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Abstract We develop a local discontinuous Galerkin
finite element method for the distributed-order time
and Riesz space-fractional convection—diffusion and
Schrodinger-type equations. The stability of the pre-
sented schemes is proved and optimal order of con-
vergence O(hNV*! + (At)H'% + 62%) for the Riesz
space-fractional diffusion and Schrodinger-type equa-
tions with distributed order in time, an order of conver-
gence of ON*1 £ (AD'*FE 462) is provided for the
Riesz space-fractional convection—diffusion equations
with distributed order in time where £, 6 and At are
space step size, the distributed-order variables and the
step sizes in time, respectively. Finally, the performed
numerical examples confirm the optimal convergence
order and illustrate the effectiveness of the method.

Keywords Fractional convection—diffusion equations
with distributed order in time - Fractional Schrodinger-
type equations with distributed order in time - Local
discontinuous Galerkin method - Stability - Optimal
convergence

1 Introduction

The distributed-order fractional differential equation
(FDE), as a natural generalization of the single-order
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and the multi-term FDE, has become more popular in
many physical and biological applications recently, for
example, dielectric induction and diffusion [1], vis-
coelastic oscillators [2], the stress behavior of an elastic
medium [3], to study properties of rheological of com-
posite materials [4,5], distributed-order membranes in
the ear [6]. This kind of equations was first introduced
by Caputo [9] who used to find infinite plates and
dielectric spherical shells or the eigenfunctions of the
torsional models of anelastic. FDEs have recently been
shown as a good tool to model the complex dynamical
systems than the classical and fractional-order mod-
els. Moreover, the time-fractional anomalous diffusion
equation with a constant order temporal derivative can-
not be used to model the processes lacking tempo-
ral scaling, so in some sense, the diffusion equation
with distributed order in time can be used to describe
processes getting more anomalous in course of time,
e.g., the accelerating superdiffusion and retarded sub-
diffusion [7,8].

In recent years, there has been much attention and
effort put on developing various numerical algorithms
for solving distributed-order and space-fractional equa-
tions. Diethelm and Ford [10,11] transformed the
distributed-order ordinary differential equations into
a multi-term FDEs by quadrature formula. Ford and
Morgado [12] show the uniqueness, existence and the
approximation of the solution of distributed FDEs. Pod-
lubny et al. [13] solved the distributed-order FDE by
a matrix approach method. Ye et al. [14] discussed
the Riesz space-fractional diffusions equations with
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distributed order in time by an implicit difference
scheme. They prove that the implicit difference scheme
is convergent and unconditionally stable. In [15], the
authors have developed Jacobi collocation method
for the multi-dimensional distributed-order generalized
Schrodinger equations [15]. There exist many numeri-
cal methods for solving partial differential equations
(PDEs) and fractional partial differential equations
(FPDEs) in [16-22] and references therein. They differ
in accuracy, performance and applicability. To the best
of our knowledge, however, the LDG method, which
is an important approach to solve FPDEs, has not been
considered for the time distributed-order FPDEs. Here,
we develop a LDG method to solve the time distributed-
order and Riesz space-fractional convection—diffusion
equation (TDO-RSFCDE)

W(a) k9 _
Dy u+e( A)2u+8xf(u)—0, (L.1)
u(x,0) = up(x),

the nonlinear time distributed-order and Riesz space-
fractional Schrodinger equation (TDO-RSFSE)

B
i) “u— e (=) Tu+ ex f (lu)u =0,

(1.2)
u(x,0) = uo(x),
and the coupled nonlinear TDO-RSFSEs
i) u—e1(~ ) 5u + ea f (ul. [Py =0,
i@y — e3(=0) 2w+ eag(lul, o =0,
u(x,0) = uo(x),
v(x, 0) = vo(x), (1.3)
where homogeneous boundary conditions and x € R,
t € (0,T)]. e,&,i = 1,2,3,4 are a real constants
and g(u) and f(u) are nonlinear real functions, and
D,W @y (x, 1) denotes the distributed-order fractional

derivative of u in time ¢, given by
1
DY@y = / W) §D%u(x, Hda, (1.4)
0

where W («) is the weight function, %D;"u(x, 1) (0 <
o < 1) is the Caputo fractional derivative of order «

with respect to t. The fractional Laplacian —(—A)g
can be characterized using Fourier analysis as [23-25]

— (=) 2ux. 1) = FLE P, 1)),

where F is the Fourier transform.
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The Discontinuous Galerkin (DG) method is famous
for high accuracy properties and extreme flexibility
[26-29]. There exist many applications of DG methods
to solve FPDEs, for example, time-fractional wave and
diffusion equations [30-33], fractional convection—
diffusion equations [34,35], fractional Cahn—Hilliard
equation [36] and the nonlinear Riesz space-fractional
Schrodinger-type equations [35,37].

The organization of the paper is as follows: we
present some preliminary definitions and a few lem-
mas in Sect. 2. In section 3, we present the DG scheme
for the TDO-RSFCDEs. Then we prove L stability
as well as an error estimate in Sect. 4. In Sect. 5, we
present a LDG method for the nonlinear distributed-
order time and Riesz space-fractional Schrodinger-type
equations. We introduce the LDG scheme for the TDO-
RSFSE in Sect. 5.1. Moreover, we give L? stability for
the nonlinear case in Sect. 5.1.1 and an error estima-
tions for the linear equation in Sect. 5.1.2. In Sect. 5.2,
we introduce the LDG scheme for the coupled nonlin-
ear TDO-RSFSEs and give a theoretical result of L2
stability and error estimates. Section 6 presents some
numerical experiments to illustrate the efficiency of the
scheme. Finally, some conclusions are given in Sect. 7.

2 Preliminaries

We first introduce the definitions of fractional deriva-
tives and integrals [38] and review a few lemmas for
our analysis.

2.1 Caputo-Liouville fractional calculus
The right-sided and left-sided Riemann—Liouville (R—

L) integrals of order u, when 0 < w < 1, for the
function f(x) is defined , respectively, as

RLu 1 T f(s)ds
(Szer) e = I () /_oo s T
2.1
and
RL it B 1 © f(s)ds
(XIOOf>(X)_F(M)/x T X < o0.
2.2)

For any n € NT,(n — 1 < u < n), the right and left
R-L fractional derivatives of function f are defined by



Local discontinuous Galerkin method 397
RL 1y _ 1 d\" The Riesz fractional derivative is given by
_ooDx (x) = rn— H_) a "
I
x f(s)ds S0 =—=(=8)2 f(x)
X ()——n+1+p,’ X >—00, 0 |X|
—c0 X = C it C M
D D,
2.3) _ _—ootx F&x)+5 oof(x). (2.10)

and
RL _ b (=dY
("DOOf>(x)_F(n—u)<dx>

*_ f)ds
Xfx G—x)mrr

Furthermore, the lift-sided and right-sided Caputo
derivatives of function f are obtained as

< Q.

(2.4)

1
(“’%D’;‘L ) ) = I'(n—p)
o f(g)ds
) /—oo (x —syn=ten -
(2.5)
and
1
(CPhr) @) = o=
2 (— 1)1 f (5)ds "
X‘/; W , X < OQ.
(2.6)

Proposition 1 The R-L fractional derivatives of a
function f relates to the Caputo definitions by the fol-
lowing equation

(Lpir) @ = (Bpkf)

2.7)

which implies (_EDYf)x) = (REDY f)x), if
f9@=0,j=0,....n—1

Proposition 2 Semigroup and linearity property

RLTeti () = RE7e (RLT £ ()

= ATy (RLTE f (), 2.8)
RETLOS () + ygx)) = A RETE £(x)
+y RETH o (x). (2.9)

2cos (Z£)
If © < O, the fractional Laplacian becomes the frac-
tional integral operator. In this case, forany 0 < o < 1,
which is formally defined as follows

CD- f(x) + D f(x
Aupfoy =~ LB T
T(e—o
2cos (T)

_ED @) + D f ()
2cos (%)
_ ST + I @)
2 cos (%) '
When 1 < pu < 2, using (2.5), (2.6) and (2.11), we can

rewrite the fractional Laplacian in the following form:

Ayl _A d2u(x)
— )b = ”‘z”<—dxz )

@2.11)

2.12)

Definition 1 (The right, left and symmetric fractional
spaces [39]) For any 0 < o < 1, we define the semi-
norms

g = "D f | 2y (2.13)

flgw = 15 D8 f | 2y (2.14)
1

flgw = [(GFDLL REDE ) ooy (2.15)

and the norms
%

1 g = (I By + 17 122m) (2.16)
3

1 = (1 Be + 1£122q) 2.17)
3

1z = (1 Py + 1 2gwy) (2.18)

and let the three spaces Jg(R), J;(R) and Jg(R)
denote the closures of C§°(R) with respect to ||. || JE(R)
and ||.|| JER)> respectively.

Lemma 1 (see [39]) For o > 0, assume that f(x) is
a real function. Then

(BEzef RETS f) | = cos@l P ag,

= cos(an)|f|3EQ(R). (2.19)
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Generally, we assume that the fractional problems in a
bounded domain and let the domain §2 = [a, b] instead
of R.

Lemma 2 (fractional Poincaré—Friedrichs, [39]) Ifa €
R, we have

Iy < Clflsg @0 VF € JE0(R).  (220)
and
||f||L2(Q) = C|f|],"g,0(sz), Vfe J;%‘,O(Q). (2.21)

Lemma 3 (See [40]) The fractional integration oper-
ator T* is bounded in L*(§2):

IZ% flli2 ) < KN fll2@)s

where T% = RLT® (ie., right-sided R-L integral of

xp “x

(2.22)

order ).

Lemma 4 (See [37]) The fractional integration oper-
ator A_g is bounded in L*(2):

Ao fli22) = Kl fllL22y, O<a<1.  (2.23)

3 LDG scheme for the TDO-RSFCDE

Let us consider the TDO-RSFCDE. To discretize the
integral interval [0, 1], we choose the grid 0 = 79 <
T <---<tg=1landtake Atj =71; —Tj_| = % =
foo; = L0 = 2l i —1.2,...,5, 5 e Nand
by the mid-point quadrature rule, we get

S
D “ux, 1) = Y Wiaj) G0 ux, DAY
j:l
+0(6”). G-1)

Thus the TDO-RSFCDE (1.1) is expressed as multi-
term fractional equation. We approximate the time-
fractional derivative (3.1) by simple quadrature for-
mula in [41]. Let At = T /M be the time mesh size,
t, =nAt,n=0,1,..., M be mesh points and M is a
positive integer.

Lemma 5 (See [41]) Let z(t) € c2[o, ty], forany 0 <
o < 1. It holds that

1 noZ(s)ds 1 .
ra _O‘)./o (ta — )% X[aoz(’") = an-12(0)
n—1

> (@1 - an—l)Z(tl)”
I=1
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1 l -« —w
= 22—«a 12 - (1 +2 )
2 T2 -0

max |2 (1)](AD> 7. (3.2)
0<t<t,
We suppose the notation

-1
l n
CPe, A - 0 !
0De 8 =\ —anz — > (@n-1-1 —ap-n7') .
=1

(3.3)
From (1.4), (3.1) and (3.3), we obtain
S
Dy u Y AW u"
j=1
S
i
n—1
X <u”—Z(a:’_l_l—aZlil)ul — aZ’_lu()),
=1
34

where 1; = (AN T (2—a;)anda,”’ = (+1)' =% —
l 1—a J A

For space-fractional derivative, we rewrite it as a
composite of a fractional integral and first-order deriva-
tives and convert the TDO-RSFCDE (1.1) into a sys-
tem of low order equations. However, for the first-order
system, alternating fluxes are used. We suppose three
variables r, p and ¢ and set

d 0

- - 3.5
=5 T T " (3-5)

then, the TDO-RSFCDE can be rewritten as

P = Ap-2)/29,

0
D) @u + S —p=0.
0 0

q=—r, r=—lu.

0x 0x

For any real number r, the broken Sobolev space is
defined as

(3.6)
P =Ap-2)29,

H' (2)={veLl*Q):
Vk=1,2,...K,v|p € H (DM}, (3.7)

The L2(D*) norm and local inner product are defined
by

W2, = 0, V) pes (s 0) i = /D odv, ()
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and the norm and global broken inner product

K K
l72g) = D @ Vpts @, 0) =) (u,v)pe.
k=1 k=1

(3.9
We introduce some notation
+ —
) = lim (), (o) = o
x—xt 2 (3.10)
[w]=v" —v".

For simplicity, we discretize the computational domain

2 into K non-overlapping elements, D¥ = [x,_ 1
xk+%], k=1,....,K. Letuy, p;.q,,r, € VkN be
the approximation of u(., t,,), p(., t;), (., tn), r (., tn),
respectively, where the approximation space is defined
as

VY = (v: v e P(DY), VD* € 2}, (.11

where P(DF) indicate the set of degree polynomials up
to N defined on the element D*.

We define a fully discrete LDG scheme with as fol-
lows: find u}, pj. q, .1, € VkN, such that for all test
functions v, ¥, ¢, n € VkN,

S
ZW(aj)Aer;xjuZ,v —&(phs V) pi
j:] Dk
n 9 T~
- (f(uh), £v>0k + (P,
— (Fupvty_y) =0,

(Phs ) pr = (Ag-2/291 V) i

a
(05 8) e =~ 55+ (10 iy

= o)1),
n — 3_)7 -~ —
(ks 1) pre = = (s =) i+ (@1 gy
- (ﬁ"thr)k_%)-
We can choose numerical fluxes as
=T =0t = F@) T @p.
(3.13)

(3.12)

Note that we can also choose

=t =0T fo= )T @
(3.14)

4 Stability analysis and error estimates

Here, we focus on providing the stability analysis and
the error estimates of the proposed scheme, for TDO-
RSFCDE.

4.1 The analysis of stability for fully discrete scheme

Theorem 1 The fully discrete LDG scheme (3.12) is
stable, and

lupll 2@ < Clupll 2y, n=1,2,....M. (4.1)

Proof See “Appendix A”. O

4.2 Error estimates

we discuss the optimal error for the LDG scheme
(3.12). We want to first get the equation of error.
The exact solution of (1.1) satisfies

S
ZW(aj)Arj(Sftju",v —s(p",v)Dk
j=1 Dk
n ny 0
+ (V(x) > v)Dk - (f(” )s a_xv)
+ (P = Fmv®),_y) =0,
(P" V) pe = (Ag=224" . ¥) pe

Dk

(g ’¢)Dk =—(r *Q)Dk + (¢ )k+%
- (?n¢+)k7%)’
ad
(") e = —(u", %)Dk + ((ﬁ"n—)H%
- @" ?7+)k,%)- 4.2)

Subtracting equation (3.12) from (4.2), we can obtain
the error equation

S
Y WapATs @ —up).v |+ (Y@ )
j=1 Dk
—e(p" = pj-v) —(f( " = F). )
e\p P> V) pr “ uh’axv Dk
+(p" = P ) e+ ((F@™) = F@ip)v)
— (@) = Fapvhy_1) +(a" =il )

a
—(Ap-22@" —ap), w)Dk + (r" =y, f)Dk
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— (" =T Dys + (" =T,
an

(" =i m) i (" = )
— (@ =W ey + (@ =Ty =0,

(4.3)
where

ly ()] = |O(ANZT +67)| < c((AD)'TT +62),

(4.4)
such that
) 0 0
|4+ =2—S04~<2—a;=2—jO+—
+3 +5<2-q j0+ 3
<2-0+2-2-2 s
< S=2-5. @

For the error estimate, we define special projections,
P and P* into V,f. For all the elements, DX, k =
1,2, ..., K are defined to satisfy

(Pu —u,v)pe =0, Vv e Pk (DY,

(Piu —u, U)Dk = 0, VU S IP]](V_I(Dk)7 (46)
+ +
Pougy = uln y).

Denoting

n

" =P u" —uy, wi =P u"—u",

U":Ppn—pz, U;:Ppn—pn,

n n n e n n (47)
¢ =Pq" —qy. ¢.=Pq —q",
Y =P =, Yl =P ="
From the standard approximation theory [42], the pro-
jections satisfy the following inequality

1
17Nl 2@y + Rl lloe + A2 Il < CRVFL. (4.8)

where ¢ = P*u” —ujorm® = Pu" —uj. I, denotes
the set of boundary points of all elements D¥. The posi-
tive constant C, solely depending on u”, is independent
of h.

Theorem 2 (Diffusion without convection f (1) = 0)
The L? error of the scheme (3.12) satisfies:

6
luGx, ta) — upll 22y < CNT+(ADF2 +62).
4.9)

Proof See “Appendix B”.
For the TDO-RSFCDE, we review a few lemmas for
our analysis. O
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Lemma 6 (see [43]) For any piecewise smooth func-
tionmt € L*(82), on each cell boundary point we define

«(fim)=x(fin.mh)
_ { [wI™ (f () = F@o)). ifln] #0;
3@l iflw] =0,
(4.10)

The nonlinear part can be rewritten as

K

K
;Hk(f; woupw) =y (f(u) — fup), ;xn)

k=1 Dk

K
+ D () = funlrly,

k=1

K
+ 2 ((f@n) = DDy
k=1
4.11)

We can rewrite (4.11) as:

K K 9
S He(fruupim) =y (f(u) — fun), a”)

k=1 k=1 D*

K
+ D ((F @) = f{unDlrD)y s

k=1

K
+ ) ((fua)) = DDy

k=1
(4.12)

Lemma 7 (see [43]) For Hi(f;u,up; ) defined
above, we have the following estimate:

K
> Hi(f s up; v)
k=1
1 ~
< — gk (Frun) +(C + Cih™ ey || 2)n*N+!
+(C+ Cilllvllos + A7 ewIZNIVIP. (4.13)
and
lewll = llu — upll < h.

(4.14)

Theorem 3 The L? error of the scheme (3.12) satis-

fies:
I, 1) — ) ll 2y < C (hN+% + (A5 92) .
(4.15)

Proof See “Appendix C”. O
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5 LDG method for the nonlinear distributed-order (wZ lﬂ) Dk (Z I ‘/fx) Dk
time and Riesz space-fractional _ +
S , ((“”hw et — G 0).
Schréodinger-type equations ; n
(Zh’ C)Dk = _(th Cx)Dk
5.1 LDG method for the nonlinear TDO-RSFSE +((ﬁZ§_)k+% — (ﬁZ{Jr)k_%). (5.5)

We introduce three variables e, r, s and set
0 0
e=Apg_nnr, r=—s, §=—Uu, (5.1)
(8-2)/2 ax ax

then, the nonlinear TDO-RSFSE can be rewritten as

iD) u+ere+ e f(luPyu =0,

9 9 (5.2)
e = A(ﬂ_z)/zr, r = as, s = au
We set the complex function u(x, t) as
u(x, 1) =px, 1) +iq(x,1), (5.3)

so, the nonlinear TDO-RSFSE (5.2) can be rewritten
as

DY@ ptere+erf(p?+4°)q =0,

0 0
e=Ap-2pr, r=-—s5, §S=-—¢,
e 0x 0x (5.4)
D "q —ell —er f(p* +qH)p =0,
0 0
[ =Ag_2pw, w= el L= P

Let pZ, q;l', e;l’, ZZ, r;l', sZ, w,’;, ZZ € VkN be the approxi-
mation of p(.,%,),q(, 1), r(., 1), s(., ty), e(., ty),
1, ty), w(., t,), z(., 1), respectively.

Let p}.qp ri spep 1w,z € ViV, and test
functions 91, o, ¢, ¢, x,0, ¥, ¢ € VkN,

ZW(aj)ArJ 8,7 pt, vy
j:l Dk

+er((F(PD* + @) Naj. 1) pe = 0.

+e1(egs 91) pr

(ens ) pr = (Ag-227% P) pis
(77t @) pr = = (h ¢x) pe

+((§Z¢7)k+% - (&\Z‘fr)kf%)’
(51’117 (/))Dk _(qZ’ (px)Dk

+((§Z¢_)k+% - (5’;:‘/’+)k—5)v

S
ZW(aj)Arj(Sftqu, X

j:1 Dk
—e((F P>+ @) e x) pr =0,
(lh+ ©) pe = (Ag—2 2w}, 0) s

_El(lZ’X)Dk

The numerical traces (pj, ). 5}, ,z),) are defined on

interelement faces as the alternating fluxes [22,44]:
@=(g) ", T=En*.
(5.6)

Pr=ph", =",

Note that we can also choose
o=@ =a".
5.7

—(P) ’ Sh_(s)

5.1.1 The analysis of stability for fully discrete scheme
we focus on providing the stability analysis of the pro-
posed scheme, for TDO-RSFSE

Theorem 4 (L2 stability) The semidiscrete scheme
(5.5) is stable, and

2 2
= C (1P ) +1981320g)) - (5.8)

Proof We can prove by similar techniques as that in
the proof of Theorem 4.1. O

5.1.2 Error estimates

Here, we focus on providing the error estimates of the
proposed scheme, for TDO-RSFSE. We consider the
linear TDO-RSFSE

iD) @ u —e1(—A)Su + eu = 0. (5.9)

The exact solution of (5.9) satisfies

Y Wpas pt oo | e 0n)
j=1 Dk
+ 82(qna ﬁl)Dk + (V(P)na ﬁl)Dk =0,

(", 0) pr = (Ap-227" ) pi-

(", @) pr = = (" ¢x) pi + ((?’qr)kJr%

- (§n¢+)k_%)’

_(ql’l’ ¢X>Dk + (@\nfp_)k_,_%

- @\"fﬂﬂk_%),

(Sn"/’)Dk =
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S
(ZW(aj)Arjsf‘-’q",x —e1(I", %) pr
j=1 Dk
—e(p”. — (Y x) e =0=0,

X) b
(1", 0) pr = (Ag-22w". 0) i

(wn w)Dk (Z "/IX)Dk + ((m‘/f )k+
- (\"1!f+)k,%),
() pe = —(r". &x) pr ((ﬁnwi)ﬂ%
= ("¢ y)- (5.10)

Subtracting (5.5) from (5.10), we can obtain the error
equation

N
(Z Wiy ATs” (p" = pj), ﬂl) + (5" = i x)
Dk

=1
—(Ag=22C" =11, 0) pic + (4" = a1+ 9x) i
D D
N
+( D W@)ATs (4" —ai)s x) pe
=

= (D2 2" —wp), ) e + (2" = 2 i)
+ (" 01) e +€2(¢" — g5 91)

—e(p" = ph X) i + (" =17 B) i

+(Sn = Shs ‘p)Dk + (en — e, p)Dk

(" =1 0) pr + (" = wi Y1)

(& =2 ) pe =" =1 ) e

—|—€1(e" — ey, 15‘1)D/< + (p" — Dps Cx)

(& =2 ) pe = (G =59 _1)

- (V(Q)nv X)Dk

(@ =3¢ gt — (@ =T )k_%)
— (@ -2y~ )k+% - (@3 —/z\")l/er)k_%)
= (

(P, — ﬁ")f)lﬁ_% — (7} - ﬁ")é“ﬂk_%) =
(5.11)
Denoting
7_’:}’l:73—prl_p;ll7 n,f:rp—pn_pn7
' =Pr'"—ry, € =Pr"—r",
"="Pe" —ep, ¢ =Pe" —e",
=Pt~ =P — ",
(5.12)

O_n:fpfqn_q]l;t’ O__lfzfpfq”_qu’
o" =Pl" -1, w,=PI" 1",

" =Pw" —wy, ¢ =Pw" —w",
n=P+Zn—ZZ, ﬁ,f:P_l—Zn—Zn.
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Lemma 8

S
(Z W(Otj)A‘L’j(S;xjan, JT") + (A(ﬁ_z)/zen, 6")

j=1

j=1
+(Ap-22¢", ¢") + (@, @")
=01+ 02+ 03+ Qa,

where

S
> W(ajArs o", a") + (0", ¢")
(5.13)

Q1= —(".7") +(¢". 0") + (Ap-2)2¢", ¢")
+(@", ¢") —e1(¢". ") + &1(=”, 0")
+(Ap-220". @") + (9", €"),

02 = (t;.7Y) = (o7, 07)

— (05, 0)) + (. o) + (95, 7") = (z7. 9"),

(Z W(aj)AtJS EANE ) + (o o —9)

j=1

(Z W(a,)At;8 0f, o ) —(¢5.0")
j=1
+(¢5. ¢" —€") + e2(0s. ") — e2(ms. o)
+(en. ") = (Ag-2) 26, ¢" — €")
+ei(gs. ") = (v@". o") + (v(p)". ")
— (A2 @" = ¢") =1 (@, 0"),

K

Qs=—> ()T @)1

1

— (@ E )

M= 1

+ D (@)@ ey y = (@D, _y)

=
Il

1

+
M=

(((ﬁ§)+(0”)7)k+% - ((ﬁ§)+(0”)+)k_%)

=
Il

M=

((ﬂ,f)_(f")_)k+% - ((ﬂﬁ)_(f”)‘L)k_%).

~
Il

1
(5.14)

Proof See “Appendix D”. O
Theorem 5 The L? error of the scheme (5.5) satisfies:
e, 1) = whll 2y < € (BVF 4 (AD'FE 4 67).

(5.15)

Proof We estimate the term Q;, i = 1,...,4 in
Lemma 8. So we employ Young’s inequality, Lemma 4
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and the approximation results (4.8) and similar tech- (r;l’ ¢) Dk = —(s,',’, d)x) pk T (@'llq&_)k +
niques as that in the proof of Theorem 2, we obtain the _Geh) )
result. O h? k=3)
(57 @) pr = = (@it @) pr + (@0 g1
+
5.2 LDG method for the coupled nonlinear — e )k—%)’
TDO-RSFSEs s
. Y WpArs x| —ei(H X) pe
We present the LDG method for the coupled nonlinear j=1 Dk
TDO-RSFSEs
e , o —ea(f(uly P, 15, ) ph ) pe = O,
iDt up — 81(_A)7M1 + 82f(|u1| ’ |M2| )ul = 0’ (H;:, ‘BZ)DI‘ = (A(ﬁ—Z)/szs le)Dkf
. 23 _
iDY @ uy — e3(—=A)2uy + eag(fuy . uz)us = 0. (Wit ¥) pr = = (2 ) i + (@Y Dt}
(516) _ @w+)k_%)’
W ite (5.1 first- tem: _ -
e;/ezw)rl e (5.16) as a first-order system (ZZ’ ;)Dk _ —(p;,’, {x)Dk + ((’ﬁ;f{ )k+%
iD;" uy +ere +ex f(url?, luz)®uy =0, S
— (Pt )k_l),
A ad d 2
e= _npr, r=—s, §=—uj,
. e dx ox (5.17) > W e Ar 5% o o
DY @y + 31 + eagur . luz Pyuz = 0, Do Wpans vpy | +es(Liv)
9 9 Jj=1 Dk
| = A(ﬂ_z)/zw, w=_—2, Z=_—Uuj. te ( (I n |2 | n |2)19n ) =0
dx ox A &M R 175 U 1)V V) pe = Y5
Setting u1(x,t) = p(x,t) +ig(x,t) and uz(x,t) = (LZ, :33)Dk = (A(ﬂ—Z)/Z,OZv ﬂ3)Dkv
v(x, t) + i (x, t) in system (5.16), we obtain the fol- (p}’ll, 8)D" = —(wlg’, 8X)Dk + ((ﬁfa_)ﬂl
lowing coupled system ~n ok :
DY@ p 4610 + 62 f (ur . [u2)g = 0 - @)
p+eQ+ef(uil”, lu2l”)g =0, ~
' 5 5 (@ 5)Dk = —(v. §X)Dk +(W)'s )k+%
= As— v, r=—§, §=—¢, ~ _+
Q= Ap-22 x axd — @M 1),
DY g —e1H —eaf (ui 2 luaP)p = 0, s N
9 9 ZW(aj)Arj(S,Jﬂ;f,o —83(EZ,0)Dk
H=Agpg-2pw, w=_—z, z=_—p, i—1
ox dax (5.18) J Dk
DYy 4 e3L + eag((ui . ua|H® =0, — 4 (g(ufy, 1, U3y )0) 0) e =0,
9 E}. Ba) pr = (Ap—2)21» B4) pr»
L = A(ﬁ_2)/2p, p = a—w', w = 8—1}’ ( nh )Dk ( ,(,/S )/2Sh )Blk B
X X (& @) pr = =(0h» @x) pie + (@07 )41
W () 2 2N, 2
D, 70 —e3E —eag(lurl”, luz|")v =0, —@w"),_1)
9 9 O -y )
E=Ap-ops &= x® T Y (e K)Dk = — (v Kx)Dk + ((azlfi)ﬂ%
Let pj.q;, O", ry sy, Hy w28, vy, 9, L}, oy, - (U,’;ﬁ)k_%). (5.19)
oy, E} L&l 0 € VkN,and test functions 9, B1, ¢, @, ) o~
0y,) are defined as
S -~ ny— -~ n\—+
. = , 5, = (s
S WA P | (2 91) Ph =) =)
= Dk an =) = ()", (5.20)

+ea(Fuly P 1, Pag, 1) e =0,
(Q%. B1) pi = (Ag—2)/277+ B1) pc

o=, B = (@)t

or=@ht or=0n".
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Table 1 The convergence

order and L? errors for K > 10 15 20
Example 1 B Error Error Order Error Order Error Order
N=1
1.2 5.97e—02 8.6e—03 2.8 3.4e—03 2.29 1.8e—03 2.21
1.4 2.84e—02 5.8e—03 2.28 2.5e—03 2.08 1.3e—03 2.27
1.8 1.91e—02 4.5e—03 2.09 1.9e—03 2.13 9.9e—04 2.27
N=2
1.2 3.52e—02 4.3e—03 3.03 1.2e—03 3.15 4.8e—04 3.19
1.4 1.57e—02 2.1e—03 29 5.9e—04 3.13 2.6e—04 2.85
1.8 1.45e—02 1.8e—03 3.01 5.5e—04 2.92 2.2e—04 3.19
Theorem 6 (L? stability) Let u’l,, u2, € VN be the ST o
approximation of u1(x, t,), uz(x, ty), then the solution 4r . el -8 -N=6]
to the scheme (5.19) and (5.20) satisfies the L? stability 51 \."\\N [ S S : ~’j=7
34 20y + 10332 0y = CUY 2 o) + 0S50 & 7 1
Theorem 7 Let ui(x,t,) and us(x,t,) be the exact N_‘g T x o ~\.;
solutions of the linear coupled TDO-RSFSEs (5.16), g i
and let u'f; and u, be the numerical solutions of the -or * n ]
scheme (5.19). Then the L?* error satisfies: -10r 5

ey (x, ;) — M'fh ||L2(Q) + [Jua(x, t,) — uﬁh ||L2(Q)
<cC (hN“ +(ADFS 92) . (5.21)

Theorems 7 and 6 can be proven by similar techniques
as that in the proof of Theorems 4 and 5. We will thus
not give the details here.

6 Numerical examples

In the following, we present some numerical exper-
iments to show the accuracy and the performance
of the present LDG method for the space-fractional
convection—diffusion and Schrodinger-type equations
with distributed order in time.
Example 1 Consider the following Riesz space-
fractional diffusion equation with distributed-order in
time
g

D u(x, 1) + e(—A) 2u(x, 1) = gx, 1),

xe[-1,1], te(0,05], u(x,0 =0,

and the forcing term

g(x, 1) = <(x2 SV @2 L2y a2 - 1)4) ,

(6.1)

(6.2)
then the exact solution is given by u(x, 1) = P2x2-1*
with e = ZEP

@ Springer
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Fig.1 Convergence tests of Example (1) with 8 = 1.2

03 :
=O = LDG method
025+ «@ Exact
0.2+ 1

0.15+ f 1
0.1+ f 1

0.05+ 1

-0.08 05 0 05 1

Fig. 2 The numerical and exact solutions of Example (1) with
T=05p8=12,N=3and K =20

The spatial convergence orders and L? errors are
listed in Table 1. The numerical of spatial conver-
gence orders are shown in Fig. 1 with N = 5,6, 7 and
K = 5,10, 15,20, 25. From these results, we show
that the spatial convergence orderis O(hV ). Figure 2
exhibits a comparison between the exact and numerical
solution that show the efficiency of the simulation.
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otoretyi o st T 0 o
Example 2 B Error Error Order Error Order Error Order
N=1
1.2 7.8e—03 1.9e—03 2.04 8.5e—04 1.98 4.6e—04 2.13
1.4 4.9e—03 1.1e—03 2.16 4.6e—04 2.15 2.5e—04 2.12
1.8 1.9¢e—03 5.1e—04 1.9 2.2e—04 2.07 1.2e—04 2.11
N=2
1.2 3.4e—03 4.2e—04 3.02 1.3e—04 2.89 5.2e—05 3.19
1.4 1.3e—03 1.8e—04 2.85 5.6e—05 2.88 2.5e—05 2.8
1.8 8.2e—04 1.1e—04 29 3.1e—05 3.12 1.3e—08 3.02

Example 2 We consider the following Riesz space-
fractional Burgers’ equation with distributed-order in

time
2
DY Dute, )+ e(—A) Tulx, 1) + 83 (” (;“”)) = g(x. 1),
X

xe[—1,1], te(0,0.5], 6.3)

u(x,0) =0,
and the forcing term
o(x, 1) = ((x2 — D@2 L g2 — 1)

B
et (AT (2 - 1)4> . (6.4)

and the exact solution will be u(x,?) = r2(x2 — 1)*
with ¢ = F;?(gf ) For the nonlinear term, we select a

Lax—Friedrichs flux and take Ar = 7/500, 6 = 1/50.
The spatial convergence orders and L? errors are listed
in Table 2. Table 3 provides the temporal convergence
orders and the L? errors with B = 1.2, 1.6, respec-
tively,at T = 0.5 with N = 1, K = 30. The numerical
integration convergence orders and L2 errors in Table 4
with B = 1.2, 1.6, respectively, at T = 0.5. From
these results, we show that the order of convergence is

OMN*T 4+ (At)”g + 62) when 6 is small enough.

Example 3 Consider the following nonlinear TDO-
RSFSE

iDtW(a)u(x, t) — 8(—A)gu + |u|2u =g(x,1),
xe[—1,1], te(0,0.5],
u(x,0) =0,

(6.5)

Table 3 The temporal convergence orders and L? errors for u
withp=1.2,18atT =0.5

B B=12 B=1.6

At Error Order At Error Order
T/100  4.38¢e—03 - T/100 1.6e—03 -
T/200 2.21e—03  0.99 T/200  7.82e—04 1.03
T/400 1.1e—03 1.01 T/400  4.1e—04 0.93

Table 4 The numerical integration convergence orders and L2
errors for u with g = 1.2, 1.8 at T = 0.5

B B=12 B=16

0 Error Order (% Error Order
1/10 2.14e—02 - 1/10 7.37e—03 -
1720 4.84e—03 2.15 1720 2.01e—03 1.88
1/40 1.3e—03 1.9 1/40 4.6e—04 2.13

and the forcing term
ge.n) = (1+1) (162 = D2

e =N (2 = 1) 252 — 1)15) .

(6.6)
The exact solution u(x, 1) = (1 + )t2(x2 — 1)°
with ¢ = %. The spatial convergence orders

and L? errors are listed in Table 5. The numerical
spatial convergence orders are shown in Fig. 3 with
N =3,4,5and K = 15, 20, 25, 30. Table 6 provides
the temporal convergence orders and the L errors with
B = 1.2, 1.6, respectively, at T = 0.5. The numer-
ical integration convergence orders and L2 errors in
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Table 5 The convergence

orders and L? errors for K 10 20 30 40
Example 3 B Error Error Order Error Order Error Order
N=1
1.2 1.23e—02 4.61e—03 1.42 1.97e—03 2.1 1.1e—03 2.03
1.4 1.01e—02 2.51e—03 2.01 1.11e—03 2.01 6.31e—04 1.96
1.8 7.31e—03 1.91e—03 1.94 8.35e—04 2.04 4.71e—04 1.99
N=2
1.2 8.35e—03 1.21e—03 2.79 3.55e—04 3.02 1.41e—04 321
1.4 6.24e—03 9.23e—04 2.76 2.79e—04 2.95 1.13e—04 3.14
1.8 2.62e—03 3.54e—04 2.89 1.13e—04 2.82 4.66e—05 3.08

35} g
o-\\\ ~~—a
w A T
(=] et TN
= o~
o -45F Iy
' e
_'E -5 *"\.
g T,
55 [ -@-N=3 Fe
-#-N=4 Sees
6r | w-N=5 *‘\.,
b 4
65 L L L L ) L L
11 1145 12 125 13 135 14 145 15
log, ,(N)

Fig. 3 Convergence tests of Example 3 with g = 1.2

Table 6 The temporal convergence orders and L2 errors for u
withp=1.2,18atT =0.5

B B=12 B=16

At Error Order At Error Order
T/100  6.25¢—03 - T/100  5.64e—03 -
T/200  3.12¢—03 1.00 T/200  2.81e—03 1.01
T/400 1.58e—03  0.98 T/400 1.25e—03 1.17

Table 7 with 8 = 1.2, 1.6, respectively, at T = 0.5.

Table 7 The numerical integration convergence orders and .2
errors foru with § =1.2,1.8at 7 = 0.5

B B=1.2 B=1.6

0 Error Order (% Error Order
1710 5.28¢—02 - 1/10 2.25e—02 -
1/20 1.25¢—02 2.08 1/20 5.4e—03 2.06
1/40 2.98¢—03 2.07 1/40 1.55e—03 1.80

the theoretical convergence order when 6 is small
enough.

Example 4 We consider the coupled nonlinear TDO-
RSFSEs

iDY Ouy(x, 1) — e1(—A) Ty (e, 1) + 2(uy (x, 1)
+lua(x, ) P)ur (x, 1) = g1(x, 1),
xe[—1,1], £ € (0,0.5],

W (@) B 2

iD, ur(x, 1) — e (—A)2up(x, t) +4(lui(x, )|
+ uz (x, 1) Pua(x, 1) = ga(x, 1),

From these results it is cleargthat the order of conver- x €[-1,1], 1 € (0,0.5], (6.7)

gence is OMNt + (AH'T2 + 62), which matches

Table 8 The2 convergence N N =1 N=2 N =3

orders and L“ errors for u
K Error Order K Error Order K Error Order
10 4.23e—02 - 10 1.45e—02 - 10 7.87e—03 -
20 9.98¢—03 2.08 20 1.87¢—03 2.96 20 4.65e—04 4.08
40 2.54e—03 1.97 40 2.12e—04 3.14 40 2.59¢e—05 4.17
80 6.48¢—04 1.97 80 2.68e—05 2.98 80 1.63e—06 3.99
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Table 9 The2 convergence N N =1 N =2 N =3
orders and L~ errors for uy
K Error Order K Error Order K Error Order
10 3.98e—02 - 10 1.26e—02 - 10 6.89e—03 -
20 9.19¢e—03 2.12 20 1.54e—03 3.03 20 3.84e—04 4.17
40 2.23e—03 2.04 40 1.82e—04 3.08 40 2.39e—05 4.01
80 5.54e—04 2.01 80 1.94e—05 3.23 80 1.47e—06 4.02

and the forcing terms
g1060 =1+ (i6? =1

— 10 802 — 1)18) ,
_ 1)6th(a)t2

)6thW(04)l2
a2 (=A) 5 (2
e, 1) = (1+1) (i(x2

(=AY (2= 1)0 + 1665 (x2

. 1)18)’

(6.8)

to obtain an exact solutions u (x, 1) = (1 4+ i)r2(x2 —

D® and up(x,1) = (1 + i)r2(x* — 1)¢ with g =
(3= 13— .

1.3, &1 = ﬁ, ) = 2(1"(13/?)' The spatial con-

vergence orders and L? errors are listed in Tables 8

and 9, confirming optimal O (AN *1) order of conver-

gence across.

7 Conclusions

In this work, we developed and analyzed a LDG method
for solving the distributed-order time and Riesz space-
fractional convection—diffusion and Schrodinger-type
equations and have proven the stability and error esti-
mates of these methods. The performed numerical
experiments confirm the optimal convergence order.
Future work will include the analysis of LDG method
for two-dimensional fractional problems.

Appendix A: Proof Of Theorem 4.1

Set (v, ¥, ¢,n) = (uy, p — qj,up, 1) in (3.12),
and define 0(u?) = [“F f(s")ds!. Then the follow-
ing result holds:

S
Z W(aj)Aer;xjuZ, uj
j:1 Dk
- (9(”2))1:+1 + (9(”2))+_1
2 2

S(Pqul’ MZ)D"

+ (@)

— (Fup i) -
+(Ap-2241 i) pr

ar’
+ (i i) i+ (s 3h ) pie + (@7 » uh) pi
aun
0 o = (@D Dy = @O, )
~(F ) Dy = T y)

=0. (A1)

(Phai) pe + (Ph- P1) pr
— (Ag-224} P1) p

Summing over k, with the numerical fluxes (3.13), we
obtain

Z W(Otj)A‘L’j(S uh, uh
j=1

e(pjys up)
K

O CCANIEICTNE
k=1

K
+ Z Ty = Fup@iy ™)
=1
( n-an) + (pi pi)
+(A@-22401 a4) — (A@-2245 Ph)
+ (i) + (ap- uy) = 0. (A2)
Here f uh)_, (u2)+) is monotone flux, we have
K
> (T y = Fuip@in™, ;)

k=1

K

_ ,; ((9(142))];5 - (9(1/;,));__5) >0 (A.3)

This implies that
S

> Weapansu iy | + (i)

j=1

+ (P Ph) + (Ag-2)245 4iy)
< (Ag-20243 Ph) — (ai) uf)

+ (P an) + e (ph. up)- (A4)
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Employing Young’s inequality and Lemma 4, we obtain

ZW(aJ)ArJS Tult,
j=1
+(Ag-2241 q) < club 12200 +ctllg) 12,0
h>9n) = h LZ(_Q) h Lz(.Q)
(A.5)

+ I 1720

Recalling Lemma 4, we obtain

ZW(oz])ATJS wh wy | + 117
j=1

< cllujlFa g (A.6)

It then follows that
N
W(O[j)A‘Ej n n
E —u", u,
: )»j
j=1

n—1

W(a;)At;
= Z - jz(nll_an z)uh»”h

Aj
j=1 /

w A
n Z (a)) T/aa/ 0

3 w1 W +C”“h”L2(Q)
j=1 !
(A7)
Using Cauchy—Schwarz inequality, we obtain
[ ||iz<m
W(a;i)At; :
=<1 Z J ! QZ( Ap_j-1— nj—l)”ulh”Lz(.Q)

W(Ol )Af o
lupll 20 + 2 Z —L—20a)" | Ilufll; 20

j=1 J

122y + cQluf 172 g0 (A.8)

where O = % and provided c is sufficiently

N
Jj=1

small such that 1 — cQ > (), we obtain that

lupll2g)
1
WAt -
=C (Z TQ Z(“n 11— Dl o)
j=1 I=1

(A.9)
j=1

s
W(ai)Ati o 0
+ Z #Qanil luplizzey | -

Clearly the theorem is true for n = 1. It is also true for
n=12,...,m—1.So, by (A.9), we have

luy' 262
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w A — .
sc(Z(O‘””Q S @, - a2

]

j=1
S WAt
w
+ ) 00 Il
j=1 J

@\ 0
a,” ) lupll 22y

=c (ZW(“;)AT’QZu -

j=1 J

W(a)AT
+Z#Q“n l””h”ﬂ(m)

j=I

= Cllufll 2¢2)- (A.10)

Appendix B: Proof Of Theorem 2

From (4.3), we can get the error equation

s
Z W(ozj)Aer;xj (u" —up),v + ()", v)

Jj=1 Dk

—e(p" = piv) i + (P" = P V)
+ (Cln - q;;7 ¢)Dk - (A(ﬁ—Z)/Z(qn - qhn)s w)Dk
3 _
+(r" =y, a)Dk — (" =T )yt
H(E =T s + (" =1 )
an _
+ (un — MZ’ a)Dk — (" —Wh)n )k+%

+ (@" —ﬁ"h)nJr)k_% =0. (B.1)

Using (4.7), the error equation (B.1) can be written

s
Z W(aj)At;8, (7" — 1), v + (¥ )", v) e
j=1 Dk

—¢(0" — oy, v)Dk + (0" =0y, W)Dk

—(Ap-22@" — @) V) pi + (¢ — 05 D) o

+(v" — v, ‘P)Dk—((w )" it
HW" =YD e+ (" =)
= 2 e = (=
H(@" =) T, =0, (B.2)
and taking the test functions
v=r", y=0"—¢" ¢=x", n=y" (B3
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we obtain
s

Y WAz @ —ah). 7" | + (y )" 7"
j=1
—8(0” —oy, 71”) + (a" —oy, —¢" + a”)
—(Ap-220¢" — @), —¢" + ")
_ (ne 81/’”) + ((ﬂn _906 7'[")

" dx n

o om" n
- (wn’ a_x) + (w -

v V")
K
+ D (@D~ @) s = (W)~ ) y)

K
+ 2 (@D ™M

=0, (B4)

- ((ﬂ,f)+(¢”)+)k,%)

by the projection properties P and P~ we obtain

s
(Z W(aj)At;s (x" — ), 71”) —e(o" —of, ")
j=1

+ (@™ 7") + (6" — oy, —¢" +0")
—(Ag2)2(¢" — <ﬂ5) —¢" +")

+(¢" =g 7" +Z (G I

— (W)~ @), ) (" =y v")
K
+ 2 (@D @M gy = (@D T @)
k=1
—-0. (B.5)

Employing Young’s inequality and Lemma 4 and the
property of interpolation (4.8) and (4.4), we obtain

S
Z W(a)At;8 ' n", "
j=1
+(Ag-22¢", ¢") + (¥". ¥")
< CV (AN 0% + 1l 72,

+(0".0")

ZW(O{])AT](S Ty, "
j=1

+e3lle" 172y +elm™ 172 (B.6)

ny2
+ CZHU ”LZ(Q)

by using Lemma 5, (4.7) and the interpolation property
(4.8), we obtain

||8;¥(’P+u(x, tn) — u(x, tn))”LZ(.Q)

< C(AN*! + (An*T). (B.7)
From (3.1), (4.5) and (B.7), we obtain
S .
D Wl)AT (Prulx, ta) — u(x, 1))
Jj=1 LZ(.Q)
<c (hN“ +(ADFE 92) . (B.8)
Hence
S .
Z W(otj)Aer,a’n", x| + (cr", a”)
j=1

+ (Ap-220". ") + (V" ¥")

< C(I’Z2N+2 + (At)2+9 + 94) + C2||Un”iz(g)

+3lle" 17y +eln 1720y + el 172q)-
(B.9)
Recalling Lemma 2 and provided ¢;, i = 1, 2 are suf-
ficiently small such that ¢; < 1, we obtain

S
PIRACHISIERE A
j=1
< C(I*NT2 + (ADH +0%) + clln")12,
It then follows that

(o) (B.10)

> Yh

S

W(ai)At;
§ : (aj) Jn,n n,n
, Aj
Jj=1

= Z—W(aj)Arj Z( a,’ ) —a, pr' 7"

j=1 Aj

W(aij)AT; «;
+ Z J' Janilnov ﬂn +C||7T ”LZ(.Q)
j=1 J

+ C (RN T2 4 (A>T +6%). (B.11)
Employing Young’s inequality, we obtain
[l ||2Lz(m

n—1

w A
_Z (aj) TJQZ(% -1 = @ DI g

an 1)”7T ”LZ(Q)

1 W(Olj)A‘L’j o

70032y + Q1T 172

S
Wi(a;)At;
R

j=1 I
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W(ozj)Atj
+Z a,” 17" 172

+C Q(hz’v+2 + (A>T +6%). (B.12)
Notice the facts that
1701 L2y < CRNTL. (B.13)
Thus,
" ||§z(m

n—1

< Z W(aj)Ar]QZ( o
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J
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j 12
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+CZ%Q @j h2N+2

Jj=1 J

+CZ W(o;,)m, 0d

(h2N+2+(At)2+9 +0 )
j=1 y

(B.14)

provided c is sufficiently small such that % —cQ >0,

we obtain that

n2
||JT ||L2(Q)

n—1

w A
SC(Z (“A’J) t’QZ( i = a, Pl 13 g

j=1
+ Z LO‘A" Y85 0l (V2 4 (a0 + 04)) :
j=1 J
(B.15)

Clearly the theorem is true for n = 0. It is also true for
n=1,2,...,m — 1. Then, by (B.15), we have

”77: ”Lz(Q)

w A —
SC(Z(OZ)TJQ Z( n—l— 1_‘1,, 1)||7T ||L2(.Q)
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(h2N+2 + (At)2+0 +94)>
= C(h*N 2+ (An* +0%). (B.16)

Finally, by using triangle inequality and standard
approximation theory, we get

]
uf 2@y < CVT + (AD'T2 4+ 6%).
(B.17)

O

lJux, ) —

Appendix C: Proof Of Theorem 3

Using (4.7), the error equation (4.3) can be written

s
(Z W(aj)Aij;Xj(n” — 7). v) — s(a" — oy, v)

j=1

K
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K
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k=1
n e e 877
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K
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(C.1)
Following the proof of Theorem 2, we take the test
functions

v=rn", ¥=-¢"+0",

we obtain

S
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—(@" =Y @) 1) + (" = y")

N LR
+ (7 —n,,,g)—];(«n T W) et
— (" =)W ,1) =0, (€3)

by the projection properties P and P~, we obtain

N
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j=1
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k=1
— (@)W )y) =0. (C.4)

Employing Young’s inequality and Lemma 4 and the
property of interpolation (4.8), (B.7) and (B.8), we
obtain

S
Z W(aj)Aer;Ijn”,n”
j=1
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(C.5)

Recalling Lemma 2 and provided ¢;, i = 1, 2 are suf-
ficiently small such that ¢; < 1, we obtain

S
Z W(aj)Ar.,-Sftjn", a”
j=1

< C(h2N+l + (At)2+9 + 94) + C4||7Tn||i2(_g)'

(C.6)

It then follows that
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Employing Young’s inequality, we obtain
=" ||iz(Q )
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(C.8)

provided c is sufficiently small such that % —cQ >0,
we obtain that

ny2
||7T ”LZ(Q)
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W(OlJ)ATj o a; 102
=C (Z —= 0y @ - el g
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i
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(C.9

Clearly the theorem is true for n = 0. It is also valid
forn =1,2,...,m — 1. Then, by (C.9), we have
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m—1

=C Zsz(n -1~

j=1 J
+ (A>T + %)

(!

s
W(a;)At; .
+Z ()\;) JQa:j_l(h2N+] + (AN 1 oY)
j=1 J

= C(M*N ! + (At +0%). (C.10)

Finally, by using triangle inequality and standard
approximation theory, we can get (4.15). O

Appendix D: Proof Of Lemma 8

From the Galerkin orthogonality (5.11), we get
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We take the test functions

O =n", p=¢" - ¢
x=0", o=o"-¢", y=-0", ¢=1", (D.2)

we obtain
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Summing over k, simplify by integration by parts and
(5.6). ]
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