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Abstract In this paper, the (2 + 1)-dimensional
Boussinesq equation is studied by applying residual
symmetry reduction method and consistent Riccati
expansion (CRE) method, respectively. By introduc-
ing multiple new dependent variables to enlarge the
(2 + 1)-dimensional Boussinesq system, the resid-
ual symmetry is localized and the corresponding finite
transformation is obtained by using Lie’s first theo-
rem. The symmetry reduction solutions related to the
residual symmetry of the (2 4+ 1)-dimensional Boussi-
nesq equation is obtained by using the standard Lie
symmetry method, which includes complicated inter-
action models. Furthermore, the (2 + 1)-dimensional
Boussinesq equation is found to have CRE integra-
bility, and new Bicklund transformations (BTs) are
consequently obtained. New interaction solutions are
obtained from these BTs; particularly, the interaction
solution between soliton and background cnoidal wave
is given and analyzed explicitly.
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1 Introduction

In real nature, there exist many phenomena that can
be properly described by solitons interacted with back-
ground nonlinear waves [1-3]. For integrable systems,
many effective and reliable methods have been devel-
oped, such as the Hirota’s bilinear method [4], the
Bicklund transformation (BT) and Darboux transfor-
mation (DT) method [5,6], etc., to derive soliton solu-
tions. However, the interaction solutions of solitons
interacted with various nonlinear waves such as cnoidal
waves are usually very difficult to be obtained by these
traditional methods [7,8].

As we know, symmetry analysis [9,10] plays an
important role in solving nonlinear problems. Using
classical and nonclassical Lie group theory, one can
construct abundant reduction solutions of nonlinear
differential equations. Nevertheless, these symmetry
methods are based on Lie point symmetry group of
related equations. Recently, for nonlocal symmetries
of some integrable system, Lou found an effective way
to localize them into Lie point symmetries by intro-
ducing new variables to enlarge the original system. On
this basis, various interesting interaction solutions were
constructed by using standard Lie symmetry reduc-
tion method [11,12]. Traditionally, nonlocal symme-
tries of nonlinear systems can be obtained through
potential symmetries [13], Lax pair, DT and BT [14],
etc. Interestingly, for many Painlevé integrable sys-
tems, the residue of truncated Painlevé expansion with
respect to singular manifold is actually a nonlocal sym-
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metry, and many interesting interaction solutions were
obtained by applying the localization procedure to var-
ious nonlinear systems [11, 15]. Furthermore, the trun-
cated Painlevé expansion is extended to consistent Ric-
cati expansion (CRE) by Lou and defined a new inte-
grability of owning CRE property for many nonlinear
systems [ 16—18]. More importantly, for CRE integrable
systems, solutions of solitons interacted with nonlinear
solitary waves can be easily obtained through Riccati
expansion [19].

In this paper, we will discuss the (2 4 1)-dimensional
generalization of Boussinesq equation in the form

2
Upp — Uxx — Uyy — (U )xx — Uxxxx =0 (D

by using residual symmetry reduction method and CRE
method, respectively. The (2 4 1)-dimensional Boussi-
nesq equation has important applications in describ-
ing the propagation of gravity waves on the surface
of water. As for the exact solutions of the (2 + 1)-
dimensional Boussinesq equation, Johnson obtained
some different types of solitary-wave solutions by
using the Hirota bilinear method [20]; Senthilvelan
[21] used the homogeneous balance method to obtain
the traveling wave solutions and explored certain new
solutions; Chen et al. [22] investigated this equation
by using the Riccati equation expansion method and
obtained many types of wave solutions.

This paper is organized as follows: In Sect. 2, the
residual symmetry of Eq. (1) is obtained from the trun-
cated Painlevé expansion and localized into a Lie point
symmetry in a new enlarged system, and then, a new
BT is found by solving the corresponding initial value
problem. In Sect. 3, the general form of Lie point
symmetry group and related symmetry reduction solu-
tions are obtained by applying classical Lie symmetry
method to the enlarged (2 + 1)-dimensional Boussi-
nesq system, from which the interaction solutions are
explicitly given for Eq. (1). In Sect. 4, the (2 + 1)-
dimensional Boussinesq equation is found to have CRE
integrability property and new BTs of this equation are
given through CRE and CTE (consistent tanh expan-
sion) methods. From these BTs, new interaction solu-
tions between solitons and cnoidal waves are explicitly
given. The last section contains a discussion and sum-
mary.
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2 Residual symmetry and related Backlund
transformation

The truncated Painlevé expansion of the (2 + 1)-
dimensional Boussinesq equation (1) can be easily
given by Painlevé analysis, i.e.,
ug Ui

= ¢7 + g + us, 2)
with ¢ being the singular manifold and uq, u1, u; being
functions of x, y, t. Substituting (2) into (1) and van-
ishing the coefficients of all different powers of %, omit-

ting the details of calculation, we obtain

u

uo = — 647, 1 = 6y, 3)
1 4pearx — 307, — 7 + 07 1

up=-—37 42 — 5 4)

and the Schwarzian form of Eq. (1)

PP, —CCy+ P, —C;+ K, =0, 5)

where K = %—%%, C = %andP: %are

Schwarzian variables. It is obviously that Eq. (5) is
invariant under the Mobius transformation
ai¢p + by

—- ——— . aja b1 by, 6
¢ 0+ Do 1az # bibs (0)
or in other words, Eq. (5) possesses three symmetries
oy =di,0p = dr¢ and
op = d3¢? )

with arbitrary constants dj, d, and d3.
Hereby, by substituting (3) and (4) into (2), the fol-
lowing BT is obtained.

Theorem 1 If ¢ is a solution of the Schwartzian equa-
tion (5), then
_ 12¢3 — 12¢xx P + ¢x¢2 + 4¢xxx¢2
- 2097
37, + o7 — ¢y
207

is a solution u of (1).

®)

The interesting fact is that the residue u; of expan-
sion (2) expressed by the singular manifold ¢ in Eq. (3)
is a nonlocal symmetry of (1), which can be verified
by substituting it into the linearized form of Eq. (1)

Ou,tt — Ou,xx — Ou,yy — 4uxUlt,x — 20, Uxy

_zuau,xx — Oy, xxxx = 0, &)
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with the BT (8). Apparently, the residual symmetry
o, = u generates the finite transformation (2), and it
is related to the symmetry of (7) through the linearized
equation of (4).

For nonlocal symmetry, the corresponding finite
transformation is hardly to be obtained by using Lie’s
first theorem. To overcome this difficulty, the practical
way is to localize the residual symmetry

ou = Oxx (10)
into a Lie point symmetry in an enlarged system by
introducing the following four dependent variables
8§ =x, m=¢, n= ¢y, 1D
h = gx. (12)
To find the symmetries of the enlarged system, we have
to solve the linearized equations of (1), (5), (11) and
(12),i.e.,
Ou,tt = Ouxx — Ou,yy — 4UxOu,x — 204Uy

—2U0y,xx — Oy xxxx =0,

—2¢x Prxxxx0p,x

— 20 wrax + 20x0104 x + B0p.11

— 2023y 06.x = 20, yy + 404 xPrxbrrx

+ 4020 xxPrxx + 4PxPrxTg xxx

_9¢§x‘7¢,xx - U¢>,xx¢zz — 2¢xx P10 1 (13a)
+0p.xx s + 20xhy0p.y =0, (13b)
0px —0g =0, (13c)
0p,y —0n =0, (13d)
0p1 —om =0, (13e)
ogx —0op =0. (13f)

By the known solution (10), the solutions of (13) can
be easily obtained as

o, = h, (14a)
1

oy = —§g¢, (14b)

om = —%m¢, (14¢)

oy = —%nd), (144d)
1

oy = =3 (e + g%, (14e)

oy = —1¢2 (14f)

¢ = 6 ’

ifdy = —% and di = dp = 0 is fixed for 0. In other
words, the residual symmetry (10) is localized to a Lie

point symmetry in the enlarged systems (1), (5), (11)
and (12) with the symmetry vector

1 1
V= ]’lau — §g¢8g — §m¢>8m

la 1h oY) 123 15
—§n¢n—§(¢+g)h—g¢ - (15)

Equivalently, the generator of the BT (2) is just a special
Lie point symmetry of the enlarged system.

By using Lie’s first theorem, the corresponding finite
transformation of symmetry (14) can be obtained by
solving the following initial value problem

4 _ o). i) =u. (16)
de
dg 14
i(e)=——¢(e)§<e>, §(0) = g. (17
€ 3
dm(e) 1. R o
= —=¢(e)m(e), m(0) =m, (18)

de 3
d’zi(:):_;(e)ﬁ(@, 7(0) = n, (19)
P& _ L@ +@he). h0=h @
de 3
dpe)  d* .

= b0 =0 @

Solving out these equations leads to the following BT
of the enlarged system, which is stated in the following
theorem.

Theorem 2 If {u, g, m,n, h, ¢} is a solution of the
enlarged system (1), (5), (11)and (12), then{u, g, m, n,
h, ) with

R n 6he 662g2 (224)
u=u —_
ep+6 (ep+6)’
5 36g
§= o167 (22b)
N 36m
= TR (22¢)
PO (22d)
(e +6)
. 36h 72eg?
h= _ , (22¢)
(€p+6)?  (ep+6)°3
. 66
¢>——6¢+6, (22f)

is also a solution of the system with € being an arbitrary
group parameter.
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3 New symmetry reduction solutions

To seek the symmetry reduction solutions of the (2
+ 1)-dimensional Boussinesq equation related to the
residual symmetry, we first investigate Lie point sym-
metry of the enlarged system in the form
V—Xa +Y8 +T8 +U8

T dy ot du

—i—Ga—FMa —i—Na —i—H8 —i—CIDa
dg am an oh A’
(23)

In other words, the enlarged systems (1), (5), (11) and
(12) are invariant under the transformation
{x,y,t,u,g,m,n, h,¢}

—>{x+eX,y+eY,t+eT,u+eU,g+eG,m

+eM,n+eN,h+€eH, ¢+ €D} (24)
with the infinitesimal parameter €. Equivalently, the

symmetry in form (23) can be written as a function
form as

oy = Xuy +Yuy +Tu, — U, (25a)
og =Xgx+Ygy+Tg — G, (25b)
om = Xmy +Ymy +Tm; — M, (25¢)
op =Xny+Yny+Tn,— N, (25d)
op =Xhy +Yhy+Th; — H, (25¢)
0p = Xy + Yy + T — ©. (25f)

Substituting (25) into (13) and vanishing all the coeffi-
cients of the independent partial derivatives of variables
u,g,m,n, h and ¢, a system of overdetermined linear
equations for X, Y, T, U, G, M, N, H, ® are obtained.
Calculated by computer, the desired solutions are

X=—621x+C4, Y=ciy+c3, T =cit+c,
1 Cs5 C1
U=-— h——, G=——g¢p — — ,
ciu + cs > 3gd) 2g+gc6

H==h¢ = 2" = (c1 = coh,

(&

M = —?’Wf’ — (c1 — ce)m,
cs

N = —?”¢ — (c1 —ce)n,

o= —%Sasz + ot + 7, (26)

with c1, ¢3, ¢3, ca, c5, c6, c7 being arbitrary constants.
Itis interesting that the symmetry of (15) is just a special
form of (26) by setting c; = ¢ = c3 = ¢4 = ¢ =
c7=0and ¢5 = 1.
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Substituting (26) into (25), one obtains

C
oy = (Elx + C4) wy + (c1y + e3)uy + (c1f +c2)uy

+ciu —csh + %1

Cl
0y = (Ex + C4) 8x +(c1y +c3)gy + (e1t + c2)gr

+2gp+ 2
S bt o oce.
S8b+ 8 — 8

C
om = (Elx + 64) my + (c1y + ¢c3)my + (c1t + c2)my,

(&
—+ ?m¢ + (Cl - C6)m7
&
o = (?lx + 04) ne +(c1y +e3)ny + (a1f + o)y
(&
=+ ?n¢> + (Cl - C6)n1
&
Op = (?lx + C4) hy + (c1y + C3)hy + (1t + c2)hy
C c
+ ?Shq) + ?ng + (c1 — co)h,
1
Oy = (3)6 + C4) ‘px + (Cly + C3)¢y + (Clt + C2)¢t

+ %5¢2 — o — 7. @7

The group invariant solutions of the enlarged system
can be obtained by solving (27) under the symmetry
constraints o, = Og = Oy = Op = O = O = 0,
alternatively, solving the corresponding characteristic
equation

dx o dy  dt
%x+04_c1y+63 cit + ¢
B du
T —ciu+csh — %
dg
= Cc5 Cl
—38P— 58+ 8¢
B dm
—3me¢ — (c1 — ce)m
_ dn
- —5ng —(c1 —ce)n
B dh
 —Sh¢ — 58> — (c1 —co)h
do

= . 28
—2¢? +cod +c7 28)

Two subcases of symmetry reductions, without loss
of generality, are considered in the following.
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Caselcg=0andc; #0( =1, 2, 3,4,5,7).

In this case, by solving Eq. (28), the symmetry
reduction solutions of the enlarged (2 + 1)-dimensional
Boussinesq system are

2
Voercs tanh (st b))

)

cs
A = et + e, o)
2G
: 2 : (30)
Alcosh (M> Y
M
m= — | .
A2[cosh (%?HHAZ)) T
o = (32)

AZ[COSh («/60705 (L:;L<ll>+ln A2) ) + 1]

2
2¢5+/6 tanh (7“5”05(;; O4lnA >) G? + 6 /crcs H

h =
3,/c7¢5 A2 [cosh <7~/6”05(216‘]I“FIHA2)) +1]
(33)
U 2/6c7c5 H
U=+
A o5 e @+na%)
Acy|e 3¢ +1
+ 4cse 3 G?
A257 e 3cq +1
c — A2
2A2 (34)

where U, G, M, N, H and & are invariant functions

c1x+2cq4 _ _cytea
of § = cry/ertter and n = cicit4c)”

Substituting Eqgs.(29)—(34) into the enlarged sys-
tems (1), (5), (11), and (12) yields

G = —cr0;, (35)
cic7

M = ciem®, + TSCDg - c7, (36)

N = —c7®, (37

= — 7D, (38)

1
U — 12(c2 2—1q>2
D 2[ (cin )

+ 12(01<D§n.§ — 2c1) D,y — 8c7c5Df
+3(cTE% 4 8y/6c705 iz — 40r) D7
—12(c1§ + 4Dgee) D + 3607 + 121, (39)

where & satisfies the following reduction equation
2
Peges i — APes Pegs Ps
2
+3(DE$ + |: 3C7C5q32 +cié(c1Pyn — 1) Pg
+ 1+ (c3n* - 1)<I>
1 29
—2c1Pyn | Pegg —2 E(Cln - Do,
1
+a Efbanén +c1Pyn
3 1
+ g et — E)] 2 = 0. (40)

It is natural that once & is solved out from (40), the
explicit solutions of the (2 + 1)-dimensional Boussi-
nesq equation (1) would be immediately obtained by
substituting U, H, G and ® into Eq. (34) with Eqgs.
(35), (38) and (39).

Case2¢; #0(=2,3,4,5,6,7) andc; =0.

In this case, the group invariant solutions of the
enlarged system can be obtained with the same logic
of case 1, which read

tanh (3A+;I"+T)) V3A1 + 3¢

¢ = -
Ay = 2csc7 + 362 (41)
2¢’
§ 7T o (LA 4 (42)
cosh(m@ +r)) + 1
2m’
B 4
T om (M@ )41 (43)
2n’
B 44
! cosh(m(tb +r)) (44)
h (2L5g sinh (@v(f +”) + h'/3A1 cosh (%ﬁ"m))
) N3
3J/Aj cosh (%)
(45)
2¢5+/3 sinh (%) W
u=u —
V/Aj cosh (%)
SN2
2esg” (cosh (M) _ 1)
) ’ (46)

A1 cosh ( VM (@' +r))

62

where u’, g’ ,m',n’,h', ¢ are invariant functions of
variables x" = 25l cat and y' = M

Substltutmg Eqs 41), (44), (45) and (46) into the
enlarged (2 + 1)-dimensional Boussinesq system (1),
(5), (11) and (12) yields

@ Springer
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oL A , 1 [ 3 00y s
(I = 47 i = ————|6cs(cic5 + =c))(M" — D'k
8 ercs” (47 1= S — e 4(c7¢s 3 6)( )C'ky
A(—c39’, —csd’, + c2) 3 3
m = — ! 3¢y 4¢x 2 , (48) + | 12¢4 (M/ — —) <C7Cs + —C%) kzc/2
ZC%CS 2 2
@, Ay . % 2 ’ /
(i vy (49) 26+ g% ) M= De
Wo— A (50) —36c3caka(M' — 1)2] kit
2¢r¢5
1 1 / 3 2\ n2
u' = o 2¢ —[3(c5 — c3)¢/2 6¢3(capyr — )¢, —36 [_ (E(M B 3)> (C7CS + 566> ¢

— 20144 +3(c3 — D)o
+ 6022201 10+ ca)pl — 9392 — 3c31,
(5D

where ¢’ satisfies the following reduction equation

(CS - 62> ¢x x/d)/z + 2c3 (¢x x/c4¢

1
- §¢;/X,A1¢jﬁ

(3 — Py + APl
—2¢ (26‘2¢;/x/x, + C4)¢;/x/¢;/
+3c3¢3 + Plics = 0. (52)

¢)/C/)C/C2) ¢);/

2
— 2¢;/},/C3 C4]¢;/

Similarly to case 1, when ¢’ is solved out by Eq. (52),
the solutions of the (2 + 1)-dimensional Boussinesq
equation can be obtained by substituting it into (46)
with Egs. (47), (50) and (51).

From the symmetry reduction Egs. (40) and (52),
one can obtain various nonlinear wave solutions, so
the exact solutions of the (2 + 1)-dimensional Boussi-
nesq equation given by Eqgs. (34) and (46) represent the
complicated interaction solutions between solitons and
background nonlinear waves.

To give out a concrete example, we consider the
special solution of Eq. (52) in the form

¢ =ki§ +1in+ ' Ex(sn(lyn + kye, N'), M', N'),
(53)

with arbitrary constants ki, I}, ¢, 15, k5, M', N'.
Here, E; is the third type of incomplete elliptic inte-
gral, while sn(lyn + k&, N') is a Jacobi elliptic func-
tion. Now substitute Eq. (53) into Eq. (52) and vanish
different powers of sn(l;n + ky&, N'), we get the fol-
lowing conditions

@ Springer

+e3(M' = 1)(M' — 2)] cak kP

1 3
_ |:12§C4 <C7C5 + = 2 )k/ 3
1 3
_ E(M/ —3)c3 (6‘705 + zcg) 0/2

—3c3eqky(M' — 1)

+aM - 1M - 2)} K2k
+24 |:——(C7C5 + —c6)k2 P+ A3 = 1)

1
— §c4c3(M’ — 1)] c3c’ky +3(M' — l)cgc’:| ,
(54
, ky

1 3

— = 14 i_3-k’+.>(,.+7,2>k/3,/4
am’ -1 [ ((12( caki+ea) )| eres + 56 [k

Loy 3 3
— gkl(M -3) ((,‘765 + 562) kéz (—564ki + 63) A3

1 3 3
- Eké (— (M/ - 5) en (C7cs + Ecé) K

! 3 3
+e3(M' — 5) <C7L‘5 + Ec%) K}
33 cakH (M — DE| + SKF (M — 1))
1 3

+ (204 <C7C5 + Ecg) K}

1 3
— 39 (0765 + 50%) kP

3
- Ecgukéz(M’ — Dk 4 SKE (M’ — 2)k]

1
8636‘4) M = 1)

+ ;cxk/zkz(M 1% (—cak) + 03)>] . (55)
M’ (—2csc7c = 3ckc? + 12e3M' — 12¢3)

N/2 —
12¢3(M" — 1)

(56)
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Substituting Eq. (53) into Eq. (46) with Eqgs. (47),
(50) and (51) under conditions (54), (55), (56), we get a
special interaction solution between solitons and Jacobi
elliptic waves.

4 CRE integrability and new interaction solutions

In this section, we further explore the consistent Ric-
cati expansion (CRE) integrability of the (2 + 1)-
dimensional Boussinesq equation (1). By leading order
analysis, the Riccati expansion solution is

u = vy +viR(w) + 1aRwW)%, (w=w(,y,1),

(57)

where vg, v, vy are functions of (x, y, t) to be deter-
mined later and R(w) satisfies the Riccati equation

Ry :a0+a1R+a2R2. (58)

Substituting Eq. (57) with Eq. (58) into Eq. (1) and
vanishing all the coefficients of different powers of
R(w), we get

vy = —6wra, v = —6ay(wiar + wyy), (59)
2Wyrx 3w2 2
v0=—w—x+ 2—2—3a1u)xx+2 %
2
1 ( Loy o Wy
— — — | 4apaz + —a1> wy — (60)
2 2 T 2w?’

leaving four equations for only one dependent vari-
able w. Fortunately, it can be verified that these equa-
tions are consistent with each other and the (2 + 1)-
dimensional Boussinesq equation is CRE integrable in
this sense [16]. Thus, we obtain the final equation for
w

Swyywy — CLC'+ P{P' — C]+ K, + P] =0,
(8 = dapar — a?) 61)
with K/ = e — g% C'=% and P' = 3",

From the property that these equatlons derlved by
vanishing different powers of R(w) in the expansion are
consistent with each other, we conclude that the (2 + 1)-
dimensional Boussinesq equation (1) really has CRE
integrability and expansion (57) is a CRE expansion.
Naturally, the following theorem is ready:

Theorem 3 If w is a solution of
Swyywy —CLC'+ PP —C/+ K. + P}/, =0 (62)
then

u = —6a§w)2cR(w)2 — 6ay (w)zral + wxx> R(w)

2Wixx 3w)2cx w2
-+ — =3
Wy * 2w? ety 2
1 (1 ,  w;
e 6a0a2) wy — (63)
2 2 . 2w?

is a solution of Eq.(1) where R = R(w) is an arbitrary
solution of the Riccati equation (58).
When the Riccati equation (58) takes the special

solution R = tanh(w), the Riccati expansion (57)
becomes
u = uy tanh(w)? + u tanh(w) 4 u}. (64)

It is natural that any CRE integrable system must
also be CTE (consistent tanh expansion) integrable.
By using the tanh expansion (64) of the (2 + 1)-
dimensional Boussinesq equation, one could obtain
some important explicit solutions, especially the inter-
actions solutions between soliton and nonlinear peri-
odic waves. To this end, we first provide the following
nonauto BT.

Theorem 4 If w satisfies the following equation

dwyywy +C'CL — PP+ C;— K, — Py =0 (65)
then

u = —6w§ tanh(w)2 + 6w,y tanh(w)

B 2Wyrx 3w§x
wy 2w?
2 2
w 1 w
+ 4 — — 44?2 (66)
2wz 2 T o2w?

is a solution of Eq. (1).

To give out some solutions explicitly, we change w
to the form

w=kx+hLy+owt+g, (67)

with arbitrary constants k1, /1, @ and arbitrary func-
tion g. By using Theorem 4, we could obtain nontrivial
solutions of the (2 + 1)-dimensional Boussinesq equa-
tion from trivial solutions of (65) with Eq. (67). In the
following, we give some concrete examples.
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Case 1 In Eq. (65), we take a trivial seed solution
w=kx+Ily+owt+d, (68)

with k, [/, o, d being arbitrary constants. By substitut-
ing Eq. (68) into Theorem 4, we have the following
exact solution for the (2 + 1)-dimensional Boussinesq
equation (1)
u = —6k* tanh(kx + ly + wt + d)?
8k* — k2 — I? + w?

+ 2k2 '
Case 2 We consider a special solution of (65) in the
form

(69)

w=kix+1Ly+ot+ WX),

with arbitrary constants g, i, M” and N”. Substi-
tuting Eq. (74) with Eq. (72) into Eq. (71) and setting
the coefficients of different powers of sn(M” X, N”) to
zero, we get
Cy = 2M>N? o + 2M? o — 16143,
Cy = — M>N? — M? + 2442,
1
w0l =— E(3M4N2k25 — 12M*N%15
2

—20M> N2k k3o — SM* N2k k3 (75)

— 12M2I3 ud + 483 g — 20M %k k5 1o

+ 160k k3 11 — SM?k3k3 + 192k3k3 13 (76)

+96k3k3 o + 16kTky + k111

X = kox + by + wot, (70) — Akjwiwy — 4kol?), (77)
Wlt.h arb1trary constants k1, I1, w1, k2, [, wy. Substi- w% _ —(MzNzkguo + M2N2k1k§ + Mzk;uo
tuting (70) into (65), we find that W (X) = W(X)x ki
satisfies the following elliptic function equation: — 8k§ ,ug + M%k 1k§1 — 24k 1k§ u%
Wiy = Co+ CiW1 + CaW} + C3W; + CaW} (71) —24k3k3 o — 8k k3 + ki3
with —kalilp + kawiw2),
2C1kik3 — Cok3ks + 4k{h3 — K313 + K3 + k313 — k3 w?
0 = 6 9
3k;

c C1k3 — 2Cokiky — 16k3k3 + 2k113 — 2ki1w3 — 2kalyl + 2ko 1 )

3 - - 2 3 b

3kiks

Cs =4, (72)
and arbitrary constants Cy and C;. Then the solution of [y = MN (78)
the (2 + 1)-dimensional Boussinesq equation has the 2

form
u=—6(Wiky + ki) tanh(kix + [y + w1t + W)?
+6W, xk3 tanh(kix + 11y 4 o1t + W)
1
W T
+32Wikik3 + (48k3k3 — k3 — I3 + w3 W?

- (4W1,Xxk§ — 32K3ks + 2kika

SWiks

+201 — 2w1w2) Wy + 3W{ yk3
— AWy xxkiks + 8k} — ki — 17 + a)ﬂ (73)

From the form of (73), it is obvious that this solution
describes solitons interacted with periodic waves which
can be derived from (71). To illustrate this concretely,
we consider the cnoidal solution of (71) as

Wi = po + uisn(M"X, N”), (74)
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Figures 1, 2 and 3 display the interesting interac-
tion structure between solitons and cnoidal periodic
waves in different dimensions. It is shown from Figs. 1b
and 3b that a solitary wave propagates on a cnoidal
background wave, while Fig. 2b indicates that this inter-
action is elastic with nonzero phase shifts. For Figs. 1a,
c, 2a, ¢, and 3a, c, respectively, we can give similar
conclusions. In consideration of plentiful interacting
processes between solitary waves and periodic waves
in nature, these interaction solutions can be used to
explain related phenomenons.

5 Conclusion and discussion

In summary, the (2 + 1)-dimensional Boussinesq equa-
tion is studied by using residual symmetry reduction
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Fig. 1 The soliton—cnoidal wave interaction solution of the (2 }‘, I = 1,Ip = 1,up = é, C = 13—78 Cy = —17—2, wy =
-di i i ion oi i 349 499 5 8 1.
+ 1)-dimensional Boussinesq eguatlon gll\//en b¥ (73) with (74). 10332 861, w1 = 1399:+/861, Co = 155, C3 = —5, uy = :a
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Fig. 2 The density plot of interaction solution which is given the same as in Fig. 1 as well as the same parameters fixed: at = 0; b
y=0;e¢x=0

154 154 15
i 1
0.5] 0.5] 05
u u u
0] 0]
-0.54 -0.51 0.5
_1< -14 -

30 20 -10 0 10 20 30 30 20 -10 0 10 20 30 =30
X

y
(@ (b) (C)

Fig.3 The soliton—cnoidal wave interaction solution which is given the same as in Fig. 1 as well as the same parameters fixed: ay = 0,
t=0bx=0,t=0;¢x=0,y=0
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method and CRE method, respectively. By applying
localization procedure, the residual symmetry is trans-
formed into a Lie point symmetry in a new enlarged sys-
tem and then the corresponding finite transformation is
obtained by solving initial value problem. New inter-
action solutions of the (2 4+ 1)-dimensional Boussinesq
equation are obtained by using standard Lie symmetry
method, and a concrete example is displayed. Further-
more, the (2 + 1)-dimensional Boussinesq equation is
found to have CRE integrability, and some new BTs
are given from this property, from which new interac-
tion solutions are constructed. The concrete interaction
solution between soliton and cnoidal waves is explicitly
given.

There exist some other methods to investigate inter-
action solutions between solitons and nonlinear waves.
For example, in Ref. [7], by using double commuta-
tion method and the inverse scattering transform, the
authors investigated soliton solutions of the Toda hier-
archy on a quasi-periodic finite-gap background; in
Ref. [8], for Sine—Gordon equation, the solitons mov-
ing on a cnoidal wave background are obtained by using
Darboux transformation method. Compared to these
traditional methods, the nonlocal symmetry reduction
method and CRE method applied here are more eas-
ier to be carried out for more integrable nonlinear sys-
tems. Moreover, from different periodic wave solutions
of symmetry reduction equations [see, e.g., Eqgs. (40),
(52)] or CRE Eq. (65), we could easily construct more
abundant types of interaction solutions, which could be
used to explain related phenomena in nature.

Compared with each other the two kinds of interac-
tion solutions which are derived from symmetry reduc-
tion method and CRE method, it is obvious that the for-
mer one is more complicated. It needs to investigate the
detailed relation between these methods in analyzing
relevant physical phenomena in the future.
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