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Abstract For any linear dynamical system coupled
with one or more nonlinear dynamical attachments,
the effect of nonlinear energy content on modal damp-
ing variations of the entire system has not been clearly
addressed in the literature.Accordingly, a novelmethod
is employed here to formulate the amplitude-dependent
modal damping matrix for such nonlinear dynami-
cal systems using an amplitude-dependent stiffness
approach. The proposed method is directly applied
into the equations of motion where numerical and ana-
lytical solutions are not required to be known a pri-
ori. This advantage is highly desirable to study the
dynamical behavior of nonlinear dynamical systems by
direct application of methods into equations of motion.
Accordingly, the modal damping content variations
under the effect of amplitude-dependent stiffness are
investigated here. The method is based on lineariz-
ing the nonlinear coupling stiffness where a scaled
amplitude-dependent stiffness has been obtained to
replace the original nonlinear coupling stiffness in the
system. Accordingly, the amplitude-dependent modal
damping matrix in modal coordinates is obtained and
investigated. Consequently, new significant findings
regarding modal damping content variations under the
effect of the change in nonlinear energy during oscilla-
tion are achieved through this study. Furthermore, the
nonlinear amplitude-dependent modal damping matrix
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of the equivalent system is found to be satisfying all
matrix similarity conditions with the linear amplitude-
independent modal damping matrix of the original sys-
tem. These findings are expected to be of significant
impact on passive nonlinear targeted energy transfer
for shock mitigation and energy-harvesting fields.

Keywords Nonlinear dynamical systems · Frequency-
energy dependence · Nonlinear frequency · Nonlinear
stiffness · Nonlinear modal damping content

1 Introduction

Appearance of nonlinear coupling stiffness compo-
nents in single- or multi-degree-of-freedom linear
dynamical systems significantly affects the dynami-
cal behavior of such systems. Most of the studies in
the literature have focused on introducing different
methods for obtaining frequency-energy dependence
and approximate solutions to conservative and non-
conservative nonlinear oscillators.

For all nonlinear dynamical systems, the frequen-
cies become amplitude- and energy-dependent quanti-
ties. The dynamical behavior of nonlinear frequencies
has been well studied via various analytical and numer-
ical techniques in the literature, especially through the
frequency-energy plots (FEPs) [1–5]. These FEPs have
been obtained via numerical integration continuation
methods where the underlying dynamic in the consid-
ered systems has been clearly revealed through these
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FEPs. The conservative versions of nonlinear systems
were usually considered for studying the nonlinear fre-
quency content. For such conservative dynamical sys-
tems, like the duffing oscillator or any linear system
attached to it, several analytical and numerical methods
were also proposed to study the nonlinear frequency-
energy behavior in such systems [6–19]. Themost com-
monmethods employed in the literature to approximate
frequencies and periodic solutions of these systems are
the perturbation and multiple-timescale methods [6,7].
In addition, the harmonic balance method in [6–13],
homotopy perturbation method [14–16], and Krylov–
Bogoliubov [17] were also employed with such nonlin-
ear oscillators. Most of these studies have focused on
the odd-power stiffness components in the nonlinear
coupling force in single- or multi-degree-of-freedom
undamped systems. However, for the damped nonlin-
ear systems with odd-power stiffness components, sev-
eral studies have provided excellent approximations
for the solutions, nonlinear frequencies, and the ampli-
tudes decays [17–24]. The coupling force with non-
negative real-power stiffness components in nonlinear
system has been addressed in another series of publi-
cations for conservative and neoconservative systems
[25–29]. In these studies, methods of solutions and
amplitudes decay relations were introduced. However,
finding exact solutions for non-conservative nonlinear
dynamical systems is still a challenging task in the
field, especially for multi-degree-of-freedom nonlinear
dynamical systems.

It is highly desirable to introduce analytical methods
that can be directly applied into equations of motion of
non-conservative nonlinear dynamical systems where
numerical simulation response is not required to be
obtained a priori. However, the need of introducing a
methodology to study the effect of nonlinear stiffness
components in dynamical systems on their entiremodal
damping content during oscillation is one of challeng-
ing problems in nonlinear dynamics. Therefore, the
exact scaling parameter derived in [30,31] has made
it possible to develop a method to study the effect of
incorporating nonlinear stiffness components in linear
dynamical systems on their modal damping content
during oscillation. This scaling parameter was origi-
nally derived to replace the original nonlinear stiffness
by an exact equivalent time-dependent stiffness to gen-
erate plots of frequency versus nonlinear energy con-
tent where numerical simulation response was required
for the method application. Here, the method is fur-

ther developed to become amplitude-dependent stiff-
ness rather than time-dependent stiffnesswhere numer-
ical simulation is not required to be known a priori.
Consequently, the amplitude-dependent modal damp-
ing matrix of the entire nonlinear dynamical system
becomes obtainable. Consequently, the obtainedmodal
damping coefficients are plotted with respect to non-
linear energy content in the system to investigate the
effect of nonlinear stiffness components on the full
system. Significant findings andmathematical relation-
ships have been reached through this study regarding
modal damping content variations which are expected
to be of noticeable impact on nonlinear targeted energy
transfer (TET) fields (i.e., shock mitigation and nonlin-
ear energy harvesting) and other nonlinear dynamical
applications.

2 Method description

In [30], a time-dependent stiffness method was pro-
posed for extracting backbone branches in the frequen-
cy-nonlinear-energy plot (FNEP) where numerical
solution was required to be employed with the method.
Here, the method is further developed to be amplitude-
dependent stiffness method rather than time-dependent
stiffnessmethod.Therefore, it becomesdirectly applied
into equations of motion where numerical integration
of equations of motion is not required to be known a
priori. Accordingly, the nonlinear coupling stiffness is
replaced here by a scaled amplitude-dependent stiff-
ness rather than time-dependent stiffness. This modifi-
cation has made it possible here to replace the original
nonlinear dynamical system at each amplitude in the
nonlinear spring by an equivalent amplitude-dependent
linear system. Therefore, the transformation intomodal
coordinates at each amplitude in the nonlinear spring
is directly obtained to study the variations of modal
damping content in the original nonlinear system. It is
found that in [30] there should be a scaling parame-
ter to preserve the equivalency between potential ener-
gies of the amplitude-dependent linearized coupling
force and the original nonlinear force.Otherwise, direct
replacement of the nonlinear coupling stiffness with
amplitude-dependent stiffness at each amplitude in the
nonlinear spring does not preserve the equivalency
between potential energies without that scaling param-
eter. Obtaining such scaling parameter has made it pos-
sible to linearize the nonlinear coupling force, which
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makes the method to be directly applied into the equa-
tions of motion. This parameter has been represented
by δ, and itsmathematical formulawas obtained in [30]
as

δ = 2

π (p + 1)

⎛
⎝ Γ

(
1

p+1

)

Γ
(

p+3
2(p+1)

)
⎞
⎠

2

(1)

where δ = 1 only for p = 1. Otherwise, δ > 1 for
p > 1.

For the application of the proposed method to study
the modal damping content in nonlinear systems, the
duffing equation of purely odd-power stiffness restor-
ing force is firstly reconsidered here for more demon-
stration, which is expressed as

mz̈ + λż + knlz
p = 0, (2)

where λ is the damping coefficient, knl is the nonlinear
stiffness coefficient, and p is a nonnegative odd power.
Therefore, the nonlinear force in Eq. (2) is replaced
by an equivalent scaled amplitude-dependent stiffness
k (Z) Z at each value of Z (amplitude change in the
nonlinear spring) of the nonlinear spring as

knl
δ
Z P ≡ k (Z) Z (3)

Therefore, the exact amplitude-dependent frequency in
[26] is rewritten in terms of δ and Z as

Ω (Z) =
√

knl
mδ

Z

(
p−1
2

)
(4)

Now, it becomes possible at each value of Z to represent
the amplitude-dependent stiffness by

k (Z) = 1

δ
knlZ

P−1 where Ω (Z) =
√
k (Z)

m
(5)

The amplitude-dependent equivalent system to the
original system in Eq. (2) is now expressed in either of
the following equations

mz̈ + λż + δ k (z) z = 0

z̈ + αż + δ Ω2 (z) z = 0 (6)

where α = λ/m. This equivalent amplitude-dependent
system actually preserves the exact frequency content
and response of the original system in Eq. (2). The
numerical simulation responses of the original system
inEq. (2) and the equivalent system inEq. (6) are shown
in Fig. 1 for an arbitrary physical parameters set of
m = 20 kg, λ = 2 N s/m, knl = 6000 N/m3, and p =
3. Therefore, the equivalent system is found retrieving
the exact response and frequency of the original system
as shown at δ = 1.3932.

3 Application with nonlinear
multi-degree-of-freedom dynamical systems

The proposed amplitude-dependent stiffness method
is applied to a multi-degree-of-freedom linear sys-
tem coupled with a nonlinear attachment as shown in
Fig. 2. Accordingly, for the relative displacement Z =
xN − xN−1 between the masses MN−1 andm, the non-
linear coupling stiffness is replaced by k (Z) according
toEq. (5). Therefore, the amplitude-dependent stiffness
matrix of the system is updated at each value of Z as

Keq (Z)

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

k1 + k2 − k1
− k1 k2 + k3 − k3 0

. . .
. . .

. . .

− k j k j + k j+1 − k j+1
. . .

. . .
. . .

0 − kN−1 kN−1 + k (Z) − k (Z)

− k (Z) k (Z)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(7)

Consequently, for each value of Z in a selected range of
initial relative amplitudes between the masses MN−1

and m, the corresponding modal matrix � (Z) is
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Fig. 1 Comparison
between the responses of
the exact system in Eq. (2)
and its equivalent
amplitude-dependent
stiffness system in Eq. (6) at
δ = 1.3932

obtained from the eigensolutionofM− 1/2K (Z)M− 1/2.
Therefore, the amplitude-dependent frequencies of the
fundamental backbone branches of the system are
obtained from

Ω (Z) =
(
� (Z)T M− 1/2K (Z)M− 1/2� (Z)

)1/2

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ω1 (Z)

Ω2 (Z) 0
. . .

Ω j (Z)

. . .

0 ΩN−1 (Z)

ΩN (Z)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(8)

The corresponding amplitude-dependent modal damp-
ing matrix is obtained as

λ (Z) = � (Z)T M− 1/2DM− 1/2� (Z) (9)

where D is the linear physical damping matrix of the
original system (including λN ) .

4 Application with LO-NES system

The method is applied here to the two-degree-of-
freedom system shown in Fig. 3. This system is com-
posed of a linear oscillator (LO) and a nonlinear energy
sink (NES). The NES is a small coupled mass to the

linear system that performs a nonlinear targeted energy
transfer (TET) [1] of significant portion of the input
energy induced into the linear structure to be dissipated
by its local damping. The considered LO-NES system

in Fig. 3 is governed by the following equations of
motion:[

M 0
0 m

] [
ü
v̈

]
+

[
λ1 + λ2 − λ2
− λ2 λ2

] [
u̇
v̇

]

+
[
k1 0
0 0

] [
u
v

]
+

[− knl (v − u)p

knl (v − u)p

]
=

[
0
0

]

(10)

where

M =
[
M 0
0 m

]
, D =

[
λ1 + λ2 − λ2
− λ2 λ2

]
and q =

[
u
v

]

According to Eq. (5), the amplitude-dependent stiff-
ness matrix in Eq. (7) is rewritten for this LO-NES
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Fig. 2 Multi-degree-of-
freedom discrete
spring-mass system coupled
with a nonlinear attachment

system as

Keq (Z) =
[
k1 + k (Z) − k (Z)

− k (Z) k (Z)

]
(11)

where k (Z) is calculated by k (Z) = knlZ P−1/δ for
the preselected range of relative displacements between
the LO and the NES masses (i.e., Z = v − u).
The instantaneous amplitude-dependent natural fre-
quencies and damping coefficients are, respectively,
obtained in modal coordinates at each value of Z as

Ωnl (Z) =
(
� (Z)T M− 1/2K (Z)M− 1/2� (Z)

)1/2

=
[

Ω1 (Z) 0
0 Ω2 (Z)

]
(12a)

λnl (Z) =
[

λnl,11 (Z) λnl,12 (Z)

λnl,21 (Z) λnl,22 (Z)

]

= � (Z)T M− 1/2DM− 1/2� (Z) (12b)

Therefore, the equivalent system of amplitude-
dependent stiffness and amplitude-dependent modal
damping matrices is expressed in modal coordinates
as[

1 0
0 1

] [
ÿ1
ÿ2

]
+

[
λnl,11 (Z) λnl,12 (Z)

λnl,21 (Z) λnl,22 (Z)

] [
ẏ1
ẏ2

]

+
[

Ω2
1 (Z) 0
0 Ω2

2 (Z)

] [
y1
y2

]
=

[
0
0

]
(13)

where y = [y1 y2]T = � (Z)T M1/2 [u v]T and
� (Z) is the amplitude-dependentmodalmatrix obtain-
ed at each value of Z from the eigensolution ofM− 1/2

K (Z)M− 1/2. The obtained instantaneous frequencies
from Eq. (12a) can be used to generate the fundamen-
tal backbones of the system where these frequencies
are plotted with respect to the corresponding nonlin-
ear potential energies in the nonlinear coupling spring
which is given by

Enl
pe (Z) = knl

p + 1
Z P+1 (14)

Fig. 3 Linear oscillator (LO) coupled with a nonlinear energy
sink (LO-NES system)

To study the robustness of the proposed method in pre-
dicting the effect of nonlinear energy content in the non-
linear spring on amplitude-dependent modal damping
variations, an arbitrary physical parameters of the con-
sidered LO-NES system in Fig. 3 are selected for both
analytical and numerical analyses as M = 1 kg, k1 =
1 N/m, λ1 = 0.02 N · s/m,m = 0.05 kg, λ2 =
0.002 N · s/m, knl = 1 N/m3, and p = 3. At p = 3,
the value of the scaling parameter is found here to be
δ = 1.3932. Accordingly, the exact nonlinear force
knl (v − u)p at each value of Z = v − u is replaced
by the equivalent scaled amplitude-dependent stiff-
ness force for both analytical and numerical investi-
gations as k (Z) Z = knl

δ
Z P = 0.71777knlZ P , where

k (Z) = 0.71777knlZ P−1. In addition, the system in
Fig. 3 is also consideredwith the previously given phys-
ical parameters for the linear case of p = 1by assuming
k1 ≡ knl in the numeric value. For this reference sys-
tem, the amplitude-dependentmodalmatrix is obtained
as

λLin (Z) = � (Z)T M− 1/2DM− 1/2� (Z)

=
[

λLin,11 (Z) λLin,12 (Z)

λLin,21 (Z) λLin,22 (Z)

]

=
[
0.0190 0.0040
0.0040 0.0430

]
(15)

The abovedampingmatrix is an amplitude-independent
modal damping matrix since for p = 1 the system is
linear. However, for p = 3, both stiffness and damp-
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ing matrices become amplitude-dependent matrices as
previously given in Eq. (12). The amplitude Z in the
nonlinear coupling spring is now varied for the range
0 ≤ Z ≤ 4, where for each value of Z , Eqs. (11),
(12), and (14) are evaluated to generate the results in
Fig. 4, of which the numerical simulation solution is
not required. In this figure, the damping coefficients
obtained from Eq. (12b) for p = 3 and from Eq. (15)
for p = 1 are plotted. It is discovered by this fig-
ure that the modal damping content in the nonlinear
system is strongly affected by the nonlinear potential
energy variations during the NES mass oscillation. In
addition, when the relative displacement of the NES
mass is high, the instantaneous damping content in the
LO-NES system gets closer to that of the correspond-
ing reference linear system at k1 ≡ knl. However, the
damping content in the LO-NES system starts to signif-
icantly deviate from that of the corresponding reference
linear system at intermediate and low relative displace-
ments of the NES as shown. This figure is named here
as modal damping nonlinear energy plot (MDNEP).

The observations in Fig. 4 are further investigated
in Figs. 5 and 6. The sums of diagonal damping coef-
ficients in λLin (Z) for p = 1 of the reference lin-
ear system and for λnl (Z) for p = 3 of the non-
linear system are found to be exactly equal accord-
ing to Fig. 5a and the corresponding error calcula-
tion in Fig. 5b. It is also found that the determinants
of the modal damping matrices of both linear refer-
ence system in Eq. (15) and the nonlinear system in
Eq. (12b) are exactly equal according to the results
shown in Fig. 6a and the corresponding error calcu-
lation in Fig. 6b. Therefore, it is interesting to find out
that the nonlinear amplitude-dependent modal damp-
ing matrix λnl (Z) satisfies all matrix similarity con-
ditions with the constant amplitude-independent linear
modal damping matrix λLin (Z) such that both matri-
ces have similar determinant, trace (the sumof diagonal
elements), rank, and eigenvalues. These findings yield
a mathematical equation of a circle at which plot of
diagonal damping coefficients against the anti-diagonal
damping coefficient appears. Accordingly, the related
mathematical relations are obtained as

λnl,11 + λnl,22 = λLin,11 + λLin,22

Rλ = 1

2

√(
λLin,22 − λLin,11

)2 + 4λ2Lin,12

Cλ = 1

2

(
λLin,11 + λLin,22

)

(
λ−
nl,11Cλ

)2 + λ2nl,12 = R2
λ

(
λ−
nl,22Cλ

)2 + λ2nl,12 = R2
λ (16)

where Rλ and Cλ are the radius and the center of the
damping projection circle, respectively. Consequently,
for the given physical parameters of the system in
Fig. 3, the following mathematical relations between
the reference linear system modal damping and the
amplitude-dependent modal damping of the nonlinear
system for any initial condition are obtained as

Rλ = 1

2

√(
λLin,22 − λLin,11

)2 + 4λ2Lin,12 = 0.0123

Cλ = 1

2

(
λLin,11 + λLin,22

) = 0.031

λnl,11 + λnl,22 = 0.062
(
λ−
nl,110.031

)2 + λ2nl,12 = 1.52 × 10− 4

(
λ−
nl,220.031

)2 + λ2nl,12 = 1.52 × 10− 4 (17)

To verify relation Eq.(17), the diagonal damping
coefficients are plotted against the anti-diagonal damp-
ing coefficient inλLin (Z) for p = 1of the linear system
and in λnl (Z) for p = 3 of the nonlinear system where
these plots coincide with the exact circle obtained from
Eq. (17) as shown in Fig. 7.

The above findings are further verified here for the
system at p = 1 and p = 3 via numerical simulation
response. The response of displacements and veloci-
ties of the LO-NES system are obtained via numerical
simulation for the previously given physical parame-
ters at u(0) = 0, v(0) = 4, and u̇(0) = v̇(0) = 0. The
relative displacement Z is evaluated at each time step
according to the exact values of u (t) and v (t) obtained
by numerical integration, where Z = u (t) − v (t). At
each value of Z , Eqs. (11), (12), (14) are again eval-
uated according to the numerical simulation response.
Consequently, the obtained numerical simulation diag-
onal damping coefficients are plotted against the anti-
diagonal coefficient in λnl (Z) in Fig. 8 together with
their corresponding coefficients obtained via analyti-
cal amplitude-dependent stiffness method. It is found
that the obtained damping coefficients by the analyt-
ical amplitude-dependent stiffness method and those
obtained via numerical simulation are exactly similar
and generate similar semicircular curves.

For further verification, the energy dissipation by
the amplitude-independent physical damping matrixD
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Fig. 4 Plots of damping
coefficients of the
amplitude-dependent modal
damping matrix in Eq. (12b)
at p = 3 and the
amplitude-independent
modal damping matrix in
Eq. (15) for p = 1 versus
the corresponding nonlinear
energy in the nonlinear
coupling spring

Fig. 5 Plots for the sum of
diagonal damping
coefficients of the
amplitude-dependent modal
damping matrix in Eq. (12b)
at p = 3 and the
amplitude-independent
modal damping matrix in
Eq. (15) for p = 1 versus
the corresponding nonlinear
energy in the nonlinear
coupling spring in (a) and
the corresponding error in
(b)

Fig. 6 Plots for
determinants of the
amplitude-dependent modal
damping matrix in Eq. (12b)
at p = 3 and the
amplitude-independent
modal damping matrix in
Eq. (15) for p = 1 versus
the corresponding nonlinear
energy in the nonlinear
coupling spring in (a) and
the corresponding error in
(b)
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Fig. 7 Plots for the
diagonal modal damping
coefficients versus the
anti-diagonal modal
damping coefficient of the
amplitude-dependent modal
damping matrix in Eq. (12b)
at p = 3 and the
amplitude-independent
modal damping matrix in
Eq. (15) for p = 1

and that by the amplitude-dependent modal damping
matrix λnl (Z) are calculated from

Ediss (t) = q̇ (t)T D q (t)

Ēdiss (t) = ẏ (t)T λnl (Z (t)) y (t) (18)

where the results are shown in Fig. 9. It is found that the
curves ofEdiss (t) and Ēdiss (t) are exactly similar. This
is also observed in Fig. 10 for the corresponding accu-
mulated energy dissipation. Therefore, regardless of
the oddpower stiffness p value, the physical parameters
of the system and the initial condition, the robustness
of the analytical amplitude-dependent stiffness method
in accurate prediction of damping and frequency vari-
ations is not affected. This method is directly applied
into the equations of motion where the numerical sim-
ulation solution is not required to be known a priori.

5 Application with a nonnegative real-power
coupling stiffness

The proposed amplitude-dependent stiffness method
described in previous sections with examples is also
applicable to nonlinear systems with a nonnegative
real-power coupling stiffness (i.e,p > 0). Same deriva-
tion steps here and in [30] lead to the same formula for
the scaling parameter δ, which was given in Eq. (1) at
which amplitude-dependent stiffness is expressed by
Eq. (5). For some values of nonnegative real-power
stiffness, the results are shown in Fig. 11 for p = 4/3
at which δ = 1.0647 and in Fig. 12 for p = 2 at
which δ = 1.1953 using similar initial condition and
physical parameters of the previously considered LO-
NES system. Exactly similar observations are obtained
regarding modal damping variations under the effect

of nonlinear potential energy change in the nonlinear
spring. To avoid repetition, similar to the nonnegative
odd-power stiffness in the LO-NES example in the pre-
vious section, the results for nonnegative real-power
stiffness are found to be of the same robustness regard-
less of the initial condition and system physical param-
eters.

6 Application with two-story structure-NES
system

Here, the real two-story structure-NES system in [32]
is considered, which is shown in Fig. 13 to verify the
robustness and applicability of the proposed amplitude-
dependent stiffness method with real physical systems.
The mass of the bottom floor of this structure is 24.3
kg, the mass of the top floor is 24.2 kg, and the mass
of the NES is 2 kg.

The equations of motion of this structure-NES sys-
tem are expressed in matrix form according to its iden-
tified physical parameters as

M ẍ + D ẋ + K x = F (19)

whereM is themassmatrix,D is the dampingmatrix,K
is the stiffness matrix, F is the nonlinear coupling force
vector, x = [x1 x2 x3]T is the vector of displace-
ment, x1 is the bottom floor displacement, x2 is the top
floor displacement, and x3 is the NES mass displace-
ment. The NES mass is coupled with the top floor via
a nonlinear coupling cubic stiffness spring. This cubic
stiffness is realized via a spring which is attached to be
perpendicular to the oscillation direction of the struc-
ture as shown in Fig. 13. The matrices in Eq. (19) of

123



Modal damping variations in nonlinear dynamical systems 2573

Fig. 8 Plots for analytical
and numerical diagonal
damping coefficients versus
the anti-diagonal damping
coefficient of the
amplitude-dependent
damping matrix
in Eq. (12b) at
p = 3, u(0) = 0, v(0) = 4,
and u̇(0) = v̇(0) = 0

Fig. 9 Instantaneous
energy dissipation by the
physical
amplitude-independent
damping matrix D and the
amplitude-dependent modal
damping matrix λnl (Z)

versus the simulation time

Fig. 10 Accumulated
energy dissipation by the
physical
amplitude-independent
damping matrix D and the
amplitude-dependent modal
damping matrix λnl (Z)

versus the simulation time
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Fig. 11 Plots for the
diagonal damping
coefficients versus the
anti-diagonal damping
coefficient of the
amplitude-dependent
damping matrix in Eq. (13)
at p = 4/3 and the
amplitude-independent
damping matrix in Eq. (15)
for p = 1

Fig. 12 Plots for the
diagonal damping
coefficients versus the
anti-diagonal damping
coefficient of the
amplitude-dependent
damping matrix in Eq. (13)
at p = 2 and the
amplitude-independent
damping matrix in Eq. (15)
for p = 1

the physical parameters of this structure-NES system
in [32] at p = 3 are expressed as

M =
⎡
⎣
24.3 0 0
0 24.2 0
0 0 2

⎤
⎦ kg,

K =
⎡
⎣
15.04 − 8.22 0
− 8.22 8.22 0

0 0 0

⎤
⎦ × 103 N/m, and

F =
⎡
⎣

0
knl (x3 − x2)p

− knl (x3 − x2)p

⎤
⎦ N

where the cubic stiffness coefficient is knl = 3.2 ×
105 N/m3. However, the matrices of the physical
parameters for the reference linear system at p = 1
which is employed with the amplitude-dependent stiff-
ness method are expressed as

M =
⎡
⎣
24.3 0 0
0 24.2 0
0 0 2

⎤
⎦ kg,

K =
⎡
⎣

15.040 − 8.220 0
− 8.220 328.220 − 320

0 − 320 320

⎤
⎦ × 103 N/m, and

F =
⎡
⎣
0
0
0

⎤
⎦ N

The physical damping matrix is the same for both
cases of p = 1 and p = 3, which is expressed as

D =
⎡
⎣

1.2155 − 0.2951 0
− 0.2951 2.9679 − 2.0000

0 − 2.0000 2.0000

⎤
⎦ N s/m

The amplitude-dependent modal damping matrix for
the nonlinear system at p = 3, which is analogous
to that in Eq. (12b), is calculated according to the
amplitude-dependent stiffness method at each value of
Z as

λnl (Z) = � (Z)T M− 1/2DM− 1/2� (Z)

=
⎡
⎣

λnl,11 (Z) λnl,12 (Z) λnl,13 (Z)

λnl,21 (Z) λnl,22 (Z) λnl,23 (Z)

λnl,31 (Z) λnl,32 (Z) λnl,33 (Z)

⎤
⎦ (20)
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Fig. 13 Lab scale two-story dynamical structure-NES system
[32]

The amplitude-independent modal damping matrix for
the reference linear system at p = 1, which also is
analogues to that in Eq. (15), is calculated as

λLin (Z) = � (Z)T M− 1/2DM− 1/2� (Z)

=
⎡
⎣

λLin,11 (Z) λLin,12 (Z) λLin,13 (Z)

λLin,21 (Z) λLin,22 (Z) λLin,23 (Z)

λLin,31 (Z) λLin,32 (Z) λLin,33 (Z)

⎤
⎦

=
⎡
⎣

0.0301 − 0.0010 0.0070
− 0.0010 0.0568 0.0078
0.0070 0.0078 1.0857

⎤
⎦ (21)

The modal damping matrices in Eqs. (20) and (21)
are always symmetric in modal coordinates. At the pre-
viously identified physical parameters, the results of
diagonal modal damping coefficients and the absolute
values of the anti-diagonal modal damping coefficients
in Eq. (20) together with those of the reference linear
system in Eq. (21) are plotted in Fig. 14 with respect
to the nonlinear potential energy and in Fig. 15 with
respect to the relative displacement of the NES mass.
Similar to systems in the previous sections, the signifi-
cant effect of nonlinear coupling stiffness in the system
on modal damping content is clear in these figures.

It is also found here that all matrix similarity con-
ditions between λnl (Z) in Eq. (20) and λLin (Z) in
Eq. (21) are satisfied such that both matrices have simi-

lar determinant, trace (sumof diagonal elements), rank,
and eigenvalues. These findings of the real two-story
structure-NES system strongly support the robustness
of findings and conclusions obtained in previous sec-
tions for the two considered systems with arbitrary val-
ues of stiffness power, mass, damping, and stiffness.
Unlike the considered systems in the previous sections,
plotting diagonal modal damping coefficients against
anti-diagonal coefficients should not necessarily pro-
duce a unique damping projection circle, since the sys-
tem here has six different amplitude-dependent modal
damping coefficients.

Again, Eq. (19) is used for numerical simulation
to obtain the instantaneous energy dissipation Ediss(t)
in the physical structure-NES system using the lin-
ear physical damping matrix D and then by using
the amplitude-dependent modal damping matrix in
Eq. (20) to obtain the corresponding Ēdiss(t) for accu-
racy comparison. The obtained results are shown in
Fig. 16a, where it is found that the curves of Ediss(t)
and Ēdiss(t) are exactly similar according to the error
calculation in Fig. 16b. Therefore, regardless of the size
of the system, the odd-power stiffness p value, phys-
ical parameters, and initial condition, the analytical
amplitude-dependent stiffnessmethod is again accurate
in predicting damping variations in nonlinear dynami-
cal systems.

The fundamental backbone branches in the FNEP
in [30] have been obtained according to the time-
dependent stiffness method where numerical integra-
tion of equations of motion was required. However,
such backbone branches can be accurately obtained
here using the amplitude-dependent stiffness method,
where the solution via numerical integration is not
required to be known a priori. Therefore, the three fun-
damental backbone branches for the considered two-
story structure-NES system are obtained in Fig. 17 by
plotting the frequencies calculated according to Eq. (8)
with respect to the nonlinear potential energy Enl

pe (Z)

given in Eq. (14). At the same figure, the exact frequen-
cies obtained by the shooting method in [1–4] through
the numerical integration of the original system inphys-
ical coordinates are also shown. Excellent agreement is
observed between the backbones obtained by the pro-
posed amplitude-dependent stiffness method with the
exact backbones obtained by the shooting method via
the numerical simulation.

Finally, it has been found through this study that
the proposed method which is directly applied into the
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Fig. 14 Plots of damping
coefficients for the
amplitude-dependent modal
damping matrix in Eq. (20)
at p = 3 and the
amplitude-independent
modal damping matrix in
Eq. (21) for p = 1 versus
the corresponding nonlinear
energy in the nonlinear
coupling spring

Fig. 15 Plots of damping
coefficients for the
amplitude-dependent modal
damping matrix in Eq. (20)
at p = 3 and the
amplitude-independent
modal damping matrix in
Eq. (21) for p = 1 versus
the corresponding relative
displacement of the NES
mass

Fig. 16 Instantaneous
energy dissipation by the
physical
amplitude-independent
damping matrix D and the
amplitude-dependent modal
damping matrix λnl (Z)

versus the simulation time
in (a) and the corresponding
error calculation in (b)
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Fig. 17 Exact and
amplitude-dependent
stiffness fundamental
backbone branches versus
the energy in the nonlinear
coupling spring for the
two-story structure-NES
system

equations of motion of nonlinear systems (the solu-
tion is not required to be known a priori) is capable
of providing significant information about the nonlin-
ear dynamical behavior in modal damping content and
nonlinear frequencies.

7 Concluding remarks

Amplitude-dependent stiffness method is employed
here for studying dependence of modal damping con-
tent on nonlinear energy content in nonlinear dynam-
ical systems. The method is directly applied into the
equations of motion of the considered dynamical sys-
tems where the numerical simulation solution is not
required to be known a priori. The success of appli-
cation of the proposed method is based on finding
the scaling parameter to the amplitude-dependent stiff-
ness, which significantly helped in studying the effect
of nonlinear stiffness on modal damping content of
such nonlinear dynamical systems. Accordingly, sev-
eral new findings have been reached regarding modal
damping content variations under the effect of appear-
ance of nonlinear coupling stiffness in the considered
systems. The robustness of the proposed analytical
method in determining the energy-dependent modal
damping and frequencies has been verified via numer-
ical simulation for three different considered exam-
ples. The comparison between analytical and numer-
ical simulation results show that the proposed ana-
lytical method is very close to be exact in predict-
ing the effect of nonlinear energy content within the

system on both modal damping and modal frequen-
cies.
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