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1 Introduction

Mathematical models play a significant part while deal-
ing with science and engineering problems [1-4]. As
one of the main parts of the mathematical models, the
partial differential equations (PDEs) have been widely
applied in modern society such as fluid dynamics,
plasma physics, soliton theory, hydrodynamics, non-
linear optics, and oceanography. Symmetry analysis
method plays an important role in investigating the
properties of PDEs [5—-8]. Nowadays classical Lie sym-
metries have been extended to many general symme-
tries, such as nonclassical symmetry [9], Lie-Bécklund
symmetry [10], nonlocal symmetry [7]. It is an inter-
esting topic to find the nonlocal symmetries of PDEs.
The nonlocal symmetries can yield the new solutions
that cannot be obtained from Lie point symmetries. To
obtain nonlocal symmetries, Bluman et al. [11] devel-
oped a conservation laws-based method for construct-
ing nonlocally related systems. One can investigate
nonlocal symmetries and nonlocal conservation laws
by analyzing nonlocally related systems. Furthermore,
a symmetry-based method was proposed by Bluman et
al. [12] for constructing nonlocally related PDE sys-
tems. The symmetry-based method can also be used to
construct nonlocal symmetries.
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With the development of the theory of nonlocal sym-
metry, many methods have been found to construct
nonlocal symmetries. It is proved that the nonlocal
symmetries can be constructed by means of Darboux
transformation [13, 14], Bicklund transformation [15],
Lax pair [14,16] and so on. As we all know, Painlevé
analysis technique is an effective method for investi-
gating the integrable properties of PDEs [17-19]. It is
notable that Lou proved that truncated Painlevé expan-
sion can also be used to construct nonlocal symme-
tries [20]. Since such type of nonlocal symmetries is
the residue of the truncated Painlevé expansion, which
is also called residual symmetries. Considering many
types of interaction solutions obtained from nonlocal
symmetry reduction analysis, Lou developed a more
concise consistent Riccati expansion (CRE) method
[21] to find the interaction solutions between soliton
and other types of waves. This method greatly enriches
the types of the solutions of the integrable equations,
which are not easily obtained with the aid of Lie sym-
metry method [22-24]. If the CRE method is applicable
to an integrable equation, this equation is CRE solv-
able. There are many CRE solvable integrable equa-
tions, for example, the (2 4 1)-dimensional Korteweg—
de Vries equation [25,26], the coupled Klein—Gordon
equations [27], the Bogoyavlenskii coupled KdV sys-
tem equation [28], the negative-order modified KdV
equation [29], supersymmetric mKdV-B equation [30],
the (2 + 1)-dimensional modified KdV-Calogero—
Bogoyavlenskii—Schiff equation [31,32] and the gen-
eralized Kadomtsev—Petviashvili equation [33].

In this paper, we consider a (2 + 1)-dimensional
nonlinear system

uyy —4up +4q =0,
ur — gy =0, ey
uuy — py =0.

If we set ¢ = 0 in system (1), the system reduces to the
sine-Gordon equation

Vyy — sinv =0,

through the changes
i
U= — -y,
2
1
= —Ccosv.
P=3

Thus this equation can be considered as a generalization
of the sine-Gordon equation to 2 4 1 dimensions [34].
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Equation (1) can also be trivially written as a modified
breaking soliton equation

Aup + yxy — duy f uuydx — 4u2uy =0,

which is an important physical model to describe
(2 4+ 1)-dimensional interaction of a Riemann wave
propagating along the y axis with a long wave along
the x axis [35,36].

The organization of the paper is as follows. In
Sect. 2, we obtain the Bécklund transformation and
the residual symmetry of Eq. (1) with the aid of the
truncated Painlevé expansion. To localize the residual
symmetry to the local Lie point symmetry, an enlarged
system of Eq. (1) is introduced. The multiple resid-
ual symmetries and the nth Backlund transformation in
terms of determinant are also obtained. In Sect. 3, lump
and lump-type solutions of Eq. (1) are derived by using
the Bécklund transformation in Sect. 2. In Sect. 4, the
CRE solvability of Eq. (1) is investigated. In Sect. 5,
the solitary wave solutions and the interaction solu-
tions between soliton and cnoidal periodic wave are
investigated systematically. Finally some conclusions
are given in the last section.

2 Residual symmetry and Bicklund
transformation

In this section, the residual symmetry of Eq. (1) shall
be derived by using the truncated Painlevé expansion.
Based on the truncated Painlevé analysis test, Eq. (1)
can be expanded to the form

+ 4

u=uy+ —,

f
P1 P2

p=po+7+ﬁ, ()
q1

q=4q0+ —,
S

where ug, u1, po, p1, p2. qo, g1 and f are the
functions of x, y and ¢. Substituting (2) into (1) and

vanishing all the coefficients of the powers of ?, we

have
up = Zfoi up=—fx,
po = 4fxft + fxfxxy - fxxfxy , (3)

4f2
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1 1
pPL=— Efxyy P2 = Efxf)u
e
qO - 2fx7 (11 - ﬁ5

where f satisfies the equation

fxxxy
_ Safeee fry +3fex foxy f = 33 fry = 4fu S2 + A fi
12 ’

“4)

which is equivalent to the Schwarzian form
4A, + By =0, ®)

where
gt 3R
fi fro 2 f?
Thus, the following Bécklund transformation theorem
for system (1) can be established.

A

Theorem 1 If function f is a solution of the Schwarzian
form (5), then

_ fxx fx
u= )
2fc f
_ 4fxft + fxfxxy - fxxfxy B & + fxfy (6)
P= 412 2f 2f%
g S g
2f f7

is a solution of system (1).

According to the definition of residual symmetry,
the residual symmetry of system (1) can be written as

1
Uuz_fx, Upz_zfxy’ O'qz_ft- @)

It is a fact that Schwarzian form is invariant under the
transformation of Mobius

a+bf

f= ar

(ad # bc) ®)
which means f has the point symmetry

1 ©)

The symmetry (9) can be simply derived from (8) by
making a = 0,b = ¢ = 1,d = ¢. The transformation

e
u Parer)
2fx
_ 4fx fr + fufaxy = Jex Jry (10)
pP= 452 )
fu
2f

can change system (1) into the Schwarzian form (5).
To find out the residual symmetry group,

u— i) =u+eo",

p—>pe)=p+eo?,

q—>q(e)=q+eot,

we should solve the following initial value problem

du -
”d(g) = fe)y  ii(&)]eeg=1u,
£
dp 1 - -
’;f) == 3F @ P ©lzo =P,
dg -
1O - jern  d@lo=4

where ¢ is an infinitesimal parameter. However, we find
it is hard to solve above initial value problem directly.
In order to solve above value problem simply, one can
localize the nonlocal symmetry to the local Lie point
symmetry for an enlarged system. The new variables
are introduced by letting

hi = fyx, ha=fy, hs=hy, g =fi (11)

and then we obtain a prolonged system including (1),
(5), (10) and (11). The Lie point symmetry of the pro-
longed system is

Uu _hl
ol - %h3

o4 — &1

of —f2

o | T —2fh : a2
oh —2fhs

ohs —2hohy — 2 fh3

oé! —2fg

Based on the Lie’s first theorem, the corresponding ini-
tial value problem of Lie point symmetry is

W) _ e, a0 =u
de
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dp(e) _ 1- 5(0) =
& = ;m®, PO =p,
»
qd(e) =—51(), GO =q,
)
d % - ~
J;(S) =—f©?  FoO) =7
&
dn, (2) =—2f(@hi (), hi©) =h,
de
dhy (e) _ —2f () hy(e), Ty (0) = h,
de
% ==2hy ()11 (&) =2[ @) h3(e), h3(0) =h3,
d"’ ~
gallg(8) =-2f()g1(e), &0 =g. (13)

Solving the above initial problem, we obtain the trans-
formation group that corresponds to the symmetry (12)
of the prolonged system (1), (5), (10) and (11)

oo ehy o o eh3
e =u— T PO=P T s
82h1h2 i) =g — egl
2+en? T TI T e
Fo=— he=—T1 k="
Tater VY T A e Y T A en?
= h3 2ehihy 81
ha(e) = - LB = :
3 (8) (1 T 8f)2 (1 + 8f)3 81 (8) (1 T Sf)z

where the ¢ is an arbitrary group parameter. Then one
has the following finite symmetry transformation the-
orem for Eq. (1).

Theorem 2 If{u, p, q, f, h1, ha, h3, g1} is a solution
of the prolonged system (1), (5), (10) and (11), then
{ﬁ(S),ﬁ(8),6](8),f(8),fl1(8),h2(8),fl3(8),

g1 (e) } is also a solution of this prolonged system,

where ii (e), p(€). 4 (). f (), I (e). ha (e), h3 (e)
and g1 (&) are given by

- ehy - ehs
M(E)Zu—m, P(s)zﬁ—m
82h1h2 ~ €81

IR
fe) = e = " e = 2

L+ef’ (L+ef)? (L+ef)?
~ h3 Zé‘hlhz - 81
PO e dren® O e

(14)

One can obtain a new solution from any seed solution of
system (1) and its Schwarzian form (5) by means of the
finite symmetry transformation (14). For example, the
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Schwarzian form (5) has a solution f = eP*T®Y ¥kl
then u = %p, p= % and q = %/{ is a solution of sys-
tem (1). By using the finite symmetry transformations
(14), a new solution of system (1) is given by

N 1 8pepx+wy+m

O = 2P T T serrronia

. K Epwepx+wy+/(t 82pw(epx+a)y+m)2
p(e) = ; a 2 (1 + eel’x‘*"“y—’"“) 2(] + eepx+wy+:<t)2 ’
. 1 8Kepx+wy+;<t

1O =3 T T sorrrarra

where p, w and k are arbitrary constants.

Because the symmetry equations (7) are linear func-
tions and Schwarzian equation (5) has infinitely many
solutions, we can obtain infinitely many residual sym-
metries

n
o == 3 ifin.
) tlzln
On = — E Z ﬁifi,xyv (15)
i=1
n
01;1 = - Z ﬁifi,t,
i=1
where n is an arbitrary constant and f; (i = 1,...n)

are the solutions of the Schwarzian equation

4A, + B, =0, (16)
in which
Aj:& B: fi,xxx _gfi?xx

fix' fix 2 fA

In order to localize the nonlocal symmetries o, of

and o,] of (15), one needs to introduce the following
new variables

hii = fix, hoi= fiy, h3i=huyi, gi= fir
(17)

Then the nonlocal symmetry (15) can be localized to a
Lie point symmetry

n
op ==Y i1,
i=1

1

n
=-3 > ih3;.
i=1

of =
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J#
n
oMt = =20, fihy i = Y0 (filnj + fihi)s
J#i
n
o2 = —20; fihy; — Zﬁj (fiha,j + fiha,i)-
JF#i
oM = —20; (hy.ih1; + fih3.)

= >0 (hoihyj+hojhyi + fihsj+ fih3,) .

J#i

n
=Y 9 (figrj + figni)-
J#i

o8 = =29 fig1i

The corresponding initial value problem of Lie point
symmetry can be written as

du (s)

fZMl,(e)

d
”(8)=—72M31<a>

dg
q (E) Z Vg1 (&),

dft (3)

=i ) - Zﬂ fie) fj@.
J#
Bi©) _ ey o)
de
Y0 (R @ e+ @ @),
J#i
21 ©) _ oy i ey (0
de
- Z 2; (fi @ haj @+ fj @ hoi @),
J#i
B @ _ oy, (h2i @i @ + fi @3, @)
de ’ ’ ’
=205 (hai @ j @
J#i
o @i @+ fi @) @)+ fj ) @)
BLIO _ 25, 681 )
de ’

- Y2 (@&, @+ @81, @)
J#

i) =u pO=p, GO =q, i 0 =fi, h; ) =hy,,
hoi (0)=ha;, h3;(0)=h3;, §1;0)=g1;.

By solving above initial value problem, one has the
following nth Bicklund transformation theorem.

Theorem 3 If {u. p.q. fi. hii. hai h3i. 81i} is a
solution of the prolonged system (1), (16), (17) and

. fi,xx
 2fix
_ 4fi,xfi,t + fi,xfi,xxy - fi,xxfi,xy
- 42 ’
_ fi

T

then (i (¢), p(€),G (e), fi (¢), hii(e), hai(e),
h3,i(g), g1.i (¢)) is also the solutio~n of th~e prolonged
system, whereii (€) , p (€) , G (¢), fi (€) , hu,i (¢) , hai
(&), h3,i (¢) and g1, (¢) are given by

i(e) = u— (ng),,

1
ﬁ(s) =P E(lnp)xya
g () =q—(Inp),

fite) ="
hii(e) = fix (), hai(e) = fiy(e),
h3i(e) = fixy (€), 81 (e) = fir (),

where © and g; are the determinants of two matrices

as follows
viefi+1 V1612 V1601 1801,
Vel thefo+1 .- D80y Bre6h,
o : : : : : : ’
ﬁjeelj ﬂj&‘@gj .. ﬁjé‘fj#‘] 19]'80]',1
D601, V602, 0,80 - Dpefn + 1
(18)
6ij = fi fj. (19)
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thefi+1  Debp - Drebdr i V1601 el oo T1eby
el  thefo+1 - b aebhi Va2 €bhip1 - Dheby

Bi—1801,i—1 Vi—1€60,i—1 -+ Vi1efi—1 + 1 0i1€6i—1,; Vi—1€6i—1,i41 -+ Vic1€6i—1

o = (20)
l 01 62i e Oii—1 fi Oi.i+1 E Oin
Vit1801,i+1 Vi1802,i+1 - Vig180i—1,i+1 Vit180ii+1 Viv18fit1 + 1+ Fig180i41n
¥, €01, U662, ce 2911891'—1,n ¥, €0, ﬁneei—t—l,n ce 19n&‘fn +1
From Theorem 3, one can construct an infinite num- Then it is obvious that u = % p, p="~ andg = % K
ber of new solutions from any seed solutions of system is a seed solution of system (1). On the basis of theorem
(1) and its Schwarzian form (16). For example, for the 3, one can obtain the following multiple wave solutions
Schwarzian form (16), it has a special solution for system (1)

_ x+w; y+kt
fi = eP iy .

~ 1 ﬁlgpepx+w1y+f(t
u (8) = 5/0 - ﬁlgepx+w1y+/ct + 1’
_ K 1 ﬂlgpwleprrw]yﬂct 1 191282,060] (epx+w1y+lct)2
pe)==-= 5 ,
o 20 gepxtorytet L1 1 2 (ﬁlgepx+w1y+m + 1)2
_ 1 ﬁlgwlepx+w1y+/(t
q (8) = EK - ﬁleep"+“’IY+’(’ T 17
forn =1,
. 1 ﬁ]spepx-ﬁ—my-i-l(t + ﬂzs’oepx-i-a)zy—i-/(t
u (8) = E o 1+ 0186px+w1y+f(t + ﬁzgepx+wzy+xt ’
~ k1 018pwieP TOY TR L 9, epwnef ¥ @2y FKI
) = S T Broeh ol kT 4 gyeertanyia
1 (ﬂlgpepx+w1y+/<t + 1928pepx+w2y+/<t) (ﬁlawlepxﬂo]wﬂct + ﬂzewzepx+w2y+xt)
2 (1 + Oy gepxtorytrt 4 ﬁzeepx+w2y+/<t)2 ’
- 1 D ecePXTOLYTRL 4 9, gpeepXFwrytrt
q(e) = EK - 1 + 9 gePrtorytet 4 9, gepxtwry+it’
forn =2,

1
(&) =5p— (np),,

k1
p (8) = ; - z(ln p)xyv

B 1
q(e) = TR (Ing),,

fi =1 _;’_epx+wiy+/ct’ i = 17... N,
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where g is given by (18) and p, w;, k and ¥); are arbi-
trary constants.

3 Lump and lump-type solutions

Lump solutions appear in many physical phenomena,
such as plasma, shallow water wave, optic media,
Bose—Einstein condensate. Lump wave is one kind of
rogue wave [37-39]. Based on the bilinear forms, Ma
firstly constructed lump solutions of the Kadomtsev—
Petviashvili equation [40]. Then this method was fur-
ther extended to find lump-type solutions of some non-
linear differential equations [41,42]. Inspired by Ma’s
work, we proposed a method for constructing lump and
lump-type solutions of integrable equations by means
of Bicklund transformation obtained from the trun-
cated Painlevé expansion [43]. In this section, we shall
search lump and lump-type solutions of Eq. (1) with
the aid of Bécklund transformation in Theorem 1.

In order to search quadratic solutions to Eq. (4), we
let

f = (a1x + axy + azt + as)*
+(asx + agy + azt + ag)® + ao, (21)

where a;, 1| < i < 9 are real parameters to be deter-
mined. Substituting (21) into (4) with the aid of sym-
bolic computation, we can obtain the following set of
constraining equations for a;

asae asas
a=——, a;=—"". (22)
ap ap

Substituting (21) with (22) into (6) gives the solutions
2 2
y o a® +2a5%) (z (a,x )a
2
+2 (
— (2 (alx
a
asast aedsy ’
+ +a8) a5> (alx — +a3t+a4>
aj a

—1

2
azast
—l—(asx—f—aﬁy—l—%-i-ag) +a9> s (23)
1

p= (2 (o )o

azast _
+2 (a5x + agy + 3(175 +a3> azasa, 1)
1

)

)al + 2 (asx + asy

467
><<2 (alx )al
-1
#2( )«)
ai

1( < agasy )
+ = 2|ax ap

2 ap
+2(a5x+a6y+7+ag> )
(=2 (o= 25 oo

asasap
ai
#2( )«)
2
aedsy
X ((alx I + ast +a4> + (asx + agy
1
t 2 -

asza

+ 20 +a9> , 24)
1

2
q = (a;al + 4345 ) (2 <a1x _ %695y
aj aj

asast !
‘a3t +aq )ay +2 a5x+a6y+T+ag as
1

( ( agasy )
—(2(a1x — az
a

+2<a5x —|—ac,y—|— +ag) a3a5a1_1)
ai

2
aga
X <<a1x _ 9645y + ast +a4>
ai
—1

+ ( )2 + ag) , (25)

where ay, asz, as, as, ag, ag and ag are arbitrary con-
stants. The solutions (23), (24) and (25) could be used
to describe nonlinear wave phenomena in oceanogra-
phy and nonlinear optics. Figure 1 shows the dynamic
behaviors of solutions (23), (24) and (25) with a; =
a6=1,a3=a8=%,a4=a5=—1anda9=2.
Figure 1d shows the lump solution p (24) maintains
property of localization in the (x, y) plane. The condi-

. asae .
tion ajag + —— # 0 guarantees the localization of
a

the lump solutioln (24) in all directions in the space, i.e.,
limxz+yz_)oop (x,y,t) =0, Vt € R. ag > 0 makes
sure that the lump solution is positive. Figure 1a shows
a lump wave residing on a inverse proportional func-
tion wave, which is not localized in the (x, y) plane.
The solutions (23) and (25) are lump-type solutions.
By observing Fig. 1, we know concentration of energy
of lump wave p (24) is more concentrated than lump-
type wave u (23) and g (25). Figure 1f exhibits anti-W
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type solution p in the plane (x, t). Figure 1g—i illus-
trates that the dynamic behaviors of lump-type solution
q (25) are similar to that of u (23) Fig.la—c.

Remark 1 Lump solution is rationally localized in all
directions in the space. The rational solution that only
can be localized in many directions in the space is
called lump-type solution [42]. The solution p (24)
is rationally localized in all directions in the space.
Thus the solution p (24) is a lump solution. The solu-
tions u (23) and ¢ (25) describe a lump wave resid-

all the coefficients of the powers of R (w) yields an
overdetermined system of PDEs about ug, u1, po, p1,
P2, qo and g1 . Solving this system, one has

lalw)% + Wyx
=5, U] =aWy,
2 Wy

dwyw; + ZaOaQwX3

Wy + Wy Wxxy +alwx2wxy — WyyWxx

1 dun? 1

p1 =3 (@wry +argqugwy), py = Eagwxwy,
1 wyr +ajwywy

q0 = s ———————— 41 = aQWwy,
2 Wy

ing on a inverse proportional function wave, which (28)
are not localized in all directions in the space. Strictly
and the function w (x, y, t) satisfies
Wy WxyWyxx — 3wxywxx2 + 4wy wiwy + 3wxxwxwxxy - 4thwx2 + wa4wxy
Wxxxy = 5 s (29)
Wy
speaking, solutions u (23) and g (25) are lump- 5 o '
inverse-proportional wave solutions. All the functions where X =ay = 4agaz, which is equivalent to the
u (23) and g (25) tend to zero when the corre- Schwarzian form
2
sponding sum of squares (a1x — RS +ast + a4) +
4A'y + B’y — xwywyy, =0, (30)

2
<a5x +agy + “i{—a]‘t + ag) — 0. But they do not

tend to zero in all directions in R3. According to the
definition in reference [41], u (23) and g (25) can also
be called lump-type solutions.

4 CRE solvability

Based on the CRE method, the solutions of Eq. (1) can
be expanded as

u=uo+uRw),
p = po+ piR (w) + p2R(w)?, (26)
q=q0+qRw),

where R (w) is the solution of the following Riccati
equation

R(w),, = aop + a1 R (w) + a2 R(w)?, (27)

with ag, a; and a, are arbitrary constants. Substituting
the expression (26) with (27) into (1) and collecting
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by introducing notations as

Wy
Al=—, B = 5.
Wy Wy 2 wi

2
Wexx 3 Wi,

Then a Biacklund transformation between the solutions
u, p and g of Eq. (1) and R (w) of Riccati equation
(27) is constructed.

Theorem 4 If function w (x,y,t) is a solution of
Schwarzian form (30), then

_ lalw% + wyx

U=—-—"—"-+4+awxR (W),
2 Wy
_ dwyw; + 2a0a2wx3wy + wywxxy + alwxzwxy — WyyWyx
4wx2

1 1, 2
+ 5 (02wxy +01112wxwy) R(w) + EazwxwyR(w) ,
_ lwx; + ajwywy

g=;——— tawR W),
2 Wy

€19}

is a solution of system (1) with R (w) which is a solution
of the Riccati equation (27).
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Fig.1 (Color online) Lump-type wave (23), (25) and lump wave
24)withay =ag =1,a3 = ag = %,a4:a5 =—l,a9=2.a
Perspective view of the wave u (x, y, 0). b Perspective view of
the wave u (0, y, t). ¢ Perspective view of the wave u (x, 0, ¢).d

5 Solitary wave and soliton—cnoidal wave solutions
of Eq. (1)

5.1 Solitary wave solutions

To obtain the one soliton solutions of Eq. (1), we choose
a tanh-function solution

1 1
Rw) =— 20 |:a1 + /X tanh (Eﬁw)] . (32)

Perspective view of the wave p (x, y, 0). e Perspective view of
the wave p (0, y, t). f Perspective view of the wave p (x,0,7). g
Perspective view of the wave ¢ (x, y, 0). h Perspective view of
the wave ¢ (0, y, t). i Perspective view of the wave ¢ (x, 0, 1)

for Riccati equation (27). According to Theorem 4, we
let

w(x,y,t) =kx+1ly+ ht, (33)

and substitute it into (31), then one has
1
U= Ealk + ar2kR (w) , (34)

@ Springer



Z.Zhao, B. Han

470
4h + 2apark?l ki a2kl
p= apan + ajar R (w) + 2—R(w)2,
4k 2
(35)
a1h
q = T + arhR (w), (36)

which are the solitary wave solutions of Eq. (1). Fig-
ure 2a, c shows the kink-shape solitary waves. The bell-
shape dark solitary wave is shown in Fig. 2b.

5.2 Soliton—cnoidal wave solutions

In order to find the soliton—cnoidal wave interaction
solutions of Eq. (1), we let

w=kx+hy+hit+¥ &), §=kx+hy+hot,
37

é)

d
where V¢ = is a solution of the following ellip-

tic equation
2 _ 2 3 4
Vi = co+c1Ye + oV + 3y + ca, (38)

where ¢; (i = 0---4) are constants. Substituting (37)
with (38) into (29) yields the following set of constrain-
ing equations for ¢;

o= i (((—%)()k]3 + %k2202k1 - %CleS)lz + hoky — h1k2)k1

0 3 YR ,
1 4xbki® + (2k:2hcy — 4ha) ki + 4hiky — ko hey

T3 Lki*kz '

Cq4 = X-

(39)

Since the general solution of (38) can be written out in
terms of Jacobi elliptic functions, one can investigate
the explicit interaction solutions between the soliton
and the cnoidal periodic wave. In what follows, we
offer two special solutions of Eq. (38) to solve Eq. (1).
Case 1
Equation (38) has a simple solution

Ve = o + puisn (mé, n). (40)
Substituting (40) with (39) and conditions cn>=1-

sn? and dn? = 1 — n2%sn? into (38) and vanishing all
the coefficients of powers of sn, one has

@ Springer

c1 = —4po® x + 2pom?*n? + 2puom?,
¢ = 6o x —m*n? —m?,
(2hs + (—1 4+ n?) m*Lka?) m /X + 2xhapo

_2X

by = (mox +myx) ka
_X ’

/1
M1 =/ —mn.
X

Then it leads to the following soliton—cnoidal wave
solutions of Eq. (1)

(41)

Taki + (1o + 11 S) k2)? + uymC Dk
2 ki 4 (o + 1118) ka

1
=5t + o+ k) E, (42)

1
p =7 @i+ o+ mi S k) (b + (o + u1S) h2)

+ 2apaz (k1 + (1o + 118) ka)> (U1 + (o + 1215) I2)

+ (et + (o + 1 ) ko) (—pam® DS — puym?n®C28) Lol
+aipimbkyCD(ky + (o + 111S) k2)?
—im> k3 C2 D) (ki + (o + 11 8) ka) ™

1/1
-~ (= D
2<2u1m12k2C

1
+ P (h + (no + p18) I2) (ki + (no + 1219) kz)) )

1
+§(11 + (o + 1218) b) (k1 + (120 + p1S) k2) B, (43)
g = 1 ymCDkyhy + ay (ki + (o + p1S) k2) (h1 + (po + p1S) ha)
2 ki + (no + p1S) ka
1
=5 (1 + (o + 111 8$) ) E, (44)
where

1
E = <a1 + /X tanh (Eﬁ(qu + 0y + hit

3
—i—/ Mo-i—,lL]Sn(mY,n)dY))),
&o

with ag, ai, az, no, k2, 11, l2, ho and &j are arbitrary
constants, i1, k1 and w1 are given by (41), and S =

sn (m (kyx + by + hat),n), C = cn(m(kgx + Ly
+ h2t>, n> and D = dn (m (kax + Ly + hat) , n).

Case 2
If we take the solution of (38) as

1
by + bysn(mé, n)*’

Ve (45)
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(b) ()

Fig. 2 (Color online) One solitary wave (34), (35) and (36) withag =1, a1 =3, ap =1, k=1, I = % h = 2. a Perspective view
of the wave u (x, y, 0). b Perspective view of the wave p (x, y, 0). ¢ Perspective view of the wave g (x, y, 0)

Substituting (45) with (39) and conditions cn? = 1 — ! ( bnlfaSCD 1, (,q - kb SZ) (,l - Sz)) o
sn? and dn? = 1 — n®sn? into (38) and vanishing all (b1+b25%)° + e
. . 1
the coefficients of powers of sn, we yield +3 ( — b2S2> ( . +b252) o2, (48)
xkiba
m=.\""1 2, 2 2 2.3 3, k1,
dkr“kin*by + dk1kr*by — 4n<ky> — dkrbr“ky
) ko ki (=x)n’
= -, Ccl = )
YT T ko (lekin?by + kikabs — n2ka® — bk %) o)
xki? (kin®ba + k1by — 3kan?)

)= ,

2 ko (k2k1n2b2 + k1koby — n2k22 - b22k12)

N 4h1k22k1n2b2 + 4h1k22b2k1 - 4/’11/(23112 - 4h1k2b22k12 — Xk1512b22

2T 4 (kokin?by + kikaby — n2ky® — by ki2) ky '
Therefore, we obtain the following soliton—cnoidal
wave interaction solutions of Eq. (1) 1 mbykahy SCD ko -

=3 (7 (b1 + b252)? ( by +b2S2>
2 u _hm W)L _h 4
oot - ) o b)) b @
1 e where
k. N\ ] ke 1
X<k‘+b1+sz2) 2(k'+b|+bzsz>®’ “47) ® = <a1+ﬁtanh (Eﬁ(k1x+lly+h1t

r= Alt(“(kl h +k§7282> I<h1 +”1Jflﬁ) + /S (b1 + by(sn (mY. n))z)_ldy>>>
o

+2apas (ki + —2 I L
a0 ! by + b252 bl + szz

ks ~1 with ag, ai, a2, ba, ki, k2, 11, [, h1 and &j are arbitrary
+12k%(k1 + m) constants, by, h and m are given by (46), and S =
862m2S2C2D?  2bym2S2D? + 2bym?n?S2C2 — 2bym?C? D? sn (m (kox +bLy + hot),n), C = cn(m (kzx + by

x ( (b1 + b252)° (b1 + br52) ) + hzt), n) and D = dn(m(kzx +bLy+ hzt), n)
2a1bymbyks SCD ke \ "2 4BmALidS2C2 D2 The soliton—cnoidal wave solutions describe the
(b1 + b52)° ( by +b252) (b1 + ba5?)’* ) solitons moving on the cnoidal wave background.
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0.8 0.8
0.6 0.6
u 0.4 041
] o.2f
T T 1 r T /\ 1 T
-20 —10 7o 10 0 20 —10 \/ 0 20 10 0
~0.21 X -9.24 —0.2] t
-0.41 041 -0.41
~0.61 -0.6 -0.6
-0.81 -0.81 -0.8
(a) (b) (c)
10 20
t
-20 —10 0 10 20 20 107 10 20 20 -0 0 10 20
X y t
~0.5 ~0.5 -0.51
—1 1 1
(g (h) ()

Fig. 3 (Color online) Soliton—cnoidal wave u(x,y,t) (42),
p(x,y,t) (43) and g(x, y,t) (44) withm =1, n = %, ky =
L=l hL=-3 h=1 =43 a=1a =3,
ay = 2, & = 0. a The wave along the x axis u(x, 0,0). b The
wave along the y axis u(0, y, 0). ¢ The wave along the ¢ axis

These solutions are useful in studying atmospheric
dynamics and other physical fields [14]. In Fig. 3a,
b, ¢, we plot an interaction solution (42) between the

@ Springer

u(0, 0, t). d The wave along the x axis p(x, 0, 0). e The wave
along the y axis p(0, y, 0). f The wave along the ¢ axis p(0, 0, ).
g The wave along the x axis g (x, 0, 0). h The wave along the y
axis ¢ (0, y, 0). i The wave along the ¢ axis ¢(0, 0, 1)

kink-shape solitary wave and the cnoidal periodic wave
withm =1, n =3, k=11 =1 5L =
—3. h=1 p=1% a=1a =3a=2

B[ —
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Fig. 4 (Color online) Soliton—cnoidal wave withm =1, n =

k=1 1l=1b=-3 h=1 p=3% a=1,

a; = 3,a; = 2, = 0. a Perspective view of the wave

and &y = 0. Figure 3d—f shows that the solution (43)
presents a soliton residing on a cnoidal periodic wave.
Figure 3g—i exhibits the dynamic behavior of ¢ (x, y, 1)
(44) is similar to u(x, y, t) (42). To show the interac-
tion between soliton wave and cnoidal periodic wave,
three-dimensional plots of u (42), p (43) and g (44) are
plotted, which can be seen in Fig. 4a—c, respectively.

6 Conclusions

In this paper, we have analyzed a (2 + 1)-dimensional
nonlinear system, which can be considered as a gener-
alization of the sine-Gordon equation to 2 + 1 dimen-
sions. The residual symmetry and a Bicklund trans-
formation of this system are obtained by virtue of the
truncated Painlevé expansion. The residual symmetry
is the nonlocal symmetry. The nonlocal symmetry can-
not be used to construct the new solutions directly. Thus
a prolonged system is introduced to localize the non-
local symmetry to a Lie point symmetry. The multi-
ple residual symmetries and the nth Béacklund trans-
formation in terms of determinant are obtained. Some
new multiple wave solutions through the nth Béacklund
transformation have been derived. It is interesting that
we have found lump and lump-type solutions by using
Bécklund transformation from the truncated Painlevé
expansion. Lump wave can be used to describe non-
linear wave phenomena in oceanography and nonlin-
ear optics. The (2 + 1)-dimensional nonlinear system
is CRE solvable. Two types special solutions of ellip-
tic equation are used to construct soliton—cnoidal wave
solutions. Investigating soliton—cnoidal wave interac-

u (x,y,0). b Perspective view of the wave p (x, y, 0). ¢ Per-
spective view of the wave g (x, y, 0)

tion solutions is helpful in studying many important
physical phenomena, such as tsunami, periodic shallow
water waves and fermionic quantum plasma. Applying
the truncated Painlevé expansion and CRE method to
the high-dimensional systems of differential equations
much more difficult than (1 + 1)-dimensional single
equation. It is hopeful that the results of this paper will
be useful in understanding and explaining the related
physics and the nonlinear dynamics theories.
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