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Abstract This paper studies a novel adaptive fixed-
time sliding mode attitude tracking control for a
submarine-launched missile, which is affected by sea
winds, sea waves, ocean currents and other distur-
bances during the water-exit process. Firstly, the non-
linear water-exit dynamic model of the submarine-
launched missile is established, and then it is trans-
formed into a simple second-order attitude track-
ing system. Subsequently, a novel non-singular fixed-
time fast terminal sliding mode surface (NFFTSMS)
with fixed-time convergence is presented, and the pre-
established settling time is also developed. Moreover,
a novel adaptive non-singular fixed-time fast termi-
nal sliding mode control (ANFFTSMC) is presented
by employing a fixed-time disturbance observer, a
fixed-time differentiator and the proposed NFFTSMS.
Closed-loop stability of the proposed controller is
provedbyutilizing theLyapunovmethodology. Finally,
numerical simulations including two typical launch tra-
jectories of the missile are carried out to demonstrate
the strong robustness of the proposed control scheme.
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1 Introduction

The submarine-launched missile, one of the most crit-
ical parts of the triad nuclear powers for every country,
plays a crucial role inmilitary strategies. The launching
point of the submarine-launched missile is random in
the presence of high-speed maneuver of the submarine
underwater [1]. Meanwhile, the seawater is a strong
barrier for the propagation of electromagnetic waves,
such that the radar cannot detect the submarine effec-
tively. Therefore, the submarine-launched missile has
the characteristics of good concealment, strong ability
to attack suddenly, high survivability, and formidable
deterrence [2].

In most circumstances, the whole flight stage of the
submarine-launched missile consists of three parts: the
underwater stage, the water-exit stage and the aerial
stage. The missile rises through the thrust of the under-
water engine until its body is completely out of water
in the water-exit stage [3]. However, the attitude and
trajectory of the missile are seriously affected by the
ocean currents, sea waves and sea winds during the
water-exit process. This can make the missile deviate
from the designed motion state and result in unstable
flight or even an unsuccessful launch. Furthermore, the
submarine-launched missile causes a series of com-
plex changes in the flow field, such as the develop-
ment and collapse of vacuoles, which produces com-
plicated dynamic characteristics. Additionally, the flow
filed evolution process adversely acts on the missile
due to the pressure or even the impact load gener-
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ated by cavity collapses, which constantly changes the
strained condition of the missile, thus forming a com-
plex fluid solid coupling process [4]. Therefore, the
water-exit dynamic model of the submarine-launched
missile is complicated and difficult to describe accu-
rately. Moreover, the attitude tracking control design
for the submarine-launched missile is also one of the
most challenging problems for engineers in the pres-
ence of highly complex nonlinear dynamics, external
disturbances, couplings, and uncertainties.

The initial conditions for the aerial stage of the
submarine-launched missile are essential. Thus, the
attitude information needs to be accurately obtained
at the end of the water-exit process. Although the clas-
sical proportional–integral–derivative (PID) controller
has already been developed based on the dynamical
models linearized around the fixed flight points, most
of the existing approaches cannot satisfy the preci-
sion demands of attitude tracking [5–8]. To further
improve the performance and reliability of the con-
trol system, an adaptive longitudinal trajectory tracking
controlmethod based on backstepping technique is pre-
sented in [9]. However, the steady-state error is com-
paratively large. A sliding mode attitude control law
based on the feedback linearization is also presented
for a submarine-launched missile in the presence of
strong nonlinearity of submerged buoy space motion
and interference uncertainty [10]. Nevertheless, system
chattering is inevitable in this case. With the develop-
ment of modern control theories, multiple new con-
trol laws are proposed to ensure the robust, accurate,
and rapid response to the attitude tracking controller
in the presence of large disturbances and uncertainties.
Unfortunately, the research of attitude tracking control
system design for submarine-launched missiles is rare
in the existing literature. In other fields, finite-time atti-
tude tracking control [11], smooth backstepping sliding
mode control [12], adaptive output feedback integral
sliding mode attitude tracking control [13], and dis-
turbance observer-based attitude tracking control [14–
18] are widely utilized, especially for spacecrafts that
have better performance than traditional ones. Many
scholars, such as Utkin [19], Filippov [20], Roxin [21],
Drakunov [22], Perruquetti [23],Defoort [24], andBac-
cioti [25], have also studied the finite-time stability the-
ories to prove the stability of the corresponding con-
trollers. In recent years, the fixed-time convergence
sliding mode control has become a research focus [26–
28]. In fact, the fixed-time strategy has been applied to

many areas, such asmobile robots [29], multiagent sys-
tems [30,31], fractional order chaotic systems [32] and
power systems [33].Different fromfinite-time stability,
fixed-time stability can guarantee convergence within
finite time, whose upper bound is a constant indepen-
dent of initial conditions, which facilitates convergence
time estimation and controller design to satisfy the
severe settling time constraint [32]. This phenomenon
was initially discovered in the context of systems that
are homogeneous in the bi-limit [34]. Fixed-time stabil-
ity was widely studied by Cruz-Zavala [35], Polyakov
[36] and Fridman [37]. Moreover, fixed-time stabil-
ity is an extension of finite-time stability and demands
boundedness of the settling time function for a globally
finite-time stable system [38]. The main tool for anal-
ysis of fixed-time stability is the Lyapunov function
method [39,40]. Compared with other sliding mode
controls, the fixed-time sliding mode control obtains
faster convergence in both the reaching phase and the
sliding phase [41]. Furthermore, it can guarantee that
the steady-state error is within a smaller convergence
region for attitude tracking especially in the field of
submarine-launched missiles.

In this study, we present a novel adaptive non-
singular fixed-time fast terminal sliding mode control
(ANFFTSMC) for a submarine-launched missile. The
proposedANFFTSMCconsists of a non-singular fixed-
time fast terminal sliding mode surface (NFFTSMS),
a fixed-time disturbance observer and a fixed-time dif-
ferentiator. To the best of our knowledge, this paper
might be the first attempt to design a fixed-time atti-
tude tracking control for submarine-launched missiles.
The main contribution of this paper includes:

1. The complicated nonlinear water-exit dynamic
model of submarine-launched missiles is com-
pletely established in the presence of engine thrust
and multiple disturbances for the first time. Then,
the attitude tracking control system design for the
complicated dynamic model is transformed into a
simple second-order state equation, which simpli-
fies the control system.

2. The derivative of the attitude command, which can
be constructed to be a novel NFFTSMS, is obtained
by a fixed-time differentiator. Moreover, the pro-
posed NFFTSMS can avoid singularity without
adding additional parameters, and achieve faster
convergence and a more compact structure than the
existing approaches.
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Fig. 1 Two typical trajectories of the submarine-launched mis-
sile

3. Unlike the existing attempts to design the slid-
ing mode controller, the proposed ANFFTSMC is
developed based on the total disturbances that are
estimated by the fixed-time disturbance observer.
The proposed controller does not require the
bounded disturbances in advance. Also, the con-
trol parameters are not required to be equal to or
greater than the disturbances.

This paper is organized as follows. In Sect. 2, thewater-
exit dynamic model of submarine-launched missiles is
developed. After that, Sect. 3 presents a novel adaptive
non-singular fixed-time fast terminal slidingmode con-
trol. Then, Sect. 4 provides the simulations and results.
Lastly, Sect. 5 briefly concludes this work.

Notation In this paper, the bold italic variable X is

denoted as a vector and X = [
Xx Xy Xz

]T
. The italic

variable X is the norm of the vector X .

2 Water-exit dynamic model

Inmost cases, a submarine-launchedmissile is launched
at a depth of 30 m or even 100 m beneath the ocean.

Fig. 2 Definition of two coordinate systems and force analysis
of the water-exit process

Meanwhile, the submarine-launched missile has two
typical trajectories in thewater-exit process, which cor-
respond to the vertical launching mode and the oblique
launchingmode. The two typical trajectories are shown
by the yellow and blue lines, respectively, in Fig. 1.

This section establishes the nonlinear attitude kine-
matics and dynamics model of the submarine-launched
missile in the water-exit process. Figure 2 defines the
body coordinate system Ox1y1z1 and the ground coor-
dinate system Oex0y0z0. It also presents the force anal-
ysis of the water-exit process.

where O is the barycenter, Oe is the launch point,
c is the center of buoyancy, and G is gravity. N
denotes the buoyancy, and P represents the thrust of
the main engine for the submarine-launched missile.

Rα = [
Rαx Rαy Rαz

]T
represents the fluid viscosity

force. Rω = [
Rωx Rωy Rωz

]T
denotes the fluid vis-

cosity damping force and R = [
Rx Ry Rz

]T
stands

for the fluid inertia force. The coordinate transform
matrix from Oex0y0z0 to Ox1y1z1 is given by

BG =
⎡

⎣
cosϕ cosψ sin ϕ cosψ − sinψ

cosϕ sinψ sin γ − sin ϕ cos γ sin ϕ sinψ sin γ + cosϕ cos γ cosψ sin γ

cosϕ sinψ cos γ + sin ϕ sin γ sin ϕ sinψ cos γ − cosϕ sin γ cosψ cos γ

⎤

⎦ (1)
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where ϕ, ψ and γ represent the pitch angle, yaw angle
and roll angle, respectively, for the submarine-launched
missile [42]. Subsequently, these forces or torques will
be analyzed in detail in the following parts.

2.1 Fluid inertia force and torque

The submarine-launched missile is considered to be
axisymmetric, and the seawater is assumed as the ideal
fluid. Therefore, the fluid momentum Q f and fluid
moment of momentum K f are described as follows
in [43].

⎡

⎢
⎢⎢⎢⎢⎢
⎣

Q f x

Q f y

Q f z

K f x

K f y

K f z

⎤

⎥
⎥⎥⎥⎥⎥
⎦

=

⎡

⎢
⎢⎢⎢⎢⎢
⎣

λ11 0 0 0 0 0
0 λ22 0 0 0 λ26
0 0 λ33 0 λ35 0
0 0 0 λ44 0 0
0 0 λ53 0 λ55 0
0 λ62 0 0 0 λ66

⎤

⎥
⎥⎥⎥⎥⎥
⎦

⎡

⎢
⎢⎢⎢⎢⎢
⎣

Vx

Vy

Vz
ωx

ωy

ωz

⎤

⎥
⎥⎥⎥⎥⎥
⎦

(2)

where Vi (i = x, y, z) is the velocity of the submarine-
launched missile in the body coordinate system
Ox1y1z1, ωi (i = x, y, z) is the angular velocity and
λi j (i = 1, 2, . . . 6, j = 1, 2, . . . , 6) is the added mass.
By employing themomentum theorem and themoment
of momentum theorem, the inertia force and torque of
the ideal fluid for the submarine-launched missile are
described as

− R = dQ f

dt
+ ω × Q f

−M = dK f

dt
+ ω × K f + V × Q f (3)

2.2 Fluid viscosity force and torque

The definition of fluid viscosity force Rα and torque
Mα is similar to that of aerodynamic force and torque
for the aircraft, which yields

Rα =
[
−Cx

1
2ρV 2S 1

2ρV 2SCα
y α 1

2ρV 2SCβ
z β

]T

Mα =
[
1
2ρV 2SLmβ

x β 1
2ρV 2SLmβ

yβ 1
2ρV 2SLmα

z α

]T
(4)

where ρ, S, V and L represent the density of seawater,
the cross-sectional area of the missile, the velocity of
the missile and the length of the missile, respectively.
α and β are the angle of attack and angle of sideslip,
respectively.Cx ,Cα

y andC
β
z denotefluidviscosity force

coefficients. mβ
x , m

β
y and mα

z represent fluid viscosity
torque coefficients.

2.3 Fluid viscosity damping force and torque

The fluid viscosity damping force Rω and torque Mω

are defined as

Rω =
[
0 C ω̄z

y
1

2
ρV 2Sωz C

ω̄y
z

1

2
ρV 2Sωy

]T

Mω =
[
1

2
ρV 2SL

(
mω̄x

x ωx + m
ω̄y
x ωy

)

1

2
ρV 2SL

(
mω̄x

y ωx + m
ω̄y
y ωy

)
mω̄z

z
1

2
ρV 2SLωz

]T

(5)

where C ω̄z
y and C

ω̄y
z are damping force coefficients.

mω̄x
x ,m

ω̄y
x ,mω̄x

y ,m
ω̄y
y andmω̄z

z are damping torque coef-
ficients.

2.4 Buoyancy and its torque

The buoyancy of the submarine-launched missile is
given by

N = ρVLg (6)

where VL is the volume of displacement for the
submarine-launched missile and g is the acceleration
of gravity. It is worth noting that N is pointing along
the Oey0 direction; thus we have

N = BG

⎡

⎣
0
N
0

⎤

⎦ =
⎡

⎣
N sin ϕ cosψ

N (sin ϕ sinψ sin γ + cosϕ cos γ )

N (sin ϕ sinψ cos γ − cosϕ sin γ )

⎤

⎦

(7)

Similarly, the torque of buoyancy is defined as

MN =
⎡

⎣
N (sin ϕ sinψ sin γ + cosϕ cos γ ) zc − N (sin ϕ sinψ cos γ − cosϕ sin γ ) yc

−N sin ϕ cosψzc + N (sin ϕ sinψ cos γ − cosϕ sin γ ) xc
N sin ϕ cosψyc − N (sin ϕ sinψ sin γ + cosϕ cos γ ) xc

⎤

⎦ (8)
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Fig. 3 Main engine distribution of the submarine-launched mis-
sile

where xc, yc and zc represent the position of buoyancy
in the body coordinate system Ox1y1z1. MN is the
torque vector of buoyancy.

2.5 Gravity

Gravity G is pointing along the negative direction of
Oey0; thus we have

G = BG

⎡

⎣
0

−G
0

⎤

⎦

=
⎡

⎣
−G sin ϕ cosψ

−G (sin ϕ sinψ sin γ + cosϕ cos γ )

−G (sin ϕ sinψ cos γ − cosϕ sin γ )

⎤

⎦ (9)

2.6 Thrust of the main engine and its control torque

Figure 3 displays the main engine distribution of the
submarine-launched missile. The control commands
are four swing angles δ1, δ2, δ3 and δ4, which are also
given in Fig. 3.

Thus, the four swing angles can be converted into
the equivalent three-channel swing angles independent
of one another, such as δϕ, δψ and δγ . According to
Fig. 3, it can be drawn that

δϕ = δ3 + δ4 − δ1 − δ2

4

δψ = δ2 + δ3 − δ1 − δ4

4

δγ = δ1 + δ2 + δ3 + δ4

4
(10)

The thrust value of the four main engines is consis-
tent. Therefore, the corresponding control forces and
control torques are developed as follows.

P=
⎡

⎢
⎣

P√
2
2 Pδϕ

−
√
2
2 Pδψ

⎤

⎥
⎦ , M P =

⎡

⎢
⎣

−Pδγ r

−
√
2
2 P(xR − xT )δψ

−
√
2
2 P(xR − xT )δϕ

⎤

⎥
⎦

(11)

where xR is the distance between the position of main
engines and vertex of the missile, xT is the distance
between the barycenter and vertex of the missile, and
P denotes the total thrust. The four main engines are
uniformly installed along a circle and the radius of the
circle is r .

2.7 Multiple disturbances

(1) Sea wave

To facilitate the description of the motion for the
submarine-launchedmissile, a new variable l is defined
to describe the distance between the vertex of the mis-
sile and sea level in the Ox1 direction.

l = Y + xT sin θ − h

sin θ
(12)

where Y is the position of the submarine-launchedmis-
sile in the ground coordinate system Oex0y0z0, h is the
depth of the launching point, and θ is the trajectory
inclination angle. The disturbance forces caused by the
six levels of sea waves can be obtained as follows in
[9].

Rdy =
{
0.00391l3 + 0.1436l2 − 0.1892l − 89.68 −15 ≤ l ≤ 0
0.0003077l3 − 0.4629l2 + 12.72l − 89.12 0 < l ≤ 15

(13)

Rdz =
{
0.01512l3 + 0.403l2 + 0.2167l − 42.48 −15≤ l<0
−0.04748l3 + 0.3908l2 + 7.681l − 43.12 0≤ l≤15

(14)

where Rdx = 0, Rd = [
Rdx Rdy Rdz

]T
denotes the

disturbance vector in the presence of sea waves and the
unit is kN.

(2) Sea wind

The sea wind will result in disturbance force Pw. It can
be described as

Pw = QCwx Kz (15)

where Q = 0.5ρ1V 2
wz , Q denotes the wind pressure, ρ1

represents the air density, Kz is usually set to Kz = 1,
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Vwz represents the wind velocity and Cwx denotes the
aerodynamic drag coefficient. The wind direction is
denoted by φ. Hence, the disturbance forces produced
by the sea wind can be indicated as

⎡

⎣
Pwdx

Pwdy

Pwdz

⎤

⎦ =
⎡

⎣
Pw cosφ

0
−Pw sin φ

⎤

⎦ (16)

Thus, the disturbance force in the ground coordi-
nate system Oex0y0z0 can be transformed into that in
the body coordinate system Ox1y1z1. The correspond-
ing force Pwt and torque Mw will be obtained by the
following equation.

Pwt =
⎡

⎣
Pwt x

Pwt y

Pwt z

⎤

⎦ = BG

⎡

⎣
Pw cosφ

0
−Pw sin φ

⎤

⎦ (17)

Mw =
⎡

⎣
0

Pwt z Dl
(
xT − l

2

)

Pwt y Dl
(
xT − l

2

)

⎤

⎦ (18)

where D is the diameter of the submarine-launched
missile.

(3) Ocean current

The ocean current is similar to the wind in the atmo-
sphere for themissile. It will result in the added angle of
attack αwp and added angle of sideslip βwp . As shown
in [42], we have

αwp = − arctan
wp cos A sin θ

V − wp cos A cos θ

βwp = arctan
wp sin A

V
(19)

where wp is the flow velocity of the seawater, A rep-
resents the wind direction, and V is the velocity of the
missile. The total angle of attack α and the total angle
of sideslip β are replaced by α + αwp and β + βwp ,
respectively. With the added angle of attack and added
angle of sideslip, there exist large disturbances in the
fluid viscosity force Rα and torque Mα .

2.8 Kinematics and dynamics model of the
submarine-launched missile

Themomentum Q andmoment ofmomentum K of the
submarine-launched missile are described as follows
[43].

Q = m(V + ω × rc)

K = J0ω + rc × mV (20)

where m is the mass of the submarine-launched mis-
sile, and rc = [

xc yc zc
]T

is the position vector
of buoyancy in the body coordinate system. J0 =
diag

([
Jx Jy Jz

])
represents the rotational inertia

matrix. By employing the momentum theorem and the
moment of momentum theorem, the dynamics model
of the submarine-launched missile is described as

dQ
dt

+ ω × Q = R + Rα + Rω

+ N + G + P + Rd + Pwt

dK
dt

+ ω × K + V × Q = M + Mα

+ Mω + MN + M P + Mw (21)

Therefore, multiple disturbances are included in the
dynamic model, such as Rα , Rd , Pwt , Mα and Mw.

Expanding Eq. (21) yields

(m + λ11) V̇x + mω̇yzc − mω̇z yc

+m
[
Vzωy − Vyωz + ycωyωx + zcωxωz

−xc
(
ω2
y + ω2

z

)]

= −Cx
1

2
ρV 2S + (N − G) sin ϕ cosψ

+P + Pwt x (22)

(m + λ22) V̇x + (mxc + λ26) ω̇z − mzcω̇x

+m
[
Vxωz − Vzωx + xcωyωx + zcωyωz

−yc
(
ω2
z + ω2

x

)]

= 1

2
ρV 2S

(
Cα
y α + C ω̄z

y ω̄z

)
+ (N − G)

(sin ϕ sinψ sin γ + cosϕ cos γ )

+
√
2

2
Pδϕ + Rdy + Pwt y (23)

(m + λ33) V̇z + mycω̇x − (mxc − λ35) ω̇y

+m
[
Vyωx − Vxωy + xcωzωx + ycωyωz

−zc
(
ω2
x + ω2

y

)]

= 1

2
ρV 2S

(
Cβ
z β + C

ω̄y
z ωy

)
+ (N − G)

(sin ϕ sinψ cos γ − cosϕ sin γ )

−
√
2

2
Pδψ + Rdz + Pwt z (24)

(Jx + λ44) ω̇x + mycV̇z − mzcV̇y

+myc
(
Vyωx − Vxωy

)

+mzc (Vzωx − Vxωz) + (Jz − Jy)ωyωz

= 1

2
ρV 2SL

(
mβ

x β + mω̄x
x ωx + m

ω̄y
x ωy

)
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+ N (sin ϕ sinψ sin γ + cosϕ cos γ ) zc

−N (sin ϕ sinψ cos γ − cosϕ sin γ ) yc − Pδγ r

(25)
(
Jy + λ55

)
ω̇y + mzcV̇x − (mxc − λ35) V̇z

+mzc(Vzωy − Vyωz)

+mxc(Vxωy − Vyωx ) + (Jx − Jz)ωxωz

= 1

2
ρV 2SL

(
mβ

yβ + mω̄x
y ωx + m

ω̄y
y ωy

)

−N sin ϕ cosψzc

+ N (sin ϕ sinψ cos γ − cosϕ sin γ ) xc

−
√
2

2
P(xR − xT )δψ + Mwy (26)

(Jz + λ66) ω̇z + (mxc + λ26) V̇y

−mycV̇x + mxc(Vxωz − Vzωx )

+myc(Vyωz − Vzωy) + (Jy − Jx )ωxωy

= 1

2
ρV 2SL

(
mα

z α + mω̄z
z ωz

)
+ N sin ϕ cosψyc

− N (sin ϕ sinψ sin γ + cosϕ cos γ ) xc

−
√
2

2
P(xR − xT )δϕ + Mwz (27)

The attitude kinematic equations are presented as

ϕ̇ = 1

cosψ

(
ωy sin γ + ωz cos γ

)

ψ̇ = ωy cos γ − ωz sin γ

γ̇ = ωx − ωy tanψ sin γ − ωz tanψ cos γ (28)

For the convenience of description of the added
mass, some new variables are defined as

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

K11 = λ11
ρVL

, K22 = λ22
ρVL

, K33 = λ33
ρVL

K26 = K62 = λ26

ρV 4/3
L

= λ62

ρV 4/3
L

K35 = K53 = λ35

ρV 4/3
L

= λ53

ρV 4/3
L

, K35 = −K26

K44 = λ44

ρV 5/3
L

, K55 = K66 = λ55

ρV 5/3
L

= λ66

ρV 5/3
L

(29)

Moreover, the kinematic equations of the submarine-
launched missile are developed as
⎡

⎣
Ẋ
Ẏ
Ż

⎤

⎦ = (BG)T

⎡

⎣
Vx

Vy

Vz

⎤

⎦ (30)

where X ,Y and Z denote the position of the submarine-
launched missile. Thus, the trajectory inclination angle
θ and trajectory deflection angle ψv are, respectively,
calculated by

θ = arctan
(
Ẏ

/
Ẋ

)

ψv = − arcsin
(
Ż

/
V

)
(31)

where V =
√
V 2
x + V 2

y + V 2
z . Furthermore, the mass

satisfies

m = m0 − dm · t (32)

where m0 is the initial mass of the missile, dm repre-
sents the consumption rate of the fuel and t denotes the
running time of the submarine-launched missile.

The relationships among the angle of attack α, the
angle of sideslip β and the bank angle γv are depicted
by [42].

sin β = cos (θ−ϕ) cosψv sinψ cos γ

+ sin (ϕ−θ) cosψv sin γ− sinψv cosψ cos γ

− sin α cosβ= cos (θ−ϕ) cosψv sinψ sin γ

+ sin (θ−ϕ) cosψv cos γ− sinψv cosψ sin γ

cosψv sin γv= cosα cosψ sin γ− sinψ sin α

(33)

Next, we will simplify the dynamic model to design

the attitude control system. Define X1 = [
ϕ ψ γ

]T
,

X2 = [
ωx ωy ωz

]T
and U = [

δϕ δψ δγ

]T
. Combin-

ing Eqs. (25), (26) and (27) yields

Ẋ1 = HX2

Ẋ2 = J−1BU + J−1D1 (34)

where J , H , Ḣ , J and D1 are given in “Appendix”.
Differentiating Eq. (34) with respect to time obtains

Ẍ1 = ḢX2 + HẊ2

= ḢX2 + H
(
J−1BU + J−1D1

)
(35)

According to Eq. (34) and (35), the following
second-order attitude tracking error dynamic system
is presented as

ė1 = e2

ė2 = ḢX2 + H
(
J−1BU + J−1D1

)
− Ẍ

c
1 (36)

where Xc
1 = [

ϕc ψc γ c
]T

is the attitude command

vector, and Ẋ
c
1 = [

ϕ̇c ψ̇c γ̇ c
]T

represents the deriva-
tive of the attitude command. e1 = X1 −Xc

1 and

e2 = Ẋ1 −Ẋ
c
1 = HX2− Ẋ

c
1 denote the attitude track-

ing errors.
Simplifying Eq. (36) yields

ė1 = e2
ė2 = d + B1U (37)

where d = ḢX2+H J−1D1−Ẍ
c
1 and B1 = H J−1B.
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Remark 1 According to Eq. (37), the attitude tracking
control problem for a complicated dynamic model of
the submarine-launched missile has been transformed
into a simple second-order control system. After that, it
is convenient to apply the corresponding modern con-
trol methods.

3 Adaptive non-singular fixed-time fast terminal
sliding mode control

3.1 Definitions and Lemmas

Consider the following system

ẋ = f (x(t)), x(0) = 0, f (x(0)) = 0 (38)

where x ∈ Rn and f (x) : Rn → Rn is a nonlinear
function.

Definition 1 [44] If the origin of system (38) is Lya-
punov stable, then system (38) is said to be finite-
time stable and there exists a settling time function
T : Rn → Rn , such that for every x0 ∈ Rn , the solution
x (t, x0) of the system satisfies limt→T (x0) x (t, x0) =
0.

Definition 2 [44] System (38) is said to be fixed-time
stable if it is globally finite-time stable. Thus, it will
converge to the origin within the bounded convergence
time T (x0). In this case, there exists a positive constant
Tmax such that T (x0) < Tmax.

Lemma 1 [28] For system (38), suppose there exists a
Lyapunov functionV (x), parameters α1, β1, p, q, k ∈
R+, pk < 1 and qk > 1, such that V̇ (x) ≤
− (α1V (x)p + β1V (x)q)k . Then, the system is fixed-
time stable. Furthermore, the upper bound of the con-
vergence time is given as follows.

T ≤ 1

αk
1 (1 − pk)

+ 1

βk
1 (qk − 1)

(39)

Lemma 2 [45] For any xi ∈ R, i = 1, 2 . . . , n,(∑n
i=1 |xi |

)v ≤ ∑n
i=1 |xi |v , where v ∈ R+ and v ∈

(0, 1].
Lemma 3 [41] For any xi ∈ R, i = 1, 2 . . . , n ,If
v ∈ R+ and v1 > 1 ,we have

(∑n
i=1 |xi |

)v1 ≤
nv1−1 ∑n

i=1 |xi |v1 .

Notation 1 [46] In this paper, we use ‖·‖ for the
Euclidean norm of vectors and induced norm of
matrices. For a given vector x = [x1, x2, . . . , xn]T,
sigp(x) = [|x1|p sign(x1), |x2|p sign(x2), . . . , |xn|p
sign(xn)

]T, sigp(x) = |x |p sign(x) sign(x) =
[
sign(x1), sign(x2), . . . , sign(xn)

]T, where sign(.)
denotes the sign function.

Assumption 1 [41] The disturbances d in Eq. (37) are
assumed to be bounded and satisfy ‖d‖ ≤ dm , where
dm is a positive constant and dm is the vector of the
max value of the disturbances.

3.2 Control design

This section presents a novel adaptive non-singular
fixed-time fast terminal sliding mode control. To guar-
antee that both e1 and e2 in Eq. (37) converge to
zero within a fixed time regardless of the initial states,
a novel non-singular fixed-time fast terminal sliding
mode surface (NFFTSMS) is developed as follows
[41].

S = � (e1) e1 + sigγ2 (e2) (40)

where e1 ∈ R3, e2 ∈ R3 and � (e1) is a diagonal
matrix. Moreover, the diagonal elements of � (e1) are
given by

 (e1i ) =
(
α1 |e1i |p−1/kγ2 + β1 |e1i |q−1/kγ2

)kγ2

� (e1) = diag
([

 (e1x ) 
(
e1y

)
 (e1z)

])
(41)

where i = x, y, z, α1 > 0, β1 > 0, k > 1, γ2 > 1
and p, q are positive parameters satisfying qk > 1 and
1/γ2 < pk < 1.

Similarly, sigγ2 (e2) can be denoted as

sigγ2 (e2) = [
sigγ2 (e2x ) sigγ2

(
e2y

)
sigγ2 (e2z)

]T

(42)

Theorem 1 If the slidingmode surface satisfies S = 0,
e1 = 0 and e2 = 0 can be reached within a fixed
convergence time T0 regardless of the initial states.
Thus, we obtain the upper bound of the convergence
time

T0 ≤ 1

αk
1 (1 − pk)

+ 1

βk
1 (qk − 1)

(43)
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Proof When the sliding mode surface satisfies S = 0,
we have

ė1 = − sigk
(
α1sig

p (e1) + β1sig
q (e1)

)
(44)

Next, consider a new variable �i = |e1i |1−pk ,

(i = x, y, z), Eq. (44) can be rewritten as

�̇i = − (1 − pk)
(
α1 + β1�

μ
i

)k (45)

where μ = (q − p) / (1 − pk). By integrating Eq.
(45), we obtain

T0 = lim
�i→∞

1

1 − pk

∫ �i

0

1
(
α1 + β1�

μ
i

)k d�i

= lim
�i→∞

1

1 − pk

(∫ �i

1

1
(
α1 + β1�

μ
i

)k d�i

+
∫ 1

0

1
(
α1 + β1�

μ
i

)k d�i

)

≤ lim
�i→∞

1

1 − pk

(∫ �i

1

1

β1�
μk
i

d�i +
∫ 1

0

1

αk
1

d�i

)

= 1

1 − pk

(
1

βk
1 (μk − 1)

+ 1

αk
1

)

= 1

αk
1 (1 − pk)

+ 1

βk
1 (qk − 1)

(46)

This completes the proof of Theorem 1. �	
Remark 2 It is worth noting that this sliding mode sur-
face is partly motivated by the reference [41]. Com-
pared with other sliding mode surfaces, the proposed
NFFTSMS can avoid singularity without adding addi-
tional parameters and achieve faster convergence and
a more compact structure.

To design the non-singular fixed-time fast terminal
sliding mode control, a nonlinear function is defined as

η (x) =
{
sin

(
π
2
x2

τ 2

)
, |x | ≤ τ

1 , |x | > τ
(47)

where τ > 0 is an unknown parameter that needs to
be designed. η (x) is a non-negative function, when
x → 0, there is η (x) /x → 0.

In fact, the derivative of the attitude command Ẋ
c
1 is

usually unavailable in the process of real flight. There-
fore, e2 is unknown in Eq. (40). To solve this problem,

a fixed-time differentiator can be developed based on
the reference [47]. Accordingly, we have

v̇1 = v2 − k1sig
a1

(
v1 − χc) − κ1sig

b1
(
v1 − χc)

v̇2 = −k2sig
a3

(
v1 − χc) − κ2sig

b3
(
v1 − χc) (48)

where χc can be set as ϕc,ψc or γ c, v1 is the estimated
value of χc, v2 is the derivative of χc which corre-
sponds to ϕ̇c, ψ̇c or γ̇ c. Therefore, Ẋ

c
1 is obtained and

e2 will be calculated. Moreover, the convergence time
of the differentiator is set as Td and the exact value can
be found in Theorem 2 in the reference [47].

Subsequently, a fixed-time disturbance observer for
Eq. (37) is established by [47].

Ż1 = Z2 − k1sig
a1 (Z1 − e) − κ1sig

b1 (Z1 − e)

Ż2 = Z3−k2sig
a2 (Z1−e) −κ2sig

b2 (Z1−e) + B1U

Ż3 = −k3sig
a3 (Z1 − e) − κ3sig

b3 (Z1 − e) (49)

where Z1 ∈ R3, Z2 ∈ R3, Z3 ∈ R3. k1, k2, k3, κ1, κ2
and κ3 are observer gains. a1 ∈ (1 − ε, 1), ε is a suffi-
ciently small number, a2 = 2a1 − 1 and a3 = 3a1 − 2.
Similarly, b1 ∈ (1, 1 + ε1), b2 = 2b1−1, b3 = 3b1−2
and ε1 is also sufficiently small. The resulting observer
estimation error system for errors ξ1 = Z1 − e1,
ξ2 = Z2 − ė1 and ξ3 = Z3 − d takes the following
form

ξ̇1 = ξ2 − k1sig
a1 (Z1 − e) − κ1sig

b1 (Z1 − e)

ξ̇2 = ξ3 − k2sig
a2 (Z1 − e) − κ2sig

b2 (Z1 − e)

ξ̇3 = − k3sig
a3 (Z1 − e) − κ3sig

b3 (Z1 − e) (50)

Theorem 2 Consider the observer (49) and the cor-
responding estimation error system (50). The errors
ξ1, ξ2 and ξ3 converge to the origin and the observer
states Z1, Z2, Z3 converge to the state variables e , ė1
and d, respectively, within a fixed time T1.

T1 ≤ λ
ρ1
max (P1)

r1ρ1
+ 1

r2σγ σ
(51)

where ρ1 = 1 − a1, σ = b1 − 1, λmin (Q1) > 0 is the
minimum eigenvalue of the matrix Q1, λmax (P1) > 0
is the maximum eigenvalue of the matrix P1, r1 =
λmin (Q1) /λmax (P1) , r2 = λmin (Q2) /λmax (P2), and
γ ≤ λmin (P2) is a positive number. Q1 and Q2 are pos-
itive definite matrices and the matrices P1, P2 satisfy

P1A1 + AT
1 P1 = − Q1

P2A2 + AT
2 P2 = − Q2 (52)

where A1 and A2 are defined as
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A1 =
⎡

⎣
− k1 1 0
− k2 0 1
− k3 0 0

⎤

⎦ , A2 =
⎡

⎣
− κ1 1 0
− κ2 0 1
− κ3 0 0

⎤

⎦ (53)

Theorem 2 can be proved by the reference [47].
Next, by employing the proposed NFFTSMS in Eq.

(40), an adaptive non-singular fixed-time fast terminal
sliding mode control (ANFFTSMC) is designed. Thus
we have

u = −B−1
1

[
1

γ2

(
�̄ (e1) + � (e1)

)
sig2−γ2 (e2)

+ 1

γ2
diag

{
η

(
|e2|γ2−1

)}

diag
{(

|e2|1−γ2
)}

sigγ5
(
σ1sig

γ3 (S) +σ2sig
γ4 (S)

)

+ diag (ϒ |Z3|max) sign (S)
]

(54)

where γ5 > 1, γ3γ5 < 1, ϒ > 1 and γ4γ5 > 1.
σ1 and σ2 are two positive constants. Z3 represents
the estimate value of the multiple disturbances in Eq.
(37), which has the form of Z3 = d within a fixed
time T1. |Z3|max = [ |Z3x |max

∣∣Z3y
∣∣
max |Z3z|max

]T

denotes the max value of the disturbances, which can
be updated online. �̄ (e1) is a diagonal matrix which
has the diagonal elements as

�̄ (e1i ) = kγ2
(
α1 |e1i |p−1/kγ2 + β1 |e1i |q−1/kγ2

)kγ2−1
�

(55)

where� = α1

(
p − 1

kγ2

)
|e1i |p−1/kγ2 +β1

(
q − 1

kγ2

)

|e1i |q−1/kγ2 and i = x, y, z.
The following theorem presents the fixed-time sta-

bility of the proposed ANFFTSMC in Eq. (54) for the
second-order system (37).

Theorem 3 Consider system (37) and the controller
(54), the state variables e1 and e2 will converge to the
origin within a fixed time and the upper bound of the
convergence time is given as follows.

T < Tmax = T0 + T1 + T2 + Td + TL (56)

where

T2 = 2

2(1+γ3γ5)/2σ
γ5
1 3γ5−1 (1 − γ3γ5)

+ 2

2(1+γ4γ5)/23γ5−1 (γ4γ5 − 1)

TL =
(
τ 1/(γ2−1)

)
/ (‖ϒ |Z3|max − dm‖)

Proof Consider the following Lyapunov function can-
didate

V S = 1

2
STS (57)

The derivative of V S is

V̇ S = ST Ṡ

= ST
(
d� (e1)

dt
e1 + � (e1) e2 + γ2diag

{|e2|γ2−1} ė2

)

= ST
(
�̄ (e1) e1 + � (e1) e2 + γ2diag

{|e2|γ2−1}

(d + B1U)) (58)

Substituting the ANFFTSMC into Eq. (58) yields

V̇ S = −ST diag
{
η

(
|e2|γ2−1

)}

sigγ5
(
σ1sig

γ3 (S) + σ2sig
γ4 (S)

)

− γ2ST diag
{(

|e2|γ2−1
)}

(diag (|Z3|) sign (S) − d)

≤ −
3∑

i=1

(
σ1η

1/γ5
(
|e2i |γ2−1

)
|Si |1/γ5+γ3

+ σ2η
1/γ5

(
|e2|γ2−1

)
|Si |1/γ5+γ4

)γ5

− γ2

3∑

i=1

|e2i |γ2−1 |Si | (ϒ |Z3|max − |di |) (59)

With the proposed fixed-time disturbance observer
and Theorem 2, we have Z3 = d within a fixed time
T1 andϒ |Z3|max −|di | > 0. Meanwhile, according to
Lemma 2 and Lemma 3, Eq. (59) can be written as

V̇ S ≤ −
3∑

i=1

(
σ1η

1/γ5
(
|e2i |γ2−1

)
|Si |1/γ5+γ3

+ σ2η
1/γ5

(
|e2|γ2−1

)
|Si |1/γ5+γ4

)γ5

≤ −31−γ5
(
σ1 min

(
η1/γ5

(
|e2i |γ2−1

))

3∑

i=1

(
|Si |2

)(1+γ3γ5)/(2γ5)

+ σ2 min
(
η1/γ5

(
|e2i |γ2−1

))

3∑

i=1

(
|Si |2

)(1+γ4γ5)/(2γ5)
)γ5

≤ −31−γ5

(
τmV

(1+γ3γ5)/(2γ5)
S +υmV

(1+γ4γ5)/(2γ5)
S

)γ5
(60)

123



Fixed-time sliding mode attitude tracking control 2553

where τm = 2(1+γ3γ5)/(2γ5)σ1 min
(
η1/γ5

(|e2i |γ2−1)),
υm = 2(1+γ4γ5)/(2γ5)σ2 min

(
η1/γ5

(|e2i |γ2−1)). If e2i 
=
0, then η

(|e2i |γ2−1) > 0, (i = 1, 2, 3). Two new vari-
ables are defined as follows for the convenience of the
proof of the proposed ANFFTSMC.

�1 =
{

(e1i , e2i )| |e2i |γ2−1 ≥ τ,∀i = x, y, z
}

�2 =
{

(e1i , e2i )| |e2i |γ2−1 < τ,∀i = x, y, z
}

(61)

If the error system states e1i and e2i reach the region
�1, we have η

(|e2i |γ2−1) = 1 based on Eq. (47).
Therefore, τm and υm are positive constants regardless
of the system states. They can be simplified as

τm = 2(1+γ3γ5)/(2γ5)σ1

υm = 2(1+γ4γ5)/(2γ5)σ2 (62)

Equation (60) can be converted into

V̇ S ≤ −31−γ5
(
2(1+γ3γ5)/(2γ5)σ1V

(1+γ3γ5)/(2γ5)
S

+ 2(1+γ4γ5)/(2γ5)σ2V
(1+γ4γ5)/(2γ5)
S

)γ5
(63)

Based on Lemma 1 and Eq. (63), the system states e1i
and e2i will be driven on the slidingmode surface S = 0
within a bounded time T2.

T2 = 2

2(1+γ3γ5)/2σ
γ5
1 3γ5−1 (1 − γ3γ5)

+ 2

2(1+γ4γ5)/23γ5−1 (γ4γ5 − 1)
(64)

Furthermore, if e2i 
= 0, we have 0 < |e2i |γ2−1 < τ

in the region �2. It can be similarly verified according
to the definition of τm and υm that τm > 0 and υm > 0.
Thus, based onLemma 1 andEq. (60), the slidingmode
surface Si = 0 is still an attractor in the region �2.
Next,wewill verify that the region�2 is not an attractor
area except for the origin. Substituting theANFFTSMC
into Eq. (37) yields

ė2 = − 1

γ2

(
�̄ (e1) + � (e1)

)
sig2−γ2 (e2)

− 1

γ2
diag

{
η

(
|e2|γ2−1

)}

diag
{(

|e2|1−γ2
)}

sigγ5
(
σ1sig

γ3 (S) + σ2sig
γ4 (S)

)

− diag (ϒ |Z3|max) sign (S) + d (65)

If e2i → 0, Eq. (65) can be simplified as

ė2 = −diag (ϒ |Z3|max) sign (S) + d (66)

If Si > 0, then ė2 ≤ dm − ϒ |Z3|max < 0,
and if Si < 0, then ė2 > ϒ |Z3|max − dm > 0,
where dm is the vector of the max value of the dis-
turbances. Therefore, the system states will transgress
the region �2 into �1 monotonically within the time
TL = (

τ 1/(γ2−1)
)
/ (‖ϒ |Z3|max − dm‖). It is obvious

that the system states from anywhere will be driven
on the proposed sliding mode surface S = 0. More-
over, according to Theorem 1, the system states e1i
and e2i will converge to the origin within a fixed time
T < T0 +T1 +T2 +Td +TL . This completes the proof
of Theorem 3. �	
Remark 3 The proposed controller is developed based
on the NFFTSMS and the total disturbances that are
estimated by the fixed-time disturbance observer. Com-
pared with other non-singular fixed-time fast terminal
sliding mode controllers, the proposed ANFFTSMC
does not require the bounded disturbances in advance,
and the control parameters are not required to be equal
to or greater than the disturbances.

4 Simulations and results

In this section, to prove the effectiveness of the pro-
posed adaptive non-singular fixed-time fast terminal
sliding mode control (ANFFTSMC) in Eq. (54), vari-
ous results of the numerical simulation are presented.
The fluid coefficients and parameters of the submarine-
launched missile are listed in Tables 1 and 2 [43].

4.1 Simulation results for the vertical launching mode

The proposed control algorithm will be first tested for
the vertical launching mode, and the initial parameters
are set to be x = 0, y = 0, z = 0, ϕ = 89◦, ψ =

Table 1 Fluid coefficients of the submarine-launched missile

Parameters Value Parameters Value Parameters Value

Cx 0.141 mβ
y 0.69 K11 0.0222

mβ
x 0.00152 m

ωy
y − 0.61 K22 1.1096

mωx
x − 0.0044 Cβ

z − 2.32 K33 1.1096

m
ωy
x 0.0008 C

ωy
z − 1.17 K44 0.1406

Cα
y 2.32 mα

z 0.69 K66 3.8129

Cωz
y 1.17 mωz

z − 0.61 K26 − 0.363
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Table 2 Parameters of the submarine-launched missile

Parameters Value Parameters Value

ρ (kg/m3) 1024 xc (m) 0.02

VL (m3) 37.68 yc (m) −0.005

m0 (kg) 40,000 zc (m) 0.008

g (m/s2) 9.80665 Jx (kg.m2) 2.0729e+04

L (m) 12.5 Jy (kgm2) 3.9213e+05

S (m2) 3.1416 Jz (kgm2) 3.9213e+05

P (kN) 560 dm(kg/s) 100

r (m) 0.6 xR (m) 12.0

D (m) 2.0 xT (m) 8.3276

1◦, γ = 1◦, Vx = 0.5, Vy = 0, Vz = 0 and ωx =
0.001, ωy = 0.001, ωz = 0.001. The expected atti-
tude commands are chosen as ϕc = 90◦, ψc = 0◦ and
γ c = 0◦. Meanwhile, the depth of the launching point
for the submarine-launched missile is h = 30m, and
the simulation sampling step is 5ms. The control com-
mand is limited within [−15◦, 15◦]. Moreover, the PID
controller parameters for both the pitch channel and
the yaw channel are set as (10, 2, 6), and the roll chan-
nel is (5.0, 1.7). Furthermore, the control parameters

of ANFFTSMC are selected to be α1 = 1.5, β1 = 1.5,
p = 0.4, q = 0.7, k = 2, γ2 = 5/3, γ3 = 1/3,
γ4 = 3/4, γ5 = 1.85, τ = 0.005, σ1 = 1.0,ϒ = 2 and
σ2 = 1.0. The parameters of the fixed-time disturbance
observer are selected to be a1 = 0.9, a2 = 2a1 − 1,
a3 = 3a1 − 2, b1 = 1.8, b1 = 2b1 − 1, b1 = 3b1 − 2
and the observer gains are set as k1 = κ1 = 24,
k2 = κ2 = 216 and k3 = κ3 = 864 [47]. As for the
parameter uncertainty, its bias is set to be 20% for the
density of the seawater, and 10% for the fluid coef-
ficients of the submarine-launched missile. The sea
current velocity is wp = 1.5 m/s; the air density is
ρ1 = 1.225; the sea wind velocity is Vwz = 30 m/s;
the aerodynamic drag coefficient is Cwx = 0.5 and the
wind direction is φ = 60◦.

To reduce the chattering of the control system,
the switching function sign(x) will be replaced by a
hyperbolic tangent function tanh(x) = (

ex − e−x
)
/(

ex + e−x
)
. The simulation results of the submarine-

launched missile with six degrees of freedom (6DOF)
in the water-exit process are shown in Figs. 4, 5, 6, 7,
8, 9.

From Figs. 4, 5, 6, it can be seen that the proposed
ANFFTSMC has a more satisfactory performance than

Fig. 4 Attitude tracking
results under the PID
controller and ANFFTSMC
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Fig. 5 Attitude tracking
error results
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Fig. 6 Angular velocity
results under the PID
controller and ANFFTSMC
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Fig. 7 Simulation results of
the total angle of attack and
the total angle of sideslip
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Fig. 8 Control commands
under the PID controller and
ANFFTSMC
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Fig. 9 Fixed-time disturbance observer results

the PID controller in spite of multiple disturbances
including sea winds, sea waves and ocean currents, etc.
The attitude tracking error of the three channels for the
ANFFTSMC is < 0.003◦, while the attitude tracking
error of the PID controller is 0.56◦. Hence, the sim-
ulation results indicate that the ANFFTSMC has less
overshoot and smaller steady-state error than the PID
control law. Meanwhile, the total angle of attack and
the total angle of sideslip are shown in Fig. 7, which
indicate large fluid viscosity forces and torques. The
responses of control commands are shown in Fig. 8,
where the ANFFTSMC’s control commands are larger
than the PID controller’s. Also, the ANFFTSMC has
stronger robustness in the presence of multiple distur-
bances especially near the sea level.Moreover, the con-
trol command is more exquisite during the water-exit
process especially from 2.0 to 2.5 s, which indicates
large disturbances for the submarine-launched missile.
From Fig. 9, it can be seen that, for multiple distur-

bances and un-modeled dynamics, the proposed fixed-
time disturbance observer has excellent estimated per-
formance.

4.2 Simulation results for the oblique launching mode

Next, the simulation is carried out on the missile
launched in oblique launchingmode. The initial param-
eters are set to ϕ = 46◦, ψ = 0.5◦, γ = 0.5◦ and other
parameters are the same as those in Sect. 4.1. More-
over, the expected attitude commands are designed as
follows⎧
⎨

⎩

ϕc = 45 + 5t
ψc = 2 sin (π t/6)
γ c = sin (π t/6)

(67)

The simulation results of the oblique launching
mode are shown in Figs. 10, 11, 12, 13 and 14.

From Figs. 10, 11, it can be seen that the simula-
tion results indicate the effectiveness of the proposed
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Fig. 10 Attitude tracking
results for the oblique
launching mode
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Fig. 11 Attitude tracking
error results for the oblique
launching mode
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Fig. 12 Control commands
for the oblique launching
mode
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Fig. 13 Simulation results
of the differentiator
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Fig. 14 Simulation results of the fixed-time disturbance observer for the oblique launching mode

ANFFTSMC with respect to the oblique launching
mode for the submarine-launched missile. Moreover,
the tracking error for the three channels is < 0.03◦.
Meanwhile, the curves of the control commands are
smooth in Fig. 12. As can be seen in Figs. 13, 14, both
the differentiator and the proposed fixed-time distur-
bance observer show satisfactory performances for the
oblique launching mode, which exhibits strong robust-
ness of the proposed control scheme.

5 Conclusion

In thiswork, a novel fixed-time attitude tracking control
named as ANFFTSMC is presented for a submarine-

launched missile with multiple disturbances. The pro-
posed ANFFTSMC is designed by employing a
NFFTSMS, a fixed-time disturbance observer and a
fixed-time differentiator. Compared with other slid-
ing mode surfaces, the proposed NFFTSMS can avoid
singularity without adding additional parameters and
achieve faster convergence and a more compact struc-
ture. Moreover, the proposed ANFFTSMC does not
require the bounded disturbances in advance, and the
control parameters do not need to be equal to or greater
than the disturbances. Simulations are carried out to
demonstrate the strong robustness and effectiveness
of the proposed control scheme in comparison with
the PID control law. The proposed fixed-time distur-
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bance observer and the differentiator exhibit satisfac-
tory performances in the 6DOF simulations.Moreover,
the proposed control scheme achieves an attitude track-
ing error of 0.03◦, which satisfies the requirement of
the control system design.
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Appendix

D1 =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

−mycV̇z + mzcV̇y − myc
(
Vyωx − Vxωy

) − mzc (Vzωx − Vxωz) − (Jz − Jy)ωyωz

+ 1
2ρV

2SL
(
mβ

x β + mω̄x
x ω̄x + m

ω̄y
x ω̄y

)
+ B (sin ϕ sinψ sin γ + cosϕ cos γ ) zc

−B (sin ϕ sinψ cos γ − cosϕ sin γ ) yc
−mzcV̇x + (mxc − λ35) V̇z − mzc(Vzωy − Vyωz) − mxc(Vxωy − Vyωx ) − (Jx − Jz)ωxωz

+ 1
2ρV

2SL
(
mβ

yβ+mω̄x
y ω̄x+m

ω̄y
y ω̄y

)
− B sin ϕ cosψzc+B (sin ϕ sinψ cos γ − cosϕ sin γ ) xc + Mwy

− (mxc + λ26) V̇y + mycV̇x − mxc(Vxωz − Vzωx ) − myc(Vyωz − Vzωy) − (Jy − Jx )ωxωy

+ 1
2ρV

2SL
(
mα

z α + mω̄z
z ω̄z

)
+ B sin ϕ cosψyc − B (simϕ sinψ sin γ + cosϕ cos γ ) xc + Mwz

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

J =
⎡

⎣
Jx + λ44 0 0

0 Jy + λ55 0
0 0 Jz + λ66

⎤

⎦ ,

H =
⎡

⎣
0 sin γ / cosψ cos γ / cosψ

0 cos γ − sin γ

1 − tanψ sin γ − tanψ cos γ

⎤

⎦

B =
⎡

⎢
⎣

−Pr 0 0

0 −
√
2
2 P(xR − xT ) 0

0 0 −
√
2
2 P(xR − xT )

⎤

⎥
⎦

Ḣ =
⎡

⎣
0 γ̇ cos γ secψ + ψ̇ sin γ tanψ secψ −γ̇ sin γ secψ + ψ̇ cos γ tanψ secψ

0 −γ̇ sin γ −γ̇ cos γ

0 −γ̇ tanψ cos γ − ψ̇ sec2 ψ sin γ γ̇ tanψ sin γ − ψ̇ sec2 ψ cos γ

⎤

⎦
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