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Abstract In this study, boundary control is consid-
ered for an Euler-Bernoulli beam subject to bounded
input, bounded output, and external disturbances.
Through utilizing the backstepping technology, a bound-
ary control scheme is designed based on the original
partial differential equations to regulate the vibration
of the beam. An auxiliary system based on a smooth
hyperbolic function is designed to handle the impact of
the restricted input. And a barrier Lyapunov function
is adopted to eliminate the impact of output restriction.
It is proved that the input and output restrictions are
circumvented simultaneously. Simulations are demon-
strated for illustration.

Keywords Euler—Bernoulli beam - Input and output
restrictions - Distributed parameter system - Boundary
control

1 Introduction

The Euler—Bernoulli beam (EB) [1,2] is actually a infi-
nite dimensional system. It can be applied to delineate
a lot of flexible mechanical systems such as robotic
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manipulators [3,4]; moving strips [5]; flexible marine
risers [6]; and flexible wings [7]. For the past few
years, the dynamics and the control method design for
flexible systems built on the PDEs have been exten-
sively studied [8—13]. The asymptotic stability anal-
ysis of a coupled PDEs and ODEs is presented in
[12]. A boundary control scheme is designed for a
two-dimensional variable-length crane system under
the external disturbances and constraints to reduce the
coupled vibrations in [14]. An active control scheme
is proposed in [15] to suppress a flexible string, in
which a novel ‘disturbance-like’ term is designed to
deal with the input backlash. It can be proved that
the proposed control can prevent the constraint vio-
lation. In [1], a boundary controller is proposed for an
EB beam with external disturbance when the dynam-
ics are represented by PDEs. An integral BLF is used
in [16] to design cooperative control laws for a gantry
crane system that are descried by a hybrid PDE-ODE
system, and the tension is restricted. Although great
strides in the control for flexible mechanical systems
has been made, studies about how to resolve the prob-
lem of the input and output restrictions for PDEs are
rare. In practice, input and output restrictions are ubiq-
uitous in physical system when hardware constraints,
performance, and safety specifications are considered.
To deal with this problem, we will propose a boundary
control scheme for an EB beam under input and output
restrictions.

As we know, input restrictions, which is in the shape
of dead-zone, input restriction, and hysteresis, are usu-
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ally considered in some physics systems and studied
by many researchers [17-24]. And input restriction is
a main form. Previous studies have involved in con-
trol design in the presences of input saturation [25,26],
where nested saturated input functions are used to limit
inputs. For linear system, some researchers use linear
matrix inequalities (LMI) to design anti-windup con-
trollers [27,28]. To analyze and design control law with
input constraints for a parabolic PDEs systems, a gen-
eral framework based on Galerkin’s method and Lya-
punov techniques is developed in [29]. To deal with
the problem of trajectory tracking subject to restricted
input, a novel control law based on smooth hyperbolic
function is designed in [30]. However, the output con-
straint is not taken into account in the above litera-
ture when the input saturation is considered. In safety-
critical mechanical systems, exceeding the restrictions
will cause serious harm. For purpose of dealing with the
problems of the bounded output, the BLF is an effective
method [31-34]. Moreover, in [35], adaptive boundary
control strategy is presented through using an auxiliary
system and a BLF to resolve the problem of input and
output constraints for a flexible string. In that paper, a
sign function is used to restrict the input signal, which
may cause more chattering. And when the states of the
auxiliary system is small, there is no proving the sta-
bility of the system. Some research works have been
carried out to study the problems of both input and out-
put constraints; however, the settlement of this problem
is still limited. Therefore, eliminating the impacts of
input and output constraints simultaneously for DPS is
still a challenge.

In this work, we investigate the vibration suppres-
sion problem for a flexible beam subject to input restric-
tion, output constraint, boundary disturbances, and dis-
tributed disturbance. The flexible beam is described by
PDEs. Based on the backstepping method, a BLF is
utilized to prevent the output constraint violation, and
a smooth hyperbolic function and an auxiliary system
with a Nussbaum function are designed to make up
for the nonlinear term caused by the input restriction.
Then the system stability is testified on the basis of
the Lyapunov’s direct method. And we can conclude
that the deflection eventually converges to an arbitrar-
ily small neighborhood around the origin with the pro-
posed control scheme. The main contributions in the
present paper are summarized.

(1) Boundary control with a smooth hyperbolic func-
tion and an auxiliary system is designed to stabilize an
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Fig. 1 A typical flexible beam

EB beam based on the original PDEs under the condi-
tion of input restriction, output constraint, and external
disturbances;

(i1) Utilizing a barrier Lyapunov function, the sys-
tem is shown to be uniform bounded and the constraint
violation is prevented.

(iii) The system stability analysis which is on the
basis of Lyapunov approach need not simplify or dis-
cretize the PDEs.

Notations For clarity, we introduce the following nota-

: 9 & (i

tions as: (x), = %’ ($)xx = 8)?;)’ (Fxxx = B)S)’
94 9 92

Frenx = 58, (0, = 22 (9, = 24

2 Problem formulation and preliminaries

A typical beam-based structure is shown in Fig. 1. The
left boundary of the flexible beam is assumed to be
fixed at origin. The control input u(¢) is imposed on the
tip payload. And the flexible beam system is regarded
as the EB beam structure with flexible and damping
properties.

We first give the kinetic energy Ey (¢) of the flexible
beam as

L
E, = l,o/ wt2 (x,t)dx—l—lmwt2 (L,t1), (D
2" Jo 2

where m is mass of the tip payload, w(x, ¢) is displace-
ment of the flexible beam at time ¢ and position x, L
and p are, respectively, length and mass per unit length
of the beam.

Then we obtain the potential energy of the beam as

1L Lt
Ep= EEI/(; w)%x (x’t)dx+§T/(; w)zc (x,t)dx,

2
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where E] and T are bending stiffness and tension of
the beam.
The virtual work of the beam is given by

L
W =— f yvpwy (x,1) dw (x,t)dx
0

L
+/ fx,t)0w (x,1)dx
0
+d@)dw (L,t) +u)dw(L,t), 3)

where the first term is the virtual work about damping
on the beam, the second and third terms are the vir-
tual work about the distributed disturbances f (x, ¢) and
boundary disturbance d(¢), and the last term is the vir-
tual work about control input #(¢). And y; is damping
coefficient of the flexible beam. Using the Hamilton’s
principle

r
/ ’ (8Ex(t) —SE,(t) + 8W(1))dt =0 4)
n

where #; and t, are two time instants, | < t < f; is the
integral interval, and § (-) denotes the variation of (-),
by the calculation, we obtain the following governing
equation

PWrr (X, 1) + Vpwr (x, 1) + ETwyxyxx(x, 1)
—Twyy(x, 1) = f(x,1) )]

and boundary conditions as

mwy (L, 1) — ETwyxx (L, 1) + Twy (L, 1) = u(t) +d (1)
(6)
w(0, 1) = wy (0, 1) = wyx (L, 1) = 0. (7

In this paper, the model of the input restriction for
the beam is delineated as

u(t) = g (uo(r)) = uyy tanh (”O(t)) (8)

Uy

where u s is a known bound of u(f) and uqy(¢) is the
designed control command.

For the convenience of control design, we present
the following assumptions for the subsequent develop-
ment.

Assumption 1 The disturbances f(x, t) and d(r) are
bounded so that there exist two positive constants f
and d satisfying | f(x, )| < fand |d(t)| <d .

Assumption 2 The control design is on the basis
of the assumption that w(L,t), w;(L, 1), wy(L,1),
Wyx(L, 1), wyxx(L, 1), wi(L, 1), wWixx(L,1),
Wy (L, 1) and wysyyy (L, t) are measurable.

Remark 1 In practice, all the signals in the control
design can be measured by sensors or obtained by a
backward difference algorithm. w(L, ¢) can be sensed
by alaser displacement. w’ (L, t) can be obtained by an
inclinometer, and w”’ (L, r) can be measured by a shear
force sensors. Time and spatial variations of these sen-
sor measurements can be calculated with a backward
difference algorithm. Such measurements and higher-
order variations can introduce noise, which will affect
the control implementation.

Assumption 3 The kinetic energy of the EB beam
described by (1) is assumed to be bounded V¢ € [0, 00),
and % is assumed to be bounded for r > O,

Vxe[0,L),g=0,1,2,3.

Assumption 4 The potential energy of the EB beam
described by (2) is assumed to be bounded V¢ € [0, c0),
and % is assumed to be bounded fort > 0, Vx €
[0,L),p=2,3,4.

3 Control design and analysis

The control targets of designing controller in this study
are: (1) to restrain displacement w(x, ¢) of the beam
subject to input and output restrictions, and external
disturbances; (2) to satisfy the bounded output condi-
tion |lw(L, t)| < b, where b is the constraint.

In this part, the backstepping method [36] will be
utilized to design u(#) and the Lyapunov approach will
be applied to prove the system’s stability.

As the usual backstepping approach, the following
transform of coordinate is made:

z1=x1 =w(L,?) (&)
=x2—1 =w(L,1)— T (10)
73 = ug(ug) — 12, (11)

where 71 and 1 are the virtual control.
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Step 1 A Lyapunov function is chosen as

bZ
Vol ==In——.
N2

The derivative of Vjq is

. 2121 71X 2
Vo1 = 7 = 7 = 5 (22 +11).
bZ—Zl bz_Zl b2_Zl
(12)
We choose the virtual control law 7| as
_ 2 2
T = —c1z1 — (b" —z)M_L (13)

where M; = Twy(L,t) — EIwy.(L,t) and c; > 0.
Substituting Eq. (13) in Eq. (12), we have

2
- 12y 2122
Vb1 = — —Mrpz1 + . 14
P o (o

Step 2 Then a Lyapunov function candidate is chosen
as

1
Vo = Vp1 + zng (15)
Combing with Eq. (11), the derivative of Eq. (15) is
Vi (t) =22 (—Mp + 23 + 10 4+ d(1) — mty)
CIZ% 2122

—Mpz1 + .
b2 —z3 b2 — 73

(16)

Similarly, we choose the control law 1 as

= — crzy — Bz oz Beizi
202 -z BrP-z2 b2 -7

+ My +mt, )

where ¢ > 0.
Substituting Eq. (17) in Eq. (16) yields

2 2
. €12} 2 Bz>
Vi () = — — 0L~ 5 5.
2 -2 2
bz—zl 2(b2—zl)
Bciz1z2
2 2
b _Zl

Mz

+ 2223 + 22d(1). (18)
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Using the inequality zod () < lz% + %dz(z‘), Eq.
(18) then is written as

azi Bz3

1 2
— — (02— D75 — ——5—
2 2 2(b* — z3)

Vip(t) < — I

Bciz122

1
-M —d*@).
L21 + 2 +Z2Z3+4l ()

_ Z%
19)

We design an auxiliary system as
uo(t) = —cup(t) + w (20)

where ¢ > 0.
Considering Egs. (11), (17) and (20), we obtain

: s _cup(t) + w) — m
m =m————-(—cu W) —mT
23 B0 (D) 0 2

3‘52
=mé& (—cup(t) + w) — 8—x2d(t) -

=g—z (g (uo) — M1) +m§%m
17
+ mme (L, 1)
31.'2
+ mmwmm (L, 1)
bEo)
+ manx (L,1)
8‘[2
+ mmwnxxx (L,1)
_ Qug (up(r)) 4 -
dug(1) (eto®/un 4 e—uo(t)/uM)2

2y

Then we use a Nussbaum function N (x) to design
the control law w in (20), and w is designed as

w=N(x o (22)

i 1 1 1 1 (01>
w==E&cug+ —0— —c3z3——22——I|— | z3
m m m m \ 0x3
(23)
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where ¢c3 > 0,/ > Oand N () is a Nussbaum function
defined as

N (x) = x*cos (x)
X = Yymzz® (24)

where y, is a positive real design parameter. And the
Nussbaum function satisfies the two properties [37]

1 k
lim sup];/ N (s)ds
0

=00
k—+o0
1 k
lim inf—/ N (s)ds = —o0
k—> o0 k Jo

Step 3 A Lyapunov function candidate is chosen as

Vo (1) = Vi (2) + %ng (25)

The derivative of Vj, is

2 2
. c1z] 5 Bz5
Vo) < — ——5 — (02— Dz — —-— M|z
b bz—z% 2 2 2(b2—z%) L<1
+ perziz + 222 +id2(t)+mz Z
. 283+ 323
2 2
€1z 2 (25
=— —(cp—1z5 — —=— — M|z
[ T
Bcrz1z2 [
—d-(t
+b2—z% +ZzZ3+4l ()
+ z3 (mz3 + mw) — mz3w (26)

Substituting Egs. (21) and (23) in Eq. (26), and using
Eq. (22), we have

2 2
€1z Bz5

Vp(t) < — 0 z% — (2 — l)Z% - 2(1727_2%) - Mpzy
+ 'Z;li‘;z +23m EN GO — D@ — 373
- 1(22)13 + %dz(t) . %d (t) 27
Considering the inequality
—d (1) E& < id(t)2 +1<@)2z§ (28)
x> 41 0x2

noting that x = y,mz3w, we obtain

2 2
. €127 ) ,BZZ

Vy(t) < — —(—DPE -2
(1) < -2 (c2 = Dz; )

2
— 323

Bciziz2

bz—zlz

+z3mEN(x) — Do+ %d%)
(29)

—Mrzi +

Theorem 1 Assume that the system (5-7) satisfies
Assumptions 1-4. Using the proposed boundary con-
trol scheme (8), (13), (17), and (20)—(23), the following
properties hold.

(1) The control input is bounded, and its bound is

described as:
t
tanh <u0—()>’ <uy
upm

lu(®)| = upy

(2) The uniform boundedness of the system is proven,
that is w(x, t) satisfies the following inequality

sup |w(x, )| <C
xe[0,L]

75 (Voe ™ + 52). Vo is the initial
value of V (t), and the parameters B, a, A and &gy are
given in the process of proof in Appendix.

3) Provided that \w(L,0)| < b, then w(L,t) will

keep in the following area |w(L, t)| < b.

where C =

Proof See Appendix. O

Remark 2 From the proof process, we can see that the
size of C will decrease with the increase in the control
gain ¢3, ¢3 and /, which will produce a better vibration
reduction performance when the parameters c1, 8, oy,
07 and o3 are chosen as proper values. However, a very
large control gain ¢, and [ could result in the instability
of system. Hence, the control gains should be chosen
prudently for satisfying the certain performance indi-
cators in a real world application.

Moreover, the transient performance of the deflec-
tion w(L, t) can be guaranteed, i.e., w(L, ) satisfies
the following condition |w(L, t)| < b.

Remark 3 The control scheme proposed in this paper
can handle input saturation and output constraint effec-
tively. As we know, the control design which is on
the basis of traditional truncated models will result in
spillover problems when the high-frequency models are
ignored. However, the controller design and stability
analysis in this paper are based on the original PDEs,
which can avoid these problems.
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Table 1 Parameters of a flexible beam

Parameter Description Value
The length of the beam Im

P The mass of the unit length 0.1 kg/m
The mass of the tip payload 2 kg

El The bending stiffness 1.5 Nm?

T The tension of the beam 5N

Vb The damping coefficient 0.5

4 Numerical simulations

For the purpose of illustrating the system perfor-
mance, we utilize a finite difference method [38—41]
to compute numerical solution . And the simulations
are implemented to demonstrate the validity of the
presented control scheme (8) (13), (17), and (20) -
(23). The disturbances d(¢) and f(x, t) are described
as: d(t) = 0.1 4+ 0.1sin(0.17t) + 0.1sin(0.27¢t) +
0.1sin(0.37¢) and f(x,t) = [1 + sin(0.lwxt) +
sin(0.2wxt) + sin(0.37x¢)]/(10L). The initial values
are w(x, 0) = 0.05x and w(x, 0) = 0. The boundary
output restriction » = 0.06. The constraint on the input
u(t)is |u(t)| < upy = 5. The parameters of the flexible
beam are listed in Table 1.

In order to analyze and verify the control effect, the
dynamic responses of the flexible beam system are sim-
ulated in four cases:

Case 1: The control gains of the proposed control
are chosenasc = 12,¢; = 5,¢; = 30,¢3 = 20,1 =25
and 8 =0.2;

Case 2: The control gains of the proposed control
are chosenas c =12,¢c1 =2,¢cp =5,¢3=5,1=10
and g =0.2;

Case 3: The control gains of the proposed control
are chosenasc =12,¢c1 =05, ¢ =1, c3=1,1=5
and g = 0.2;

Case 4: Without control input: u(¢) = 0.

The dynamic responses for case 4 are displayed
in Fig. 2. It is obvious that the beam’s displacement
w(x,t) is large and the displacement w(L, t) trans-
gresses its barrier.

The simulation results for cases 1-3 are displayed
in Figs. 3,4,5, 6 and 7.

Figure 3 demonstrates the deflection w(L, t). The
displacements w(x,t) for cases 1-3 are shown in
Figs. 4, 5 and 6. From Figs. 3, 4, 5 and 6, we can
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Boundary displacement w(L,t) of the flexible beam
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Displacement of the flexible beam
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Fig.2 Dynamic responses for case 4. a Displacement at the right
boundary of the beam. b Displacement of the beam

Boundary displacement w(L,t) of the flexible beam

0.06 Case 1
Y - - -Case 2
0044y 4 »n == Case 3
““““ Constraint b
—. 0.02
E
’j 0 -TH—L‘;._.,J—-————‘——-?
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Fig. 3 Displacement w(L, ¢) of the flexible beam
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Displacement of the flexible beam

0.06

0.04

w(x,t) [m]

x [m] to t[s]

Fi

o

g. 4 Displacement of the beam for case 1

Displacement of the flexible beam

w(x,t) [m]

x [m] To t[s]

Fi

I

g. 5 Displacement of the beam for case 2

Displacement of the flexible beam

0.06

0.04

0.02

w(x,t) [m]

-0.02

—-0.04

x [m] To t[s]

Fig. 6 Displacement of the beam for case 3

get that the presented control for the flexible beam
(8) can regulate the displacement greatly within 1s,

Control input

5 ——Case 1
- - -Case 2
'='= Case 3

u(t) [N]

Fig.7 The control input

and w(x, t) converges to a small neighborhood of zero
after 2s. Therefore, the perfect control performance
can be acquired with the presented control scheme
even if there are input restriction, output constraint and
external disturbances. Figure 7 shows the input signal
imposed on the right boundary of the beam.

Moreover, from Fig 3, we apparently see that using
the proposed control with the various control gains
c1, €2, c3, and [, the displacement w(L, t) does not
transgress its barrier, thatis w(L, t) satisfy the bounded
output condition |w(L,?)| < b. As the control gains
increase, the displacement w(L, t) converge to zero
more quickly and with less oscillation.

From above analysis of the simulations, we can
come to a conclusion that the validity of the con-
trol strategy proposed in this paper can be guaranteed
in handing the input saturation, output constraint and
external disturbances.

5 Conclusion

In this paper, we design a boundary control law to sta-
bilize a flexible beam modeled as a distributed param-
eter system (DPS) with input restriction, output con-
straint and external disturbances. The control schemes
are proposed based on backstepping method to sup-
press the beam’s vibration. In the controller design, an
auxiliary system based on a smooth hyperbolic func-
tion and a barrier Lyapunov function (BLF) are adopted
to handle the impact of the restricted input and pre-
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vent constraint violation, respectively. The Lyapunov
approach is applied for control design and the stabil-
ity analysis of the close-loop system. The numerical
simulations verified the effectiveness of the presented
method. Compared with the previous work about the
control scheme of the flexible beam, two advantages of
the control strategy in the present paper are that: 1) It
can stabilize the flexible beam with input and output
restrictions, and external disturbances, and 2) the anal-
ysis of the system’s uniformly boundedness need not
simplify or discretize the partial differential equations
(PDEs).

Acknowledgements This work was supported by the National
Natural Science Foundation of China [grant number 61374048]
and the Excellence Foundation of BUAA for PhD Students [grant
number 2017020].

Appendix: Proof of Theorem
Consider a Lyapunov functional

V() = Va1(t) + Va2 (1) + Vp (1), (30)

where the first two terms V1 (¢) and V,»(t) are

Bt 5 B Lo,
Va1 (@) =Ep/0 w,(x,t)dx—i—EEI/O wyy (x, H)dx

L
+ ET/ w)zc (x,1)
2 Jo
L
Vao (1) 2/ pw (x, Hw(x, t)dx
0

where the constant 8 > 0.
We firstly notice the term V,» (7). It satisfies the fol-
lowing inequality

L
[Vaa ()] < p/ (w2 (x, 1) + w’(x, 1))dx
0

L
< pf (w2(x, 1) + Lw? (x, 1))dx
0

< o1 Va1 (1), (31)

_ 2pL
where o = S BoL BT "

Choosing $ as a positive constant satisfying g >
2pL .
—min(ZL,T) > 0, we obtain 0 < «; < 1, we further
obtain
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oy =min(l, 1 —a;) =1—a; (32)
a3 =max(l,1 +oy) =1+ «y. (33)

Considering Egs. (30) and (31), we have

az (Va1 (1) + V(@) < V(1) < a3 (Va1 (1) + V(1))
(34)

Then differentiating Eq. (30) with respect to time,
we obtain

V() = Va1 (t) + Vaa (1) + V(1) (35)

Applying Egs. (5) and boundary equations, using
integration by parts, we get

L

Var(t) = — ﬂyb/o w2 (x, Ddx

L
+ ﬂ/ w(x, 1) f(x, t)dx
0

+ BMpw; (L, 1) (36)

Considering Egs. (10) and (13) yields

z% — wtz(L, t) — c%z% 1wy (L,t)z1

Va1 (1) =
0= w2 ®? -2
®? — M3
- L M
2(b2—z%) Berzi My,
L L
—l—,B/0 wt(x,t)f(x,t)dx—ﬁyb/() wlz(x,t)dx.
(37

Similarly, combining Eq. (5) and boundary equa-
tions, using integration by parts, then according to Lem-
mas 10 and 11 in [42], we get

voL

L
2
,t)d
201 Jo wy (x, 1)dx

L
V() < — EI/ w2, (x, Hdx +
0
L L L
— T/ wz(x t)dx + —/ wz(x t)dx
x s x
0 202 Jo
L Vb L
+,0/ w,z(x,t)dx + 701/ w,z(x,t)dx
0 0

L
+Mpw(L, 1)+ %02/ F2(x, )dx. (38)
0
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Then substituting Egs. (29), (37) and (38) into Eq.
(35) yields

. ﬂc% z%
V() < — (Cl -
2 2
2 b _Zl

1 Vb Loy
_<I3Vb—E,3—P—?Ul)/O wy (x, t)dx

L L L
— T—yb——— / w%(x,t)dx
201 207 ) Jo

L 2 L.t
—EI/ w?, (x, Ndx —,BL’;
0 2% — z7)

2 2
— (2 —Dz5 — 323

b2 — 22y M2
—ﬁ% +e+zmEN(x)—Da (39)

where the constant o3 > 0, and ¢ = (%02 + ,3%03)
L 7 15
Jo frdx + 5d>.
Choosing parameters c1, ¢2, 3, [, 01,02 03 and f to
satisfy the following conditions:

2
J/lzcl_ﬂ%>o (40)
m=c—-1>0 (41)
y3=c3>0 (42)
1 Vb
va=Byp——B—p—701>0 (43)
203 2
ys=EI >0 44)
L L
ve=T - 22 _ =~ (45)
201 207

According to Lemma 2 in [31], we obtain

. b? ) )
V(O ==yiln 5——= =12 — 1323
b= —z3

L
—y4/ wtz(x,t)dx
0
L L
—y5/ w)%x(x,t)dx —y6[ w%(x,t)dx
0 0
1
+e+—CENOO—Dx
Vx
. . 1
Sk (Vi@)+ V@) +e+—EN () — DX

(46)

. 2 2 2 2 2
where 2 = min (2p, 22, 28, 28 2 2,

Combining Egs. (34) and (46), we have

V(t) < —AV(t) + L ENG)-Dx+e (47)
X

where A = A1/a3 > 0.
Then multiplying (47) by ¢/, we obtain

ai (V)eM)) < ee™ + 1z (EN () — 1) xe™. (48)
13 Vx

Integrating of the inequality (48), we have

V(t) fvoe_)‘[ + ; (1 — e_)‘t)

e

—At t
/ EN () — 1) g dr
Yx Jo

+

< Voe ™ + i—o (49)

where g9 = ¢ + VL Jo N (O — 1) ge M dx.

Applying Lemma 2 in [37], we have a conclusion
that V(¢), x and fot (N (x) — 1) xdt are bounded on
[0, 1).

We can further obtain the boundedness of the states
21, 22, 23, W(x, 1), we(x, 1), wy(x,?) and wyy(x,1).
According to Assumptions 3 and 4, we get the bound-
edness of Wy (X, 1), Wy (x, 1) and wyyyy (x, ) . More-
over, according to Assumption 1 and Eq. (6), we can
acquire the boundedness of wy;(x, 1), wsx(x,t) and
Wyrrxx (X, 1). Note that

lug (0)| = up |tanh <ﬂ> <uy (50)
umpm
dug (uo) _ 4 <1 51)
al/l() (euo/uM +g—u0/uM)2 =
9 4
75 20 Mo‘ = L 1< (52
uo (gMO/MM + g—MO/MM) 2

Then we can obtain that @ is bounded from Eqs.
(50-52) and (23). This further implies that w and uo(z)
are bounded.
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Moreover, combining with Eq. (34) and according
Lemma 10 in [42], we have

L 2L
2 2
w(x,1) < L/ wy(x, Hdx < ?Val(t)
0

< S Va4 V(o) = 2222 ve €0, 1
(53)
Then we have |w(x, )| < \/ﬁszx —hM 4 &)

Vx € [0, L], we obtain w(x, t) is uniformly bounded.

Equations (34) and (25) indicates V},(¢) is nonnega-
tive and bounded V¢ € [0, 00). From the term V},(¢), we
can see that Vp,(t) — 00, as |w(L, t)| — b. Supposing
lw(L,0)| < b, and according to Lemma 1 presented
in [31], we infer that w(L, t) satisfies the inequality
lw(L, )] < b.
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