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Abstract This paper studies a novel adaptive fixed-
time sliding mode attitude tracking control for a
submarine-launched missile, which is affected by sea
winds, sea waves, ocean currents and other distur-
bances during the water-exit process. Firstly, the non-
linear water-exit dynamic model of the submarine-
launched missile is established, and then it is trans-
formed into a simple second-order attitude track-
ing system. Subsequently, a novel non-singular fixed-
time fast terminal sliding mode surface (NFFTSMS)
with fixed-time convergence is presented, and the pre-
established settling time is also developed. Moreover,
a novel adaptive non-singular fixed-time fast termi-
nal sliding mode control (ANFFTSMC) is presented
by employing a fixed-time disturbance observer, a
fixed-time differentiator and the proposed NFFTSMS.
Closed-loop stability of the proposed controller is
proved by utilizing the Lyapunov methodology. Finally,
numerical simulations including two typical launch tra-
jectories of the missile are carried out to demonstrate
the strong robustness of the proposed control scheme.
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1 Introduction

The submarine-launched missile, one of the most crit-
ical parts of the triad nuclear powers for every country,
plays a crucial role in military strategies. The launching
point of the submarine-launched missile is random in
the presence of high-speed maneuver of the submarine
underwater [1]. Meanwhile, the seawater is a strong
barrier for the propagation of electromagnetic waves,
such that the radar cannot detect the submarine effec-
tively. Therefore, the submarine-launched missile has
the characteristics of good concealment, strong ability
to attack suddenly, high survivability, and formidable
deterrence [2].

In most circumstances, the whole flight stage of the
submarine-launched missile consists of three parts: the
underwater stage, the water-exit stage and the aerial
stage. The missile rises through the thrust of the under-
water engine until its body is completely out of water
in the water-exit stage [3]. However, the attitude and
trajectory of the missile are seriously affected by the
ocean currents, sea waves and sea winds during the
water-exit process. This can make the missile deviate
from the designed motion state and result in unstable
flight or even an unsuccessful launch. Furthermore, the
submarine-launched missile causes a series of com-
plex changes in the flow field, such as the develop-
ment and collapse of vacuoles, which produces com-
plicated dynamic characteristics. Additionally, the flow
filed evolution process adversely acts on the missile
due to the pressure or even the impact load gener-
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ated by cavity collapses, which constantly changes the
strained condition of the missile, thus forming a com-
plex fluid solid coupling process [4]. Therefore, the
water-exit dynamic model of the submarine-launched
missile is complicated and difficult to describe accu-
rately. Moreover, the attitude tracking control design
for the submarine-launched missile is also one of the
most challenging problems for engineers in the pres-
ence of highly complex nonlinear dynamics, external
disturbances, couplings, and uncertainties.

The initial conditions for the aerial stage of the
submarine-launched missile are essential. Thus, the
attitude information needs to be accurately obtained
at the end of the water-exit process. Although the clas-
sical proportional-integral-derivative (PID) controller
has already been developed based on the dynamical
models linearized around the fixed flight points, most
of the existing approaches cannot satisfy the preci-
sion demands of attitude tracking [5—-8]. To further
improve the performance and reliability of the con-
trol system, an adaptive longitudinal trajectory tracking
control method based on backstepping technique is pre-
sented in [9]. However, the steady-state error is com-
paratively large. A sliding mode attitude control law
based on the feedback linearization is also presented
for a submarine-launched missile in the presence of
strong nonlinearity of submerged buoy space motion
and interference uncertainty [ 10]. Nevertheless, system
chattering is inevitable in this case. With the develop-
ment of modern control theories, multiple new con-
trol laws are proposed to ensure the robust, accurate,
and rapid response to the attitude tracking controller
in the presence of large disturbances and uncertainties.
Unfortunately, the research of attitude tracking control
system design for submarine-launched missiles is rare
in the existing literature. In other fields, finite-time atti-
tude tracking control [11], smooth backstepping sliding
mode control [12], adaptive output feedback integral
sliding mode attitude tracking control [13], and dis-
turbance observer-based attitude tracking control [ 14—
18] are widely utilized, especially for spacecrafts that
have better performance than traditional ones. Many
scholars, such as Utkin [19], Filippov [20], Roxin [21],
Drakunov [22], Perruquetti [23], Defoort [24], and Bac-
cioti [25], have also studied the finite-time stability the-
ories to prove the stability of the corresponding con-
trollers. In recent years, the fixed-time convergence
sliding mode control has become a research focus [26—
28]. In fact, the fixed-time strategy has been applied to
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many areas, such as mobile robots [29], multiagent sys-
tems [30,31], fractional order chaotic systems [32] and
power systems [33]. Different from finite-time stability,
fixed-time stability can guarantee convergence within
finite time, whose upper bound is a constant indepen-
dent of initial conditions, which facilitates convergence
time estimation and controller design to satisfy the
severe settling time constraint [32]. This phenomenon
was initially discovered in the context of systems that
are homogeneous in the bi-limit [34]. Fixed-time stabil-
ity was widely studied by Cruz-Zavala [35], Polyakov
[36] and Fridman [37]. Moreover, fixed-time stabil-
ity is an extension of finite-time stability and demands
boundedness of the settling time function for a globally
finite-time stable system [38]. The main tool for anal-
ysis of fixed-time stability is the Lyapunov function
method [39,40]. Compared with other sliding mode
controls, the fixed-time sliding mode control obtains
faster convergence in both the reaching phase and the
sliding phase [41]. Furthermore, it can guarantee that
the steady-state error is within a smaller convergence
region for attitude tracking especially in the field of
submarine-launched missiles.

In this study, we present a novel adaptive non-
singular fixed-time fast terminal sliding mode control
(ANFFTSMC) for a submarine-launched missile. The
proposed ANFFTSMC consists of anon-singular fixed-
time fast terminal sliding mode surface (NFFTSMS),
a fixed-time disturbance observer and a fixed-time dif-
ferentiator. To the best of our knowledge, this paper
might be the first attempt to design a fixed-time atti-
tude tracking control for submarine-launched missiles.
The main contribution of this paper includes:

1. The complicated nonlinear water-exit dynamic
model of submarine-launched missiles is com-
pletely established in the presence of engine thrust
and multiple disturbances for the first time. Then,
the attitude tracking control system design for the
complicated dynamic model is transformed into a
simple second-order state equation, which simpli-
fies the control system.

2. The derivative of the attitude command, which can
be constructed to be a novel NFFTSMS, is obtained
by a fixed-time differentiator. Moreover, the pro-
posed NFFTSMS can avoid singularity without
adding additional parameters, and achieve faster
convergence and a more compact structure than the
existing approaches.
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Fig. 1 Two typical trajectories of the submarine-launched mis-
sile

3. Unlike the existing attempts to design the slid-
ing mode controller, the proposed ANFFTSMC is
developed based on the total disturbances that are
estimated by the fixed-time disturbance observer.
The proposed controller does not require the
bounded disturbances in advance. Also, the con-
trol parameters are not required to be equal to or
greater than the disturbances.

This paper is organized as follows. In Sect. 2, the water-
exit dynamic model of submarine-launched missiles is
developed. After that, Sect. 3 presents a novel adaptive
non-singular fixed-time fast terminal sliding mode con-
trol. Then, Sect. 4 provides the simulations and results.
Lastly, Sect. 5 briefly concludes this work.

Notation In this paper, the bold italic variable X is
denoted as a vector and X = [X x Xy X; ]T. The italic
variable X is the norm of the vector X.

2 Water-exit dynamic model

In most cases, a submarine-launched missile is launched
at a depth of 30 m or even 100 m beneath the ocean.

Cos ¢ cos Y
B =

sin ¢ cos ¥
cos @ sin { sin y — sin ¢ cos y sin ¢ sin ¥ sin ¥ + cos ¢ cos y cos Y sin y H

Fig. 2 Definition of two coordinate systems and force analysis
of the water-exit process

Meanwhile, the submarine-launched missile has two
typical trajectories in the water-exit process, which cor-
respond to the vertical launching mode and the oblique
launching mode. The two typical trajectories are shown
by the yellow and blue lines, respectively, in Fig. 1.

This section establishes the nonlinear attitude kine-
matics and dynamics model of the submarine-launched
missile in the water-exit process. Figure 2 defines the
body coordinate system Oxy;z; and the ground coor-
dinate system O,xoyozo. It also presents the force anal-
ysis of the water-exit process.

where O is the barycenter, O, is the launch point,
c is the center of buoyancy, and G is gravity. N
denotes the buoyancy, and P represents the thrust of
the main engine for the submarine-launched missile.
Ry = [ Rux Ray Ra: ]T represents the fluid viscosity
force. R, = [wa Ruy R ]T denotes the fluid vis-
cosity damping force and R = [Rx Ry R, ]T stands
for the fluid inertia force. The coordinate transform
matrix from O.x(ypzo to Ox1y1z] is given by

—sin Y

cos @ sin ¥ cos y + sin @ sin y sin ¢ sin ¥ cos y — cos ¢ sin y cos ¥ cos y
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where ¢, ¥ and y represent the pitch angle, yaw angle
and roll angle, respectively, for the submarine-launched
missile [42]. Subsequently, these forces or torques will
be analyzed in detail in the following parts.

2.1 Fluid inertia force and torque

The submarine-launched missile is considered to be
axisymmetric, and the seawater is assumed as the ideal
fluid. Therefore, the fluid momentum Q f and fluid
moment of momentum K ; are described as follows
in [43].

Orx A1 0 0 0 O O Vi
Ory 0 X2 0 0 0 Ay Vy
Oz | _| 0 0 233 0 435 0 V; 2
Ky 0 0 0 Xy O O Wy
Kyy 0 0 As3 0 Ass O wy,
Ky, 0 2 0 0 O Xgg w;

where V; (i = x, y, 7) is the velocity of the submarine-
launched missile in the body coordinate system
Ox1y121, w;i (i = x,y, z) is the angular velocity and
Aij(i=1,2,...6,j=1,2,...,6)is the added mass.
By employing the momentum theorem and the moment
of momentum theorem, the inertia force and torque of
the ideal fluid for the submarine-launched missile are
described as

dQ

f
_R==1
dK ;

2.2 Fluid viscosity force and torque

The definition of fluid viscosity force R, and torque
M, is similar to that of aerodynamic force and torque
for the aircraft, which yields

T
Ry = [—c_x%p\/?s 1pv2sca %pVZSCf,B]

where p, S, V and L represent the density of seawater,
the cross-sectional area of the missile, the velocity of
the missile and the length of the missile, respectively.
o and B are the angle of attack and angle of sideslip,

respectively. Cy, Cy and C f denote fluid viscosity force

coefficients. mf , mﬁ and m? represent fluid viscosity

torque coefficients.

2.3 Fluid viscosity damping force and torque

The fluid viscosity damping force R, and torque M,
are defined as

- 5, 1 T
R, = [o C;’ZEpsza)z C?»‘Epvzs%]

1 - By
M, = |:5pVZSL (mf*wx +my a)y)

1 - o 5. | T
E'OV2SL (m‘;’-‘wx + m;)" a)y> me: Epszszi|
(5)
where C}* and C;” are damping force coefficients.

Oy Wy D wy w- .
my*,my”,my*, my” and m?* are damping torque coef-
ficients.

2.4 Buoyancy and its torque

The buoyancy of the submarine-launched missile is
given by

N=pVig (6)

where Vr is the volume of displacement for the
submarine-launched missile and g is the acceleration
of gravity. It is worth noting that N is pointing along
the O,y direction; thus we have

0 N sin ¢ cos ¥
N=Bg | N |=| N(singsiny siny + cos¢gcos y)
0 N (singsiny cosy — cosgsiny)

T (7
My = [%pV2SLm£/3 Lpv2sLmbp %pVZSLm‘;a] 4)
Similarly, the torque of buoyancy is defined as
N (sing sin Y siny + cos@ cosy) zc — N (sing sin cos y — cos@ siny) y¢
My = —N sing cos Yz, + N (sin @ sin ¥ cos y — cos ¢ sin y) x, (8)

N sing cos ¥y, — N (sin¢ sin i sin y + cos ¢ cos y) x,
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Fig.3 Main engine distribution of the submarine-launched mis-
sile

where x., y. and z. represent the position of buoyancy
in the body coordinate system Ox;yjz;. My is the
torque vector of buoyancy.

2.5 Gravity

Gravity G is pointing along the negative direction of
O, yo; thus we have

0
G =Bg| -G
0
—G sing cos ¥
= | —G (singsiny siny + cos ¢ cos y) ©))

—G (singsin cosy — cosgsiny)

2.6 Thrust of the main engine and its control torque

Figure 3 displays the main engine distribution of the
submarine-launched missile. The control commands
are four swing angles &1, 82, 63 and 84, which are also
given in Fig. 3.

Thus, the four swing angles can be converted into
the equivalent three-channel swing angles independent
of one another, such as d,, 8y, and J,,. According to
Fig. 3, it can be drawn that

83+ 84—81— 8

5 .
8+ 683 — 81 — 84
81+ 8+ 63+ 84

by = T2 (10)

The thrust value of the four main engines is consis-
tent. Therefore, the corresponding control forces and
control torques are developed as follows.

P —Pd,r

P=| 2Ps, | ,Mp=| —LP(xg—x1)dy

—L2ps,, —L2P(xg — x1)8,
1D
where xp is the distance between the position of main
engines and vertex of the missile, x7 is the distance
between the barycenter and vertex of the missile, and
P denotes the total thrust. The four main engines are

uniformly installed along a circle and the radius of the
circleis r.

2.7 Multiple disturbances

(1) Sea wave

To facilitate the description of the motion for the
submarine-launched missile, a new variable [ is defined
to describe the distance between the vertex of the mis-
sile and sea level in the Ox direction.

. Y +xrsinf —h
o sin @

! (12)

where Y is the position of the submarine-launched mis-
sile in the ground coordinate system O,x(Y0zo, & is the
depth of the launching point, and 6 is the trajectory
inclination angle. The disturbance forces caused by the
six levels of sea waves can be obtained as follows in
[9].

[ 0.0039173 +0.1436/% — 0.1892 —89.68 —15<1<0
4771 0.00030773 — 0.4629/12 +12.721 —89.12 0 < < 15

(13)
0.0151213 4 0.403/2 +0.2167] — 42.48 —15<1<0
—0.0474813 + 0.3908!% + 7.6811 — 43.12 0<I<15

(14)

Rq; =

T
where Ry = 0, Ry = [ Rix Ray Raz] denotes the
disturbance vector in the presence of sea waves and the
unit is kN.

(2) Sea wind

The sea wind will result in disturbance force P,,. It can
be described as

Py = QCyx K, (15)

where Q = 0.5p; Vlﬁz, Q denotes the wind pressure, p|
represents the air density, K is usually set to K, = 1,
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Vw: represents the wind velocity and C,,; denotes the
aerodynamic drag coefficient. The wind direction is
denoted by ¢. Hence, the disturbance forces produced
by the sea wind can be indicated as

Pyax Py cos ¢
Pwdy = 0 (16)
Py —Py sing

Thus, the disturbance force in the ground coordi-
nate system O,xoyozo can be transformed into that in
the body coordinate system Ox{y;z1. The correspond-
ing force P, and torque M, will be obtained by the
following equation.

[ Pouix P, cos¢

Py = Pwty = B¢ 0 (17)
| Purz — Py, sin¢
B 0

My = | Py.DI(xr — L) (18)
| Puiy DI (x7 — %)

where D is the diameter of the submarine-launched
missile.

(3) Ocean current

The ocean current is similar to the wind in the atmo-
sphere for the missile. It will result in the added angle of
attack o, and added angle of sideslip B,,,. As shown
in [42], we have

wp cos Asinf
Qyp = — arctan

V —wp cos Acos

wp sin A

Buw, = arctan (19)

where w), is the flow velocity of the seawater, A rep-
resents the wind direction, and V is the velocity of the
missile. The total angle of attack « and the total angle
of sideslip B are replaced by o + &y, and B + By,
respectively. With the added angle of attack and added
angle of sideslip, there exist large disturbances in the
fluid viscosity force R, and torque M.

2.8 Kinematics and dynamics model of the
submarine-launched missile

The momentum Q and moment of momentum K of the
submarine-launched missile are described as follows
[43].

Q=m(V+wxrg

K=Jw+r.xmV (20)
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where m is the mass of the submarine-launched mis-
sile, and r, = [xc Ye Ze ]T is the position vector
of buoyancy in the body coordinate system. Jo =
diag ([ Jo Jy JZ]) represents the rotational inertia
matrix. By employing the momentum theorem and the
moment of momentum theorem, the dynamics model
of the submarine-launched missile is described as

d
d_tQ+wX Q=R+Ry+R,

+N+G+P+Ry+ Py

dK
E—'—(OXK—FVXQ:M—FMQ

+Mw+MN+MP+Mw (21)

Therefore, multiple disturbances are included in the
dynamic model, such as Ry, Ry, Py, My and M.
Expanding Eq. (21) yields
(m + A11) Vx + md)yZC — mazyc

+m [Vza)y — Vyo; + yewywy + zewxw;
—X¢ (wi + w?)]
1
= - sz,oVZS 4+ (N — G)singcos ¥
+P + Pyx (22)

(m + A) Vx + (mxe + Aze) Cz)Z — MZeWy

+m [waz — Vo + xcwywy + Zewyw,
—e (o} + o}

l -
= 3pV2S (C;'a n C;”ZJ)Z> +(N-G)
(sing sin siny + cos@ cosy)
V2
+ TP(SW + Ray + Pury (23)
(m + 133) V; 4 mycir, —

+m [Vya)x — Viwy + xcw;0x + yewyw;,

(ot o)
1 By

= 3oV7S (cfﬁ +c? wy) + (N -G)
(singsin cosy — cos@siny)

J2

- TP(SI/I + Rdz + Pwtz (24)

(Jx + Aga) wx +myV; —mze Vy
+my, (Vya)x — way)
+mze (Vox — Vewy) + (J; — Jy)oyo,

1 - Dy
= sz2SL (mfgﬂ + mé* wy +m;uya)y)

(mxe — A35) d)y
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+ N (sing sin ¥ siny + cos ¢ cos y) z¢
—N (singsiny cosy — cosgsiny) y. — Pé,r

(25)
(Jy + )\55) d)y + chVx — (mxc — A35) Vz
+mz.(V:oy — Vyw;)
+mxe(Viwy — Vywy) + (Jx — Jy)ow,
1 : By
= EszSL (m’?ﬁ +mPr oy + mcyo“wy)
— N sin @ cos ¥z,
+ N (sing sin iy cos y — cos ¢ siny) x¢
V2
———P(xgp —x7)8y + Myy (26)

2
(J2 + he6) @7 + (mxc + Aag) Vy
—myc.Vy +mxc(Vyw, — Vowy)
+my.(Vyw, — V,oy) + (Jy — Jo)wywy

1 2 o w; .
= E'OV SL (mza —i—mz‘a)Z) + N sin ¢ cos ¥y,

— N (sin@ sin ¥ siny + cos ¢ cos y) X,

V2

— 5 POr = x1)8¢ + Mo, 27)

The attitude kinematic equations are presented as
1

COos

¢ = " (wysiny + o cosy)

V= Wy COSY — w, siny

Y = oy — wytany siny — w; tan ¥ cos y (28)
For the convenience of description of the added

mass, some new variables are defined as

— Au — An —
K= v Kzz/\— pVL’xKSS =
Ky = Ko = "5 = ~4»

PV pv)”

2 x
K3s = Ks3 = iz = 5, K3s = —Kae
2% PV

A33
1273

(29)

A A A
Kyy = 2% K55 = Kgg = =357 = 266
pVZ/* pVZ/‘ pVLS/‘

Moreover, the kinematic equations of the submarine-
launched missile are developed as

X Vs
Y | =B |V, (30)
VA V.

where X, Y and Z denote the position of the submarine-
launched missile. Thus, the trajectory inclination angle
0 and trajectory deflection angle v, are, respectively,
calculated by

@ = arctan (Y/X)

Yy = —arcsin (Z/V) (3D
where V = /V2 + Vy2 + V2. Furthermore, the mass
satisfies

m=mo—dm -t (32)

where my is the initial mass of the missile, dm repre-
sents the consumption rate of the fuel and # denotes the
running time of the submarine-launched missile.

The relationships among the angle of attack «, the
angle of sideslip B and the bank angle y, are depicted
by [42].
sin B = cos (0 —¢) cos Y, sin Y cos y

+ sin (¢p—0) cos Y, sin y — sin ¥, cos Y cos y
— sina cos B=cos (8 —¢) cos Y, sin Y sin y
+ sin (8 —¢) cos Y, cos y — sin Y, cos ¥ sin y
€os Yy sin yp,=cos & cos ¥ sin y — sin ¥ sin «
(33)

Next, we will simplify the dynamic model to design
the attitude control system. Define X| = [go vy ]T,
Xs = [, 0y 0.] and U = [8, 8, 8, ]". Combin-
ing Egs. (25), (26) and (27) yields
X, =HX,

X,=J'BU+J'D; (34)
where J, H, H, J and D are given in “Appendix”.

Differentiating Eq. (34) with respect to time obtains
X] = HX2 + HXQ

= HX2+H(J*‘BU+J*‘DI) (35)

According to Eq. (34) and (35), the following

second-order attitude tracking error dynamic system
is presented as

e = e
6y = HX, + H (J’IBU + J”Dl) — X 36

where X{ = [goc we ye ]T is the attitude command
vector, and X i = [gb" Ue pe ]T represents the deriva-
tive of the attitude command. e; = X; —X¢ and
e = X 1 -X i =HX,— X i denote the attitude track-
ing errors.
Simplifying Eq. (36) yields

e = e

ép=d+ B\U 37
whered = HX,4+HJ'D;—X]and B, = HJ'B.
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Remark 1 According to Eq. (37), the attitude tracking
control problem for a complicated dynamic model of
the submarine-launched missile has been transformed
into a simple second-order control system. After that, it
is convenient to apply the corresponding modern con-
trol methods.

3 Adaptive non-singular fixed-time fast terminal
sliding mode control

3.1 Definitions and Lemmas

Consider the following system

X = f(x(0),x0) =0, f(x(0) =0 (38)

where x € R" and f(x) : R" — R" is a nonlinear
function.

Definition 1 [44] If the origin of system (38) is Lya-
punov stable, then system (38) is said to be finite-
time stable and there exists a settling time function
T : R* — R",suchthatforeveryxg € R",the solution
x (t, xo) of the system satisfies lim;_, 7(xq) X (¢, X0) =
0.

Definition 2 [44] System (38) is said to be fixed-time
stable if it is globally finite-time stable. Thus, it will
converge to the origin within the bounded convergence
time T (x¢). In this case, there exists a positive constant
Tmax such that T (xg) < Tmax.

Lemma 1 [28] For system (38), suppose there exists a
Lyapunov functionV (x), parameters a1, f1, p,q, k €
Rt pk < 1 and gk > 1, such that V(x) <
— (1 V(x)? + /31V(x)‘1)k. Then, the system is fixed-
time stable. Furthermore, the upper bound of the con-
vergence time is given as follows.

1 1
=% T %
af (1= pk) By (gk—=1)

(39)

Lemma 2 [45] For any x; € R,i = 1,2...,n,
(X xil)” < 3, |xilY, where v € RT and v €
.11,

Lemma 3 [41] For any x; € R,i = 1,2...,nIf
v € Rt and vi > 1 ,we have (Z?:l Ixil)ul <
nUtm ST U

@ Springer

Notation 1 [46] In this paper, we use ||-|| for the
Euclidean norm of vectors and induced norm of

matrices. For a given vector x = [x,x2,..., ],
sigl(x) = [lx1|? sign(xy), [x2|? sign(x2), ..., [x,|”
sign(xn)]T, sigf(x) = |x|Psign(x) sign(x) =
[sign(xl), sign(xy), ..., sign(x,l)]T, where sign(.)

denotes the sign function.

Assumption 1 [41] The disturbances d in Eq. (37) are
assumed to be bounded and satisfy |d| < d,,, where
d,, is a positive constant and d,, is the vector of the
max value of the disturbances.

3.2 Control design

This section presents a novel adaptive non-singular
fixed-time fast terminal sliding mode control. To guar-
antee that both e; and e; in Eq. (37) converge to
zero within a fixed time regardless of the initial states,
a novel non-singular fixed-time fast terminal sliding
mode surface (NFFTSMS) is developed as follows
[41].

S =T (e1) e1 +sig" (e2) (40)

where e; € R3 e; € R? and T (e)) is a diagonal
matrix. Moreover, the diagonal elements of T (e1) are
given by

ky
I (e1i) = (051 leni|P~1/472 4 gy |€1i|q7]/ky2) :

T (e1) = diag ([ T (e1x) T (e1y) T (e12) ]) 4D
where i = x,y,z, 21 > 0,81 > 0,k > 1,y > 1
and p, g are positive parameters satisfying gk > 1 and
1/y» < pk < 1.

Similarly, sig?? (e3) can be denoted as

sigh (ep) = [sig”2 (e2y) sig” (ezy) sig” (ea;) ]T
(42)

Theorem 1 [fthe sliding mode surface satisfies S = 0,
e;1 = 0and e = 0 can be reached within a fixed
convergence time Ty regardless of the initial states.
Thus, we obtain the upper bound of the convergence
time

1 1
=% Tox
ap (1= pk) — Bf (gk—1)

(43)
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Proof When the sliding mode surface satisfies S = 0,
we have

é1 = —sigk (arsig? (e) + Bisig? (e1)) (44)
Next, consider a new variable ®; = |ej;|' 7Pk,

(i =x,y,2), Eq. (44) can be rewritten as

. k

d; = — (1 = pk) (a1 + p1®}) (45)

where © = (¢ — p) /(1 — pk). By integrating Eq.
(45), we obtain

, 1 ®i 1
To = lim deDi
®;—o0 1 — pk Jo (al + ﬁlqyf‘)
, 1 @i 1
lim ———d®;
®;—o0 1 — pk 1 (al + 131(1)5‘“)
! 1
+ / —ukdtb,-
0 (“1 + A1®; )
li ! /Cbi ! d<I>+flld<I>
im —dd; —dd;
vimoo I —pk \Ji g ot ok

1 1 +1
L= pk \Bf (uk = 1)~ «af

1 1
= + 46
K- pb) " Brgk—1) (46)

This completes the proof of Theorem 1. O

IA

Remark 2 1t is worth noting that this sliding mode sur-
face is partly motivated by the reference [41]. Com-
pared with other sliding mode surfaces, the proposed
NFFTSMS can avoid singularity without adding addi-
tional parameters and achieve faster convergence and
a more compact structure.

To design the non-singular fixed-time fast terminal
sliding mode control, a nonlinear function is defined as

: 7Tx2
1) = {iln(w)’ e (7

x| > T

where T > 0 is an unknown parameter that needs to
be designed. n (x) is a non-negative function, when
x — 0, there is  (x) /x — 0.

In fact, the derivative of the attitude command X i is
usually unavailable in the process of real flight. There-
fore, e; is unknown in Eq. (40). To solve this problem,

a fixed-time differentiator can be developed based on
the reference [47]. Accordingly, we have

- x°) — Kysig” (vi = x9)

— x°) —reasig” (vi — x)  (48)
where x ¢ can be set as ¢, ¢ or ¢, vy is the estimated
value of x¢, vy is the derivative of x¢ which corre-

. HPS . °C . .

sponds to ¢, ¥ or y¢. Therefore, X is obtained and
e, will be calculated. Moreover, the convergence time
of the differentiator is set as 7; and the exact value can
be found in Theorem 2 in the reference [47].

Subsequently, a fixed-time disturbance observer for
Eq. (37) is established by [47].

1'11 =V — klsigal (v1

Uy = —kosig® (v

Zy=12Z,— kisigh (Z) —e) — /qsigb1 (Z1 —e)
Zr = Z3—kosig® (Z1—e) —kasigh? (Z1—e) + B U
Z3 = —kzsigh (Z — e) — k3sigh (Z) — e) (49)

where Z1 € R3,Z> € R}, Z5 € R3. ky, ko, k3, k1, k2
and «3 are observer gains. a; € (1 — ¢, 1), € is a suffi-
ciently small number, a> = 2a; — 1 and a3 = 3a; — 2.
Similarly, by € (1,1 4+ ¢€1),by =2b1—1,b3 = 3b1 -2
and ¢ is also sufficiently small. The resulting observer
estimation error system for errors &; = Z;| — e,
&, =7, — é; and &5 = Z3 — d takes the following
form

£ =& —kisigh (Z) — ) —1sig” (Z1 — e)
£, = £y — kosig® (Z1 — e) — kasig (Z) —e)
£y = —kasigh (Z1 — e) —i3sig” (Z1 —e)  (50)

Theorem 2 Consider the observer (49) and the cor-
responding estimation error system (50). The errors
&, &, and &5 converge to the origin and the observer
states Z1, Z», Z3 converge to the state variables e , 1
and d, respectively, within a fixed time T).

o1
< Amax (P1) + 1

T < (&28)
r1p1 roy?

where p1 =1 —ay, 0 = by — 1, Apin (Q1) > 0 is the
minimum eigenvalue of the matrix Q1, Amax (P1) > 0
is the maximum eigenvalue of the matrix Py, ri =

Amin (Ql) /)‘-max (P1), r2 = Amin (QZ) /)Lmax (P), and
¥ < Amin (P2) isapositive number. Q1 and Q> are pos-
itive definite matrices and the matrices P, Py satisfy

PiA|+ Al P = — 0
P Ay +ATP, =~ 0 (52)

where Ay and Ay are defined as
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—k110 —Iqu
A1= —k201 ,A2= —K201 (53)
—k300 —x300

Theorem 2 can be proved by the reference [47].

Next, by employing the proposed NFFTSMS in Eq.
(40), an adaptive non-singular fixed-time fast terminal
sliding mode control (ANFFTSMC) is designed. Thus
we have

u=—Bi |~ (Fer) + T (en) sig® ™ (e2)
V2

1
+ —diag {1 (Je2” ") }
2
diag {(|e2|1—V2)} sig?s (o1sig” (S) +oasig” (S))
+ diag (Y | Z3|max) sign (S) ] (54)
where y5 > 1,13y5 < 1, Y > 1 and yuys > 1.
o1 and op are two positive constants. Z3 represents
the estimate value of the multiple disturbances in Eq.
(37), which has the form of Z3 = d within a fixed
. T
time T1. [Z3|max = [|23x|max ‘Z3y‘max |Z3z|max]
denotes the max value of the disturbances, which can

be updated online. T (e))is a diagonal matrix which
has the diagonal elements as

T kya—1
T (e1)) = ky2 (al le1i|P1E2 4 By |e1,-|‘f—‘/kV2) A
(55)

where A = o (p - ﬁ) ley; [P~V k72 4 gy ( - ﬁ)
|eli|"_1/k”2 andi = x, y, z.

The following theorem presents the fixed-time sta-
bility of the proposed ANFFTSMC in Eq. (54) for the
second-order system (37).

Theorem 3 Consider system (37) and the controller
(54), the state variables e1 and ej will converge to the
origin within a fixed time and the upper bound of the
convergence time is given as follows.

T <Thax=To+T1+To+Ty+ Ty, (56)
where
T, — 2
2= 2(1+y3y5)/2011’53y5—1 (1 —y395)
2

+2(1+y4ys>/23y5—1 (yays — 1)
T, — (t1/<yrl))/(||r 1Z3|max — dmll)

@ Springer

Proof Consider the following Lyapunov function can-
didate

1
V= ESTs (57)

The derivative of Vg is
Vs=5"S
_ T drI (er)
dr

e1+T (e1)ex + yzdiag{|82|yz_l}é2>

= ST (T (e1) e1 + T (e1) e2 + yodiag {ex 7"}

(d + BU)) (58)

Substituting the ANFFTSMC into Eq. (58) yields
Vs = —S" diag {’7 (Iezlyz_l)}
sighs (01 sig” (S) + opsigh (S))
— 28" diag {(le21 ")}
(diag (|Z3]) sign (S) — d)

3
_ Z (Uml/)/s <|32i|)/2—1) |S; |1/ ystvs

i=1

¥:
_|_62,71/V5 (|82|V2*1) |Si|1/V5+V4) 5

IA

3
—y2 ) leail”? 7 8i (Y| Z3 oy — 1dil) (59)

i=1
With the proposed fixed-time disturbance observer
and Theorem 2, we have Z3 = d within a fixed time
Ty and Y |Z3|pax — |di| > 0. Meanwhile, according to
Lemma 2 and Lemma 3, Eq. (59) can be written as

3
Vs <=2 (000" (leal” ") ISif /757

i=1

Y
_|_62n1/)/5 (|62|V2—1) |Si|1/)/5+)/4) >

< —3l-¥s (U1 min (nl/VS (|e2i|V2*1))

Z (|S |2)(1+V3V5)/(2V5)
i

=1
+ 05 min (nl/V5 (|e2,~ |V2*1))

3 Uy v\
Yays Y5
> (1s:P) )

i=l1
< 3=

Y5
(_L,mVgl+V3V5)/(2V5)+UmV§1+V4V5)/(2V5)) (60)



Fixed-time sliding mode attitude tracking control

2553

where 7, = 2U047375)/Qv5) 5 min (nl/ys (|32i|V2_1)),
U = 2U0H7¥5)/2¥5) 5y min (,71/)/5 (|02i|y2_1))-1f82i #
0, then n (|e2[|)’2_1) >0, (i =1,2,3). Two new vari-
ables are defined as follows for the convenience of the
proof of the proposed ANFFTSMC.

Q) = {(eli,eziﬂ lei 27! > 7, i =x,y,z}

2 = (e el el <. Vi=x,y.2} (6D
If the error system states e; and ep; reach the region

@, we have n (|ez,~|72_1) = 1 based on Eq. (47).

Therefore, 1, and vy, are positive constants regardless
of the system states. They can be simplified as

Ty = 2(1+V3V5)/(2V5)01
Uy = 2075/ Qrs) (62)
Equation (60) can be converted into

Vs < —3ln (2(1+)/3V5)/(2)/5)UlV(Sl+V3V5)/(2V5)
Y5
+ 2(1+V4)’5)/(2V5)02V(S]+V4)’5)/(2V5)> (63)

Based on Lemma 1 and Eq. (63), the system states ej;
and e»; will be driven on the sliding mode surface S = 0
within a bounded time 7>.

2
20419)/26 153751 (1 — pap5)
2
204+19)/2375=1 (1475 — 1)

Ip)

+ (64)

Furthermore, if e5; # 0, we have 0 < |ex; |2~ ! < 7
in the region €2,. It can be similarly verified according
to the definition of t,, and v,, that 7,, > 0 and v,, > 0.
Thus, based on Lemma 1 and Eq. (60), the sliding mode
surface §; = 0 is still an attractor in the region 2.
Next, we will verify that the region €25 is not an attractor
area except for the origin. Substituting the ANFFTSMC
into Eq. (37) yields

1 -
b= = (F(e) +T (en) sig" ™ (e)

- %diag {n (Iezlyz‘l)}

s )|

sig” (osigh (S) + o2sig™ (8))
— diag (Y| Z3]max) sign (S) +d (65)
If e2; — 0, Eq. (65) can be simplified as

¢y = —diag (Y | Z3] ) sign () +d (66)

IfS; > 0,then ¢, < d;;, — Y |Z3|pax < O,
and if §; < O, then e > Y |Z3|pax — dm > O,
where d,, is the vector of the max value of the dis-
turbances. Therefore, the system states will transgress
the region €2, into €21 monotonically within the time
Ty = (t/27D) /(1T 1 Z3|max — dm ). It is obvious
that the system states from anywhere will be driven
on the proposed sliding mode surface § = 0. More-
over, according to Theorem 1, the system states ej;
and ep; will converge to the origin within a fixed time
T < To+ T+ T2+ Ty + Tp. This completes the proof
of Theorem 3. O

Remark 3 The proposed controller is developed based
on the NFFTSMS and the total disturbances that are
estimated by the fixed-time disturbance observer. Com-
pared with other non-singular fixed-time fast terminal
sliding mode controllers, the proposed ANFFTSMC
does not require the bounded disturbances in advance,
and the control parameters are not required to be equal
to or greater than the disturbances.

4 Simulations and results

In this section, to prove the effectiveness of the pro-
posed adaptive non-singular fixed-time fast terminal
sliding mode control (ANFFTSMC) in Eq. (54), vari-
ous results of the numerical simulation are presented.
The fluid coefficients and parameters of the submarine-
launched missile are listed in Tables 1 and 2 [43].

4.1 Simulation results for the vertical launching mode
The proposed control algorithm will be first tested for

the vertical launching mode, and the initial parameters
are settobex =0,y =0,z =0,¢ = 89°, ¢ =

Table 1 Fluid coefficients of the submarine-launched missile

Parameters Value Parameters Value Parameters Value

C, 0.141  mh 0.69 Ki 0.0222
m? 0.00152 m5” —0.61 Ky 1.1096
me —0.0044 C? —232 Kz 1.1096
my’ 0.0008 C;* —1.17  Ku 0.1406
c 232 m? 0.69 Kes 3.8129
Cy* 117 my —0.61 Ko —0.363
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Table 2 Parameters of the submarine-launched missile

Parameters Value Parameters Value

p (kg/m?) 1024 Xe (m) 0.02

Vi (m?) 37.68 e (m) —0.005

mo (kg) 40,000 Z¢ (m) 0.008

g (m/s?) 9.80665 Ji (kg.m?) 2.0729e+04
L (m) 12.5 Jy (kgm?) 3.9213e+05
S (m?) 3.1416 J. (kgm?) 3.9213e+05
P (kN) 560 dm(kg/s) 100

r (m) 0.6 xR (m) 12.0

D (m) 2.0 x7 (m) 8.3276

1°y =1°V, =05V, =0,V;, = 0and o, =
0.001, wy, = 0.001, w, = 0.001. The expected atti-
tude commands are chosen as ¢ = 90°, ¥ = 0° and
y¢ = 0°. Meanwhile, the depth of the launching point
for the submarine-launched missile is # = 30 m, and
the simulation sampling step is Sms. The control com-
mand is limited within [—15°, 15°]. Moreover, the PID
controller parameters for both the pitch channel and
the yaw channel are set as (10, 2, 6), and the roll chan-
nel is (5.0, 1.7). Furthermore, the control parameters

Fig. 4 Attitude tracking

of ANFFTSMC are selectedtobe a; = 1.5, 1 = 1.5,
p =044 =07k =29 =5/3,y3 = 1/3,
y4 =3/4,y5 = 1.85,7 =0.005,01 = 1.0, Y = 2and
07 = 1.0. The parameters of the fixed-time disturbance
observer are selected to be a; = 0.9, a; = 2a; — 1,
az=3a1—2,by =18,by =2b; — 1,b; =3b; — 2
and the observer gains are set as k| = k1 = 24,
ko = kp = 216 and k3 = k3 = 864 [47]. As for the
parameter uncertainty, its bias is set to be 20% for the
density of the seawater, and 10% for the fluid coef-
ficients of the submarine-launched missile. The sea
current velocity is w, = 1.5 m/s; the air density is
p1 = 1.225; the sea wind velocity is V,,; = 30 m/s;
the aerodynamic drag coefficient is Cy,x = 0.5 and the
wind direction is ¢ = 60°.

To reduce the chattering of the control system,
the switching function sign(x) will be replaced by a
hyperbolic tangent function tanh(x) = (e" —e ) /
(ex +e ) The simulation results of the submarine-
launched missile with six degrees of freedom (6DOF)
in the water-exit process are shown in Figs. 4, 5, 6, 7,
8, 9.

From Figs. 4, 5, 6, it can be seen that the proposed
ANFFTSMC has a more satisfactory performance than

results under the PID
controller and ANFFTSMC

Pitch angle (deg)

— ——— —— S S S S S — . S—

1.5 2 2.5
Time (s)
> 2
S PID
° 1 = === ANFFTSMC
2 === Expected command
(N | Ty ——————"1 ] o ——— —— —— ——— —— —
2
®©
> - I ! ! !
0 0.5 1 1.5 2 2.5
Time (s)
§ 1
° s
o 0.5F S |
i) S
@ 0-.-.-.-.-.‘.‘.‘.
ke
o 0.5 | | | |
0 0.5 1 1.5 2 25
Time (s)

@ Springer



Fixed-time sliding mode attitude tracking control 2555

Fig. 5 Attitude tracking 5> 1
error results ﬁ
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Fig.7 Simulation results of
the total angle of attack and
the total angle of sideslip

Fig. 8 Control commands
under the PID controller and
ANFFTSMC

@ Springer

60
>
S PID
¥ 40 I ==== ANFFTSMC |]
8
©
S
o 20
(o))
C
<<
0
Time (s)
20
=)
(]
E 0 B .
2
3
T 20 [ 1
()
k]
(O] o
2 -40
c
<
60 I I I I
0 0.5 1 1.5 2 25
Time (s)
20 ‘ ‘ ‘
— ™ (]
> e TN A
S ’ Sl = g~
= of 4 . L b el ,
o PID
-20 | | | |
0 0.5 1 1.5 2 25
Time (s)
20
5 -———
3 \
@, OF \ e e
© A}
= S, o7
3 " d
-20 | | | |
0 0.5 1 1.5 2 25
Time (s)
_. 20
o
S oh
s °n |
1S
(‘Sm \
o OF “aam
@
© -10 I I I I
0 0.5 1 1.5 2 25
Time (s)



Fixed-time sliding mode attitude tracking control

2557

0.5 1.5 2
0 RS N 1
= === Actual Ayl
x > N
N 0.5 Estimated N 0.5 0
-1 0 -1
0 0.5 1 1.5 2 2.5
1.5 -0.5 Time (s)
0 0.5 1 1.5 2 2.5 0 0.5 1 1.5 2 2.5
Time (s) Time (s)
4 10 10
’”~
2 / 5 5
J o { & o N
N o N - N
0
2 -5
-4 -10 5
0 0.5 1 1.5 2 2.5 0 0.5 1 1.5 2 2.5 0 0.5 1 1.5 2 2.5
Time (s) Time (s) Time (s)
1 3 1.5
o 2 1
Opmmn |
x > ™
Q e 1 Qos
-1
O p= = A\ 0
-2 -1 -0.5
0 0.5 1 1.5 2 2.5 0 0.5 1 1.5 2 2.5 0 0.5 1 1.5 2 2.5
Time (s) Time (s) Time (s)

Fig. 9 Fixed-time disturbance observer results

the PID controller in spite of multiple disturbances
including sea winds, sea waves and ocean currents, etc.
The attitude tracking error of the three channels for the
ANFFTSMC is < 0.003°, while the attitude tracking
error of the PID controller is 0.56°. Hence, the sim-
ulation results indicate that the ANFFTSMC has less
overshoot and smaller steady-state error than the PID
control law. Meanwhile, the total angle of attack and
the total angle of sideslip are shown in Fig. 7, which
indicate large fluid viscosity forces and torques. The
responses of control commands are shown in Fig. 8,
where the ANFFTSMC'’s control commands are larger
than the PID controller’s. Also, the ANFFTSMC has
stronger robustness in the presence of multiple distur-
bances especially near the sea level. Moreover, the con-
trol command is more exquisite during the water-exit
process especially from 2.0 to 2.5s, which indicates
large disturbances for the submarine-launched missile.
From Fig. 9, it can be seen that, for multiple distur-

bances and un-modeled dynamics, the proposed fixed-
time disturbance observer has excellent estimated per-
formance.

4.2 Simulation results for the oblique launching mode

Next, the simulation is carried out on the missile
launched in oblique launching mode. The initial param-
eters are setto ¢ = 46°, ¢ = 0.5°, y = 0.5° and other
parameters are the same as those in Sect. 4.1. More-
over, the expected attitude commands are designed as
follows

@< =454 5¢

Y€ = 2sin (1/6)

y¢ =sin (7wt /6)

The simulation results of the oblique launching
mode are shown in Figs. 10, 11, 12, 13 and 14.

From Figs. 10, 11, it can be seen that the simula-
tion results indicate the effectiveness of the proposed

(67)
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Fig. 10 Attitude tracking
results for the oblique

launching mode

Fig. 11 Attitude tracking
error results for the oblique

launching mode
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Fig. 12 Control commands
for the oblique launching
mode

Fig. 13 Simulation results
of the differentiator
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Fig. 14 Simulation results of the fixed-time disturbance observer for the oblique launching mode

ANFFTSMC with respect to the oblique launching
mode for the submarine-launched missile. Moreover,
the tracking error for the three channels is < 0.03°.
Meanwhile, the curves of the control commands are
smooth in Fig. 12. As can be seen in Figs. 13, 14, both
the differentiator and the proposed fixed-time distur-
bance observer show satisfactory performances for the
oblique launching mode, which exhibits strong robust-
ness of the proposed control scheme.

5 Conclusion

In this work, a novel fixed-time attitude tracking control
named as ANFFTSMC is presented for a submarine-

@ Springer

launched missile with multiple disturbances. The pro-
posed ANFFTSMC is designed by employing a
NFEFTSMS, a fixed-time disturbance observer and a
fixed-time differentiator. Compared with other slid-
ing mode surfaces, the proposed NFFTSMS can avoid
singularity without adding additional parameters and
achieve faster convergence and a more compact struc-
ture. Moreover, the proposed ANFFTSMC does not
require the bounded disturbances in advance, and the
control parameters do not need to be equal to or greater
than the disturbances. Simulations are carried out to
demonstrate the strong robustness and effectiveness
of the proposed control scheme in comparison with
the PID control law. The proposed fixed-time distur-



Fixed-time sliding mode attitude tracking control 2561

bance observer and the differentiator exhibit satisfac- Acknowledgements The authors would like to thank the

tory performances in the 6DOF simulations. Moreover, financial supports by the National Nature Science Fund of
. . China (Grant No. 61403100), the open Fund of National

the proposed control scheme achieves an attitude track- S .

. o . . . Defense Key Discipline Laboratory of Micro-Spacecraft Tech-

ing error of 0.03°, which satisfies the requirement of nology (Grant No. HIT.KLOEMST.201704), and the Funda-

the control system design. mental Research Funds for the Central Universities (Grant No.

HIT.NSRIF.2015.037).

Compliance with ethical standards

Conflict of interests The authors declare that there is no conflict
of interest regarding the publication of this paper.

Appendix

—mycV; +mzeVy — mye (Vywy — Vewy) —mze (Veox — Viw) — (J; — Jy)oyo;

+%pVZSL (mf:ﬁ + m® @, + m?’cf)y) + B (sin@sin ¥ sin y + cos ¢ cos y) z¢

—B (singsiny cosy — cos@siny) y.

D = _chVx + (mx; — A35) Vz - nilzc(vzwy - Vywz) - me(an)y - Vya)x) — (Jx — Doy,

+%szSL (mfﬂ—l—mf,’"c?)x—}-m;o"cby) — Bsingcos Yzc+B (singsiny cosy — cos@siny) xe + My,
— (mx¢ + A26) Vy + m)’c"/x —mxc(Vyw; — Vo) — mYC(Vywz - Vza)y) - (Jy - -Ix)a)xwy
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