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Abstract The robotic airships provide potential aerial
platforms for various applications and require robust
trajectory tracking to support these tasks. A time-
specified nonsingular terminal sliding mode control
(TS-NTSMC) scheme is proposed to address the prob-
lem of trajectory tracking for robotic airships, which
can avoid the singularity problem and specify the con-
vergence time of terminal sliding mode control. First,
the problem of trajectory tracking of robotic airships
is formulated. Second, a nonsingular terminal sliding
manifold consisting of pre-specified nonlinear func-
tions is proposed, and the TS-NTSMC law is designed
for trajectory tracking.Time-specified convergence and
stability of the closed-loop system can be guaranteed
by Lyapunov theory. Finally, compared experimental
simulations are given to illustrate the advantages of
TS-NTSMC against NTSMC.

Keywords Trajectory control · Terminal sliding mode
control · Time-specified convergence · Robotic airship

1 Introduction

The robotic airship, a typical aerostatic aircraft, per-
forms as a potential platform for various applications
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such as surveillance, earth observation, environment
monitoring, disaster guard [1–5]. To achieve these
tasks, effective and robust trajectory tracking is quite
necessary. However, dynamics nonlinearity and param-
eter variation bring on major difficult of the control
design.

There are many control schemes and approaches
proposed for reference, such as dynamic inversion
approach [6], back-stepping technique [7–11], feed-
back linearization approach [12], artificial neural net-
work [13], sliding mode control (SMC) [14–16].
Among these control approaches, SMC provides a
promising tool of control design for nonlinear systems,
due to its intrinsic property of insensitivity to parame-
ter variations and external disturbances [17–20]. How-
ever, the conventional SMC suffers an obvious draw-
back, i.e., asymptotic error convergence of the closed-
loop system, due to the use of linear sliding surfaces
[21,22]. Fortunately, a new type of SMC called TSMC
was developed to deal with the problem of infinite
time convergence. The TSMC employs nonlinear slid-
ing surfaces instead of linear sliding surfaces, which
guarantees the finite time error convergence [23–27].
However, TSMC faces a major problem called “singu-
larity problem,” which has been overcome by nonsin-
gular terminal slidingmode control (NTSMC) [28,29].
However, NTSMC needs further research to solve the
following problem: the time taken to reach the termi-
nal sliding manifold strongly depended on the error
dynamics of the systems.
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In this paper, a TS-NTSMC is proposed for trajec-
tory tracking of robotic airships. A new nonsingular
terminal sliding manifold using pre-specified nonlin-
ear functions is proposed to overcome the singularity
problem and time-depended problem of TSMC. The
time taken to reach the manifold from any initial state
and the time taken to reach the equilibrium point in
the sliding mode can be guaranteed to be a specified
time. The proposed time-specified nonsingular termi-
nal sliding manifold is then applied to design the tra-
jectory control law. Experimental simulations are pre-
sented to validate the proposed control approach. In
practice, parameter variations and external disturbance
are the most important factors that affect the control
performance and stability of the closed-loop system.
The proposed TS-NTSMC can address these problems
effectively, due to its intrinsic property of insensitivity
to parameter variations and external disturbances.

The main contributions of this paper are listed as
follows.

(1) A TS-NTSMC approach with nonsingular slid-
ing manifolds consisting of pre-specified nonlin-
ear functions is proposed for trajectory tracking
of robotic airships, which address the infinite time
convergence problem of SMC and the singularity
problem of TSMC.

(2) In comparison with NTSMC, the proposed TS-
NTSMC can specify the finite time to obtain faster
convergence.

(3) The specified finite time convergence and stability
of the closed-loop system can be guaranteed by
Lyapunov theory, and the validity of the proposed
approach is conformed via experimental simula-
tions.

The rest of this paper is organized as follows. Section 2
formulates the problemof trajectory tracking. Section 3
demonstrates the design of NTSMC and TS-NTSMC.
In Sect. 4, experimental simulations illustrate the per-
formance of the designed control law. Finally, Sect. 5
gives the conclusions.

2 Modeling and formulation

Alow-altitude airship equippedwith full-actuated actu-
ators is investigated in the current paper. The motion
equations of the airship are expressed as follows [30–
33]

η̇ = J (η)V (1)

Mηη̈ + Nηη̇ + Gη = u (2)

where V = [u, v, w, p, q, r ]T ∈ R
6 are the transla-

tional velocities and angular velocities, η = [x, y, z, θ,

ψ, φ]T ∈ R
6 are the position and Euler angles, as

depicted in Fig. 1, u = [
Fu, Fv, Fw, τp, τq , τr

]T ∈ R
6

denotes the control inputs, Mη, Nη and Gη are the
inertial matrix, the terms of nonlinear dynamics and
the terms of buoyancy and gravitational forces and
moments [34,35], respectively.

The problem of trajectory tracking can be stated as
[35,36]: given any initial states η0 and V0, consider
the kinematics and dynamics equations given by (1)
and (2), respectively, design an appropriate control law
to drive the robotic airship approach to and track the
desired trajectory in finite time, i.e., lim

t→t f

∥∥η − ηd
∥∥ =

0, where η denotes the generalized trajectory, ηd
denotes the desired generalized trajectory, and t f
denotes the time taken to approach the desired trajec-
tory from the initial state.

3 Control design for trajectory tracking

3.1 Nonsingular terminal sliding mode control

The control design of NTSMC consists of the follow-
ing steps: first, define the tracking errors; second, define
the nonsingular terminal slidingmanifold; third, design
the control input based on the defined slidingmanifold;
and finally, prove the finite time convergence and sta-
bility of the closed-loop system. The block diagram of
NTSMC is depicted in Fig. 2.

The tracking error between the actual trajectory and
the desired trajectory is defined as

e = η − ηd (3)

where ηd = [xd , yd , zd , θd , ψd , ϕd ]T .
The nonsingular terminal sliding manifold based on

the nonlinear combination of tracking errors and its
derivative is defined as [26]

s = e + cėa/b (4)

where c = diag (c1, c2, c3, c4, c5, c6) is a designed
matrix, and all the diagonal elements of c are posi-
tive real numbers, ėa/b = [

ėa/b
1 , ėa/b

2 , ėa/b
3 , ėa/b

4 , ėa/b
5 ,

ėa/b
6

]T , a and b are both positive odd integers satisfying
1 < a/b < 2.
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Fig. 1 Sketch of reference
frames and motion variables
of the airship
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Fig. 2 Block diagram of NTSMC

The NTSMC law is designed as follows [35]

u = Mηη̈d + Nηη̇ + Gη

− b

a
Mηc−1diag

(
ė2−a/b

)

−
[
sT c diag

(
ėa/b−1

)
M−1

η

]T

∥∥
∥sT c diag

(
ėa/b−1

)
M−1

η

∥∥
∥
2

× κ ‖s‖
∥
∥∥c diag

(
ėa/b−1

)
M−1

η

∥
∥∥ (5)

where κ is a designed parameter and κ > 0.

Theorem 1 For the airship kinematics and dynamics
given by (1) and (2), respectively, if the nonsingular ter-
minal sliding manifold is given by (4) and the NTSMC
law is designed as (5), then the nonsingular terminal
sliding manifold given by (4) will be reached in finite

time and the tracking errors will converge to zero in
finite time.

Proof Select the following Lyapunov function candi-
date

V = 1

2
sT s (6)

Differentiating (6) and using (4) yield

V̇ = sT ṡ = sT
[
ė + a

b
c diag

(
ėa/b−1

)
ë
]

(7)

Differentiating (3) with respect to time twice and using
(1) and (2), it is obtained that

ë = η̈ − η̈d = M−1
η

(
u − Nηη̇ − Gη

)

= M−1
η

[
−a

b
Mηc−1diag

(
ė2−a/b

)]
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+M−1
η

⎡

⎢
⎣−

[
sT c diag

(
ėa/b−1

)
M−1

η

]T

∥∥∥sT c diag
(
ėa/b−1

)
M−1

η

∥∥∥
2 ·

κ ‖s‖
∥
∥∥c diag

(
ėa/b−1

)
M−1

η

∥
∥∥

⎤

⎥
⎦ (8)

Substituting (8) into (7) yields

V̇ = −a

b
κ ‖s‖

∥∥∥c diag
(
ėp/q−1

)

M−1
η

∥∥∥ ≤ −
∣∣∣
a

b

∣∣∣ |κ| ‖s‖
∥∥∥c diag

(
ėa/b−1

)

M−1
η

∥∥
∥ < 0, (s(t) �= 0) (9)

According to (9), it is known that if s = 0 then
V̇ = 0.

The following equation is derived from (4):

lim
t→t f

s = lim
t→t f

[
e + cėa/b

]
= lim

t→t f

[(
η − ηd

)

+ c
(
η̇ − η̇d

)a/b
]

= 0 (10)

where t f = tr + ts , tr is the time when s reaches zero,
and ts is the finite time which is expressed as

ts = −ca/b
i

∫ 0

ei (tr )

de

e−b/a
i (t)

= acb/ai

a − b
[ei (tr )]

1−b/a (11)

Since all the diagonal elements of c are positive real
numbers, then we obtained

lim
t→t f

η = ηd , lim
t→t f

η̇ = η̇d (12)

Remark 1 TheNTSMC law designed as (5) guarantees
Lyapunov stability of the closed-loop system. If s(t) =
e + cė(t)a/b = 0 are satisfied, then the tracking errors
given by (3) will converge to zero in finite time.

3.2 Time-specified nonsingular terminal sliding mode
control

A TS-NTSMC method with specified finite time was
proposed in the current subsection. The detailed design
of TS-NTSMC is given as follows [37–39].

Step 1: Define x1 = η and x2 = η̇, and (2) can be
expressed as
{
x1 = η

x2 = M−1
η u − M−1

η Nηη − M−1
η Gη

(13)

Algorithm: TS-NTSMC

Input:
1) desired trajectory ηd
2) actual velocities V and actual trajectory ηof the

airship
3) model parameters of the airship

Output: The control law for trajectory tracking
Step 1: Definition of tracking error
a) Compute the tracking error e = η − ηd ;
b) Define the desired state Xd and system state X;
c) Define the following error E(t) = X − Xd =

[
eT , ėT

]T
;

Step 2: Design of the nonsingular terminal sliding manifold
a) Select the nonlinear function ζ i (t);
b) Select the designed parameter Π;
c) Design the nonsingular terminal sliding manifold

s = ΠE(t) − Πξ(t);
Step 3: Design of the control inputs
a) Select the designed parameter γ ;
b) Design the control inputu;
c) Select a Lyapunov function candidate V ;
d) Prove finite time convergence and stability of the

closed-loop system;
Step 4: Termination
If the tolerance of control error is satisfied, terminate
the algorithm and outputu. Otherwise, go to step 2.

The error between thedesired stateXd =[xT1d , xT2d
]T

and the system state X = [
xT1 , xT2

]T
is defined as fol-

lows

E(t) = X − Xd =
[
eT , ėT

]T
(14)

where e = x1 − x1d = η − ηd is the tracking error
between the desired trajectory and the actual trajectory.

Step 2: Define the following time-specified nonsingu-
lar terminal sliding manifold

s = ΠE(t) − Πξ(t) (15)

where Π = [λ1, λ2] ,λi = diag(λi1, λi2, λi3, λi4,

λi5, λi6), λi j > 0 (i = 1, 2; j = 1, 2, 3, 4, 5, 6)

are designed parameters; ξ(t) = [
ζ (t)T , ζ̇ (t)T

]T
in

which ζ (t) = [ζ1(t), ζ2(t), ζ3(t), ζ4(t), ζ5(t),
ζ6(t)]T and ζi (t) (i = 1, 2, 3, 4, 5, 6) satisfy the fol-
lowing assumption.

Assumption 1 [41]: ζi (t) : R+ → R, ζi (t) ∈
C
2[0,∞), ζ̇i (t) ∈ L∞ and ζ̈i (t) ∈ L∞ are bounded

within [0, ts] for a constant ts (ts > 0), ζi (0) =
ei (0), ζ̇i (0) = ėi (0) and ζ̈i (0) = ëi (0), where
ei (i = 1, 2, 3, 4, 5, 6) are the elements of the tracking
error.
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Based on Assumption 1, ζi (t) is selected as fol-
lows [40]

ζi (t)

=
⎧
⎨

⎩

2∑

n=0

1
n! e

(n)
j (0)tn +

2∑

n=0

(
2∑

n=0

kjl
T k−l+3 ej

(l)(0)

)
tn+3, 0 ≤ t ≤ ts ;

0, t > ts .

(16)

where n = 0, 1, 2, kjl( j, l = 0, 1, 2) is a real
number.

The parameters kjl can be obtained based on the
Assumption 1. Since ζi (ts) = ei (ts), ζ̇i (ts) = ėi (ts)
and ζ̈i (ts) = ëi (ts), then we obtained
⎧
⎨

⎩

1 + k00 + k10 + k20 = 0
1 + k01 + k11 + k21 = 0
0.5 + k02 + k12 + k22 = 0

,

⎧
⎨

⎩

3k00 + 4k10 + 5k20 = 0
1 + 3k01 + 4v11 + 5v21 = 0
1 + 3k02 + 4k12 + 5k22 = 0

,

⎧
⎨

⎩

6k00 + 12k10 + 20k20 = 0
6k01 + 12k11 + 20k21 = 0
1 + 6k02 + 12k12 + 20k22 = 0

(17)

Solving (17) yields
⎧
⎨

⎩

k00 = −10
k10 = 15
k20 = −6

,

⎧
⎨

⎩

k01 = −6
k11 = 8
k21 = −3

,

⎧
⎨

⎩

k02 = −1.5
k12 = 1.5
k22 = −0.5

(18)

Substituting (18) into (16) yields

pi (t) =

⎧
⎪⎪⎨

⎪⎪⎩

ei + ėi t + 1
2 ëi t

2 −
(
10
t3s
ei + 6

t2s
ėi + 3

2ts
ëi
)
t3 +

(
15
t4s
ei + 8

t3s
ėi + 3

2t2s
ëi
)
t4

−
(

6
t5s
ei + 3

t4s
ėi + 1

2t3s
ëi
)
t5

, (0 ≤ t ≤ ts)

0 , (t > ts)

(19)

Step 3: Design the TS-NTSMC law as follows

u = Mηη̈d + Nηη̇ + Gη + Mηζ̈ (t)

−Mηλ
−1
2 λ1

(
ė − ζ̇ (t)

)− γ
λT
2 s∥

∥λT
2 s
∥
∥ (20)

where γ > 0 is a designed parameter.

Theorem 2 For the nonlinear systems described by
(13), if the terminal sliding manifold is given by (15)
and the control law is designed as (20), then the non-
singular terminal sliding manifold given by (15) will
be reached in finite time and the tracking errors will
converge to zero in finite time.

Proof A candidate Lyapunov function is chosen as fol-
lows

V = 1

2
sT s (21)

Differentiating (21) and using (13), (15) and (20)
yields

V̇ = sT ṡ

= sT
(
ΠĖ(t) − Πξ̇(t)

)
= sT

[
λ2
(
ë − ζ̈ (t)

)

+λ1
(
ė − ζ̇ (t)

)]

= sT
[
λ2

(
M−1

η u − M−1
η Nηη̇ − M−1

η Gη − η̈d

− ζ̈ (t)
)+ λ1

(
ė − ζ̇ (t)

)]
(22)

Substituting (20) into (22) yields

V̇ = sT
[
λ2

(
M−1

η u − M−1
η Nηη̇ − M−1

η Gη

−η̈d − ζ̈ (t) s
)

+ λ1
(
ė − ζ̇ (t)

) ]
φ

= sT
{

λ2

[

M−1
η

(

Nηη̇ + Gη + Mηη̈d + Mηζ̈ (t)

−Mηλ
−1
2 λ1

(
ė − ζ̇ (t)

)− γ
λT
2 s∥∥λT
2 s
∥∥

)

−M−1
η Nηη̇ − M−1

η Gη − η̈d − ζ̈ (t)

]

+λ1
(
ė − ζ̇ (t)

)
}

= −γ
sTλ2λ

T
2 s∥∥λT

2 s
∥∥

= −γ

∥
∥∥λT

2 s
∥
∥∥ < 0, ( ‖s‖ �= 0) (23)

Remark 2 The Lyapunov stability of the closed-loop
system has been proved via (21)–(23). The nonlinear
function ζi (t)givenby (16) is employed to construct the
nonsingular terminal sliding manifold, and the speci-
fied finite time convergence of error dynamics can be
guaranteed.
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Table 1 Model parameters of the robotic airship

Model parameters Value

m 9.5 kg

mu 1.2 kg

mv 7.5 kg

mw 7.5 kg

Ix 2.2 kgm2

Iy 19 kgm2

Iz 19.2 kgm2

Ip 0 kgm2

Iq 9.1 kgm2

Ir 9.1 kgm2

xc 0 m

yc 0 m

zc −0.05m

4 Experimental simulations

In the current section, experimental simulations have
been conducted to verify the performance of the
designed control law. The main parameters of the air-
ship are listed in Table 1, and it is assumed that all the
parameters are uncertain with a random error of the
order of 15% and the disturbances in lateral direction
are τd = 0.2 cos (π/100t) N .

Simulations were performed by using NTSMC and
TS-NTSMC (with different specified time, i.e., ts=20s
and ts =30s), respectively. The initial position and
velocity of the robotic airship are given by

η0 = [50m,−50m, 10m, 0.01 rad,

0.01 rad, 0.01 rad]T ,

V0 = [15m/s, 2.5m/s, 0m/s, 0.001 rad/s,

0.001 rad/s, 0 rad/s]T ,

and the robotic airship is required to track the following
desired trajectory

ηd = [180 sin (0.01t) m, 120 sin (0.02t) m, 10m,

0 rad, 0.02 rad, 0 rad]T .

The designed parameters of NTSMC are listed as
follows:

c = diag (2, 2, 2, 2, 2, 2) , a = 5, b = 3.

The designed parameters of TS-NTSMC are listed
as follows:

Fig. 3 Desired trajectory and actual trajectory

γ = 10, λ1 = diag (2, 2, 2, 5, 5, 5) ,

λ2 = diag (0.001, 0.002, 0.002, 0.01, 0.01, 0.01) .

Simulation results of planar tracking are shown in
Figs. 3, 4, and 5. The desired trajectory is plotted in red
dotted line, the actual trajectory under NTSMC is plot-
ted in blue solid line, and the actual trajectory under
TS-NTSMC with specified time ts=20s and ts=30s is
plotted in green dot dash line andmagenta double scrib-
ing line, respectively, as shown in Fig. 3. The airship
from an initial position (50m,−50m, 10m) approaches
to and tracks the desired trajectory, which illustrates the
effectiveness of the designed control laws. The track-
ing errors are shown in Figs. 4 and 5. As depicted in
Fig. 4, the tracking errors are all decreased to 0m in
finite time. Figure 5 illustrates the detailed curve of
tracking errors. The tracking errors underNTSMCcon-
verge to 0m with finite time ts = 338.12 s, and track-
ing errors under TS-NTSMC are decreased to 0m with
specified time ts =20s and ts =30s, respectively. Fig-
ure 5 demonstrates that the convergence time of track-
ing errors under TS-NTSMCcan be specified by choos-
ing appropriate parameters of the function given by
(25). The transition curves of nonsingular terminal slid-
ing manifolds are given in Figs. 6 and 7, and all the
manifolds approach to zero in finite time. The nonsin-
gular terminal sliding manifolds of TS-NTSMC have
faster convergence and better dynamic performance.
The simulation results demonstrate the effectiveness
of the designed NTSMC law and TS-NTSMC law for
trajectory tracking of robotic airships and verify that
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Fig. 4 Tracking errors

Fig. 5 Tracking errors within 70s

the TS-NTSMC has the superiority of specifying the
convergence time to obtain faster convergence.

Remark 3 The proposed TS-NTSMC has the follow-
ing advantages compared to the NTSMC: (1) the TS-
NTSMC addresses the infinite time convergence prob-
lem of SMC and the singularity problem of TSMC by
using a nonsingular terminal sliding manifold consist-

Fig. 6 Sliding manifold (s1 − s3)

Fig. 7 Sliding manifold (s4 − s6)

ing of pre-specified nonlinear functions, (2) the TS-
NTSMC can specify the convergence time to obtain
faster convergence, and (3) the TS-NTSMC has better
dynamic performance.
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5 Conclusions

In this paper, a novel TS-NTSMCapproach is proposed
for trajectory tracking of robotic airships, in which
a nonsingular terminal sliding manifold is employed
to design the NTSMC law to guarantee specified
finite time stability. The effectiveness of the proposed
NTSMC and TS-NTSMC was demonstrated via sim-
ulation tests, and the superiority of TS-NTSMC was
illustrated via the compared simulation results. Future
work will involve hardware-in-the-loop simulations
and experimental tests of the designed controller.

The proposed TS-NTSMC provides an effective
and promising approach for control system design of
robotic airships, which is the key important system to
support the various applications, such as safety moni-
toring, reconnaissance, earth observation, broadcasting
relays, telecommunication, scientific exploration.
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