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Abstract In this paper, an adaptive practical stabi-
lization problem is investigated for a class of nonlinear
systems via sampled-data control. The systems under
study possess uncertain dynamics and unknown gain
functions. During sampled-data controller design pro-
cedure, a dynamic signal is introduced to dominate the
unmeasured states existed in the external disturbances,
and neural networks are adopted to approximate the
unknown nonlinear functions. By choosing appropriate
sampling period, the designed sampled-data controller
can render all states of the resulting closed-loop sys-
tem to be semi-globally uniformly ultimately bounded.
Two examples are given to demonstrate feasibility and
efficacy of the proposed methods.

Keywords Nonlinear systems - Adaptive practical

stabilization - Sampled-data control - Dynamic signal -
Neural networks

1 Introduction

It is well known that real-world systems are inevitable
to contain uncertainties. Driven by practical require-
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ments and theoretical challenges, adaptive controller
design of nonlinear systems has become an important
research domain recently. An adaptive fault-tolerant
tracking control problem of a class of nonlinear systems
with multiple delayed state perturbations was investi-
gated in [1]. Adaptive tracking and stabilization prob-
lems of the nonlinear large-scale systems with dynamic
uncertainties was discussed in [2-5], where the inverse
dynamics of the subsystems considered in [4,5] were
required to be stochastic input-to-state stable. Finite-
time stabilization of a class of switched stochastic non-
linear systems under arbitrary switchings was investi-
gated in [6] by adopting the adding a power integra-
tor technique, subsequently, a tracking control method
was proposed in [7] for a class of switched stochas-
tic nonlinear systems with unknown dead-zone input
by using the common Lyapunov function method. Two
additional factors of adaptive control in nonlinear sys-
tems were considered in [8,9], where time delay was
considered in [8], and unmeasured dynamic uncer-
tainties was considered in [9]. Adaptive fuzzy output-
constrained tracking fault-tolerant control was focused
in [10], where the barrier Lyapunov function was used
to guarantee that all the signals in the closed-loop sys-
tem were bounded in probability and the system out-
puts was constrained in a given compact set. Two novel
adaptive finite-time control schemes were developed
in [11,12] for high-order nonlinear systems, where the
result presented in [11] was the first time to solve the
finite-time control problem of the nonlinear systems
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with uncertain time-varying control coefficients and
unknown nonlinear perturbations. Under some appro-
priate assumptions, adaptive practical finite-time sta-
bilization for a class of switched nonlinear systems in
pure-feedback form was investigated in [13].

However, it should be emphasized that all the
aforementioned results were based on continuous-time
control. In the past decades, due to the remarkable
development in digital technology, it becomes a com-
monly known standard that sampled-data controllers
with analog-to-digital and digital-to-analog devices for
interfacing are being digitally implemented into prac-
tical systems, such as aircraft systems [14] and multi-
robot systems [15]. The three main approaches for the
design of sampled-data controllers are (e.g., see [16—
18]):

1. Design based on a continuous-time plant model
plus a controller discretization (the CTD method);

2. Design based on the exact or approximate discrete-
time plant model ignoring inter-sample behavior
(respectively, the DTD method and the approximate
DTD method);

3. Design based on the sampled-data model of the
plant which takes into account the inter-sample
behavior in the design procedure (the SDD method).

The majority of work for the sampled-data control of
nonlinear systems uses the CTD method, and various
sampled-data control algorithms for nonlinear systems
depicted in continuous dynamics were presented in
many existing literature, for example, two sampled-
data control schemes were developed in [16,19] to
realize global practical tracking of nonlinear systems,
a systematic design scheme was developed in [20] to
construct a linear sampled-data output feedback con-
troller that semi-globally asymptotically stabilizes a
class of uncertain systems with both higher-order and
linear growth nonlinearities. By designing observers,
sampled-data control methods were proposed for the
nonlinear systems with improved maximum allow-
able transmission delay [21] and input delay [22]. An
observer, which was featured with a special feedfor-
ward propagation structure, was constructed in [23] to
estimate the unmeasured states of a class of uncertain
nonlinear systems with uncontrollable and unobserv-
able linearizations, and global sampled-data stabiliza-
tion of the nonminimum-phase nonlinear systems were
addressed in [24]. Using the small gain approach, a
result concerning the sampled-data observer design for
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a wide classes of nonlinear systems with delayed mea-
surements was considered in [25]. Stabilization for the
sampled-data systems under noisy sampling interval
was investigated in [26]. A memory sampled-data con-
trol scheme which involved a constant signal transmis-
sion delay was proposed in [27] for the chaotic systems.
Sampled-data stabilization and exponentially synchro-
nization were, respectively, investigated in [28,29] for
the T-S fuzzy systems and the Markovian neural net-
works. Reliable dissipative control and non-fragile Hy
control for the Markov jump systems were focused in
[30,31].

Although sampled-data control has received much
attention, there are few works on sampled-data adaptive
practical stabilization for uncertain nonlinear systems,
which is mainly due to the complexity arising from the
design of adaptive laws for sampled-data controller,
that is, under sampled-data situation that system states
can only be measured at the sampling points, adaptive
laws cannot be constructed like continuous-time con-
trol by using system states which are measured every-
where. Thus, an issue naturally arises: under that situa-
tion, how to design an adaptive controller to practically
stabilize such nonlinear systems by only using the sam-
pled system states? In this paper, we will try to give an
answer, and the main contributions can be summarized
as follows:

(i) An adaptive practical stabilization problem is con-
sidered in this paper for a class of uncertain non-
linear systems via sampled-data control. Different
from some existing nonlinear sampled-data control
results, such as [16,19], our scheme can be obtained
under a weaker assumption that the diffusion terms
of the considered systems are not required to satisfy
any linear growth and bounded conditions.

(ii) Unlike existing adaptive continuous-time control
schemes of nonlinear systems, such as [2-5], the
adaptive laws in this paper are designed based on
the sampled signals due to that the system states
can only be measured at the sampling points, and
then, we use the sampling values of the adaptive
parameters to construct the sampled-data controller
to practically stabilize the considered nonlinear sys-
tems.

(iii) The sampling period in this paper is non-periodic,
which is different from those in [18-24].

The remainder of the paper is organized as fol-
lows: in Sect. 2, we present the problem statements



Adaptive practical stabilization of a class of uncertain nonlinear systems 1681

and some preliminaries. An adaptive sampled-data con-
troller design are presented in Sect. 3. The main theo-
rem is shown in Sect. 4, where the stabilization proof is
also obtained using the well-known Gronwall-Bellman
inequality. Numerical simulations and discussions are
shown in Sect. 5 to demonstrate the effectiveness of
the proposed method. Finally, conclusions are drawn
in Sect. 6.

Notations R denotes the set of all real numbers; R"
indicates the real n-dimension-al space; R™*" denotes
the real m x n matrix space; ||| denotes the Euclidean
norm; K denotes the set of all functions: Rt — RT,
which are continuous, strictly increasing and vanish at
zero; K~ denotes the set of all functions which are
class K and unbounded; C! denotes a set of functions
whose ith-order derivatives are continuous and differ-
entiable; the argument of the functions will be omitted
throughout the paper for simplicity whenever no con-
fusion arises, such as functions V, x| and z5 to be used
hereafter.

2 Problem statement and preliminaries

Consider the following uncertain nonlinear system:

20 = q(z0, X1),
Xi = gi(x)xiy1 + fi(x;)

+Ai(fi,10), i=1527"°7n_17 (1)
Xn = gn(Xp)u + fu(Xy) + An(Xn, 20),
y ='x1’

where x = [x1, x2, ..., x,]1 € R" are the states which
can only be measured at the sampling points #;, k =
1,2,..., 400, and %; = [x1,x2,...,x]T € R, i =
1,2,...,n;z9 € R is an unmeasured state; u € R
and y € R are the control input and output, respec-
tively; fi(-), gi(-),i = 1,2,...,n, are unknown non-
linear smooth functions, and f;(0,...,0) = 0; A;(-),
i = 1,2,...,n, are external disturbances, and
A;i(0,...,0) =0; g() is an unknown Lipschitz func-
tion.

Remark 1 In practical engineering, some nonlinear
systems, such as thruster assisted position mooring sys-
tems [32], levitated ball systems [33], flexible crane
systems [34] and single-link manipulator systems [35],
can be described as or converted into system (1). There-
fore, it is of importance to investigate system (1).

Remark 2 Note that, for strict-feedback nonlinear sys-
tems, the adaptive sampled-data stabilization prob-
lem has been addressed in [18] by designing the con-
troller for the systems’ Euler approximate discrete-time
model; however, the diffusion terms of the systems con-
sidered in [18] are qﬁl.T()Ei)Q,i =1,2,...,n, where 0
is an unknown constant and ¢; (-) is a known nonlin-
ear function; furthermore, the control coefficients of
the former (i — 1) subsystems’ equations in [18] are
1; thus, system (1) is more general than the systems
investigated in [18], and the method proposed in [18]
maybe invalid for system (1).

We make the following assumptions.

Assumption 1 [36] The external disturbances A;
(%i,z0),i = 1,2, ..., n, satisfy

|4i (Xi, zo)| < @it (llzoll) + iz Il xi 1), @)

where ¢;1(-) > 0 and ¢;2(-) > 0 are unknown contin-
uous functions.

Assumption 2 There exist two unknown constants
g;“i“ and g™ such that 0 < g}“i“ < g < g™
Without loss of generality, we assume 0 < g;“i“ <
gi() < g

Remark 3 Tt should be pointed out that continuous-
time control of the strict-feedback nonlinear systems
has been investigated in [4,7,12]; however, in those
literature, the upper and lower bounds of the time-
varying control coefficients g; (x;),i = 1,2, ..., n, are
required to be known.

Assumption 3 [36] The dynamic g9 = ¢(z0,x1)
is exp-ISPS (exponentially input-state-practically sta-
ble), that is, there exists a C! function Vy(zo) such that

ai(llzoll) < Volzo) < @2(llzolD), (3a)

aVo(z
;ZOO)Q(ZO, x1) < —cVo(zo) + I'(xi) +d.  (3b)

where &1(-), @z(-) are class K functions, I'(-) is a
smooth function with I'(0) =0, and ¢ > 0,d > 0 are
constants.

Remark 4 In the existing results on sampled-data con-
trol [19-24], the diffusion terms f; (x;),i = 1,2, ..., n,
of the considered nonlinear systems are required to sat-
isfy the linear growth condition; however, in system
(1), such restriction for the diffusion terms has been
relaxed.

@ Springer



1682

J. Mao et al.

Lemma 1 ([37], Gronwall-Bellman inequality) Let

= [a, b] C R be a real region. Suppose u(t), p(t)
and w(t) > 0 defined in D are real continuous func-
tions. If u(t) satisfies the following inequality

t
w(t) < ,O(l)+/ w(s)p(s)ds, (4a)

the following holds fort € D:

t t
n(t) < ,o(t)—i—/ ,o(s)a)(s)exp(/ w(r)dr)ds.
(4b)

Lemma 2 [36] If Vo(zo) is a C function for zo =
q(20, x1) such that (4a) and (4b) hold, then, for any
constant ¢ € (0, c¢), any initial instant to > 0, any ini-
tial condition zo(ty), yo > 0, for any continuous func-
tion y(|x1|) such that y(|x1]) = I'(|x1]), there exist
a finite Ty = max {0, In(Vp(z0)/y0)/(c —¢)} = 0, a
function D(t,ty) > 0 defined for all t > to, and a
signal described by

v(t) = —cv(t) + y(Ix1(®]) +d, v(to) = vo, Vt =19,
()

such that D(t,t0)) = 0 for t > ty + Top, and
D(t, tp) = max{0, e =0 Vy(z0) — e =100} such
that Vy(zo) < v(t) + D(¢, tp) for YVt > to. Without loss
of generality, we assume y (|x1]) = I'(|x1]).

Lemma 3 [38] For any real-valued continuous func-
tion f(x,y), where x € R™,y € R", there exist
smooth scalar functions ¢1(x) = 0 and p2(y) = 0,
such that

[, W < o1(x) + e2(y). (6)

Lemma 4 ([39], Young’s inequality) Let x € R", y €
R", and p > 1,q > 1 be two constants, (p — 1)(q —
1) = 1, given any real number ¢ > 1, the following
inequality holds:

1 el
Ty < —|Ix)I1” 4+ =1lyll9. (7a)
peP q

Specially, when p = q = 2, we have

Ty L+ Sy (7b)
xy< —|x — .
MY 2

Lemma 5 [40] Let H(z) be a continuous function
defined on a compact set §2,, then a neural network
can be constructed as the following form to approxi-
mate it:

H(z) =W T(@) + D), Vze, ®)
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where T(z) = [T1(2), ..., Ti(D)]Y € R is the basic
function vector with the node number | > 1, W* =
(Wi, Wi, ..., Wl’“]T € R! is the ideal weight vector,
D(z) is the approximate error satisfying |D(z)| < DY
with bound DY > 0.

The basic function T;(z) is taken as the Gaussian
function, which has the following form:

w) =120

Ti(z) =exp | —

where c; is the center of the radial basic function vector,
and p; > 0 is the width of the Gaussian function.

The value of the ideal weight vector W* is deter-
mined by W that minimizes the approximate error D(z)
forall z € $2;:

W* = arg min { sup |H(z) —
WeR! 7€,

W T @) }
The objective of the paper is to design the following
adaptive sampled-data controller

u(t) =uty) = KGr(te), x2(t), .., xu (),
vt € [ty, te+1) )

for nonlinear system (1) such that all states of the result-
ing closed-loop system to be semi-globally uniformly
ultimately bounded.

3 Adaptive sampled-data controller design

In this section, an adaptive sampled-data controller
will be constructed by adopting the backstepping tech-
nique. The whole design procedure needs n steps,
which depends on the following changes of coordi-
nates: z; = Xx; — ;1,1 = 2,3,...,n, where a;_
is a virtual control law.

Step 1 In the first step, we choose the following Lya-
punov function candidate:

L LI (10)
P o Ty T

where n > 0,%; > 0 are design parameters, 91 =
01— 91 91 is the estimate of 01, 6; will be defined later.
From Assumption 1, the time derivative of V; satisfies
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S g1(x1) x1 f1(x1)
Vi < == Il —arl + ———xia) + ————
1 1 81
| 1l lx1] 19 5
mlrl<1511(||Zo||)+ m1n¢12(|x1|)_n_ 101
¢ lxi
—A—v2+—<1>(|x1|>v+g“¢v, (11)
1

2
where gfl =d )_L—, and ®(-) > 0 is an unknown
1

smooth function.
According to Assumption 3, Lemmas 2 and 3, we
obtain, for V¢ > 1y,

< Ixil i1 0@ ' (v(0) + D(t, 1))
< |x1] (@11 (@) + @12(D (1, 1)),
(12)

lx1l 11 (lizoll)

where ¢11(-) > 0 and ¢12(-) > 0 are smooth func-
tions. Because D(t,f9) is a bounded function for
Vt > tg, there exists a constant 6‘1*2 > 0 such that
@12(D(2, 1)) < 67, holds, substituting (12) into (11)
results in

. g1(x1) :
Vi < S Ixiza| + Tt e + xl ¢ (x)
1 1
1~z c 2 *
— —0101 — —v" + g1V V1, (13)
N1 Al
- | f1 1)|
where ¢1(X1) = N min — (1 (v) + 05 +
(I 1|)
$12(1x11) + = with X = [x1, v]T.

As mentloned m Lemma 5, neural network can
approximate any continuous function to any desired
accuracy; thus, a neural network is constructed as the
following form to approximate ¢_>1 (X1):

d1(X1) = HiTS1(X1) +e1(X1), (14)

where Hl* is an unknown weight vector, S;(X1) =
[S11(X1), S12(X1), ..., 812, (X]T € R is a basic
function vector and Sy;(+),i = 1,2, ..., Ly, are cho-
sen as Gaussian functions, €1 (X ) is the approximation
error satisfying |e1(X1)| < &} with ] > 0.

Substituting (14) into (13), and using Lemma 4, we
arrive at

. gi(x 1)
Vi1 < min |x1 |+ X101 +x191 — —9191
1 gt n
——v +Zg1, Vi, (15)
where 6; = | Hf‘HzL and g}, = 2gimin 4

\/ 2g {““‘91 .
Choose a virtual control law and a “virtual adaptive
law” for Step 1 as follows:

o1 :—xh/l—i-élz—clxl, (16a)
61 = mx? —mb, (16b)

where ¢; > 0 is a design parameter. Furthermore, we
have the following relation from (10) and (16):

77_9101 x191 — 9191 x191 —01/2m V1 + 91
(17)
Substituting (16) and (17) into (15) yields
Inch
V< S x| — 82— S42
1 X Ilnm 122 1 X
+(gf1 + &1 + g1V VI —eixd, (18)

where g3 = 01/2n1.

Step 2 Choose a Lyapunov function candidate as the
following form:
23 1 -

— + —05, 19
2g5 2y 1

Vo=V +

where 7, > 0 is a design parameter, 6, = 6, — 6>, 6,
is the estimate of 6,, 6> will be defined later. The time
derivative of V5 satisfies

g™ 82(x2)
Vi< Vi + Qi 22| [x3 — 02| + ——=z202
8 2
82( X2)
— 122 (@21 (llzo D) + @22 ([Ix21))
8>
g [ ey |22
+|z| o P |x2|+g§““ (x|
n |Z2| daq | s 1~
—— 01| — —620,
8> 89] n2
|2| nxi |z2| day
gmm | @)+ —L= s
ol 1001] ozl + dralnl). 20)
oo | oy 11(llzo 12(lx1).
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According to Assumption 3, Lemmas 2 and 3, we have,
for Vt > 1y,

2] ¢21(llz01) < |22l @21 0 @ ' (v(1) + D(t, 1))
< 221021 (0(1)) + 221 922(D(2, 10)),
(21)
where ¢21(-) > 0and ¢22(-) > 0 are two smooth func-
tions. Furthermore, there exists a constant 922 > (O such

that 25 (D(t, 19)) < 63, holds for V¢ > ty. Substituting
(21) into (20) leads to

- & §2(X2)
Vi< Vi 4 o |2223] + - 200+ |22] $2(X2)
8 2
1 gIIldX
— —By0, — 2 Ixl, (22)
Up) g{m“ 2
where
$2(Xr) = gmm ——(21(0) + 65, + ¢ (lI%2 )
2
g™ Ixal ooy | [f1Gxn)| |9
g‘zni“ 0x1 grznin 0x1
gmax
+ —— lz2x1]
1
1 80{1 .
min | §,, ((,011(1)) +612 + d12(|x11))
8
mxl 8a1 n &ﬂ
mm 351 g?‘"‘ 0x1
|f2(X2)I
+— X2=1[x .01, 0"
2

From Lemma 5, we adopt the following neural net-
work to approximate the unknown nonlinear continu-
ous function ¢, (X>2):

$2(X2) = HiT $2(X2) + e2(X2), (23)

where H3 is an unknown weight vector, $>(X2) =
[$21(X2), $22(X2), ..., S21, (Xz)]T € RL2 is a basic
function vector, &(X>) is the approximation error sat-
isfying |e2(X2)| < &5 with &5 > 0.

Substituting (23) into (22), and using Lemma 4, we

have
max

2(%2
azsl + & ( )Zzaz + 236

min min
8

2 2
1~ x
+g§1 vV V2 — n—@g@g

gmax
+<14 /mm+2gh)m ot @4
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Vz < —cixj —I—g

where 0, = || Hy ||2L and g5, = &3 gglln+\/M.

Take a virtual control law and a “virtual adaptive
law” for Step 2 as follows:

ar = —2\/1 4607 — e220, (25a)

02 = mz3 — mbs, (25b)
where ¢y > 0 is a design parameter.
Substituting (25) into (24) results in
max

' 2 2
Vo < —eixj — 22y + —- 12223

2
+ (g4 + SV Va+ gl Vi — 67 — 63, (26)

g{nax 2
where g§ = Z gli+ o and g3, = 62/2m2.
1
Step 2(3 < h < n — 1) Consider a Lyapunov function
candidate as
2
)
Vi =Vh-1+ 2g %9;,, 27

where 5, > Oisa demgn parameter, 5;, =6p— éh, éh is
the estimate of 6, 6, will be given later. From (18), (26)
and Assumption 1, the time derivative of V}, satisfies

max =
gn(xXn)
Vi < Vior + =i o lznl 1Xpg1 — anl + —
8n h
| hl
g (@n1UlzolD) + dn2 (X 11)
|.fl(-xl)| |zl | dotp—1
+Z
P h 0X;
gmax|zh| dap_1 |z
+Z 2k 2 ax | i+ mm|fh(xh>|

Z |znl
+ mm
8

i=1

‘ (Pi1(llzol) + pia(llx; (1))

h—1 2
nizi |zl | dop—1 I~ 4
+ Z : min A - 79}’9}’
- & 06; Nh
mx? |zl day i |2l 3Oéh 15
g;lnm 891 mm !
(28)

Using Assumption 3, Lemmas 1 and 2, we obtain, for
Yt > 1o,

lznl dn1(lzoll) < lznl dni o&fl(v(t) + D(z, 1))

Zhl on1(v(®)) + |znl er2(D(t, 19)),

(29)

NN
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where ¢p1(-) = 0and ¢2(-) > 0 are two smooth func-
tions. Similar to Steps 1 and 2, there exists a constant
0y, > 0 such that @52 (D(t, t9)) < 0y, holds. Substi-
tuting (29) into (28) leads to
max =
8h(Xn)
lznzh+1l +

Vh 1+ ;Zmn min ZhGh
i 1~
+ lznl G (Xn) — ==z |zh—1] — —60n,
8h—1 Mh
(30)
where
_ 1 _
én(Xn) = gmin (on1(v) + 655 + dr2(lIXn 1))
h
— g™ 3ah 1 nixy |day
+ i1l + — [—
IXI: gmm ;'21'111'1 891
n |fhr(jrilz)| +Z |fzr(jrzl)| dap—1
&h i=1 Sh 9xi
=l 1 aah 1
— (@i1(v)
i—1 8h
+675 + i (1% 1)
gmax ThZ 8ah 1
[znl 1zn+1] +
g;lnml + 122: ;lnll'l ael
3Olh 1]]a
+ Z min ei ’Xh
i= lg
= [xh ’ 91» LR} 91’!—17 U]T-

To approximate the unknown nonlinear continuous
function ¢y, (X}), we adopt the following neural net-
work:

on(Xp) =

where H;' is an unknown ideal weight vector, Sj, (X)) =
[Sh1(Xn), Si2(Xn), ..., Shr, (Xn)] € REH is a basic
function vector, ¢j,(X}p) is the approximation error sat-
isfying |5 (Xp)| < & with gy > 0.

Substituting (31) into (30), and using Lemma 4, we
obtain

Hi"Sy(Xn) + en(Xn), 31)

< —cixf — th z; e |ZhZh+1|
8h
8h(Xp) P
i~ hoh + 25,0n
h

1 ~ x
+ gV Vi — n—h9h9h

h—2
+Y eV
i=1

gy |

+< 4 mln+zghll) Vi1
h—1

-y 6 (32)
i=1

where 6, = ”HZ‘HZL and gf, =

\/2gming,.

Choose a virtual control law and a “virtual adaptive
law” for Step & as follows:

ap =—zpy/ 1+ é;% — ChZh, (33a)

A

6n = nnzz — b, (33b)

ngm +

where ¢;, > 0 is a design parameter.
Substituting (33) into (32) yields

max

Zc,z + £ o |2nzn1]
i=2 gh

Vh < _Clxl

h—1 h
+ (g + gV Vi + Zg,*\/vz - Z@?,
i=1 i=1

(34)

2 g;lnax 2

where g;zk—l = Zg;;_l’i + T nin and 822 =
i=1 V 8h-1

O/ 20h.

Step n Consider the following Lyapunov function can-
didate as

2
2 mm + 277" n

where 5,, =6, — 0,,, 9,, is the estimate of 6,,, 9,, will be
given later. From (18), (26) and (34), the time derivative
of V, satisfies

. gn 8n(Xn)
Vn\Vn 1+ — m1n [Znl lu — otp| + m

mm Zn

|n|

gmin —in (@n1(llzol) + @n2(llXn 1))

— glmax |znl | Betn—1
+ T i1
21: g;lnax ax; t
! daty_ 1 1
Z o |1 fi Gl - n—e
1 n

@ Springer



1686

J. Mao et al.

-1

|zn| | dotp—1
Z g || @10l + #2015 1)
n
— Ni |znl |0cty—1 ||
NI ey )
; gmn | ag; |17
nlx% |zn| | Oatn—1 + i Ni 1zl Ziz 0a,—1
gmn |80, | & smm | 96
Iz |
n:’m FACHIR (36)

Under Assumption 1, for V¢ > 19, the following
inequality holds:

|znl @n1 (z0ll) < |2al $u1 0 &7 (0(0) + D, 10))

<
< znl @n1 (@) + lzal @n2(D(2, 10)),
(37

where ¢, 1(-) > 0and ¢,2(-) > 0 are smooth functions.

Note that D(¢, tg) is a bounded function for Vr > 1,
then we can obtain ¢,2 (D (t, t9)) < 9:2, where 0 >0
is a constant. Substituting (37) into (36) results i 1n

gmax &n(Xn)

mm |znl lu — otn| + i <n%n
&n

Vn< n1+

_ 1~z
+ lznl ¢n(Xp) — — 0,0,
Mn
max

8n—1
— 2 zal (38)

n—1

where

n—1

d_’n(Xn) = Z g"lfm

i=1 "

00,

| fi (i)

5

|fn(xn)| 771xl 0o,

max

max aa 1
mm

X1+ ——— |ZnZn 1l

min
n—1

n

+ . _ -
82““‘ g™ | 90,
an 00,
+
Z g | 96,
i=2
n—1
1 day—1
‘ . o*
! igl:g;znm ax; (pi1(v) +6;5
+ i (l1xi 1))
1
el CHORTERTECAD

@ Springer

30[,, 1

s Xn

l

9}’[715 v] .

—1
EW
:[x,,,el,...,

As same as the previous steps, we adopt a neural
network to approximate the unknown nonlinear con-
tinuous function ¢, (X,), that is,

On(Xn) = HT S, (X)) + &0 (Xn), (39)

where H,' is anunknown ideal weight vector, S, (X,,) =
[S01(X0), Su2(Xn), ..., Spr, (X,)] € RE is a basic
function vector, &, (X,,) is the approximation error sat-
istying |e,(X,,)| < &) with g} > 0.

Substituting (39) into (38), and using Lemma 4, we
obtain

) ) n—1 gmax
Vo < —c1xj — chz + = lznl lu — an
i=2 &n

X 1~ x
+— gn Oin) ZnOp + 2 911 — —0,0,
8n n

min
n

+gnl\/7
gmax
n
+ ( 4 mm Zg” 1 h)
8n—
TS, (40)
i=1

|H7|PL and i = ei/2gmin +

where 0, n

\/2gming, .
A virtual control law and a “virtual adaptive law”
for the last step are chosen as

p = — ny/ 1 +éy% — CnZn, (41a)

A

bn = Mnz2 — b, (41b)

where ¢, > 0 is a design parameter.
Substituting (41) into (40) results in

m

ZQZ + m1n |Zn||l4—an
i=2

n
-6+ Zg,-*ﬁ, 42)
i=l1 i=1

Vn < —clxl

2
where g, | = Zg;—l,i + 4 min and g; =
i=1 8n—1

g:h + en\/ 20n.
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Note that the states of system (1) are measurable at
the sampling points, hence, from (16), (25), (33) and
(41), for Vt € [tx, tk+1), k=0, 1, ..., +00, we design
the adaptive sampled-data controller as

u(t) = u(ty)

=- |:l—[ (\/ 1+ i () + Ch>j| xi (1), 3)

i=1 Lh=i
() = mxi ) — mp ),
() = mok(t) — (), 1=2,3,....n,

where 0;(1) = x1(tx) + or—1() (/1 + pi_ () +

ci-1), 01(tx) = x1(1r).
For each sampling interval [#, f41), relation (42)
can be further represented as

max

V() < =&V (0) + 22

|z (O] () — ot (2)]

mm

+8v Vn(t), Vi€ [t try1), (44)
where
¢ = min {2g'1“i“c1, 2g‘2m"cz, e 2g,r1“i“cn, 2n1,2m2, . ..

n
24,26} and g =) g
i=1

Remark 5 Tt should be mentioned that the term x129 in
(15) was necessary for the adaptive sampled-data con-
troller design since such term can deal with the uncer-
tainties existed in the first step with virtual controller
(16) [see (14)—(18)], and such way to deal with the
uncertainties was motivated by the existing literature
on the adaptive continuous-time control, such as [2—4].

Remark 6 In comparison with the design of adaptive
laws in continuous-time control, it can be seen from
(43) that the adaptive laws were constructed just based
on the sampled values of the system states, which
means that the proposed adaptive design can better save
the recourses and helps to reduce the computation bur-
den of the controller.

4 Stability analysis

In what follows, the stability of the closed-loop sys-
tem under sampled-data controller (43) will be demon-
strated by using the Gronwall-Bellman inequality.

Theorem 1 Suppose system (1) satisfies Assumptions
1-3, for the given allowable sampling period and

any bounded initial condition, sampled-data controller
(43) will render all states of the resulting closed-
loop system to be semi-globally uniformly ultimately
bounded.

Proof Choose the following Lyapunov function candi-
date

n 2
e
V="Vt Z 2B = 2gin1n + 122: Zg:mn
2
+ + =, 45)
Z 2ni ; 28i 2

where 1; = u; — 6;, i > 0 is a design parameter. O

Let p > 0 be a constant, where p > V(#); and

define a compact set as

next, we will demonstrate that V (¢) <
set for V¢ > 9 and V (1) < p.

Under the situation that V () < p, we know that the
following derivations hold: according to (45), we have
that x1 (1), 22(1), . . ., Zu (1), 01 (1), 62(2), . .., B (¢) and
v(t) are bounded, Wthh 1mphes that there exist con-
stants 21, 22, ..., Ep, A1, Az,.. A, and H such
that [x1(1)| < Ei,lz2(0)] < , Izn(t)l S
20, |010)] < A1, 0] < G
and |v(7)| < H hold; furthermore, accordlng to (16)
(25), (33) and (41), we know that the virtual con-
trol laws are all bounded, noting that z; = x; —
o;i_1,i = 2,3,...,n, we can obtain the bounded-
ness of xy(t), x(t), ..., x,(1), i.e., there exist con-
stants 0y’ 03, ..., 0, suchthat |x2(1)| < 05, [x3(¢)| <
03, ..., 1%, (t)] < o, hold; then, for the sampling
points, we also have |xi(#)| < E&i,|xv2@)| <
o5 ()] < o

On the other hand, under the situation that V (¢) < p
the following derivations also hold: from (43), we know
that w1 (¢) is bounded by the boundedness of xi(f),
then the boundedness of ¢ (#x) can also be guaranteed,
which means that |1 ()] < @y and [ui (%) <
hold, where 11 > 0 is a constant; since

02(tx) = x2(t) + x1(t) (\/1 + 13 () + cl),
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we can obtain the boundedness of p>(#), that is,
lo2(tx)| < XA holds, where A, > 0 is a constant;
according to (43) again, we have the boundedness of
ua(t), equally, wa(ty) is bounded, which means that
lua(t)| < po and |pa(f)| < w2 hold, where i > 0
is a constant; furthermore, we know that o3(#;) is
bounded due to the boundedness of x3(#;), w3 () and
02(tr), i.e., |p3(tx)| < A3 holds for a constant A3 > 0;
using (43) repeatedly, we can obtain the boundedness
of 03(tk), 0a(tr), ... on(tk), w3 (t), - .., n(t), that
is, there exist constants A3, Ag, ..., Ay, 3, (A4, « - ., fn
such that [03(7k)| < A3, ..., lon ()| < An, [u3(@)] <
35 lpn (O] < s I3 @) < A3, -0 [ua (@) <
L, hold; furthermore, since x (¢) and v(¢) are bounded,
we know that there exists a constant H* > 0 such that

VEDVAGION

i=1

+V3) (mv(r» + 05 + din (Il (t)u)) < H
i=1

holds; then according to (44) and (45), the time deriva-
tive of V() satisfies the following relation:

max

&n

mm

2
+8/VO) + %(”‘) i 0

V() < —EV(t) + |2 (0)] () — 0t (1)

i 11 I ~
+Z”p'(")| 0= iz
= lﬂi
ni6;
+ Zf|ui(r)|
i=1
<=V () + B 2] u(t) — o (0)]

mm

d*\/V(t), Yt €[t tis1), (46)

where d* = g + Eip / Zkzm,/
ZﬁiQi,/f.
i=1 Pi

Denote& (1) =[x (1), 61 (1), 02(1), . .. Bu (1), 1 (1),

oy Mn ()]F, then we conclude from (16), (25), (33),

(41) and (43) that £(t) = W(E®t),E(t)),Vr €

[#x, tx+1). further, from Assumptions 1 and 2, for V¢ €
[#k, tk+1), we obtain

@ Springer

t
IE@) = &) < ﬁ/ W (E(s), &) lds
173

t
< / (g"v/3n(1 —2) + ) |E(s) — £l ds
173

+(t = ) B*UIE@)I + 1), 47)
where @ = 2nmax {\/n1, /12, .... /M }. &
max {gI"™, ..., gi"™}, B* = max {©, ©,} with

O =g*/3nn —2)
+g*«/3_n<i:]1[,/1+jﬁ+ch),
i=1 h=i
@) = (NE +Z«/_ +Zn:\/§)\%>
+HE =

Furthermore, according to Lemma 4, we have the
following relation:

t
f (&"V3n01 =) llE) — £ lds
73

<Ot =) 1@+ 1), Ve[t tivr),

(48)

where ©3 = max {g*\/6n(n ~2), ¢"/on(n — 2)
(B1+ X0 + X )}

Substituting (48) into (47), we obtain, for V¢ €
(%, kv 1),

IE(@) — a0l < Ot — 1) (1 + 1)
+a / 1E(s) — £l s, 49)
173

where @* = @3 + B*.
Using Lemma 1, relation (49) can be further rewrit-
ten as

15@) —&@oll
SE—mO (1@l + 1)

t
+ / @’ (s — 1) O* (€t | + e =5ds
Tk

<a (mH) (e“("’k) — 1) V€ [t i)

(50)

where&:max{,/2gm‘“ ZO’ +Z,u,+@ }

Noting that |x; (1) — x; (lk)l IIS(I) =&, i =
1,2,...,n, hold for each sampling period, then for
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Vt € [tk, ty+1), we can deduce from (43) that

5 H‘fax_,/g” lE@) — &l
8n

+2b* (& +Zf’i* +ZAU
i=2 i=1
n n
+ Z,lli) + 64 (El +Z<7i*) ,
i=1 i=2

(51

lu(ty) — an(t)] <

n
where b* = nmax{b],... b}}, b} = thl_
(\/ﬁ—i—ci),i =1,2,...,n;and ®4 > O is a
constant.

From (45), (50) and (51), for Vt € [t, tx+1), We
have
gmax
e 2101 ) = 0]

DGVt + DY V(o) +dy V),
(52)

7 = n % n -
where d = g"™* <2b*<u1 + Zi:Z o; +Zi:1 A +
n 2
> i) +es(m+ Y 0r))

&
Substituting (52) into (46) results in
V) < ~eV )+ SVOVTa e — 1)
+dJV{D) +d* V(D)
+ gm(e“("’“ —1),

< _(eot(tflk) _
2

vt € [t teg1)-
(53)

Let W(r) = /V(¢), from (53), for V¢ € [t, tx+1), a
straightforward calculation leads to

i 1 ~ ¢ oT;
W) < —EcW(t) + Z(e F=DW()

g | )
+ 2(6‘”" — D+ 3@ +d. (54)

where T = ty4+1 — tx is the sampling period. Choose a
constant Aq satisfying
ro = max{pBo, 1}, (55)

c

&P —2(d* +d)

sampling period T} is given as

where By = > (; and the allowable

1 1
0<Tk<—ln(1+—>, k=0,1,...,+00. (56)
o Ao

Define
1.
o1 = §~C,
o = 2(6"”" -1, (57)
o3 = % T — 1y 4 %(d* +a),
k=0,1,..., 400,

then we can obtain the following relations by substitut-
ing (55) and (56) into (57):

¢
o2 S RIS

— d* +d
4A+(+)

under which, for Vr € [1g, t;) and W (p)
be concluded that

W) < =1 W (1) 4+ 020 W (10) + 030
1. c ¢ | A
< _ECW(t) + Z\/l_?—i- Do + E(d +d).
(59)
When V(¢t) = p, Vt € [19, t1), then from (59), we have
W (1) < 0, which means that {W () < /D) is ainvari-
ant set for the first sampling period, that is, V() < p
holds for the interval [fg, ?;). Due to that W (z) is
a continuous function for Vr > 19, we can obtain
W(t) = W(t1) < /p;hence, for V¢ € [11, 12), apply-
ing the same analysis approach which is used for the
first interval [fg, 1), we can know that V() < p also
holds, and we equally have W(z,)) = W(#) < JD-
Following this line of argument, we finally know that
W(t) < /p holds for every sampling period, that is,
V(t) < p holds for V¢ > 19, which has proved that
V(t) < pisaninvariant set for V¢ > typ and V (#9) < p.
Substituting (56) into (54), and solving the inequality,
we obtain, for V¢ € [t, tr+1),

W) < W) <e(f| (t—1) + % (] _ eﬂl(flk)))

k=0,1,...,4+00, (58
< /D, it can

o1
1 — ¢~ 010—1&)
— 073 (60)
o1
From (57) and (58), (60) can be further rewritten as
03k
(61)
1 1
where Q*(t — 1) = 3 + Ee_"' (=1) Substituting ¢ =
tr+1 into (61) results in
W(tie1) < Q" (T W (1) + —, k=0,1, +o0.

(62)

@ Springer



1690

J. Mao et al.

Obviously, O*(Ty) € (0, 1), and we can deduce from
(62) that

k
W) <[] Q" (T W ()

i=0

= k—1 k
1 d*+d .
+<_2x0+ - )<1+§ [To (Th)>

i=1 h=i

< O™ TNTHYW (1)

1 d*+d ST s
+<2—/\0+ - )<1+Z]_[Q(T)>

i=1 h=i

< QNI W (1)

1 d* +d_ 1_Q*k+l(T*)
o) (g )

(63)
where T* > 0 is a constant.
From (63), it is easy to obtain that
tim W< (o O !
m x| —/— = ’
koo S\ 0T @ 1 — O*(T%)
(64)
1.€e.,
lim W) < W¥, (65)
—00
1 d*+d 1
where W* = { —+ j_ . Using
2A0 ¢ 1 — Q*(T*)

(45) and (65), we get
lim |x1(2)] < /2gM"W*, lim |ii; (1)]
11— 00 —o0

<V2BiW*, i=1,2,....n,  (66a)
Jim 2 ()] < \/2gMW, i =2.3,....n, (66b)
—00

lim éi(t)‘ <10+ V2mW*, i=1,2,....n.
(66¢)
Further, for i = 2,3, ..., n, it can be deduced from

(43) and (66) that

lim |x; ()] < |/2gMnw*
—00

, 2
+ 28?1—1?W*(\/1 + (|9i—1| + 2775—1W*)

+Ci—1>, (67)

Finally, from Assumption 3 and (66), we have the
boundedness of z¢(¢) as + — +o00. The proof of The-
orem 1 is completed.

@ Springer

Remark 7 Compared with the periodic sampling con-
sidered in the existing literature [18-24], the sampling
period in this paper can be chosen freely within an
allowable constant [see (56)], which means that the
designer can increase the sampling frequency in the
initial running stage to make the system to be stable
as soon as possible, and decrease the sampling fre-
quency to reduce the computation burden when the
system tends to be stable; thus, for the real systems,
non-periodic sampling has more advantages than the
periodic sampling.

Remark 8 For nonlinear system (1), the adaptive
sampled-data controller can be constructed as follows:
Step 1: Determine the constant & from the parameters
ni > 0,i =1,2,...,n, and choose Ag satisfies (55),
then work out the allowable sampling period Ty, k =
0,1,...,4o0.

Step 2: The adaptive sampled-data controller (43) can
be constructed with the design parameters ¢; > 0,i =
1,2, ..., n,and the sampled values of the system states.

Remark 9 Motivated by the existing literature on
sampled-data control, such as [41-47], the proposed
sampled-data control method will be extended to solve
the stabilization problem of the Markovian jump sys-
tems in the form of (1); furthermore, by choosing appro-
priate Lyapunov—Krasovskii functional, the proposed
sampled-data control method will also be extended to
solve the stabilization problem of the systems in the
form of (1) with time-varying delays.

5 Simulation examples

In this section, two examples will be provided to show
effectiveness of the proposed results.

Example 1 Consider the following second-order non-
linear system

Z0 = —2z0 + x12 sin(xp),
X1 = (sin(xy) + 2)xp
+ sin(x}) cos(x1) + sin(x1) + Aj (x1, 20),
X2 = (sin(x1x2) + 3)u
+ sin(x1x2) + sin(xy) cos(x2) + Az (X2, z0),
y =X,
(68)

where A(x1, zg) = z% sin(zg) +cos2(x12)sin2(z()) and
Ay(X2, 20) = z(z) cos(zg) + sin(x12x22) cos(x2).
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X1
0.2 _— e . T9
[a]
H»
5 07
1
—0.2&[
0 5 10 15 20

t/s

Fig. 1 Trajectories of x| (solid line) and x» (dashed line)

0.2

015}

0.1

oy spo

0.051

20

Fig. 2 Trajectories of 1] (solid line) and p, (dashed line)

From (43), for V¢ € [t, tx+1), we construct the
sampled-data controller as

u(t) = —x;(t) <\/1 + U3 (t) + Cz)
X <\/ 1+ p3 () + 61)
— x2(t) (\/ 1+ u3(t) + Cz) : (69)

where ¢; = 0.2, ¢ = 0.3, and (), u2(fx) can be
obtained from the following equations:

{ f1(0) = mxi () — mu (@), 70)
() = 1203 (t) — mapa(t), Vit € [tk trt1),
where 1 = 03,172 = 0.4 and 02(%) = x1(t) +
x1 (1) 1+ 13 @) + crx ().

Simulation results are shown in Figs. 1, 2, 3 and
4, where x(0) = [0.3, —0.2]7T, n1(0) = 0.1, u2(0) =
0.2 and z¢(0) = 0.3, the sampling period is chosen ran-
domly in the interval (0, 0.08 s). It can be seen from
Fig. 1 that all states of the resulting closed-loop sys-
tem converge to a neighborhood of the origin, which

0.3
0.2
8
01
0
0 5 10 15 20
t/s
Fig. 3 Trajectory of zg
0.1
E
-0.1
-0.2
0 5 10 15 20
t/s

Fig. 4 Control input u

demonstrates effectiveness of the proposed sampled-
data control method.

Example 2 In the example, a popular benchmark of
application example will be provided, that is, the stabi-
lization of an one-link manipulator actuated by a brush
dc (BDC) motor, the dynamics of a one-link manip-
ulator actuated by a BDC motor can be expressed as
follows [48]:

20(t) = —z0(t) + 2¢%(t) cos(q (1)),
Dg(t) + Bq(t) + N sin(q(1))
= 1)+ An(q(), §(1), 20(1)), (71)
MI(t) =—QI(t) — Kug(t) + Ve(t)
+ Ara(q (1), ¢(0), 1(1), 20(1)),

where g(¢), ¢(t), and G(¢) are the link angular posi-
tion, velocity, and acceleration, respectively; I (¢) is the
motor current; A;i(-) is the additive bounded distur-
bance; Ay (-) is the additive bounded voltage distur-
bance; Vg is the input control voltage; M is the arma-
ture inductance; Q is the armature resistance; K, is the
back-emf coefficient; zg is an unmeasured states;
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J  mL2 2MyR?
D=—+ 0420
K; 3K, 5K,
mLoG  MyLyG B
N = 0 + 0L0 B = _0’
2K, K; K; q
J is rotor inertia; R is the radius of the load; By is
the coefficient of viscous friction at the joint; m is the - T
link mass; Lo is the link length; G is the gravity coef- —  §¢ [ = —" 1
ficient, and K is the coefficient which characterizes . . :
10 20 30 40

the electromechanical conversion of armature current
to torque; g (¢), g(¢) and I () can only be measured at
the sampling points.

In the simulation, the design parameters are selected
as J = 1252 x 103 kgm?, M = 15.0 x 1073 H,
Ly = 0205m, Q0 = 3 Q,m = 0.506kg, My
= 0.423kg, By = 15.25 x 103 N'm s/rad, K; =
1.5 x 107> Nm/A, and K,, = 0.7 Nm/A.

Now, setting x1(f) = q(),x2(t) = ¢(t) and
x3(t) = 1(t), then (71) can be expressed as
20(t) = — z0(t) + 2x3 (1) cos(x; (1)),
x1(1) = x2(2),

. 1 B
X2(t) = —x3(t) + —x2(8)

_Nsin (@) | AnGe), 200) (72
1 b 7
%3(1) = MVE(I) — —x3(1)
K A X >
L o) + 12(X3;t/l) zo(l)),
where Api(%2,20) = z3sin(xaz0) + sin(x}x3),

A2 (F3, 20) = 75 c0os(x1x2)sin’ (x3) + sin(x1x2).
To solve the stabilization problem of system (72),
we use the following sampled-data controller:

ar(tx) = —x1(t)y/ 14 w3 @) — crxi (o),
A () =~y 1+ 13 @) — 22a), (73
Ve(t) = —Z3(t)y/ 1+ 13 (t) — e3z3 (1),

Vi € [tk k1),

where z; = x; —a;j—1,i = 2,3,and ¢y = 0.2,¢p =
0.3,¢c3 =0.1.

According to (43), the adaptive laws are taken as

() = mxi () — mp (),

[12(t) = 205 (k) — mapa (1), (74)

[13(t) = m303(0) — m3p3(0), Vit € [1g, fig1),
where n; = 0.3, 72 = 0.4, n3 = 0.2 and

o01(tx) = x1 (),

02(tr) = x2(tx) + 01(t)y/ 1 + w3 (t) + 01 (ke
03(tk) = x3(tr) + 02(tr)y/ 1 + 13 (1) + 02(tK)ca.
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Fig.5 Trajectories of ¢ (solid line), ¢ (dashed line), and / (dotted
line)
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(NN,
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0 10 20 30 40

Fig. 6 Trajectories of u; (solid line), uo (dashed line), and 3
(dotted line)

Simulation results are shown in Figs. 5, 6, 7 and 8
with initial conditions x(0) = [0.3,-0.2,0.2]T,
©n1(0) = 0.1, u2(0) = 0.2, u3(0) = 0.1 and z0(0) =
0.3, the sampling period can be chosen randomly in the
interval (0, 0.06 s). It can be seen from Fig. 5 that the
link angular position ¢ (), velocity g (¢) and motor cur-
rent [ (¢) of system (71) converge to a neighborhood of
the origin, which shows effectiveness of the proposed
methods.

6 Conclusions

In this paper, an adaptive sampled-data control tech-
nique was developed to practically stabilize a class
of nonlinear systems in strict-feedback structure with
uncertain functions which were not required to satisfy
any linear growth condition. During adaptive sampled-
data controller design, neural networks were employed
to approximate the unknown nonlinear functions, then
an adaptive sampled-data controller was constructed by
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0.3 ]

20

021

017}

t/s

Fig. 7 Trajectory of zo

t/s

Fig. 8 Control input Vg

utilizing the virtual control laws and “virtual adaptive
laws” which were obtained via the backstepping tech-
nique. With the help of Gronwall-Bellman inequal-
ity, it was demonstrated that the proposed sampled-
data controller can make all states of the resulting
closed-loop system to be semi-globally uniformly ulti-
mately bounded with appropriate choice of the sam-
pling period. Finally, two examples were provided to
show validness of the obtained results. In addition, the
proposed results can be extended to the switched non-
linear systems and multi-agent systems, which is our
future work.
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