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Abstract In this paper, we analytically and numeri-
cally investigate chaos in attitude dynamics of a flexi-
ble satellite composed of a rigid body and two identi-
cal rigid panels attached to the main body with springs.
Flexibility, viewed as a perturbation, can cause chaos in
the satellite. To show this, first, we use a novel approach
to define this perturbation. Then, we employ canoni-
cal transformation to transform the Hamiltonian of the
system from five to three degrees of freedom. Next,
we approximate the system by a second-order differ-
ential equation with a time quasiperiodic perturbation.
Finally, we apply Melnikov—Wiggins’ method near the
heteroclinic orbits to prove the existence of chaos.
Using the maximum value of Melnikov—Wiggins func-
tion and the small perturbation parameter, we find a tool
to predict the size of the chaotic layers. Results show
that this approach is useful even if the panels are not
small. In addition, it is observed that though the satellite
attitude dynamics is chaotic, in many cases the width
of chaotic layers is very small and therefore negligible.

Keywords Chaos - Attitude dynamics - Flexible
satellite - Serret—Andoyer transformation - Melnikov—
Wiggins” method - Width of chaotic layers

M. Chegini (X)) - H. Sadati

Department of Mechanical Engineering, K. N. Toosi
University of Technology, Tehran, Iran

e-mail: mchegini @mail.kntu.ac.ir

H. Salarieh
Department of Mechanical Engineering, Sharif University of
Technology, Tehran, Iran

1 Introduction

This paper deals with chaos in attitude dynamics of a
spacecraft composed of a main body and two identical
flexible panels attached to the main body symmetri-
cally. We assume that the internal perturbation due to
flexibility is small, which does not necessarily imply
that the relative mass moment of inertia of the panels to
the main body is small. This internal perturbation due to
flexibility shows itself better in the relative movements
of the panels with respect to the main body rather than
the size of the panels (mass and mass moment of iner-
tia). For instance, if very large panels are attached to
the main body rigidly, and also the panels are assumed
to be rigid, then there is no internal perturbation and
also no relative movements.

We assume to have a small fast-spinning satellite in
a high orbit. The high orbit assumption is to avoid the
atmosphere drag. Moreover, it is assumed that the mass
of the satellite relative to the mass of the primary (e.g.,
the earth) and the dimensions of the satellite relative to
the orbit of the satellite around the primary are small;
thus, the orbital motion is considered to be independent
of the rotation of the satellite and we treat the gravity
gradient as a perturbation of the attitude dynamics [1].
In addition to the previous assumptions, if the satellite
has a large rotational angular momentum (i.e., a fast-
spinning satellite), the effect of the gravity gradient on
the width of chaotic layers is negligible [2]. Under these
assumptions, the orbital and attitude dynamics become
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decoupled and the center of mass of the entire system
always stays in orbit. However, the center of mass of
the main body can move with respect to the center of
mass of the entire satellite. We study the effects of the
parameters on chaos and the width of chaotic layers for
some sets of parameters.

Chaos in the attitude motion of a satellite has been
studied in many cases where there are different exter-
nal perturbations. These perturbations can be gravity
gradient torque, magnetic torque, solar radiation pres-
sure force, aerodynamic drag, or a combination thereof
(selected publications [3—16]). Nevertheless, chaos can
arise in a satellite when there is no external force and
the satellite is flexible. Flexibility can come from solar
panels, antennas, or other parts of a satellite. There are
vast and recent research works devoted to investigating
chaos numerically in flexible bodies (see [17-19] and
references therein). However, there are few papers that
have investigated chaos analytically in a flexible satel-
lite. Gray et al. [20,21] have modeled a flexible satel-
lite with a small flexible appendage and a dissipation
that drives the satellite from minor to major axis spin.
There are other important studies, such as Meehan et
al. [22], who investigate the onset of chaotic instability
in a rotating satellite with a small spring-mass-damper,
Baozeng [23,24], who studies chaos in a liquid-filled
flexible spacecraft with a small appendage, and Ifiarrea
et al. [25-27], who study the effects of a time-periodic
moments of inertia in a satellite.

There are certain drawbacks associated with these
papers in the literature, namely the attachment is treated
as an extra part of the main body and the system is not
reduced in terms of degrees of freedom based on the
fact that the Hamiltonian and the total momentum of the
entire system are constant. The first drawback leads to
the assumption of having a small attachment which in
turn results in some limitations imposed on the param-
eters of the system. The second shortcoming results in
more complicated equations of motion. In the present
paper, we attempt to avoid these disadvantages by using
anovel approach. An analytical criterion for chaos and
the width of chaotic layers based on the parameters of
the entire system are then developed.

This work differs from the previous works in that we
use a novel approach, based on the effect of the flexi-
bility and not on the small size of the panels, to define
the perturbation, enabling the consideration of a wider
range of parameters. Furthermore, we apply the Serret—
Andoyer transformation on the entire flexible system
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and reduce it to a Hamiltonian with three degrees of
freedom. In addition, the center of mass is not fixed;
therefore, we can investigate the effects of flexible parts
more realistically. Finally, we give an analytical means
to approximate the width of the chaotic layers in the
satellite, which is in turn used to find the sets of param-
eters for cases where the widths of the chaotic layers
are very small, making it possible to eliminate chaos.

2 System description

The satellite is shown in schematic form in Fig. 1 and
Fig. 2. This can be considered as a simplified model
for a satellite with two solar flexible panels. It is com-
posed of a main rigid body and two identical rigid pan-
els which are symmetrically attached to the main body.
At the attachment lines, we consider torsional springs
with stiffness K for both panels. The orthogonal coor-
dinate system xp, y,zp is the principal axes of the entire
system when 67 = 6, = 0 and is affixed to the center
of mass of the main body CMjy,. The orthogonal coordi-
nate system x; yZ; is affixed to the center of total mass
CM;, and it has the same orientation in space as the

Vb

Fig. 1 Schematic 3-dim figure of the satellite

L Spring with stiffness K
Xp

Spring with stiffness K

VXt

Fig. 2 Schematic figure of the satellite in the xy plane
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coordinate system xpyhzp and when 67 = 6, = 0 the
two coordinate systems x,Yp2Zh and x;y;z; coincide.

The mass moment of inertia of the main body is
Iy, = diag(lp1, Iv2, Ip3) and for the panels about the
center of mass of each is I, = diag(/;1, 142, 143). The
mass of the main body is My, and the mass of each panel
is M. The center of mass of panel 1 and panel 2is CMp,;
and CM,,;, respectively. The vectors s, Ry, and R; are
those from CM; to CMyp, CMp;, and CM,y,, respec-
tively. The parameter b is the length of the main body
along the yp-axis, and the parameter a is the distance
between the center of mass of panels to the attachment
lines. The relative angles 61 and 6, are those between
panel 1 and the main body and panel 2 and the main
body, respectively. Note that in this paper the vectors
are shown in bold and italic and matrices are shown in
bold.

3 Equation of motion and the Hamiltonian

In the next three subsections, we first derive the kine-
matics of the system, followed by the kinetic energy,
momentum, and potential energy. We finally arrive at
the Hamiltonian with three degrees of freedom based
on the Serret—Andoyer variables.

3.1 Kinematics

We divide R and R into three parts. Part one extends
from the total center of mass to the center of mass of
the main body. Part two is from the center of mass of
the main body along yp-axis to the attachment lines of
the panels, and the third goes from the attachment lines
of the panels to the panels’ centers of masses (Figs. 1
and 2). Therefore, we have R = s + R|; + Ry»> and
R, = s + R>1 + Ry, where (note that all vectors are
expressed in the reference frame x;yz)

Ry =—Ry =[0,5/2,0]"
Ri> = [asin (6)) ., acos (6)),0]" (1
Ry = [asin (62), —acos (62) , 0]

Denoting M, as the total mass, and using Eq. (1),
one obtains

Mys + MyRy + MR, = 0

(2
Mis + Mp (R12 +Ry») =0

which is used to derive s based on 61 and 6. Differenti-
ating Eq. (2) with respect to time results in (the reader is
referred to Egs. (8.a) and (8.b) in [28] for more details
on the derivatives of vectors with respect to different
references)

M ($ + 2 x s)+ M, (.Qpl X Ry + 2, XR22) =0
3)

This is because s is measured in the body frame
x¢yizi; therefore, its direction will change by £2 which
is the angular velocity vector of the main body. On the
other hand, Rj> and R, are vectors in rigid bodies,
and therefore, only their direction will change by the
angular vector velocity of the panels, namely £ and
£2 2, respectively. The angular vector velocities of the
panels expressed in the body frame x¢y z; are

2, =52+él;
0, =—6,[0 0 117 @
2, =2+ 0

6, =6,0 0 117

Substituting Eq. (4) into Eq. (3) and simplifying by
Eq. (2) result in

M+ My (61 x Riz+ 62 x Ry) =0 5)
The velocities of the centers of masses are

VCMb=$‘+SZXS
Vem, =5+ 2 xs+ 2 x Ry1 + 2, x Riz  (6)
Vemy, =§ 4 2 x5+ 2 X Ry + 2, x Ry

where V oy, is the velocity vector of the center of mass
of the main body and VCMp] and VCMp2 are the veloc-
ity vectors of the centers of masses of panels 1 and 2,
respectively.

3.2 Momentum, kinetic energy, and potential energy

The total angular momentum of the whole system about
the center of the total mass CM; is

G =02 +152, +15,2, + My (S x VCMb)

(7
+ Mp(Ry x VCMpl) + My (Ry x VCMpZ)
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Denoting Ry, and Ry, as the rotation matrices with
respect to the main body for panel 1 and 2, respectively,
leads to

_C1 —510_
S1 C1 0
[ 0 0 1]

Iy = R;Fﬁ LRy, Ry =
¢y $2 0]
—s2 ¢ 0
| 0 01|
c1 =cos(01),cr =cos(6r),

s1 = sin (A1), so = sin (6) (8)

Iy, = R}ZIaszv Ry, =

Substituting Egs. (1) through (6) into Eq. (7) and
simplifying results in

G=12+G, ©)
where

LO) =Ty +1, +1p+ My (sTsU3X3 - ssT>
+ M, (RTR1U3X3 - RIRD

+ My (R RyUs.c3 — RoR))

. . . (10)
Gr(6.0) = 1501 +15,02
+ My (R1 X (01 X R12) + Ry x (02 X Rzz))
Uszx3 =diag(1,1,1)
0 =161 621"
The total kinetic energy is obtained as below.
1 T 1 T
T = EMbVCMb Vch + EMP Vch] VCMpI
1 T 1ot
+3MpVem, Vo, + 52 1h2 (11)
lor Lot
+ E‘leflﬂpl + Eﬂpzlfzﬂpz

Using Egs. (1) through (10), Eq. (11) may be rear-
ranged as follows:

L - L 1-1 LTy
T = EG I G- EGfIt Gy + 50 Mé (12)
Simplifying T in Eq. (12) further, we get
[ - LT
T = EG I, G+ 50 N6 (13)
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where
A
N@)=M- —
1t3
A% A1A> My M,
A_|:A1A2 A% » M= My My

Al = 1 2MZ2a*(1 — cos (01 + 6)) — 21a; M,
2M, P 3

—2M,Ma* — MpyM.ab cos (91)>

Ay = —L 2M2a2(1 —cos (01 + 92)) — 214, My
om 7 ’

— 2MpMa® — MpM.ab cos (92)> (14a)
1
Ly = 1,(3,3) = Iy, + 21, + M (2a + b)?

1
+ M(ZMgaz (cos (B + 62) — 1))
+ Mpab (cos (01) + cos (62) — 2)

1
M, = _H(Mgcﬂ + MMpa®* + 1, My)
t
1
M, = —V(Mgaz cos (61 + 62)) (14b)
t

Denoting K as the stiffness of the springs, the total
potential energy is

1
U= 5‘9TK9 (15)
where

10
s3]

Using Egs. (9), (13), and (15), we may now proceed
to obtain the Hamiltonian based on the Serret—Andoyer
variables along with the relative angles of the panels
and their associated conjugate momenta as follows:

3.3 The Hamiltonian and Serret—-Andoyer
transformation

The Lagrangian of the system is £L(v,v) = T — U,
where v = [V, ¥, Y3, 01, 62] is the vector of gener-
alized coordinates and 1, Vr», and 3 are three Euler
angles that define the orientation of the main body coor-
dinate system xp ypzp relative to some inertial reference
frame, as shown in Fig. 3. Note that due to the described
relative motion of the panels with respect to the main
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Body plane (orthogonal to z;)

Invariable plane
(orthogonal to G)
Reference plane 7
(orthogonal to zp)
A

Fig. 3 Transformation from the reference frame to the body
frame in two cases

body, the two coordinate systems xpypzp and xyizg
have the same orientation in space, separated by the
vector s, as depicted in Fig. 2 above.

In the next step, the conjugate momenta of the angles
are derived. Hence, we may write

- T
AL 3G 96
PQIZ—.ZGTI;I—. + —
001 2001 90,
c G 90" (1o
3 3 30 .
Pp=—=G"I,'— + —Nb
36, 36, 06,

Taking the partial derivatives of Eq. (9) with respect
to 61 and 6>, we may write

06 oG, |0

9G _ 39Gy
96, 06, Al

36, 06, Ay
(I7)
Moreover, from Eq. (10), we know that I, and its
inverse are in the following forms.

-1
Illl IfIZ O 1 It]l It12 02 1
L=|1lyln 0. I = Iy, I, *
0 01, 0152 ;!

(18)

Therefore, simplifying Eq. (16) through (18), the
conjugate momenta of the angles are obtained as

Py = [PGI} = FG3 +N@
Py,

19)

1 [A
F=— , G3=G(@3
1,3[A2] 3 3

As for the conjugate momenta of the Euler angles,
we have

- e
9L GTI;IE T2
Py, 0y 0y 0y
L 3G IR
Py |l=| = |=|6"'=-|=| 6T
P %) %) %)
v aL TI—IE GTE
L 99 "oy 92

(02 0 e ]TG By, v, U5 G
== T i = 1, Y2, 93

Loy 0vz 0y
(20)

where for the Euler angles shown in Fig. 3 we obtain

sin(Y2) sin(¥3) Y1 + cos(¥3)y
2 = | cos(¥3) sin(¥2)y1 —sin(y3)yn |
cos(¥2) Y1 + V3

sin(y2) sin(¥3) cos(y3) sin(y2) cos(y2)
E= cos(¥73) — sin(y3) 0
0 0 1
@D

and therefore

. Py,
G =E Pl/fl
Py,

|:CSC(1//2) sin(y3)  cos(¥3) —COt(llfz)Siﬂ(llf3)j|

csc(¥2) cos(Y3) —sin(y3) — cot(¥2) cos(y3)
0 0 1

Py,
X Pl/f1
Py,

which turns out to be the same as a rigid body angular
momentum based on Euler angles and their associated
conjugate momenta [29]. This shows that we can use
the Serret—Andoyer transformation.

All the necessary ingredients are now ready for use
in the Serret—Andoyer transformation. There are three
planes in Fig. 3, namely the reference plane (spanned
by xo and yg, orthogonal to zp), the invariable plane
(spanned by i and j, orthogonal to the total angular
momentum vector G), and the body plane (spanned
by x; and y, orthogonal to z;). These three planes are
used in the Serret—Andoyer transformation, where five
angles, namely 4, I, g, J, and [ are used to transform
the reference plane to the body plane. The angles J and
I are defined as acos(L/G) and acos(H/G), respec-
tively, where G is the magnitude of the total angular

(22)
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momentum vector G, and L and H are the conjugate
momenta of / and h, respectively. In this transforma-
tion, if there is no external perturbation leading to a con-
stant total angular momentum vector G, the invariable
plane is always fixed in space, simplifying the Hamil-
tonian significantly and leaving only the angles /, 61,
and 6 and the conjugate momenta L, G, Py,, and Py,
in the Hamiltonian (H in Eq. (29)) [2].

In what follows, it is demonstrated that the total
momentum of the system can be derived as a func-
tion of the Serret—Andoyer variables using this trans-
formation. To perform this derivation, perfect differen-
tial should be used to show that this transformation is
canonical. Reference [29] shows this is indeed true for
the rigid satellite, but this is shown for the flexible satel-
lite in the following. We consider two cases, namely one
with three Euler angles rotations and the other with five
rotations. In the first case, three Euler angles are used
to transform the fixed frame xoypzo with the center at
CM; to the rotating frame x;y;z;. First, we rotate the
reference frame about the zg-axis by ¥, followed by a
rotation about the x -axis by ¥, and finally, a rotation
about the z¢-axis by 3, as shown in Fig. 3. In the sec-
ond case, this transformation is done by five rotations.
These rotations are described as the following. The 1st
is about the zp-axis by A, the 2nd is about the i-axis by
I, the 3rd is about the k = i x j = G/G axis by g,
the 4th is about the j axis by J, and the 5th is about the
z¢-axis by /. For the first case, when three Euler angles
are used, we have the following rotation matrix.

R (Y1, Y2, ¥3) = R3 (Y3, 2) Ry (Y2, x') Ry (Y1, 20)

(23a)
The differential of rotation is [30]
dR = zodyr) + x/dlh + thw3
02 02 02
= —dy + —dyn + ——dy3 (23b)

oY ) Y3
Using Egs. (9), (13), and (23b), we arrive at

Plﬂ]d.(ﬂl + Plﬁzde + P1/;3d1ﬂ3
oL oL oL
= —dy1 + —dyn + ——dy3
oY GX) Y3

dG G
=G —dy; + G —dy
Y 0y
G
+G'I ! —d
1 31//3 W3
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IQ IQ IQ

=GT—=dy; + GT——dyr + GT—=dy
Y Y Y3

=G.dR (23¢)

For the second case, when we have five rotations,
we obtain
R, 1,g,J,01)
=R5(,z) R, (J, )H R (8, YR, (1, ) R} (B, 20)
dR = zodh +idl + kdg + jdJ + z,d]
G.dR = (G.z9) dh + Gdg + (G.z;) dl
= Hdh + Gdg + Ldl (24)

Therefore, from Egs. (23¢) and (24), one obtains

Py, dyry + Py,dyro + Py,dy3 = Hdh + Gdg + Ld!
Plﬂ] dl/fl + szde + P¢gd1/f3 + P@] d91 + P92d92
= Hdh + Gdg + Ldl + Py, d6 4 Py,d62(25)

The second part of Eq. (25) proves that the transforma-
tion is in fact canonical. From the first part of Eq. (25),
the components of the angular momentum in the body
frame are obtained as (Fig. 3)

[G.x¢, G.y,, G.z{]
=[G sin(J) sin(l), G sin(J)cos(l), L]
- [\/ G2 — L2sin(l), VG2 — L2 cos(l), L]
(26)

Using Egs. (13), (15), (19), and (26), we obtain the
Hamiltonian with three degrees of freedom, which is
expressed in the Serret—-Andoyer variables (I, L, G)
along with the relative angles of the panels (01, 6)
and their associated conjugate momenta (Py,, Pg,) as

H=T+U
L 11 ! Tn-!
= 3G 'G+ 5 (Py— FL)'N"! (Py — FL)

1
+ onKe 27

4 Analyzing chaos

In this section, we analyze chaos in the satellite using
Melnikov—Wiggins method [31-33]. First, we divide
the Hamiltonian in Eq. (27) into two parts, namely the
integrable and perturbation parts. Then, we reduce the
perturbation part of the Hamiltonian by assuming the
relative angles of the panels 6 to be small. Next, we
rearrange the equations of motion in a suitable form
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to apply the Melnikov—Wiggins’ method. Finally, this
method is used to analyze chaos based on the parame-
ters of the system.

To apply the Melnikov—Wiggins’ method, first, we
need to find the heteroclinic orbits of the unperturbed
system. Then, the suitable form to use Melnikov—
Wiggins integral is derived with the perturbation part
as a function of /, L, and time (a quasiperiodic function
of time), paving the way to finally employ the method.

4.1 Perturbation part of the Hamiltonian

To divide the Hamiltonian associated with the inte-
grable and perturbation, first, we divide the matrix I,_]
in Eq. (27) which is a function of the variables 6. This
matrix can be divided into two parts as follows:

L= (L + 1)

-1
Ly =1, Ty (Uss + 1,'Ly) 1!

= I,_,1 + Ly
(28a)

where I, is the rigid part (i.e., when the angels 6 are
zero) and I;¢ is the flexible part of I, respectively, and
both are defined as follows:

, 1 1 1
I;; = diag| —, —, —
Y Y2 V3

w1 g 0 (28b)
L= | 1apu2 0
0 0 us3

where

1 b\?
= I +2U0, +2M, (a+ 3

Y1

! Ip, + 21

— =1

Y2 ? “

! Ip, + 21, +2M + A%
— — a4 =
V3 b3 as P 2
and

= (1[,2 - Mpaz) (sin2 (6)) + sin? (92))
— Mpab (2 — cos (01) — cos (62))

M2 2
_ ( m ) (cos (61) — cos (62))>

t

o = (Mpa2 1oy — 142) (sin2 (61) + sin (92))

M? g%
( ;’/[ )(sin(01)+sin(02))2

t

3 = Mp ab (cos (0) + cos (62) — 2)

2M2 2
+( ™, )(005(91 +6)— 1)
i = (3) (1o -
( ) ab (sin (61) — sin (62))
Mgja

(5

Using Eq. (28), the Hamiltonian in Eq. (27) can now
be divided into Hg and H; as follows:

— Mya ) (sin (201) — sin (262))

) (2sin (67 — 6,) — sin (261) + sin (26,))

(28¢)

H({,L,8,0) =Ho(,L)+H(,L,6,0) (29a)
where
1

Ho(l, L) = EGTI;]G

% (;/1 sin2(0) + cosz(l)) (62 - L2)

1
+-yL?
21/3

] 1
Hi(l,L,0,0) = 5GTI,»fG +3 (P = FL)T

1
1Py —FL)+ E49TK0

1 1. . 1
= 56"1,G + 5oTNo +70"K8 (29b)

It can be readily seen from Eqgs. (28) and (29) that
Hi1(,L,0,0)=0 (30)

On the other hand, it is obvious that if the mass
and the mass moment of inertia of the panels are zero,
or if the panels are rigidly attached to the main body,
then there will not be any internal perturbations and
the entire system will be integrable. Moreover, in both
of these cases, the relative angles @ and velocities ]
of the panels will always be zero when the main body
moves or rotates (considering that the initial values 6
and (5’0 are zero). Therefore, one can say that the inter-
nal perturbation is directly affected by the size of 6.
Thus, we define Hoy(l, L) and H (I, L, 8, i)), respec-
tively, as the integrable and internal perturbation parts
of the Hamiltonian in Eq. (29). Figure 4 shows this
point in a diagram.

Itis seen in the definition of H (I, L, 6, é) (Eq. (29))
that the size of @ is a measure of the size of the internal
perturbation (at least for @ near zero). Therefore, if one
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Integrable System Hl(l, L6, 9) =0

Ny

)

(6,6) = (0,0)

—

K =wor(M,1,) = (0,0) |
|

Fig. 4 Relationship between the integrable system, the perturbation part of the Hamiltonian, relative angles and velocities of the panels,

and the panels parameters

wants to have a small perturbation (which is the case
when analyzing chaos with the Melnikov’s method),
then # must be small.

4.2 Applying Melnikov—Wiggins’ method

The Hamiltonian of the unperturbed system is obtained
by setting the perturbation part of the Hamiltonian in
Eq. (29) to zero (i.e., H1 = 0), hence

H =Ho(, L) €29

The equations of motion for the variables / and L in
this Hamiltonian are

. 0Ho
L e
f‘M‘ it

3l (32)

L(y3 — yacos*(I) — y sin®(1))

1 5 .
_E(G — L) (y1 — y2) sin(2)

Assuming y; > y» > y3, without loss of generality,
the heteroclinic orbits of Eq. (32) are obtained as [30]

L(t) = £Gnsech (nt)

e V1 —n2sech (nt)
sin([(t)) =+
( ) 1 — n2sech? (nt)
tanh (nt)

V1 — n2sech? (n1)

(33)

cos (i(t)) =4
where
[Y1I— Y2
77 =
Yi—V3
n=Gy(—y) (v —)

Adding the perturbation part, the new equations of
motion will then become

i
(]-re

@ Springer

(34a)

where
oH G .
o0 | |G T
eg = oH, | = . G (34b)
i -G —
al ol

where ¢ is a small parameter and will be defined later.
Since # is assumed to be small, the new variables ¢
and ¢, are defined as follows:

01 = ¢e(q1 + q2)

0 = e(—q1 + q2) (35)

and consequently

01 — 6 = 2¢eq
01+ 6> =2eq
6y — 6 = 2eq
01 + 6, = 2¢egn

Replacing the new variables in Eq. (34) and using
series expansion about ¢ = 0 will result in

eg =8 + 82g2 + 82g3 +0(&) (36a)

where

{—21/1 28191 L sin(2D) + 232;/3@1}
81 =
—291128141(G* — L*) cos(21)

L <2)/3284 + 2)/22 (2)/1812 + 83) cos? ) l
e 12y,2 (2;/2312 - 51> sin? (1))
s=a (G2 = L?)sin(2]) (—y22 (2)/1512 + 53)
i +n? <27/2512—51>) |
[ L (2032 (04 + 85) + 2727 (83 — 85) cos® (1)
8=’ ~2p %81 sin? ()
| (67— L)sin@)) (=% 83— 85) — 71281 )
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and

d

b
(—qu + Iy + Mpa (a + 5))
b
82 = (Ian‘ + Mpa (a + 5))

55 = (_1@ ¥l + Mpa2) (36b)
34 = Mpa—
2Mp2a2
85 =
M,

Itis seen from Eq. (35) thatif g, = 0,then6; = —6,.
Considering Eqs. (2) and (3), this in turn means that the
points CMy, and CM; always coincide. To put it differ-
ently, g, represents the effect of the displacement of
the center of mass of the main body CM}, with respect
to the total center of mass CM;. As seen from Eq. (36),
the effect of g» in defining the perturbation is less sig-
nificant than that of ¢ . Nonetheless, to have a thorough
investigation one should consider ¢, as well.

Now we are almost ready to apply Melnikov—
Wiggins method. Only one step remains which is to
have ¢ and ¢> as functions of time. To achieve this,
first, we derive the equations of motion for 6 and Py
as the following.

r oM oH,
. d Py Py 1
b= = =N1(Py-FL

oH [37‘[1 (Pg )

L 0 Py2 daPyo

[ o

P 96 | 301
PT e T o

L 06y 06>

[aFT 1 0Ly 1 . paN1 .

- -GT LG - - (NHT—— (Nb) — K0
| 96, 27 ;N0 =5~ (NO) !
| aFT ;) # 1 . poN"1 .

- -6T e - N T (N§) — K6y

L 06> 2 96 2 a6r

(37

Then, we differentiate the first two equations (9) in
Eq. (37) with respect to time which results in

- oN . N .\ .
N6 + <£91 + £92> 6
1 2 (38)

Next, we replace Pg in Eq. (38) from Eq. (37) and
obtain a two-order ordinary differential equation for the
panels. Last, we replace @ and its derivatives with our
new variables from Eq. (35). Doing this, while keeping
only the first power of ¢ along with further simplifica-
tions, takes Eq. (38) in the form

(52 b — 28227/3> G1+ (K + B L) q
1/ 1 N :
= - _56”/”/2 (G - L ) sin(2l) + 83 L

(02 —384—385) G2+ (K + B2, L) g2 =0
(39)

where
Al L) ={( (81 = 28:%2) 2 sin )
— (53 + 2512;/1) 12 cos? (1)) (G2 — LZ)
+ 54V32L2}
pall. L) ={ (81712 sin? () = 83 = 85) 2 cos” (1)

X (G2 - Lz) + (84 + 8s) V32L2}

In general, the analytical solution of Eq. (39) is difficult
to find. However, if

K>>81(,L) and K>>p(l, L) 40)

then one can simplify Eq. (39) to

(82— 8 — 2023 ) s + Kan

1

1 . '
= - (——51)/1 v <G2 - Lz) sin(2) + 82J/3L>
e 2

(62 —384—385)G2+Kq=0
(41)

which can be solved analytically if we have [ and L
as functions of time. The conditions in Eq. (40) are
acceptable in analyzing chaos because, as we have dis-
cussed in this section, if we wish to have a system with
small internal perturbation due to the flexibility, then
we must have a large K or small panels (i.e., small §;),
which is equivalent to this condition.
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Now we have two sets of equations (Eqgs. (34) and
(41)), which must be solved together to find the solu-
tions of all the variables. However, since we only ana-
lyze chaos in this paper and the Melnikov—Wiggins
integral (Eq. (47)) is obtained around the heteroclinic
orbits of the main variables (/ and L), we find the solu-
tions of Eq.(41) when ! = I(r) and L = L() (Eq. (33))
and use it in the Melnikov—Wiggins integral in Eq. (47).
Substituting / = I(r) and L = L(¢) into Eq. (41) yields

V4
. 2 2
+ w = —n“sech(nt) tanh(nt
q1 9= (nt) (nt) (422)
Gt ®3q=0
where

_ G (711281 + v1v382 — v21382)
o nn =) (52— 84 — 28°y3)
V17281 + y1v362 — Y2732
(82— 84 —28%3) (1 — ) V1 — ¥3) (72 — 73)
K
(82 — 84 — 28%y3)

K
w = | —
(82 — 84 — &5)

The solution of Eq. (42a) is

w] =

(42b)

1
q1(t) = — (a(t) + 'y sin (w1t + ¢1))
€ (43a)

1
q(t) = - (I"z sin (wat + ¢2))

where
. . 2 2
010 — 6 6010 — O,
I :/< 10 — 620 +1“11> +( 10 — 620 +F12>
2w 2
. . 2 2
o — (10 +0%0 010 + 620
= +
2wy 2

010 — 0 )
¢1 = atan2 710 — 720 + 12, 710 7 720 +I'11
2 2w
> = atan2 010 + 620 610 + 620
2 2 2wy

0 k . —(2k-+1)ntsign(t)
DF 4k +2 t
a () ZZ( )*( ) sign () e 5
k=0 (2k 1)2 (621 )

n 2
~ Z(—) sech (nt) tanh (nt)
w]
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¥ (0
ry =@ :Z<1+zmh(%>

w1 w1 2 n
i n+io| n—iw]
+§<‘/’< an >_w< 4n )))
') =—-a(0) = —Z%sech (%) (43b)

In Eq. (43b), ¢ and 6o are the initial values and
¥ is the Euler psi function (Digamma function). The
approximation of « (¢) & Z(n/wl)zsech (nt) tanh (nt)
in Eq. (43b) is again set to have small perturbations.
This is due to the fact that having a small perturbation
leads to having a large K or small panels (i.e., small
;) that in turn results in having a large w; (Eq. (42b)).
Moreover, « (t) is non-periodic and vanishes exponen-
tially as nt increases; therefore, we can ignore it. (It is
of course an approximation.) Since we want the param-
eter € to be a measure of the size of 6, we assume that

g1l +1g2] =1 (44)

and thus define ¢ as
e=1T1+13 (45)

This definition is satisfactory due to the following
points.

1. If ¢ = 0, then from Eq. (35) one can write § = b =
0 and consequently Eq. (30) gives H; = 0.

2. The larger the ¢, the larger the perturbation.

3. Despite the previous works, we have only assumed
that the perturbation is small and we have not con-
sidered any other assumptions to describe the per-
turbation.

4. It works in general case regardless of the size of the
panels.

Substituting Eq. (43a) into Eq. (36a) (with « (1) =
0) shows that Eq. (34a) now becomes a one-degree-
of-freedom system with a time quasiperiodic perturba-
tion, which suits to be used in the Melnikov—Wiggins’
method [31-33]. In Wiggins’ formalism, the final
approximation of Eq. (34) then becomes

x = JDHo(x) + eg(x,81.62:1.6) (46)
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where 7 ~ .
l < [ oHo G082 G0 010+ 10
X = —00
L +£1, w2t + 1)) dt
. 2 3
§1 = = 2KXLL
. In+1 a)12
& =w
o0
2 2 1
(x,&1.60, e) € R“ x T* x RP x R /Qm#mnmmnmhma+m+a+mw
01 -
J= [—1 o} N n2 o)
=2nKX csch( )
and p is the vector of the parameters. The Melnikov— ] fi+13 "
Wiggins function is sin 2 (@1t + &1 + 1) (49)
Mj (1) =«
M (1, &1) ° s 3
~ X / (DHo x (1)) .83 X (1), w1 (t + 19)
= DHoy (% (1)), g & (), w1 (t + 1 -
[ oG @060 ) et o
—0Q 1"22 713
=2KY—= —_
+ &1, wa(t +19))) dt F1+F2a)22
= M (to, &1) + M2 (to, &1) + M3 (10) o0
x / sech? (nt) tanh(nt) sin® (wo (t + to) + ¢2)dt
where —00
My (19, &1) P cwh(ffz)mna(wyo+¢g)
0o Irn+1n n
- / (DHo G (1) .81 G (1) 011 + 10) (50)
—00
+12’w2(t +19))) dt where
= 2G3 - 8
RE Y1v2 (Y2 — ¥3)ndy
%) 1
3 X=
X (sech (nt) — 2sech (nt)) 1= (2 =) ("1 —¥3)
oo 1 { 2
X — ) —y3+2 )
sin (w1t + witg + &1 + ¢1) dt (52 — 84 —2522]/3) " I(VZ v3 yars 1)
I 2 2 2(_ 2 2
+Fr+&2m®Gcm L=n"(1 — ») +y(m (2m& +%)+V3M)
7 - »13(rd+ 7/354)}
X / sech (nt) tanh(nt)
—0o0

cos (w1t + wity + &1 + ¢p) dr

r G3 2
= 2= |r(m - o
H+D{ (Q)(n ¥3) nwi

x (Y1201 + v1¥382 — v2¥362)

x sech (%) sin (w110 + &1 +¢1)]

Tw

=2nKZ
1+12

Mo (19, 81) = ¢

T’
lF sech (Tnl> sin (w19 + &1 + é1)
(48)

1

S ) =) — )
1

_r 2 2
R ya— {J/l (Vz (83— 85) + 737 (64 + 55))
+n%81(n—r) -1 ()’2(53 — 35)

+ 3 (54 + 55)) }

Substituting the results of Egs. (48) through (50) into
Eq. (47), one obtains
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2n K
In+1;

Tw| .,
X (ZFlsech(E)sm (w110 + &1 + é1)

M(to, &1) =

2 T w1 .
+ X I'1“csch (T> sin (2 (wito + &1 + ¢1))

+Y I%csch (%) sin (2 (waty + ¢2)))
(51)

The Melnikov—Wiggins function in Eq. (51) reveals
that

M<kﬂ—¢2,_¢l_w1kﬂ—¢z>=0

w2 w2

aaﬂ (k”__d’2 —y — wlkn__d’z> £0 (52)
1) W) W)

oM (—kn _¢27 —¢1 _wl—kn _¢2> #0

081 w) [0))

where k € Z. Eq. (52) satisfies the conditions of the-
orem (4.2) of [33]. Thus, the system is always chaotic
around the heteroclinic orbits as expected. Nonethe-
less, the width of chaotic layers could be very small
(almost zero) for some sets of parameters and therefore
in practice, the chaotic motion in these cases may be
negligible. The width of chaotic layers can be approx-
imately estimated by the use of the maximum value of
eM (to, 1) [34]. In the next section, we thoroughly
investigate the effect of parameters on the width of
chaotic layers and compare the analytical method with
the numerical results.

5 Effect of parameters and initial values on the
width of chaotic layers

In this section, we investigate the effect of parame-
ters on the width of chaotic layers. To do this task, we
must first devise a tool to approximately measure the
width using the maximum value of e M (ty, &1). This
is followed by a general explanation of the effect of
parameters on the width. Moreover, we give numeri-
cal examples, for some cases and some ranges of the
parameters, to see the impact of the parameters more
clearly and to compare the analytical and numerical
results. This comparison is carried out on the Poincar
maps and the plots of the maximum value of Lyapunov
exponents.

@ Springer

5.1 Analytical approximation of the width of chaotic
layers

The width of the chaotic layers may be approximately
estimated by the inequality relation [34]

[AH] < e Mmax (53a)
where (from Egs. (29), (45), and (51))

AH = Ho(l, L) — Ho(, L)
=Hy(, L) — Hp(0, 0)

- % (y1 sin (I) + 3 cos? (1)) <G2 - L2)

Lo h 1
L% — =G
T 12
eMumax = 27K x (\Z|Flsech(?)
n
+X | 2csch (—ml) + Y| 2csch (sz»
n n

(53b)

To be able to analyze this inequality properly, we
rewrite Eq. (53a) in a non-dimensional form as follows:

’(ﬂ _ 1) sin? (1) +
V2
2
(ﬁ —Ygin? (1) — cos? (l)) <£> < —ZSMH;‘X
V27 G G
(54)

This inequality is solved to obtain / and L which
are the deviations from the heteroclinic orbits / and L
in a Poincaré map (i.e., the width of chaotic layers).
Inequality (54) shows that

1. The larger the ¢, the larger the width of chaotic
layers,

2. The larger the stiffness of the springs K, the smaller
the width of chaotic layers. This is due to the fol-
lowing reason. When K increases, then w; and w>
increase (Eq. (42.b)) and for the approximate con-
ditions that w1 /4n > 1 and Trwy /2n > 1, the size
of e M nax is a strictly decreasing function of K and
goes to zero when K goes to infinity. This approxi-
mate condition, i.e., tw; /4n > landwrwy/2n > 1,
is again to have small perturbations and if this con-
dition is not satisfied, then the perturbation tends to



Chaos analysis in attitude dynamics

1433

be large and therefore out of scope of analytically
analyzing chaos,

3. The larger the total momentum G, the larger the
width of chaotic layers. This is due to the following
factthat fromEq. (33)n = G/(y1 — y2) (2 — ¥3)
and for the approximate conditions that 7wy /4n >
1 and wwy/2n > 1, the size of eMpax/12G? is a
strictly increasing function of G and goes to zero
when G goes to zero,

4. The larger the mass moment of inertia of the pan-
els, the larger the width of chaotic layers. This is
explained as follows. As the mass moment of iner-
tia of the panels increases, the sizes of I1Zl, 1XI, and
1Yl do not vary much, but @ and w, decrease and
consequently the width of chaotic layers increases
exponentially,

5. The size of the width of the chaotic layers and ¢
tend to zero as y; — 2 or y» — 3 (the smaller
the oblateness, the smaller the widths of the chaotic
layers and ¢),

6. The third term in e M pax is important and may be
significant when 1] goes to zero and I # 0. This
term appears when the center of mass of the main
body does not coincide with the center of mass of
the entire system.

These results agree with what we have anticipated.

5.2 Numerical results and validation of the analytical
method

In this section, we give an example to see the effect of
the parameters on the width of the chaotic layers more
transparently. We set

1
% =40 kgm?, y1 =ya/r1, v3=n

M, =500kg, a =0.5m, b=0.5m
I, = diag (3uy, 2uy, 4u;) kgm?, M, = 10u; kg
K =100Nm/rad, G = uzx/ENms

Now we have four new parameters, namely ry, o,
u1, and us. The parameters r| and r, are a measure of
oblateness of the satellite, while the two parameter u
and u; are measures of the size and flexibility of the
panels, respectively. Note that there are some restric-
tions on the values of these four parameters, namely
O0<rn=<1,0<mrn=<l,rr—1/r <1,u; >0, and
0 <uy; <16(r1 +1/rp —1)/13. These inequalities are

obtained from the facts that the principal moments of
inertia are positive, and the sum of any two principal
moments of inertia is equal or greater than the third
one (i.e., Ip1 + Ipo > Ip3, 1/y1 +1/y2 = 1/y3, and so
on, where /1, I, and I3 are obtained from Eq. (28)).
To see the effect of parameters and the effectiveness of
the method and to be able to investigate thoroughly, we
consider three cases as:

1. Parameters 1 and r vary, but u; and u; are fixed
and the initial values of the relative angles of the
panels as well as their rates are zeros (i.e., 09 = 0
and 0 = 0).

2. Parameters u| and u; vary, but r; and r; are fixed
and the initial values of the relative angles of the
panels as well as their rates are zeros (i.e., g = 0
and (')0 =0).

3. Some or all initial values of the relative angles and
their rates are nonzeros.

We use the full Hamiltonian in Eq. (27) to plot the
Poincaré maps with the initial values as follows:

—G<Ly<G

lo=+2

L)

In plotting the Poincaré maps, if the initial values
are symmetric, i.e., 019 = —6o and 619 = —6>0, then
01(t) = —6,(1), the system will have two degrees of
freedom, and only one surface of section is adequate to
reveal the dynamics. However, if the initial values are
not symmetric, then the system will have three degrees
of freedom and we will need two surfaces of section.
As for the surface of the Poincaré section, for the two-
degree-of-freedom case, we choose (é1 — éz)lgzo =
(2143 + a (2a + b) Mp) y3L + (Py, — Py,) = 0, while
for the three-degree-of-freedom case, we consider
adding another surface as (91 + éz)lgzo = Py, + Py, =
0 to the previous one.

Moreover, in case 2, we use the full Hamiltonian in
Eq. (27) to calculate the maximum value of the Lya-
punov exponents. These values are obtained around the
saddle point / = 7 and L = 0, where we consider a
line with the values/ = 7 and 0 < L < G. However,
since the initial value of the angle [ is considered to be
7 /2 in the mathematical modeling in this paper, we set
the initial values as

L<Ly<G
l_rr
0772
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Ir
0.35

0.95
0.3

0.9
0.25

0.85
o 0.2
08 0.15
0.75 01
0.7 0.05

0.65 - -
075 08 085 09 095

0.65 0.7

"

Fig. 5 Value of ¢ as r; and r, change while u; = 0.5 and
ur = 20 for case 1

Ir

0.035
0.95 0.03
0.9 0.025
o 0.85 0.02
0.8 0.015
0.75 0.01
0.7 0.005
0.65

065 0.7 075 0.8 085 09 095

r]

Fig. 6 Value of e Mp,x/ yzG2 as rq and rp change while u; =
0.5 and up = 20 for case 1

where, using Eq. (29) and considering the relative
angles 61 and 6, to be small, L is obtained as

Tz _ T
H(E’L"” 0) = H(r, L, (1. 111", 0)

V1 —17) G2+ (7 — y3) L2 — 2K T2
VYL — V3 (55)
V= (1 - 253V2F12)
0<L<G

L=

where 7 and 3 are defined in Eqgs. (43) and (36),
respectively.

Note that when I} = 0 and L = 0, then L = G,
which is on the heteroclinic orbit of the rigid body.
However, when the panels have relative movements
with respect to the main body (i.e., when I'] # 0), then
L will have a different value. This is due to the momen-
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ry= 0.85

ry= 0.75

r,= 0.65

r= 0.75 = 0.85
Fig.7 A set of three by three Poincaré maps based on the same
parameter plane as in Fig. 6. The discretized parameters are r| =
[0.65,0.75,0.85] and r, = [0.65,0.75,0.85]. For each map,
the horizontal axis is the variable 0 < 1 < 27 and the vertical
axis is the variable |[L/G| < 1. The area shown in between the
dashed (red) lines is the width of chaotic layers predicted by the
analytical method (Eq. (53))

ry= 0.85

r,=0.75

ry= 0.65

= 0.65 A= 0.75 r= 0.85

Fig. 8 Zoom of Fig. 7 for || — x| <0.5 and |L/G| <0.7

30
1.8
1.6
25+
1.4
1.2
=20t 1
0.8
0.6
15+
0.4
0.2
10
0 0.2 0.4 0.6 0.8 1
)
Fig. 9 Value of ¢ as u; and us change while r; = 0.7 and

rp = 0.7 for case 2
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30 0.7
0.6
250 0.5
. 0.4
s 20
03
15 02
0.1
10 ‘
0 02 0.4 0.6 08 1

“

Fig. 10 Value of e Max/ ngz as u] and uy change while r| =
0.7 and r, = 0.7 for case 2

tum and energy exchanges between the main body and
the panels, which alters the heteroclinic orbits.

2 _ - - -
lfﬁnax/’bf,_ (El,’ e = 0.297, u1;1;u£712.91

I(rad)

LIG
)

Case 1

In this case, we setu; = 0.5, up = 20,0.65 <r; <1,
and 0.65 < rp < 1. Theresults are shown in Figs. 5-8.
The contour plot of ¢ (Eq. (45)) is shown in Fig. 5, the
contour plot of e Mpax/ ¥2G? (Eq. (53)) is shown in
Fig. 6, Poincaré maps along with the analytical predic-
tions are shown in Fig. 7, and the zoom of Fig. 7 for
|l —m| <0.5and |L/G| < 0.7 is shown in Fig. 8.

These results show that the numerical and analyt-
ical results match well and the size of the width of
chaotic layers decreases as oblateness decreases until
it is almost zero for r; = 0.85 and r, = 0.85.

Case 2

Wesetr; =07, =07,0 <u; < 1,and 10 <
uy < 30. Figures 9 and 10 show the analytical predic-
tions for the values of & and e M,x/ y2G2 obtained
by Egs. (45) and (53), respectively. In this case, we

a2 2

eM  Jy G*=0.01,e=0211,u, =0.9,u,=13.56
1 max 2 o T o

I(rad)
2 _ _ _ _
leﬂmax/fyz G = 0.017, e,j 0.235, u = (?.6, uy= 176.75
0.5
)
S 0
-0.5
-1 ]
0 T 2w
I(rad)

Fig. 11 Four examples of e My /¥,G2 = 0.01 for case 2. The area between the dashed (red) lines is the width of chaotic layers

predicted by the analytical method (Eq. (53)).(Color figure online)
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plot Poincaré maps for four examples with constant
eMmax /Y2 G2 = 0.01 to better analyze the differ-
ence between the analytical method and the numeri-
cal results as shown in Fig. 11. Moreover, we calculate
the maximum value of the Lyapunov exponents for a
grid of points for two situations. The points that have
a positive maximum value of the Lyapunov exponents
are then plotted. For the first situation, we set u; = 0.5
and consider 80 points for the values of u», uniformly
distributed between 10 and 30. For the second situation,
we set up = 20 and consider 100 points for the values
of uy, uniformly distributed between 0 and 1. For both
situations, we consider 100 points for the value of L/G,
uniformly distributed between O and 1. The results are
shown in Figs. 12 and 13.

Figures 9 and 10 show that the size of the width of
chaotic layers increases as the panels get larger or as the
total momentum increases (as predicted in analytical
method). Figure 11 shows that the analytical method
gives a good approximation of the width of chaotic
layers. However, the smaller the u| (size of the panels),
the better the approximation.

The two Figs. 12 and 13, on the other hand, show that
although the analytical method gives a good approx-
imation for the width of chaotic layers, there are
some discrepancies between the analytical method and
numerical simulation. One important reason for this is
due to the nonlinear resonance behavior that occurs in
the system [27]. The other reason arises from the fact
that in the analytical method some assumptions were
made, namely consideration of a small value for the
relative angles of the panels and the resulting solution
of these angles when the Serret—Andoyer variables are
assumed to be on the heteroclinic orbits.

Case 3

In this case, we set r1 = 0.7, r» = 0.7, and
eMumax/y2G?> = 0.01. Figure 14 illustrates the
Poincaré map when we have 69 = 1 rad, 0 =
—1 rad, and 010 = 020 = 0. Figure 15 shows
the Poincaré map when 61p = 6 = 0, 910 =
3.8 rad/s, and 920 = 0. In plotting Fig. 15, since we
have unsymmetrical initial values, two surfaces of sec-
tions (91 — 92)|9 0 = (21(13 +aa+b) M ) y3L +
(Ps, — Ps,) = 0 and (61 + 62)lg=0 = Ps, + Pp, =0
are considered.

Figures 14 and 15 show that, although our analytical
approach is based on having a small ¢, it gives a good
approximation for a large ¢ as well.
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Fig. 12 Positive maximum value of the Lyapunov exponents for
a grid of 80 by 100 points when u; = 0.5 and 10 < u < 30 for
case 2. The chaotic region predicted by the analytical method is
the area between the dashed (red) line and the horizontal axis.
(Color figure online)
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Fig. 13 Positive maximum value of the Lyapunov exponents for
a grid of 100 by 100 points when u» = 20 and 0 < u; < 1 for
case 2. The chaotic region predicted by the analytical method is
the area between the dashed (red) line and the horizontal axis.
(Color figure online)

2
. e.Wlmax/ 7, G

=0.01,e=1.11, u, =0.1, u2=39.9, r =0.7, r2=0.7

Fig. 14 Poincaré map when 6yp = 1 rad, 6,9 = — 1 rad, and
610 = 60 = O for case 3. The area between the dashed (red)
lines is the width of chaotic layers predicted by the analytical
method (Eq. (53)). (Color figure online)
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2
| EMmax/72 G

0.01, e = 0.806, u = 0.5, uy= 16, "= 0.7, ry= 0.7

LIG

™
(rad)

Fig. 15 Poincaré map when 619 = 69 = 0, 610 = 3.8 rad/s,
and ézo = 0 for case 3. The area between the dashed (red) lines
is the width of chaotic layers predicted by the analytical method
(Eq. (53)).(Color figure online)

6 Conclusion

The study of chaos in a flexible satellite is complicated
due to having high degrees of freedom and difficulties
to define the perturbation. In this paper, we have suc-
cessfully used the canonical Serret—Andoyer transfor-
mation to reduce the degrees of freedom of the system
based on the fact that we have two constants of motion,
namely the total momentum and the total energy. More-
over, we have used the fact that the Melnikov—Wiggins’
method is applied around the heteroclinic orbits to find
approximate analytical solutions of motions of the pan-
els as functions of time when the integrable part of
the Hamiltonian is assumed to be on the heteroclinic
orbits. Then, we have further simplified the system to
one degree of freedom with a time quasiperiodic per-
turbation. Although we have assumed that the relative
angles of the panels are small, the results show that the
analytical method gives a good approximation for the
width of chaotic layers even for large values of these
angles. Finally, we have seen that in many ranges of
parameters (e.g., when the system is almost rigid or the
panels or the total momentum is very small), the width
of chaotic layers is very small and therefore the chaos
is negligible.
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