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Abstract We develop a local discontinuous Galerkin
finite element method for the distributed-order time
and Riesz space-fractional convection–diffusion and
Schrödinger-type equations. The stability of the pre-
sented schemes is proved and optimal order of con-

vergence O(hN+1 + (�t)1+ θ
2 + θ2) for the Riesz

space-fractional diffusion and Schrödinger-type equa-
tions with distributed order in time, an order of conver-
gence ofO(hN+ 1

2 + (�t)1+ θ
2 +θ2) is provided for the

Riesz space-fractional convection–diffusion equations
with distributed order in time where h, θ and �t are
space step size, the distributed-order variables and the
step sizes in time, respectively. Finally, the performed
numerical examples confirm the optimal convergence
order and illustrate the effectiveness of the method.

Keywords Fractional convection–diffusion equations
with distributed order in time · Fractional Schrödinger-
type equations with distributed order in time · Local
discontinuous Galerkin method · Stability · Optimal
convergence

1 Introduction

The distributed-order fractional differential equation
(FDE), as a natural generalization of the single-order
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and the multi-term FDE, has become more popular in
many physical and biological applications recently, for
example, dielectric induction and diffusion [1], vis-
coelastic oscillators [2], the stress behavior of an elastic
medium [3], to study properties of rheological of com-
posite materials [4,5], distributed-order membranes in
the ear [6]. This kind of equations was first introduced
by Caputo [9] who used to find infinite plates and
dielectric spherical shells or the eigenfunctions of the
torsional models of anelastic. FDEs have recently been
shown as a good tool to model the complex dynamical
systems than the classical and fractional-order mod-
els. Moreover, the time-fractional anomalous diffusion
equation with a constant order temporal derivative can-
not be used to model the processes lacking tempo-
ral scaling, so in some sense, the diffusion equation
with distributed order in time can be used to describe
processes getting more anomalous in course of time,
e.g., the accelerating superdiffusion and retarded sub-
diffusion [7,8].

In recent years, there has been much attention and
effort put on developing various numerical algorithms
for solving distributed-order and space-fractional equa-
tions. Diethelm and Ford [10,11] transformed the
distributed-order ordinary differential equations into
a multi-term FDEs by quadrature formula. Ford and
Morgado [12] show the uniqueness, existence and the
approximationof the solution of distributedFDEs. Pod-
lubny et al. [13] solved the distributed-order FDE by
a matrix approach method. Ye et al. [14] discussed
the Riesz space-fractional diffusions equations with
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distributed order in time by an implicit difference
scheme. They prove that the implicit difference scheme
is convergent and unconditionally stable. In [15], the
authors have developed Jacobi collocation method
for themulti-dimensional distributed-order generalized
Schrödinger equations [15]. There exist many numeri-
cal methods for solving partial differential equations
(PDEs) and fractional partial differential equations
(FPDEs) in [16–22] and references therein. They differ
in accuracy, performance and applicability. To the best
of our knowledge, however, the LDG method, which
is an important approach to solve FPDEs, has not been
considered for the time distributed-order FPDEs. Here,
we develop aLDGmethod to solve the time distributed-
order and Riesz space-fractional convection–diffusion
equation (TDO-RSFCDE)

DW (α)
t u + ε(−�)

β
2 u + ∂

∂x
f (u) = 0,

u(x, 0) = u0(x),

(1.1)

the nonlinear time distributed-order and Riesz space-
fractional Schrödinger equation (TDO-RSFSE)

iDW (α)
t u − ε1(−�)

β
2 u + ε2 f (|u|2)u = 0,

u(x, 0) = u0(x),
(1.2)

and the coupled nonlinear TDO-RSFSEs

iDW (α)
t u − ε1(−�)

β
2 u + ε2 f (|u|2, |v|2)u = 0,

iDW (α)
t v − ε3(−�)

β
2 v + ε4g(|u|2, |v|2)v = 0,

u(x, 0) = u0(x),

v(x, 0) = v0(x), (1.3)

where homogeneous boundary conditions and x ∈ R,
t ∈ (0, T ]. ε, εi , i = 1, 2, 3, 4 are a real constants
and g(u) and f (u) are nonlinear real functions, and
DW (α)

t u(x, t) denotes the distributed-order fractional
derivative of u in time t , given by

DW (α)
t u =

∫ 1

0
W (α) C

0Dα
t u(x, t)dα, (1.4)

where W (α) is the weight function, C
0Dα

t u(x, t) (0 <

α < 1) is the Caputo fractional derivative of order α

with respect to t . The fractional Laplacian −(−�)
β
2

can be characterized using Fourier analysis as [23–25]

− (−�)
β
2 u(x, t) = F−1(|ξ |β û(ξ, t)),

where F is the Fourier transform.

TheDiscontinuousGalerkin (DG)method is famous
for high accuracy properties and extreme flexibility
[26–29]. There exist many applications of DGmethods
to solve FPDEs, for example, time-fractional wave and
diffusion equations [30–33], fractional convection–
diffusion equations [34,35], fractional Cahn–Hilliard
equation [36] and the nonlinear Riesz space-fractional
Schrödinger-type equations [35,37].

The organization of the paper is as follows: we
present some preliminary definitions and a few lem-
mas in Sect. 2. In section 3, we present the DG scheme
for the TDO-RSFCDEs. Then we prove L2 stability
as well as an error estimate in Sect. 4. In Sect. 5, we
present a LDG method for the nonlinear distributed-
order time andRiesz space-fractional Schrödinger-type
equations.We introduce the LDG scheme for the TDO-
RSFSE in Sect. 5.1. Moreover, we give L2 stability for
the nonlinear case in Sect. 5.1.1 and an error estima-
tions for the linear equation in Sect. 5.1.2. In Sect. 5.2,
we introduce the LDG scheme for the coupled nonlin-
ear TDO-RSFSEs and give a theoretical result of L2

stability and error estimates. Section 6 presents some
numerical experiments to illustrate the efficiency of the
scheme. Finally, some conclusions are given in Sect. 7.

2 Preliminaries

We first introduce the definitions of fractional deriva-
tives and integrals [38] and review a few lemmas for
our analysis.

2.1 Caputo–Liouville fractional calculus

The right-sided and left-sided Riemann–Liouville (R–
L) integrals of order μ, when 0 < μ < 1, for the
function f (x) is defined , respectively, as
(

RL−∞Iμ
x f

)
(x) = 1

Γ (μ)

∫ x

−∞
f (s)ds

(x − s)1−μ
, x > −∞,

(2.1)

and(
RL

x Iμ∞ f
)

(x) = 1

Γ (μ)

∫ ∞

x

f (s)ds

(s − x)1−μ
, x < ∞.

(2.2)

For any n ∈ N
+, (n − 1 < μ < n), the right and left

R–L fractional derivatives of function f are defined by
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Local discontinuous Galerkin method 397

(
RL−∞Dμ

x f
)

(x) = 1

Γ (n − μ)

(
d

dx

)n

×
∫ x

−∞
f (s)ds

(x − s)−n+1+μ
, x >−∞,

(2.3)

and
(

RL
x Dμ∞ f

)
(x) = 1

Γ (n − μ)

(−d

dx

)n

×
∫ ∞

x

f (s)ds

(s − x)−n+1+μ
, x < ∞.

(2.4)

Furthermore, the lift-sided and right-sided Caputo
derivatives of function f are obtained as
(

C−∞Dμ
x f

)
(x) = 1

Γ (n − μ)

×
∫ x

−∞
f (n)(s)ds

(x − s)n−1+μ
, x > −∞,

(2.5)

and
(

C
xDμ∞ f

)
(x) = 1

Γ (n − μ)

×
∫ ∞

x

(−1)n f (n)(s)ds

(s − x)

n−1+μ

, x < ∞.

(2.6)

Proposition 1 The R–L fractional derivatives of a
function f relates to the Caputo definitions by the fol-
lowing equation
(

C−a Dμ
x f

)
(x) =

(
RL−a Dμ

x f
)

(x)

+
n−1∑
j=0

f ( j)(a)

Γ (1 + j − μ)
(x − a) j−μ,

(2.7)

which implies
(

C−a Dμ
x f

)
(x) = (

RL−a Dμ
x f

)
(x), if

f ( j)(a) = 0, j = 0, . . . , n − 1.

Proposition 2 Semigroup and linearity property

RL−∞Iα+μ
x f (x) = RL−∞Iα

x

(
RL−∞Iμ

x f (x)
)

= RL−∞Iμ
x

(
RL−∞Iα

x f (x)
)

, (2.8)

RL−∞Iμ
x (λ f (x) + γ g(x)) = λ RL−∞Iμ

x f (x)

+ γ RL−∞Iμ
x g(x). (2.9)

The Riesz fractional derivative is given by

∂μ

∂|x |μ f (x) = −(−�)
μ
2 f (x)

= −
C−∞Dμ

x f (x) + C
xDμ∞ f (x)

2 cos
(

πμ
2

) . (2.10)

If μ < 0, the fractional Laplacian becomes the frac-
tional integral operator. In this case, for any 0 < α < 1,
which is formally defined as follows

�−α/2 f (x) = −
C−∞D−α

x f (x) + C
xD−α∞ f (x)

2 cos
(

π(2−α)
2

)

=
C−∞D−α

x f (x) + C
xD−α∞ f (x)

2 cos
(

πα
2

)

=
RL−∞I−α

x f (x) + RL
x I−α∞ f (x)

2 cos
(

πα
2

) . (2.11)

When 1 < μ < 2, using (2.5), (2.6) and (2.11), we can
rewrite the fractional Laplacian in the following form:

− (−�)
μ
2 u(x) = �(μ−2)

2

(
d2u(x)

dx2

)
. (2.12)

Definition 1 (The right, left and symmetric fractional
spaces [39]) For any 0 < α < 1, we define the semi-
norms

| f |Jα
R (R) = ∥∥RL

x Dα
xR

f
∥∥

L2(R)
, (2.13)

| f |Jα
L (R) = ∥∥RL

xL
Dα

x f
∥∥

L2(R)
, (2.14)

| f |Jα
S (R) = ∣∣(RL

xL
Dα

x f, RL
x Dα

xR
f
)

L2(R)

∣∣ 12 , (2.15)

and the norms

‖ f ‖Jα
R (R) =

(
| f |2Jα

R (R) + ‖ f ‖2L2(R)

) 1
2
, (2.16)

‖ f ‖Jα
L (R) =

(
| f |2Jα

L (R) + ‖ f ‖2L2(R)

) 1
2
, (2.17)

‖ f ‖Jα
S (R) =

(
| f |2

Jμ
S (R)

+ ‖ f ‖2L2(R)

) 1
2
. (2.18)

and let the three spaces Jα
R (R), Jα

L (R) and Jα
S (R)

denote the closures of C∞
0 (R) with respect to ‖.‖Jα

R (R)

and ‖.‖Jα
L (R), respectively.

Lemma 1 (see [39]) For α > 0, assume that f (x) is
a real function. Then(

RL−∞Iα
x f, RL

x Iα∞ f
)
R

= cos(απ)| f |2
J−α

L (R)

= cos(απ)| f |2
J−α

R (R)
. (2.19)
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Generally, we assume that the fractional problems in a
bounded domain and let the domainΩ = [a, b] instead
of R.

Lemma 2 (fractional Poincaré–Friedrichs, [39]) Ifα ∈
R, we have

‖ f ‖L2(Ω) ≤ C | f |Jα
L ,0(Ω), ∀ f ∈ Jα

L ,0(Ω). (2.20)

and

‖ f ‖L2(Ω) ≤ C | f |Jα
R,0(Ω), ∀ f ∈ Jα

R,0(Ω). (2.21)

Lemma 3 (See [40]) The fractional integration oper-
ator Is is bounded in L2(Ω):

‖Iα f ‖L2(Ω) ≤ K‖ f ‖L2(Ω), (2.22)

where Iα = RL
xL
Iα

x (i.e., right-sided R–L integral of
order α).

Lemma 4 (See [37]) The fractional integration oper-
ator �−α is bounded in L2(Ω):

‖�−α f ‖L2(Ω) ≤ K‖ f ‖L2(Ω), 0 < α < 1. (2.23)

3 LDG scheme for the TDO-RSFCDE

Let us consider the TDO-RSFCDE. To discretize the
integral interval [0, 1], we choose the grid 0 = τ0 <

τ1 < · · · < τS = 1 and take �τ j = τ j − τ j−1 = 1
S =

θ , α j = τ j +τ j−1
2 = 2 j−1

2S , j = 1, 2, . . . , S, S ∈ N and
by the mid-point quadrature rule, we get

DW (α)
t u(x, t) =

S∑
j=1

W (α j )
C
0D

α j
t u(x, t)�τ j

+O(θ2). (3.1)

Thus the TDO-RSFCDE (1.1) is expressed as multi-
term fractional equation. We approximate the time-
fractional derivative (3.1) by simple quadrature for-
mula in [41]. Let �t = T/M be the time mesh size,
tn = n�t, n = 0, 1, . . . , M be mesh points and M is a
positive integer.

Lemma 5 (See [41]) Let z(t) ∈ C2[0, tn], for any 0 <

α < 1. It holds that∣∣∣∣ 1

Γ (1 − α)

∫ tn

0

z′(s)ds

(tn − s)α
− 1

λ

[
a0z(tn) − an−1z(0)

−
n−1∑
l=1

(an−l−1 − an−l)z(tl)

]∣∣∣∣

≤ 1
22−α

2−α
+ Γ (2 − α)

[
1 − α

12
− (1 + 2−α)

]

max
0≤t≤tn

|z′′(t)|(�t)2−α. (3.2)

We suppose the notation

C
0Dα

tn z ≈ δα
t zn = 1

λ

(
zn − an−1z0 −

n−1∑
l=1

(an−l−1 − an−l )z
l

)
.

(3.3)

From (1.4), (3.1) and (3.3), we obtain

DW (α)
tn u ≈

S∑
j=1

�τ j W (α j )δ
α j
t un

=
S∑

j=1

W (α j )�τ j

λ j

×
(

un −
n−1∑
l=1

(a
α j
n−l−1−a

α j
n−l)u

l − a
α j
n−1u0

)
,

(3.4)

where λ j = (�t)α j Γ (2−α j ) and a
α j
l = (l +1)1−α j −

l1−α j .
For space-fractional derivative, we rewrite it as a

composite of a fractional integral and first-order deriva-
tives and convert the TDO-RSFCDE (1.1) into a sys-
tem of low order equations. However, for the first-order
system, alternating fluxes are used. We suppose three
variables r , p and q and set

p = �(β−2)/2q, q = ∂

∂x
r, r = ∂

∂x
u, (3.5)

then, the TDO-RSFCDE can be rewritten as

DW (α)
t u + ∂

∂x
f (u) − p = 0,

p = �(β−2)/2q, q = ∂

∂x
r, r = ∂

∂x
u.

(3.6)

For any real number r , the broken Sobolev space is
defined as

Hr (Ω) = {v ∈ L2(Ω) :
∀k = 1, 2, . . . K , v|Dk ∈ Hr (Dk)}. (3.7)

The L2(Dk) norm and local inner product are defined
by

‖v‖2Dk = (v, v)Dk , (u, v)Dk =
∫

Dk
uvdx, (3.8)
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and the norm and global broken inner product

‖v‖2L2(Ω)
=

K∑
k=1

(v, v)Dk , (u, v) =
K∑

k=1

(u, v)Dk .

(3.9)

We introduce some notation

v±(xi ) = lim
x→x±

i

v(x), {v} = v+ + v−

2
,

[v] = v+ − v−.

(3.10)

For simplicity, we discretize the computational domain
Ω into K non-overlapping elements, Dk = [xk− 1

2
,

xk+ 1
2
], k = 1, . . . , K . Let un

h, pn
h , qn

h , rn
h ∈ V N

k be
the approximation of u(., tn), p(., tn), q(., tn), r(., tn),
respectively, where the approximation space is defined
as

V N
k = {v : vk ∈ P(Dk), ∀Dk ∈ Ω}, (3.11)

where P(Dk) indicate the set of degree polynomials up
to N defined on the element Dk .

We define a fully discrete LDG scheme with as fol-
lows: find un

h, pn
h , qn

h , rn
h ∈ V N

k , such that for all test
functions v,ψ, φ, η ∈ V N

k ,
⎛
⎝ S∑

j=1

W (α j )�τ jδ
α j
t un

h, v

⎞
⎠

Dk

− ε(pn
h , v

)
Dk

−
(

f (un
h),

∂

∂x
v

)
Dk

+
(
( f̂ (un

h)v−)k+ 1
2

− ( f̂ (un
h)v+)k− 1

2

)
= 0,(

pn
h , ψ

)
Dk = (

�(β−2)/2qn
h , ψ

)
Dk ,

(
qn

h , φ
)

Dk = −(
rn

h ,
∂φ

∂x

)
Dk + (

(̂rn
h φ−)k+ 1

2

− (̂rn
h φ+)k− 1

2

)
,

(
rn

h , η
)

Dk = −(
un

h,
∂η

∂x

)
Dk + (

(̂un
hη−)k+ 1

2

− (̂un
hη+)k− 1

2

)
. (3.12)

We can choose numerical fluxes as

ûn
h = (un

h)−, r̂ n
h = (rn

h )+, f̂h = f̂ ((un
h)−, (un

h)+).

(3.13)

Note that we can also choose

ûn
h = (un

h)+, r̂ n
h = (rn

h )−, f̂h = f̂ ((un
h)−, (un

h)+).

(3.14)

4 Stability analysis and error estimates

Here, we focus on providing the stability analysis and
the error estimates of the proposed scheme, for TDO-
RSFCDE.

4.1 The analysis of stability for fully discrete scheme

Theorem 1 The fully discrete LDG scheme (3.12) is
stable, and

‖un
h‖L2(Ω) ≤ C‖u0

h‖L2(Ω), n = 1, 2, . . . , M. (4.1)

Proof See “Appendix A”. 
�

4.2 Error estimates

we discuss the optimal error for the LDG scheme
(3.12). We want to first get the equation of error.

The exact solution of (1.1) satisfies⎛
⎝ S∑

j=1

W (α j )�τ jδ
α j
t un, v

⎞
⎠

Dk

− ε
(

pn, v
)

Dk

+ (
γ (x)n, v

)
Dk −

(
f (un),

∂

∂x
v

)
Dk

+
(
( f̂ (un)v−)k+ 1

2
− ( f̂ (un)v+)k− 1

2

)
= 0,(

pn, ψ
)

Dk = (
�(β−2)/2qn, ψ

)
Dk ,

(
qn, φ

)
Dk = −(

rn,
∂φ

∂x

)
Dk + (

(̂rnφ−)k+ 1
2

− (̂rnφ+)k− 1
2

)
,

(
rn, η

)
Dk = −(

un,
∂η

∂x

)
Dk + (

(̂unη−)k+ 1
2

− (̂unη+)k− 1
2

)
. (4.2)

Subtracting equation (3.12) from (4.2), we can obtain
the error equation⎛
⎝ S∑

j=1

W (α j )�τ jδ
α j
t (un − un

h), v

⎞
⎠

Dk

+ (
γ (x)n, v

)
Dk

− ε
(

pn − pn
h , v

)
Dk −

(
f (un) − f (un

h),
∂

∂x
v

)
Dk

+ (
pn − pn

h , ψ
)

Dk + (
(( f̂ (un) − f̂ (un

h))v−)k+ 1
2

− (( f̂ (un) − f̂ (un
h))v+)k− 1

2

) + (
qn − qn

h , φ
)

Dk

− (
�(β−2)/2(q

n − qn
h ), ψ

)
Dk + (

rn − rn
h ,

∂φ

∂x

)
Dk
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400 T. Aboelenen

− ((̂rn − r̂ n
h )φ−)k+ 1

2
+ ((̂rn − r̂ n

h )φ+)k− 1
2

+ (
rn − rn

h , η
)

Dk + (
un − un

h,
∂η

∂x

)
Dk

− ((̂un − ûn
h)η−)k+ 1

2
+ ((̂un − ûn

h)η+)k− 1
2

= 0,

(4.3)

where

|γ (x)n| = |O((�t)2−α j + θ2)| ≤ c((�t)1+
θ
2 + θ2),

(4.4)

such that

1 + θ

2
= 2 − Sθ + θ

2
≤ 2 − α j = 2 − jθ + θ

2

≤ 2 − θ + θ

2
= 2 − θ

2
. (4.5)

For the error estimate, we define special projections,
P and P± into V k

h . For all the elements, Dk , k =
1, 2, . . . , K are defined to satisfy

(Pu − u, v)Dk = 0, ∀v ∈ P
k
N (Dk),

(P±u − u, v)Dk = 0, ∀v ∈ P
k−1
N (Dk),

P±uk+ 1
2

= u(x±
k+ 1

2
).

(4.6)

Denoting

πn = P−un − un
h, πe

n = P−un − un,

σ n = P pn − pn
h , σ e

n = P pn − pn,

ϕn = Pqn − qn
h , ϕe

n = Pqn − qn,

ψn = P+rn − rn
h , ψe

n = P+rn − rn .

(4.7)

From the standard approximation theory [42], the pro-
jections satisfy the following inequality

‖πe‖L2(Ω) + h‖πe‖∞ + h
1
2 ‖π‖Γh ≤ ChN+1. (4.8)

where πe = P±un −un
h or π

e = Pun −un
h .Γh denotes

the set of boundary points of all elements Dk . The posi-
tive constantC , solely depending on un , is independent
of h.

Theorem 2 (Diffusion without convection f (u) = 0)
The L2 error of the scheme (3.12) satisfies:

‖u(x, tn) − un
h‖L2(Ω) ≤ C(hN+1 + (�t)1+

θ
2 + θ2).

(4.9)

Proof See “Appendix B”.
For the TDO-RSFCDE, we review a few lemmas for

our analysis. 
�

Lemma 6 (see [43]) For any piecewise smooth func-
tion π ∈ L2(Ω), on each cell boundary point we define

κ( f̂ ;π) ≡ κ( f̂ ;π−, π+)

=
{ [w]−1( f (π) − f̂ (π)), if [π ] = 0;

1
2 | f ′(π)|, if [π ] = 0,

(4.10)

The nonlinear part can be rewritten as

K∑
k=1

Hk( f ; u, uh;π) =
K∑

k=1

(
f (u) − f (uh),

∂

∂x
π

)
Dk

+
K∑

k=1

(( f (u) − f (uh)[π])k+ 1
2

+
K∑

k=1

(( f (uh) − f̂ )[π])k+ 1
2
.

(4.11)

We can rewrite (4.11) as:

K∑
k=1

Hk( f ; u, uh;π) =
K∑

k=1

(
f (u) − f (uh),

∂

∂x
π

)
Dk

+
K∑

k=1

(( f (u) − f ({uh})[π])k+ 1
2

+
K∑

k=1

(( f ({uh}) − f̂ )[π])k+ 1
2
.

(4.12)

Lemma 7 (see [43]) For Hk( f ; u, uh;π) defined
above, we have the following estimate:

K∑
k=1

Hk( f ; u, uh; v)

≤ −1

4
κ( f̂ ; uh) + (C + C∗h−1‖eu‖2∞)h2N+1

+ (C + C∗(‖v‖∞ + h−1‖eu‖2∞))‖v‖2. (4.13)

and

‖eu‖ = ‖u − uh‖ ≤ h. (4.14)

Theorem 3 The L2 error of the scheme (3.12) satis-
fies:

‖u(x, tn) − un
h‖L2(Ω) ≤ C

(
hN+ 1

2 + (�t)1+
θ
2 + θ2

)
.

(4.15)

Proof See “Appendix C”. 
�
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5 LDG method for the nonlinear distributed-order
time and Riesz space-fractional
Schrödinger-type equations

5.1 LDG method for the nonlinear TDO-RSFSE

We introduce three variables e, r, s and set

e = �(β−2)/2r, r = ∂

∂x
s, s = ∂

∂x
u, (5.1)

then, the nonlinear TDO-RSFSE can be rewritten as

iDW (α)
t u + ε1e + ε2 f (|u|2)u = 0,

e = �(β−2)/2r, r = ∂

∂x
s, s = ∂

∂x
u.

(5.2)

We set the complex function u(x, t) as

u(x, t) = p(x, t) + iq(x, t), (5.3)

so, the nonlinear TDO-RSFSE (5.2) can be rewritten
as

DW (α)
t p + ε1e + ε2 f (p2 + q2)q = 0,

e = �(β−2)/2r, r = ∂

∂x
s, s = ∂

∂x
q,

DW (α)
t q − ε1l − ε2 f (p2 + q2)p = 0,

l = �(α−2)/2w, w = ∂

∂x
z, z = ∂

∂x
p.

(5.4)

Let pn
h , qn

h , en
h , ln

h , rn
h , sn

h , wn
h , zn

h ∈ V N
k be the approxi-

mation of p(., tn), q(., tn), r(., tn), s(., tn), e(., tn),

l(., tn), w(., tn), z(., tn), respectively.
Let pn

h , qn
h , rn

h , sn
h , en

h , ln
h , wn

h , zn
h ∈ V N

k , and test
functions ϑ1, ρ, φ, ϕ, χ, �,ψ, ζ ∈ V N

k ,⎛
⎝ S∑

j=1

W (α j )�τ jδ
α j
t pn

h , ϑ1

⎞
⎠

Dk

+ ε1
(
en

h , ϑ1
)

Dk

+ ε2
((

f ((pn
h)2 + (qn

h )2))qn
h , ϑ1

)
Dk = 0,(

en
h , ρ

)
Dk = (

�(β−2)/2rn
h , ρ

)
Dk ,(

rn
h , φ

)
Dk = −(

sn
h , φx

)
Dk

+(
(̂sn

h φ−)k+ 1
2

− (̂sn
h φ+)k− 1

2

)
,(

sn
h , ϕ

)
Dk = −(

qn
h , ϕx

)
Dk

+(
(q̂n

h ϕ−)k+ 1
2

− (q̂n
h ϕ+)k− 1

2

)
,⎛

⎝ S∑
j=1

W (α j )�τ jδ
α j
t qn

h , χ

⎞
⎠

Dk

− ε1
(
ln
h , χ

)
Dk

− ε2
((

f ((pn
h)2 + (qn

h )2))pn
h , χ

)
Dk = 0,(

ln
h , �

)
Dk = (

�(β−2)/2w
n
h , �

)
Dk ,

(
wn

h , ψ
)

Dk = −(
zn

h, ψx
)

Dk

+(
(̂zn

hψ−)k+ 1
2

− (̂zn
hψ+)k− 1

2

)
,(

zn
h, ζ

)
Dk = −(

pn
h , ζx

)
Dk

+(
( p̂n

hζ−)k+ 1
2

− ( p̂n
hζ+)k− 1

2

)
. (5.5)

The numerical traces ( p̂n
h , q̂n

h , ŝn
h , ẑn

h) are defined on
interelement faces as the alternating fluxes [22,44]:

p̂n
h = (pn

h)−, ŝn
h = (sn

h )+, q̂n
h = (qn

h )−, ẑn
h = (zn

h)+.

(5.6)

Note that we can also choose

p̂n
h = (pn

h)+, ŝn
h = (sn

h )−, q̂n
h = (qn

h )+, ẑn
h = (zn

h)−.

(5.7)

5.1.1 The analysis of stability for fully discrete scheme

we focus on providing the stability analysis of the pro-
posed scheme, for TDO-RSFSE

Theorem 4 (L2 stability) The semidiscrete scheme
(5.5) is stable, and

‖pn
h‖2L2(Ω)

+ ‖qn
h ‖2L2(Ω)

≤ C
(
‖p0h‖2L2(Ω)

+ ‖q0
h‖2L2(Ω)

)
. (5.8)

Proof We can prove by similar techniques as that in
the proof of Theorem 4.1. 
�

5.1.2 Error estimates

Here, we focus on providing the error estimates of the
proposed scheme, for TDO-RSFSE. We consider the
linear TDO-RSFSE

iDW (α)
t u − ε1(−�)

α
2 u + ε2u = 0. (5.9)

The exact solution of (5.9) satisfies⎛
⎝ S∑

j=1

W (α j )�τ jδ
α j
t pn, ϑ1

⎞
⎠

Dk

+ ε1
(
en, ϑ1

)
Dk

+ ε2
(
qn, ϑ1

)
Dk + (

γ (p)n, ϑ1
)

Dk = 0,(
en, ρ

)
Dk = (

�(β−2)/2rn, ρ
)

Dk ,(
rn, φ

)
Dk = −(

sn, φx
)

Dk + (
(̂snφ−)k+ 1

2

− (̂snφ+)k− 1
2

)
,(

sn, ϕ
)

Dk = −(
qn, ϕx

)
Dk + (

(q̂nϕ−)k+ 1
2

− (q̂nϕ+)k− 1
2

)
,
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⎛
⎝ S∑

j=1

W (α j )�τ jδ
α j
t qn, χ

⎞
⎠

Dk

− ε1
(
ln, χ

)
Dk

− ε2
(

pn, χ
)

Dk − (
γ (p)n, χ

)
Dk = 0 = 0,(

ln, �
)

Dk = (
�(β−2)/2w

n, �
)

Dk ,(
wn, ψ

)
Dk = −(

zn, ψx
)

Dk + (
(̂znψ−)k+ 1

2

− (̂znψ+)k− 1
2

)
,(

zn, ζ
)

Dk = −(
pn, ζx

)
Dk + (

( p̂nψ−)k+ 1
2

− ( p̂nζ+)k− 1
2

)
. (5.10)

Subtracting (5.5) from (5.10), we can obtain the error
equation
⎛
⎝ S∑

j=1

W (α j )�τ j δ
α j
t (pn − pn

h ), ϑ1

⎞
⎠

Dk

+ (
sn − sn

h , φx
)

Dk

− (
�(β−2)/2(r

n − rn
h ), ρ

)
Dk + (

qn − qn
h , ϕx

)
Dk

+ ( S∑
j=1

W (α j )�τ j δ
α j
t (qn − qn

h ), χ
)

Dk − (
γ (q)n, χ

)
Dk

− (
�(β−2)/2(w

n − wn
h ), �

)
Dk + (

zn − zn
h, ψx

)
Dk

+ (
γ (p)n, ϑ1

)
Dk + ε2

(
qn − qn

h , ϑ1
)

Dk

− ε2
(

pn − pn
h , χ

)
Dk + (

rn − rn
h , φ

)
Dk

+ (
sn − sn

h , ϕ
)

Dk + (
en − en

h , ρ
)

Dk

+ (
ln − ln

h , �
)

Dk + (
wn − wn

h , ψ
)

Dk

+ (
zn − zn

h, ζ
)

Dk − ε1
(
ln − ln

h , χ
)

Dk

+ ε1
(
en − en

h , ϑ1
)

Dk + (
pn − pn

h , ζx
)

Dk

+ (
zn − zn

h, ζ
)

Dk − ((̂sn
h − ŝn)φ+)k− 1

2

)
− (

((q̂n
h − q̂n)ϕ−)k+ 1

2
− ((q̂n

h − q̂n)ϕ+)k− 1
2

)
− (

((̂zn
h − ẑn)ψ−)k+ 1

2
− ((̂zn

h − ẑn)ψ+)k− 1
2

)
− (

(( p̂n
h − p̂n)ζ−)k+ 1

2
− (( p̂n

h − p̂n)ζ+)k− 1
2

) = 0.

(5.11)

Denoting

πn = P− pn − pn
h , πe

n = P− pn − pn,

εn = Prn − rn
h , εe

n = Prn − rn,

φn = Pen − en
h , φe

n = Pen − en,

τ n = P+sn − sn
h , τ e

n = P+sn − sn,

σ n = P−qn − qn
h , σ e

n = P−qn − qn,

� n = Pln − ln
h , � e

n = Pln − ln,

ϕn = Pwn − wn
h , ϕe

n = Pwn − wn,

ϑn = P+zn − zn
h, ϑe

n = P+zn − zn .

(5.12)

Lemma 8⎛
⎝ S∑

j=1

W (α j )�τ jδ
α j
t πn, πn

⎞
⎠ + (

�(β−2)/2ε
n, εn)

+
⎛
⎝ S∑

j=1

W (α j )�τ jδ
α j
t σ n, σ n

⎞
⎠ + (

φn, φn)

+ (
�(β−2)/2ϕ

n, ϕn) + (
� n,� n)

= Q1 + Q2 + Q3 + Q4, (5.13)

where

Q1 = −(
εn, πn) + (

ϕn, σ n) + (
�(β−2)/2ε

n, φn)
+ (

� n, ϕn) − ε1
(
φn, πn) + ε1

(
� n, σ n)

+ (
�(β−2)/2ϕ

n,� n) + (
φn, εn)

,

Q2 = (
τ e

n , πn
x

) − (
σ e

n , ϑn
x

)
− (

ϑe
n , σ n

x

) + (
πe

n , τ n
x

) + (
ϑe

n , τ n) − (
τ e

n , ϑn)
,

Q3 =
⎛
⎝ S∑

j=1

W (α j )�τ jδ
α j
t πe

n , πn

⎞
⎠ + (

� e,� − ϕ
)

+
⎛
⎝ S∑

j=1

W (α j )�τ j δ
α j
t σ e

n , σ n

⎞
⎠ − (

ϕe
n, σ n)

+ (
φe

n, φn − εn) + ε2
(
σ e

n , πn) − ε2
(
πe

n , σ n)
+ (

εe
n, πn) − (

�(β−2)/2ε
e
n, φn − εn)

+ ε1
(
φe

n, πn) − (
γ (q)n, σ n) + (

γ (p)n, πn)
− (

�(β−2)/2ϕ
e
n,� n − ϕn) − ε1

(
� e

n , σ n)
,

Q4 = −
K∑

k=1

(
((τ e

n )+(πn)−)k+ 1
2

− ((τ e
n )+(πn)+)k− 1

2

)

+
K∑

k=1

(
((σ e

n )−(ϑn)−)k+ 1
2

− ((σ e
n )−(ϑn)+)k− 1

2

)

+
K∑

k=1

(
((ϑe

n )+(σ n)−)k+ 1
2

− ((ϑe
n )+(σ n)+)k− 1

2

)

−
K∑

k=1

(
(πe

n )−(τ n)−)k+ 1
2

− ((πe
n )−(τ n)+)k− 1

2

)
.

(5.14)

Proof See “Appendix D”. 
�
Theorem 5 The L2 error of the scheme (5.5) satisfies:

‖u(x, tn) − un
h‖L2(Ω) ≤ C

(
hN+1 + (�t)1+

θ
2 + θ2

)
.

(5.15)

Proof We estimate the term Qi , i = 1, . . . , 4 in
Lemma 8. So we employ Young’s inequality, Lemma 4
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and the approximation results (4.8) and similar tech-
niques as that in the proof of Theorem 2, we obtain the
result. 
�

5.2 LDG method for the coupled nonlinear
TDO-RSFSEs

We present the LDG method for the coupled nonlinear
TDO-RSFSEs

iDW (α)
t u1 − ε1(−�)

β
2 u1 + ε2 f (|u1|2, |u2|2)u1 = 0,

iDW (α)
t u2 − ε3(−�)

β
2 u2 + ε4g(|u1|2, |u2|2)u2 = 0.

(5.16)

We rewrite (5.16) as a first-order system:

iDW (α)
t u1 + ε1e + ε2 f (|u1|2, |u2|2)u1 = 0,

e = �(β−2)/2r, r = ∂

∂x
s, s = ∂

∂x
u1,

iDW (α)
t u2 + ε3l + ε4g(|u1|2, |u2|2)u2 = 0,

l = �(β−2)/2w, w = ∂

∂x
z, z = ∂

∂x
u2.

(5.17)

Setting u1(x, t) = p(x, t) + iq(x, t) and u2(x, t) =
υ(x, t) + iϑ(x, t) in system (5.16), we obtain the fol-
lowing coupled system

DW (α)
t p + ε1Q + ε2 f (|u1|2, |u2|2)q = 0,

Q = �(β−2)/2r, r = ∂

∂x
s, s = ∂

∂x
q,

DW (α)
t q − ε1H − ε2 f (|u1|2, |u2|2)p = 0,

H = �(β−2)/2w, w = ∂

∂x
z, z = ∂

∂x
p,

DW (α)
t υ + ε3L + ε4g(|u1|2, |u2|2)ϑ = 0,

L = �(β−2)/2ρ, ρ = ∂

∂x
�, � = ∂

∂x
ϑ,

DW (α)
t ϑ − ε3E − ε4g(|u1|2, |u2|2)υ = 0,

E = �(β−2)/2ξ, ξ = ∂

∂x
�, � = ∂

∂x
υ.

(5.18)

Let pn
h , qn

h , Qn, rn
h , sn

h , Hn
h , wn

h , zn
h , υn

h , ϑn
h , Ln

h, ρn
h ,

� n
h , En

h , ξn
h , �

n
h ∈ V N

k , and test functions ϑ1, β1, φ, ϕ,

χ, β2, ψ , ζ, γ, β3, δ, ς, o, β4, ω, κ ∈ V N
k ,⎛

⎝ S∑
j=1

W (α j )�τ jδ
α j
t pn

h , ϑ1

⎞
⎠

Dk

+ ε1
(
Qn

h, ϑ1
)

Dk

+ ε2
(

f (|un
1h |2, |un

2h |2)qn
h , ϑ1

)
Dk = 0,(

Qn
h, β1

)
Dk = (

�(β−2)/2rn
h , β1

)
Dk ,

(
rn

h , φ
)

Dk = −(
sn

h , φx
)

Dk + (
(̂sn

h φ−)k+ 1
2

− (̂sn
h φ+)k− 1

2

)
,(

sn
h , ϕ

)
Dk = −(

qn
h , ϕx

)
Dk + (

(q̂n
h ϕ−)k+ 1

2

− (̂rn
h ϕ+)k− 1

2

)
,⎛

⎝ S∑
j=1

W (α j )�τ jδ
α j
t qn

h , χ

⎞
⎠

Dk

− ε1
(
Hn

h , χ
)

Dk

− ε2
(

f (|un
1h |2, |un

2h |2)pn
h , χ

)
Dk = 0,(

Hn
h , β2

)
Dk = (

�(β−2)/2w
n
h , β2

)
Dk ,(

wn
h , ψ

)
Dk = −(

zn
h, ψx

)
Dk + (

(̂zn
hψ−)k+ 1

2

− (̂zn
hψ+)k− 1

2

)
,(

zn
h, ζ

)
Dk = −(

pn
h , ζx

)
Dk + (

( p̂n
hζ−)k+ 1

2

− ( p̂n
hζ+)k− 1

2

)
,⎛

⎝ S∑
j=1

W (α j )�τ jδ
α j
t υn

h , γ

⎞
⎠

Dk

+ ε3
(
Ln

h, γ
)

Dk

+ ε4
(
g(|un

1h |2, |un
2h |2)ϑn

h , γ
)

Dk = 0,(
Ln

h, β3
)

Dk = (
�(β−2)/2ρ

n
h , β3

)
Dk ,(

ρn
h , δ

)
Dk = −(

� n
h , δx

)
Dk + (

(�̂ n
h δ−)k+ 1

2

− (�̂ n
h δ+)k− 1

2

)
,(

� n
h , ς

)
Dk = −(

ϑn
h , ςx

)
Dk + (

(ϑ̂n
h ς−)k+ 1

2

− (ϑ̂n
h ς+)k− 1

2

)
,⎛

⎝ S∑
j=1

W (α j )�τ jδ
α j
t ϑn

h , o

⎞
⎠

Dk

− ε3
(
En

h , o
)

Dk

− ε4
(
g(|un

1h |2, |un
2h |2)υn

h , o
)

Dk = 0,(
En

h , β4
)

Dk = (
�(β−2)/2ξ

n
h , β4

)
Dk ,(

ξn
h , ω

)
Dk = −(

�n
h , ωx

)
Dk + (

(̂�n
hω−)k+ 1

2

− (̂�n
hω+)k− 1

2

)
,(

�n
h , κ

)
Dk = −(

υn
h , κx

)
Dk + (

(υ̂n
h κ−)k+ 1

2

− (υ̂n
h κ+)k− 1

2

)
. (5.19)

The numerical traces ( p̂n
h , q̂n

h , ŝn
h , ẑn

h, υ̂n
h , ϑ̂n

h , �̂ n
h ,

�̂n
h) are defined as

p̂n
h = (pn

h)−, ŝn
h = (sn

h )+

q̂n
h = (qn

h )−, ẑn
h = (zn

h)+,

υ̂n
h = (υn

h )−, �̂ n
h = (� n

h )+,

�̂n
h = (�n

h)+, ϑ̂n
h = (ϑn

h )−.

(5.20)
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Table 1 The convergence
order and L2 errors for
Example 1

K 5 10 15 20

β Error Error Order Error Order Error Order

N = 1

1.2 5.97e−02 8.6e−03 2.8 3.4e−03 2.29 1.8e−03 2.21

1.4 2.84e−02 5.8e−03 2.28 2.5e−03 2.08 1.3e−03 2.27

1.8 1.91e−02 4.5e−03 2.09 1.9e−03 2.13 9.9e−04 2.27

N = 2

1.2 3.52e−02 4.3e−03 3.03 1.2e−03 3.15 4.8e−04 3.19

1.4 1.57e−02 2.1e−03 2.9 5.9e−04 3.13 2.6e−04 2.85

1.8 1.45e−02 1.8e−03 3.01 5.5e−04 2.92 2.2e−04 3.19

Theorem 6 (L2 stability) Let un
1h, un

2h ∈ V N
k be the

approximation of u1(x, tn), u2(x, tn), then the solution
to the scheme (5.19) and (5.20) satisfies the L2 stability

‖un
1h‖2L2(Ω)

+ ‖un
2h‖2L2(Ω)

≤ C(‖u0
1h‖2L2(Ω)

+ ‖u0
2h‖2L2(Ω)

).

Theorem 7 Let u1(x, tn) and u2(x, tn) be the exact
solutions of the linear coupled TDO-RSFSEs (5.16),
and let un

1h and un
2h be the numerical solutions of the

scheme (5.19). Then the L2 error satisfies:

‖u1(x, tn) − un
1h‖L2(Ω) + ‖u2(x, tn) − un

2h‖L2(Ω)

≤ C
(

hN+1 + (�t)1+
θ
2 + θ2

)
. (5.21)

Theorems 7 and 6 can be proven by similar techniques
as that in the proof of Theorems 4 and 5. We will thus
not give the details here.

6 Numerical examples

In the following, we present some numerical exper-
iments to show the accuracy and the performance
of the present LDG method for the space-fractional
convection–diffusion and Schrödinger-type equations
with distributed order in time.

Example 1 Consider the following Riesz space-
fractional diffusion equation with distributed-order in
time

DW (α)
t u(x, t) + ε(−�)

β
2 u(x, t) = g(x, t),

x ∈ [−1, 1], t ∈ (0, 0.5], u(x, 0) = 0,
(6.1)

and the forcing term

g(x, t) =
(
(x2 − 1)4DW (α)

t t2 + εt2(−�)
β
2 (x2 − 1)4

)
,

(6.2)

then the exact solution is given by u(x, t) = t2(x2−1)4

with ε = Γ (8−β)
Γ (8) .

Fig. 1 Convergence tests of Example (1) with β = 1.2

Fig. 2 The numerical and exact solutions of Example (1) with
T = 0.5, β = 1.2, N = 3 and K = 20

The spatial convergence orders and L2 errors are
listed in Table 1. The numerical of spatial conver-
gence orders are shown in Fig. 1 with N = 5, 6, 7 and
K = 5, 10, 15, 20, 25. From these results, we show
that the spatial convergence order isO(hN+1). Figure 2
exhibits a comparison between the exact and numerical
solution that show the efficiency of the simulation.
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Table 2 The convergence
order and L2 errors for
Example 2

K 10 20 30 40

β Error Error Order Error Order Error Order

N = 1

1.2 7.8e−03 1.9e−03 2.04 8.5e−04 1.98 4.6e−04 2.13

1.4 4.9e−03 1.1e−03 2.16 4.6e−04 2.15 2.5e−04 2.12

1.8 1.9e−03 5.1e−04 1.9 2.2e−04 2.07 1.2e−04 2.11

N = 2

1.2 3.4e−03 4.2e−04 3.02 1.3e−04 2.89 5.2e−05 3.19

1.4 1.3e−03 1.8e−04 2.85 5.6e−05 2.88 2.5e−05 2.8

1.8 8.2e−04 1.1e−04 2.9 3.1e−05 3.12 1.3e−08 3.02

Example 2 We consider the following Riesz space-
fractional Burgers’ equation with distributed-order in
time

DW (α)
t u(x, t) + ε(−�)

β
2 u(x, t) + ∂

∂x

(
u2(x, t)

2

)
= g(x, t),

x ∈ [−1, 1], t ∈ (0, 0.5],
u(x, 0) = 0,

(6.3)

and the forcing term

g(x, t) =
(
(x2 − 1)4DW (α)

t t2 + 8t4x(x2 − 1)7

+ εt2(−�)
β
2 (x2 − 1)4

)
. (6.4)

and the exact solution will be u(x, t) = t2(x2 − 1)4

with ε = Γ (8−β)
Γ (8) . For the nonlinear term, we select a

Lax–Friedrichs flux and take �t = T/500, θ = 1/50.
The spatial convergence orders and L2 errors are listed
in Table 2. Table 3 provides the temporal convergence
orders and the L2 errors with β = 1.2, 1.6, respec-
tively, at T = 0.5 with N = 1, K = 30. The numerical
integration convergence orders and L2 errors in Table 4
with β = 1.2, 1.6, respectively, at T = 0.5. From
these results, we show that the order of convergence is

O(hN+1 + (�t)1+ θ
2 + θ2) when θ is small enough.

Example 3 Consider the following nonlinear TDO-
RSFSE

iDW (α)
t u(x, t) − ε(−�)

β
2 u + |u|2u = g(x, t),

x ∈ [−1, 1], t ∈ (0, 0.5],
u(x, 0) = 0,

(6.5)

Table 3 The temporal convergence orders and L2 errors for u
with β = 1.2, 1.8 at T = 0.5

β β = 1.2 β = 1.6

�t Error Order �t Error Order

T/100 4.38e−03 – T/100 1.6e−03 –

T/200 2.21e−03 0.99 T/200 7.82e−04 1.03

T/400 1.1e−03 1.01 T/400 4.1e−04 0.93

Table 4 The numerical integration convergence orders and L2

errors for u with β = 1.2, 1.8 at T = 0.5

β β = 1.2 β = 1.6

θ Error Order θ Error Order

1/10 2.14e−02 – 1/10 7.37e−03 -

1/20 4.84e−03 2.15 1/20 2.01e−03 1.88

1/40 1.3e−03 1.9 1/40 4.6e−04 2.13

and the forcing term

g(x, t) = (1 + i)
(

i(x2 − 1)5DW (α)
t t2

− εt2(−�)
β
2 (x2 − 1)5 + 2t6(x2 − 1)15

)
.

(6.6)

The exact solution u(x, t) = (1 + i)t2(x2 − 1)5

with ε = Γ (10−β)
Γ (10) . The spatial convergence orders

and L2 errors are listed in Table 5. The numerical
spatial convergence orders are shown in Fig. 3 with
N = 3, 4, 5 and K = 15, 20, 25, 30. Table 6 provides
the temporal convergence orders and the L2 errors with
β = 1.2, 1.6, respectively, at T = 0.5. The numer-
ical integration convergence orders and L2 errors in
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Table 5 The convergence
orders and L2 errors for
Example 3

K 10 20 30 40

β Error Error Order Error Order Error Order

N = 1

1.2 1.23e−02 4.61e−03 1.42 1.97e−03 2.1 1.1e−03 2.03

1.4 1.01e−02 2.51e−03 2.01 1.11e−03 2.01 6.31e−04 1.96

1.8 7.31e−03 1.91e−03 1.94 8.35e−04 2.04 4.71e−04 1.99

N = 2

1.2 8.35e−03 1.21e−03 2.79 3.55e−04 3.02 1.41e−04 3.21

1.4 6.24e−03 9.23e−04 2.76 2.79e−04 2.95 1.13e−04 3.14

1.8 2.62e−03 3.54e−04 2.89 1.13e−04 2.82 4.66e−05 3.08

Fig. 3 Convergence tests of Example 3 with β = 1.2

Table 6 The temporal convergence orders and L2 errors for u
with β = 1.2, 1.8 at T = 0.5

β β = 1.2 β = 1.6

�t Error Order �t Error Order

T/100 6.25e−03 – T/100 5.64e−03 –

T/200 3.12e−03 1.00 T/200 2.81e−03 1.01

T/400 1.58e−03 0.98 T/400 1.25e−03 1.17

Table 7 with β = 1.2, 1.6, respectively, at T = 0.5.
From these results it is clear that the order of conver-
gence is O(hN+1 + (�t)1+ θ

2 + θ2), which matches

Table 7 The numerical integration convergence orders and L2

errors for u with β = 1.2, 1.8 at T = 0.5

β β=1.2 β=1.6

θ Error Order θ Error Order

1/10 5.28e−02 – 1/10 2.25e−02 –

1/20 1.25e−02 2.08 1/20 5.4e−03 2.06

1/40 2.98e−03 2.07 1/40 1.55e−03 1.80

the theoretical convergence order when θ is small
enough.

Example 4 We consider the coupled nonlinear TDO-
RSFSEs

iDW (α)
t u1(x, t) − ε1(−�)

β
2 u1(x, t) + 2(|u1(x, t)|2

+ |u2(x, t)|2)u1(x, t) = g1(x, t),

x ∈ [−1, 1], t ∈ (0, 0.5],
iDW (α)

t u2(x, t) − ε2(−�)
β
2 u2(x, t) + 4(|u1(x, t)|2

+ |u2(x, t)|2)u2(x, t) = g2(x, t),

x ∈ [−1, 1], t ∈ (0, 0.5], (6.7)

Table 8 The convergence
orders and L2 errors for u1

N N = 1 N = 2 N = 3

K Error Order K Error Order K Error Order

10 4.23e−02 – 10 1.45e−02 – 10 7.87e−03 –

20 9.98e−03 2.08 20 1.87e−03 2.96 20 4.65e−04 4.08

40 2.54e−03 1.97 40 2.12e−04 3.14 40 2.59e−05 4.17

80 6.48e−04 1.97 80 2.68e−05 2.98 80 1.63e−06 3.99
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Table 9 The convergence
orders and L2 errors for u2

N N = 1 N = 2 N = 3

K Error Order K Error Order K Error Order

10 3.98e−02 – 10 1.26e−02 – 10 6.89e−03 –

20 9.19e−03 2.12 20 1.54e−03 3.03 20 3.84e−04 4.17

40 2.23e−03 2.04 40 1.82e−04 3.08 40 2.39e−05 4.01

80 5.54e−04 2.01 80 1.94e−05 3.23 80 1.47e−06 4.02

and the forcing terms

g1(x, t) = (1 + i)
(

i(x2 − 1)6DW (α)
t t2

− ε1t2(−�)
β
2 (x2 − 1)6 + 8t6(x2 − 1)18

)
,

g2(x, t) = (1 + i)
(

i(x2 − 1)6DW (α)
t t2

− ε2(−�)
β
2 (x2 − 1)6 + 16t6(x2 − 1)18

)
,

(6.8)

to obtain an exact solutions u1(x, t) = (1 + i)t2(x2 −
1)6 and u2(x, t) = (1 + i)t2(x2 − 1)6 with β =
1.3, ε1 = Γ (13−β)

2Γ (13) , ε2 = Γ (13−β)
2Γ (13) . The spatial con-

vergence orders and L2 errors are listed in Tables 8
and 9, confirming optimal O(hN+1) order of conver-
gence across.

7 Conclusions

In thiswork,wedeveloped and analyzed aLDGmethod
for solving the distributed-order time and Riesz space-
fractional convection–diffusion and Schrödinger-type
equations and have proven the stability and error esti-
mates of these methods. The performed numerical
experiments confirm the optimal convergence order.
Future work will include the analysis of LDG method
for two-dimensional fractional problems.

Appendix A: Proof Of Theorem 4.1

Set (v, ψ, φ, η) = (un
h, pn

h − qn
h , un

h, rn
h ) in (3.12),

and define θ(un
h) = ∫ un

h f (sn
h )dsn

h . Then the follow-
ing result holds:⎛
⎝ S∑

j=1

W (α j )�τ jδ
α j
t un

h, un
h

⎞
⎠

Dk

− ε
(

pn
h , un

h

)
Dk

− (θ(un
h))−

k+ 1
2

+ (θ(un
h))+

k− 1
2

+ (
( f̂ (un

h)u−)k+ 1
2

− ( f̂ (un
h)(un

h)+)k− 1
2

) − (
pn

h , qn
h

)
Dk + (

pn
h , pn

h

)
Dk

+ (
�(β−2)/2qn

h , qn
h

)
Dk − (

�(β−2)/2qn
h , pn

h

)
Dk

+ (
rn

h , rn
h

)
Dk + (

un
h,

∂rn
h

∂x

)
Dk + (

qn
h , un

h

)
Dk

+ (
rn

h ,
∂un

h

∂x

)
Dk − (

(̂un
h(rn

h )−)k+ 1
2

− (̂un
h(rn

h )+)k− 1
2

)

− (
(̂rn

h (un
h)−)k+ 1

2
− (̂rn

h (un
h)+)k− 1

2

)
= 0. (A.1)

Summing over k, with the numerical fluxes (3.13), we
obtain⎛
⎝ S∑

j=1

W (α j )�τ jδ
α j
t un

h, un
h

⎞
⎠ − ε

(
pn

h , un
h

)

−
K∑

k=1

(
(θ(un

h))−
k+ 1

2
− (θ(un

h))+
k− 1

2

)

+
K∑

k=1

(
( f̂ (un

h)u−)k+ 1
2

− ( f̂ (un
h)(un

h)+)k− 1
2

)

− (
pn

h , qn
h

) + (
pn

h , pn
h

)
+ (

�(β−2)/2qn
h , qn

h

) − (
�(β−2)/2qn

h , pn
h

)
+ (

rn
h , rn

h

) + (
qn

h , un
h

) = 0. (A.2)

Here f̂ ((un
h)−, (un

h)+) is monotone flux, we have

K∑
k=1

(
( f̂ (un

h)u−)k+ 1
2

− ( f̂ (un
h)(un

h)+)k− 1
2

)

−
K∑

k=1

(
(θ(un

h))−
k+ 1

2
− (θ(un

h))+
k− 1

2

)
> 0. (A.3)

This implies that⎛
⎝ S∑

j=1

W (α j )�τ jδ
α j
t un

h, un
h

⎞
⎠ + (

rn
h , rn

h

)

+ (
pn

h , pn
h

) + (
�(β−2)/2qn

h , qn
h

)
≤ (

�(β−2)/2qn
h , pn

h

) − (
qn

h , un
h

)
+ (

pn
h , qn

h

) + ε
(

pn
h , un

h

)
. (A.4)
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EmployingYoung’s inequality andLemma4,weobtain⎛
⎝ S∑

j=1

W (α j )�τ jδ
α j
t un

h, un
h

⎞
⎠ + ‖rn

h ‖2L2(Ω)

+(
�(β−2)/2qn

h , qn
h

) ≤ c‖un
h‖2L2(Ω)

+ c1‖qn
h ‖2L2(Ω)

.

(A.5)

Recalling Lemma 4, we obtain⎛
⎝ S∑

j=1

W (α j )�τ jδ
α j
t un

h, un
h

⎞
⎠ + ‖rn

h ‖2L2(Ω)

≤ c‖un
h‖2L2(Ω)

. (A.6)

It then follows that⎛
⎝ S∑

j=1

W (α j )�τ j

λ j
un, un

h

⎞
⎠

≤
⎛
⎝ S∑

j=1

W (α j )�τ j

λ j

n−1∑
l=1

(a
α j
n−l−1 − a

α j
n−l)u

l
h, un

h

⎞
⎠

+
⎛
⎝ S∑

j=1

W (α j )�τ j

λ j
a

α j
n−1u0

h, un
h

⎞
⎠ + c‖un

h‖2L2(Ω)
.

(A.7)

Using Cauchy–Schwarz inequality, we obtain

‖un
h‖2L2(Ω)

≤ c1

S∑
j=1

W (α j )�τ j

λ j
Q

n−1∑
l=1

(a
α j
n−l−1 − a

α j
n−l)‖ul

h‖L2(Ω)

‖un
h‖L2(Ω) + c2

S∑
j=1

W (α j )�τ j

λ j
Qa

α j
n−1‖u0

h‖L2(Ω)

‖un
h‖L2(Ω) + cQ‖un

h‖2L2(Ω)
, (A.8)

where Q = 1∑S
j=1

W (α j )�τ j
λ j

and provided c is sufficiently

small such that 1 − cQ > 0, we obtain that

‖un
h‖L2(Ω)

≤ C

⎛
⎝ S∑

j=1

W (α j )�τ j

λ j
Q

n−1∑
l=1

(a
α j
n−l−1 − a

α j
n−l)‖ul

h‖L2(Ω)

+
S∑

j=1

W (α j )�τ j

λ j
Qa

α j
n−1‖u0

h‖L2(Ω)

⎞
⎠ . (A.9)

Clearly the theorem is true for n = 1. It is also true for
n = 1, 2, . . . , m − 1. So, by (A.9), we have

‖um
h ‖L2(Ω)

≤ C

⎛
⎝ S∑

j=1

W (α j )�τ j

λ j
Q

m−1∑
l=1

(a
α j
n−l−1 − a

α j
n−l)‖ul

h‖L2(Ω)

+
S∑

j=1

W (α j )�τ j

λ j
Qa

α j
n−1‖u0

h‖L2(Ω)

⎞
⎠

≤ C

⎛
⎝ S∑

j=1

W (α j )�τ j

λ j
Q

m−1∑
l=1

(a
α j
n−l−1 − a

α j
n−l) |u0

h‖L2(Ω)

+
S∑

j=1

W (α j )�τ j

λ j
Qa

α j
n−1‖u0

h‖L2(Ω)

⎞
⎠

= C‖u0
h‖L2(Ω). (A.10)
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Appendix B: Proof Of Theorem 2

From (4.3), we can get the error equation⎛
⎝ S∑

j=1

W (α j )�τ jδ
α j
t (un − un

h), v

⎞
⎠

Dk

+ (
γ (x)n, v

)
Dk

− ε
(

pn − pn
h , v

)
Dk + (

pn − pn
h , ψ

)
Dk

+ (
qn − qn

h , φ
)

Dk − (
�(β−2)/2(q

n − qn
h ), ψ

)
Dk

+ (
rn − rn

h ,
∂φ

∂x

)
Dk − ((̂rn − r̂ n

h )φ−)k+ 1
2

+ ((̂rn − r̂ n
h )φ+)k− 1

2
+ (

rn − rn
h , η

)
Dk

+ (
un − un

h,
∂η

∂x

)
Dk − ((̂un − ûn

h)η−)k+ 1
2

+ ((̂un − ûn
h)η+)k− 1

2
= 0. (B.1)

Using (4.7), the error equation (B.1) can be written⎛
⎝ S∑

j=1

W (α j )�τ jδ
α j
t (πn − πe

n ), v

⎞
⎠

Dk

+ (
γ (x)n, v

)
Dk

− ε
(
σ n − σ e

n , v
)

Dk + (
σ n − σ e

n , ψ
)

Dk

− (
�(β−2)/2(ϕ

n − ϕe
n), ψ

)
Dk + (

ϕn − ϕe
n, φ

)
Dk

+ (
ψn − ψe

n ,
∂φ

∂x

)
Dk − ((ψn − ψe

n )−φ−)k+ 1
2

+ ((ψn − ψe
n )−φ+)k− 1

2
+ (

ψn − ψe
n , η

)
Dk

+ (
πn − πe

n ,
∂η

∂x

)
Dk − ((πn − πe

n )+η−)k+ 1
2

+ ((πn − πe
n )+η+)k− 1

2
= 0, (B.2)

and taking the test functions

v = πn, ψ = σ n − ϕn, φ = πn, η = ψn, (B.3)
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we obtain⎛
⎝ S∑

j=1

W (α j )�τ jδ
α j
t (πn − πe

n ), πn

⎞
⎠ + (

γ (x)n, πn)

− ε
(
σ n − σ e

n , πn) + (
σ n − σ e

n ,−ϕn + σ n)
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�(β−2)/2(ϕ
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n),−ϕn + σ n)
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πe
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ψe
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∂πn
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ψn − ψe
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+
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((ψe
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2

− ((ψe
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2

)

+
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2

− ((πe
n )+(ψn)+)k− 1

2

)

= 0, (B.4)

by the projection properties P+ and P− we obtain
⎛
⎝ S∑

j=1

W (α j )�τ j δ
α j
t (πn − πe

n ), πn

⎞
⎠ − ε

(
σ n − σ e

n , πn)

+ (
γ (x)n, πn) + (

σ n − σ e
n , −ϕn + σ n)

− (
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n, πn) +
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((ψe
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2
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2
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+
K∑
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((πe

n )+(ψn)−)k+ 1
2

− ((πe
n )+(ψn)+)k− 1

2

)

= 0. (B.5)

Employing Young’s inequality and Lemma 4 and the
property of interpolation (4.8) and (4.4), we obtain⎛
⎝ S∑

j=1

W (α j )�τ jδ
α j
t πn, πn

⎞
⎠ + (

σ n, σ n)

+ (
�(β−2)/2ϕ

n, ϕn) + (
ψn, ψn)

≤ C(h2N+2 + (�t)4+θ + θ4) + c1‖ψn‖2L2(Ω)

+
⎛
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W (α j )�τ jδ
α j
t πe
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⎞
⎠ + c2‖σ n‖2L2(Ω)

+ c3‖ϕn‖2L2(Ω)
+ c‖πn‖2L2(Ω)

, (B.6)

by using Lemma 5, (4.7) and the interpolation property
(4.8), we obtain

‖δα
t (P+u(x, tn) − u(x, tn))‖L2(Ω)

≤ C
(
hN+1 + (�t)2−α

)
. (B.7)

From (3.1), (4.5) and (B.7), we obtain∥∥∥∥∥∥
S∑

j=1

W (α j )�τ jδ
α j
t (P+u(x, tn) − u(x, tn))

∥∥∥∥∥∥
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. (B.8)

Hence⎛
⎝ S∑
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(B.9)

Recalling Lemma 2 and provided ci , i = 1, 2 are suf-
ficiently small such that ci ≤ 1, we obtain⎛
⎝ S∑

j=1

W (α j )�τ jδ
α j
t πn, πn

⎞
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(
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. (B.10)

It then follows that⎛
⎝ S∑
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. (B.11)

Employing Young’s inequality, we obtain
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n−1∑
l=1

(a
α j
n−l−1 − a

α j
n−l)‖π l‖2L2(Ω)

+ 1

4

S∑
j=1

W (α j )�τ j

λ j
Q(a

α j
0 − a

α j
n−1)‖πn‖2L2(Ω)

+
S∑

j=1

W (α j )�τ j

λ j
Qa

α j
n−1‖π0‖2L2(Ω)

+ cQ‖πn‖2L2(Ω)
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+
S∑

j=1

W (α j )�τ j

4λ j
Qa

α j
n−1‖πn‖2L2(Ω)

+ C Q
(
h2N+2 + (�t)2+θ + θ4

)
. (B.12)

Notice the facts that

‖π0‖L2(Ω) ≤ ChN+1. (B.13)

Thus,

‖πn‖2L2(Ω)

≤
S∑

j=1

W (α j )�τ j

λ j
Q

n−1∑
l=1

(a
α j
n−l−1 − a

α j
n−l)‖π l‖2L2(Ω)

+
(

cQ + 1

4

) S∑
j=1

W (α j )�τ j

λ j
Q‖πn‖2L2(Ω)

+ C
S∑

j=1

W (α j )�τ j

λ j
Qa

α j
n−1h2N+2

+ C
S∑

j=1

W (α j )�τ j

λ j
Qa

α j
n−1

(
h2N+2 + (�t)2+θ + θ4

)
,

(B.14)

provided c is sufficiently small such that 3
4 − cQ > 0,

we obtain that

‖πn‖2L2(Ω)

≤ C

⎛
⎝ S∑

j=1

W (α j )�τ j

λ j
Q

n−1∑
l=1

(a
α j
n−l−1 − a

α j
n−l)‖π l‖2L2(Ω)

+
S∑

j=1

W (α j )�τ j

λ j
Qa

α j
n−1

(
h2N+2 + (�t)2+θ + θ4

)
⎞
⎠ .

(B.15)

Clearly the theorem is true for n = 0. It is also true for
n = 1, 2, . . . , m − 1. Then, by (B.15), we have

‖πm‖2L2(Ω)

≤ C

⎛
⎝ S∑

j=1

W (α j )�τ j

λ j
Q

m−1∑
l=1

(a
α j
n−l−1 − a

α j
n−l)‖π l‖2L2(Ω)

+
S∑

j=1

W (α j )�τ j

λ j
Qa

α j
n−1

(
h2N+2 + (�t)2+θ + θ4

)
⎞
⎠

≤ C

⎛
⎝ S∑

j=1

W (α j )�τ j

λ j
Q

m−1∑
l=1

(a
α j
n−l−1 − a

α j
n−l)(h

2N+2

+ (�t)2+θ + θ4) +
S∑

j=1

W (α j )�τ j

λ j
Qa

α j
n−1

(
h2N+2 + (�t)2+θ + θ4

))

= C
(
h2N+2 + (�t)2+θ + θ4

)
. (B.16)

Finally, by using triangle inequality and standard
approximation theory, we get

‖u(x, tm) − um
h ‖L2(Ω) ≤ C(hN+1 + (�t)1+

θ
2 + θ2).

(B.17)


�

Appendix C: Proof Of Theorem 3

Using (4.7), the error equation (4.3) can be written⎛
⎝ S∑

j=1

W (α j )�τ j δ
α j
t (πn − πe

n ), v

⎞
⎠ − ε

(
σ n − σ e

n , v
)

+ (
γ (x)n, v

) −
K∑

k=1

Hk( f ; u, uh; v)

+ (
σ n − σ e

n , ψ
) − (

�(β−2)/2(ϕ
n − ϕe

n), ψ
)

+ (
ϕn − ϕe

n, φ
) + (

ψn − ψe
n ,

∂φ

∂x

)

−
K∑

k=1

(
((ψn − ψe

n )−φ−)k+ 1
2

− ((ψn − ψe
n )−φ+)k− 1

2

)

+ (
ψn − ψe

n , η
) + (

πn − πe
n ,

∂η

∂x

)

−
K∑

k=1

(
((πn − πe

n )+η−)k+ 1
2

− ((πn − πe
n )+η+)k− 1

2

)

= 0.

(C.1)

Following the proof of Theorem 2, we take the test
functions

v = πn, ψ = −ϕn + σ n, φ = πn, η = ψn,

(C.2)

we obtain⎛
⎝ S∑

j=1

W (α j )�τ jδ
α j
t (πn − πe

n ), πn

⎞
⎠ + (

γ (x)n, πn)

− ε
(
σ n − σ e

n , πn) −
K∑

k=1

Hk( f ; u, uh;πn)

+ (
σ n − σ e

n ,−ϕn + σ n) + (
ϕn − ϕe

n, πn)
− (

�(β−2)/2(ϕ
n − ϕe

n),−ϕn + σ n)

+ (
ψn − ψe

n ,
∂πn

∂x

) −
K∑

k=1

(
((ψn − ψe

n )−(πn)−)k+ 1
2
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− ((ψn − ψe
n )−(πn)+)k− 1

2

) + (
ψn − ψe

n , ψn)

+ (
πn − πe

n ,
∂ψn

∂x

) −
K∑

k=1

(
((πn − πe

n )+(ψn)−)k+ 1
2

− ((πn − πe
n )+(ψn)+)k− 1

2

) = 0, (C.3)

by the projection properties P+ and P−, we obtain

⎛
⎝ S∑

j=1

W (α j )�τ j δ
α j
t (πn − πe

n ), πn

⎞
⎠ − ε

(
σ n − σ e

n , πn)

+ (
γ (x)n, πn) −

K∑
k=1

Hk( f ; u, uh; πn)

+ (
σ n − σ e

n , −ϕn + σ n) + (
ϕn − ϕe

n, πn)
− (

�(β−2)/2(ϕ
n − ϕe

n),−ϕn + σ n)

+
K∑

k=1

(
((ψe

n )−(πn)−)k+ 1
2

− ((ψe
n )−(πn)+)k− 1

2

)

+ (
ψn − ψe

n , ψn) +
K∑

k=1

(
((πe

n )+(ψn)−)k+ 1
2

− ((πe
n )+(ψn)+)k− 1

2

) = 0. (C.4)

Employing Young’s inequality and Lemma 4 and the
property of interpolation (4.8), (B.7) and (B.8), we
obtain
⎛
⎝ S∑

j=1

W (α j )�τ jδ
α j
t πn, πn

⎞
⎠ + (

�(β−2)/2ϕ
n, ϕn)

+ (
σ n, σ n) + (

ψn, ψn)
≤ C

(
h2N+2 + (�t)2+θ + θ4

) + c2‖σ n‖2L2(Ω)

+ c3‖ϕn‖2L2(Ω)
+ c‖πn‖2L2(Ω)

+ c1‖ψn‖2L2(Ω)

− 1

4
κ( f ∗; un

h) + (C + C∗(‖πn‖∞

+ h−1‖eu‖2∞))‖πn‖2 + (C + C∗h−1‖eu‖2∞)h2N+1.

(C.5)

Recalling Lemma 2 and provided ci , i = 1, 2 are suf-
ficiently small such that ci ≤ 1, we obtain

⎛
⎝ S∑

j=1

W (α j )�τ jδ
α j
t πn, πn

⎞
⎠

≤ C
(
h2N+1 + (�t)2+θ + θ4

) + c4‖πn‖2L2(Ω)
.

(C.6)

It then follows that⎛
⎝ S∑

j=1

W (α j )�τ j

λ j
πn, πn

h

⎞
⎠

≤
⎛
⎝ S∑

j=1

W (α j )�τ j

λ j

n−1∑
l=1

(a
α j
n−l−1 − a

α j
n−l)π

l , πn

⎞
⎠

+
⎛
⎝ S∑

j=1

W (α j )�τ j

λ j
a

α j
n−1π

0, πn

⎞
⎠ + c‖πn‖2L2(Ω)

+ C
(
h2N+1 + (�t)2+θ + θ4

)
. (C.7)

Employing Young’s inequality, we obtain

‖πn‖2L2(Ωh)

≤
S∑

j=1

W (α j )�τ j

λ j
Q

n−1∑
l=1

(a
α j
n−l−1 − a

α j
n−l )‖π l‖2L2(Ωh)

+
(

cQ + 1

4

) S∑
j=1

W (α j )�τ j

λ j
Q‖πn‖2L2(Ωh)

+ C
S∑

j=1

W (α j )�τ j

λ j
Qa

α j
n−1h2N+2

+ C
S∑

j=1

W (α j )�τ j

λ j
Qa

α j
n−1

(
h2N+1 + (�t)2+θ + θ4

)
,

(C.8)

provided c is sufficiently small such that 3
4 − cQ > 0,

we obtain that

‖πn‖2L2(Ω)

≤ C

⎛
⎝ S∑

j=1

W (α j )�τ j

λ j
Q

n−1∑
l=1

(a
α j
n−l−1 − a

α j
n−l)‖π l‖2L2(Ω)

+
S∑

j=1

W (α j )�τ j

λ j
Qa

α j
n−1

(
h2N+1 + (�t)2+θ + θ4

)
⎞
⎠ .

(C.9)

Clearly the theorem is true for n = 0. It is also valid
for n = 1, 2, . . . , m − 1. Then, by (C.9), we have

‖πm‖2L2(Ω)

≤ C

⎛
⎝ S∑

j=1

W (α j )�τ j

λ j
Q

m−1∑
l=1

(a
α j
n−l−1 − a

α j
n−l)‖π l‖2L2(Ω)

+
S∑

j=1

W (α j )�τ j

λ j
Qa

α j
n−1

(
h2N+1 + (�t)2+θ + θ4

)
⎞
⎠
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≤ C

⎛
⎝ S∑

j=1

W (α j )�τ j

λ j
Q

m−1∑
l=1

(a
α j
n−l−1 − a

α j
n−l)

(
h2N+1

+ (�t)2+θ + θ4
)

+
S∑

j=1

W (α j )�τ j

λ j
Qa

α j
n−1

(
h2N+1 + (�t)4+θ + θ4

)
⎞
⎠

= C
(
h2N+1 + (�t)2+θ + θ4

)
. (C.10)

Finally, by using triangle inequality and standard
approximation theory, we can get (4.15). 
�

Appendix D: Proof Of Lemma 8

From the Galerkin orthogonality (5.11), we get
⎛
⎝ S∑

j=1

W (α j )�τ j δ
α j
t (πn − πe

n ), ϑ1

⎞
⎠

Dk

+ (
τ n − τ e

n , φx
)

Dk

− (
�(β−2)/2(ε

n − εe
n), ρ

)
Dk + (

ϑn − ϑe
n , ψx

)
Dk

+
⎛
⎝ S∑

j=1

W (α j )�τ j δ
α j
t (σ − σ e), χ

⎞
⎠

Dk

+ (
σ n − σ e

n , ϕx
)

Dk

− (
�(β−2)/2(ϕ

n − ϕe
n), �

)
Dk + (

πn − πe
n , ζx

)
Dk

+ ε2
(
σ n − σ e

n , ϑ1
)

Dk − ε2
(
πn − πe

n , χ
)

Dk

+ (
εn − εe

n, φ
)

Dk + (
τ n − τ e

n , ϕ
)

Dk + (
� n − � e

n , �
)

Dk

+ (
φn − φe

n, ρ
)

Dk + (
ϕn − ϕe

n, ψ
)

Dk + (
ϑn − ϑe

n , ζ
)

Dk

+ ε1
(
φn − φe

n, ϑ1
)

Dk − ε1
(
� n − � e

n , χ
)

Dk

− (
γ (q)n, χ

) + (
γ (p)n, ϑ1

)

−
K∑

k=1

(
((τ n − τ e

n )+(φ)−)k+ 1
2

− ((τ n − τ e
n )+(φ)+)k− 1

2

)

−
K∑

k=1

(
((σ n − σ e

n )−(ϕ)−)k+ 1
2

− ((σ n − σ e
n )−(ϕ)+)k− 1

2

)

−
K∑

k=1

(
((ϑn − ϑe

n )+(ψ)−)k+ 1
2

− ((ϑn − ϑe
n )+(ψ)+)k− 1

2

)

−
K∑

k=1

(
(πn − πe

n )−(ζ )−)k+ 1
2

− ((πn − πe
n )−(ζ )+)k− 1

2

)

= 0. (D.1)

We take the test functions

ϑ1 = πn, ρ = φn − εn, φ = πn, ϕ = −ϑn,

χ = σ n, � = � n − ϕn, ψ = −σ n, ζ = τn, (D.2)

we obtain
⎛
⎝ S∑

j=1

W (α j )�τ j δ
α j
t (πn − πe

n ), πn

⎞
⎠

Dk

+ (
τ n − τ e

n , πn
x

)
Dk

− (
�(β−2)/2(ε

n − εe
n), φn − εn)

Dk + (
πn − πe

n , τ n
x

)
Dk

+
⎛
⎝ S∑

j=1

W (α j )�τ j δ
α j
t (σ n − σ e

n ), σ n

⎞
⎠

Dk

− (
σ n − σ e

n , ϑn
x

)
Dk

− (
�(β−2)/2(ϕ

n − ϕe
n), � n − ϕn)

Dk − (
ϑn − ϑe

n , σ n
x

)
Dk

+ (
εn − εe

n, π
)

Dk − (
τ n − τ e

n , ϑ
)

Dk

+ (
φn − φe

n, φn − εn)
Dk − (

ϕn − ϕe
n, σ n)

Dk

+ (
ϑn − ϑe

n , τ n)
Dk + (

� n − � e
n , � n − ϕn)

Dk

+ ε1
(
φn − φe

n, πn)
Dk − ε1

(
� n − � e

n , σ n)
Dk

+ ε2
(
σ n − σ e

n , π
)

Dk − ε2
(
πn − πe

n , σ
)

Dk

− (
γ (q)n, σ n) + (

γ (p)n, πn)

−
K∑

k=1

(
((τ n − τ e

n )+(πn)−)k+ 1
2

− ((τ n − τ e
n )+(πn)+)k− 1

2

)

+
K∑

k=1

(
((σ n − σ e

n )−(ϑn)−)k+ 1
2

− ((σ n − σ e
n )−(ϑn)+)k− 1

2

)

+
K∑

k=1

(
((ϑn − ϑe

n )+(σ n)−)k+ 1
2

− ((ϑn − ϑe
n )+(σ n)+)k− 1

2

)

−
K∑

k=1

(
(πn − πe

n )−(τ n)−)k+ 1
2

− ((πn − πe
n )−(τ n)+)k− 1

2

)

= 0.

(D.3)

Summing over k, simplify by integration by parts and
(5.6). 
�
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