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Abstract The vortex-induced vibrations of a circular
cylinder attached as a tip mass at the end of a cantilever
beam are investigated for hybrid energy harvesting
using two different transduction mechanisms, namely
piezoelectric and electromagnetic. The high aeroelas-
tic oscillations generated for a range of wind speeds
are translated into electrical energy by both transduc-
ers. The aerodynamic force is modeled by a modified
van der Polwake oscillatormodel. TheEuler–Lagrange
principle andGalerkin procedure are utilized to develop
a nonlinear distributed-parameter model to evaluate
performance of the hybrid energy harvester. The effects
of the external load resistances, placement and mass of
the magnet on coupled damping, frequency, and per-
formance of the hybrid energy harvester are deeply
studied. It is shown that performance of the hybrid
energy harvester is highly dependent on both the exter-
nal load resistances. It is demonstrated that, in the syn-
chronous region, placement of the magnet has a huge
effect on tip displacement of the harvester, generated
current in the electromagnetic circuit, and generated
voltage in the piezoelectric circuit. On the contrary,
mass of the magnet has a negligible effect on behavior
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of the considered hybrid system. A comparative study
between the hybrid energy harvester with the classical
piezoelectric and electromagnetic counterparts is also
carried out. It is indicated that, by carefully choosing
the external load resistances and harvesters’ properties,
energy harvesting in a hybrid configuration is an effec-
tive replacement for two different classical harvesters
working separately. It is concluded that hybrid energy
harvesters come out to be an effective choice for pow-
ering multiple electronic devices.

Keywords Hybrid energy harvesting · Vortex-
induced oscillations · Comparative study · Nonlinear
characterization · Shunt damping

1 Introduction

Energy harvesting is the term associatedwith any local-
ized power generationwithout the need of amain power
grid to energize important and sensitive electronic
devices continuously. These devices include micro-
electromechanical systems [1], health monitoring sen-
sors [2], wireless sensors [3,4], medical implants [5],
and cameras [6]. During recent years, flow-induced
vibrations with respect to energy harvesting potential
and design have been studied for different kinds of
aeroelastic instabilities, such as vortex-induced vibra-
tions (VIV) in circular cylinders [7–10], flutter in air-
foil sections [11–14], galloping exhibited by prismatic
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structures [15,16] and wake galloping induced by bluff
body placed in the wake of another one [17,18].

For energy harvesting by VIV that is the topic of
interest in current work, the performed study by Akay-
din et al. [19] is of considerable importance. They
placed piezoelectric cantilever beams in wakes of cir-
cular cylinders at high Reynolds number. They syn-
chronized natural frequency of their generators with
the unsteady turbulent flow’s predominant frequency
to maximize the generated piezoelectric voltage. They
observed a reasonable agreement between their simu-
lation results and experimental data. Molino-Minero-
Re et al. [20] considered cylinders of different sizes
attached to a cantilever beam having piezoelectric gen-
erators. They analyzed performance of the energy har-
vesters and observed power of up to 0.31mW. Akaydin
et al. [8] performed an experimental study in awind tun-
nel on their designed VIV energy harvester. They ana-
lyzed the performance of their system and reported a
0.1mWpower generation at a wind speed of 1.192m/s.
Anonlinear distributed-parametermodel for piezoelec-
tric energy harvester having a circular cylinder as tip
mass and subjected to VIV by wind flow was proposed
by Dai et al. [21]. They validated their model with
experimental results ofAkaydin et al. [8], anddiscussed
effects of the wind speed, cylinder’s tip mass, length of
the piezoelectric layer and electrical load resistance on
the response of the energy harvester. Zhang and Wang
[22] investigated VIV and wake-induced vibrations of
a rigid circular cylinder attached with two cantilever
beams. A bigger cylinder was placed upstream in order
to inducewake galloping in a smaller cylinder. ForVIV,
they indicated anoptimumvalue of electrical load resis-
tance for maximum generated power. For the wake-
induced galloping, they found out that vibration of the
small cylinder is controlled by the vortex frequency of
the large one. Their work also pointed to an optimum
gap between the two cylinders to maximize harvested
power.

The immense importance of aeroelastic oscillations
and especially VIV for power harvesting applications
has been established. When it comes to the transduc-
tion mechanisms for scavenging energy out of these
ambient vibrations, it is evident from above that most
of the researchers have given attention to piezoelectric
transducers. The ease of placement in small volumes
and ability to harness energy over a large range of fre-
quencies have made them a good choice. Recently, few
researches have reported the use of another important

transduction mechanism that is electromagnetic induc-
tion, which turns out to be a good choice for harness-
ing energy from relative motions. The work of Zhu
et al. [23] consisted of an airfoil placed on a cantilever
spring. The airflow over the airfoil causes the cantilever
to oscillate that has a magnet attached to it that cuts the
coil placed near it. They got a power output as high as
1.6mW for a wind speed of 5m/s. The use of electro-
magnetic induction for wake galloping was also pro-
posed by Jung and Lee [17]. They carried out experi-
ments in a wind tunnel using the prototype device they
developed, for harnessing energy by wake galloping.
They indicated power generation of 370mW under a
wind speed of 4.5m/s.

De Marqui and Erturk [24] considered two separate
cases of two degree of freedom airfoils: one with a
piezoelectric transducer and other having electromag-
netic induction in the plunge direction. They studied
influences of several dimensionless parameters on lin-
ear flutter speed as well as electrical power output for
both the transducers. Dias et al. [25,26] simultane-
ously used a hybrid piezoelectric-electromagnetic for-
mation in an airfoil for power generation. Based on
their electroaeroelastic modeling and simulations, their
work gave a direction for designing and optimizing
airfoil-based hybrid energy harvesters. Recently, Javed
et al. [27] were the first to propose and investigate a
hybrid transduction mechanism for galloping energy
harvesters. The transduction mechanism consisted of a
piezoelectric layer and amagnet in the vicinity of a coil.
They considered a coupled electroaeroelastic lumped-
parameter model for the harvester. The effect of each
external load resistance on the onset speed of galloping
was discussed. Moreover, for a range of wind speeds,
they investigated effects of the external load resistances
on the harvested power. A complete comparative analy-
sis was also carried out that revealed decreased powers
in individual circuits in hybrid, as compared to each
separate transducer. They mentioned that use of hybrid
transduction mechanisms is very beneficial to operate
multiple electronic devices.

The effectiveness of using hybrid transducers stud-
ied before is further investigated in this study, when
considering VIV phenomenon of a circular cylinder.
Researchers till this date have focused on piezoelec-
tric transduction for energy harvesting by VIV. In
this work, our objective mainly is to study the per-
formance of vortex-induced oscillations exhibited for
energy harvesting when considering two transduction
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Fig. 1 A schematic of the
hybrid piezoelectric-
electromagnetic energy
harvester subjected to
vortex-induced vibrations

mechanisms, namely electromagnetic and piezoelec-
tric working simultaneously. To do so, a nonlinear
distributed-parameter model for the hybrid energy har-
vesting system is first derived. The harvester, in present
case, consists of a circular cylinder attached to the free
end of a multilayered cantilever beam, which is par-
tially covered by a unimorph piezoelectric patch along
with a magnet attached to the beam that cuts a coil
when the beam vibrates. The influences of the exter-
nal load resistances of the respective piezoelectric and
electromagnetic circuitries on the coupled damping and
energy generated are studied. Moreover, the impacts of
the magnet placement/location and mass on the cou-
pled frequency and damping as well as performance of
the hybrid energy harvester are deeply investigated. A
comparison is drawn at the end between theVIV hybrid
energy harvester and its classical counterparts perform-
ing individually, for same wind flow conditions.

2 Electroaeroelastic modeling of hybrid VIV
energy harvesters

The current section deals with mathematical model-
ing of the proposed hybrid VIV harvester. The idea
is to harvest energy from wind flowing past a circu-
lar cylinder that is attached as a tip mass at the end of
a cantilever beam by two separate transducers simul-
taneously, as shown in Fig. 1. The cantilever beam is
multilayered with a portion of it covered by a piezo-
electric layer on one side that is unimorph. The other
side consists of a magnet with a coil placed in its close
vicinity. It should be mentioned that magnet shown
in schematic in Fig. 1 is actually at other side of the
beam. Because of the incoming wind flow, the tip mass
cylinder exhibits vortex-induced oscillations for awell-
defined range of wind speeds. The flexure of the beam
is translated into electrical power by strains produced in
the piezoelectric layer attached on the beam.Moreover,

amagnet attachedon the other side of the beamconverts
transverse deflection of the beam into useful electri-
cal energy by cutting the coil placed near it. This new
proposed concept of using two separate transduction
mechanisms for harnessing energy from VIV in this
particular piezoelectric-electromagnetic configuration
needs to be thoroughly investigated. To this end, a non-
linear electroaeroelastic coupled dynamical model for
the parameters given in Table 1 is first developed.

To develop a reduced-ordermodel of the hybridVIV
energy harvester, the Euler–Lagrange equations are uti-
lized. To this end, total kinetic energy, potential energy,
and non-conservative work are first determined. As for
the kinetic energy of the dynamical system under con-
sideration, it is written as:

T = 1

2

Lp∫

0

m1

[
∂w (x, t)

∂t

]2
dX

+ 1

2

L∫

Lp

m2

[
∂w (x, t)

∂t

]2
dX

+ 1

2
m0

[
∂w (x, t)

∂t

∣∣∣∣
x=L0

]2

+ 1

2
Mt

[
∂w (x, t)

∂t

∣∣∣∣
x=L

+ Dt

2

∂2w (x, t)

∂x∂t

∣∣∣∣
x=L

]2

+ 1

2
Jt

[
∂2w (x, t)

∂x∂t

∣∣∣∣
x=L

]2
(1)

where w represents the deflection of the beam, Mt

denotesmass of the cylinder attached at tip of the beam,
Jt is mass moment of inertia in the tip mass cylinder,
andm1 andm2 denote the masses per unit length which
dependonplacement of the piezoelectric layer. Thefirst
portion of the beam 0 ≤ x ≤ Lp with the substrate and
the piezoelectric layers has a mass given by:

m1 = bsρsts + bpρptp (2)
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Table 1 Parameters of the
electromagnetic-
piezoelectric energy
harvester

Parameter Description Values

Es(Pa) Substrate Young’s modulus 70 × 109

ρs (kg/m3) Substrate density 2730

bs (m) Width of the substrate 32.5 × 10−3

ts (m) Thickness of the substrate 0.635 × 10−3

L(m) Length of the substrate 267 × 10−3

Ep Piezoelectric material Young’s modulus 62 × 109

ρp (kg/m3) Piezoelectric material density 7800

bp Width of the piezoelectric layer 32.5 × 10−3

tp (m) Thickness of the piezoelectric layer 0.4 × 10−3

Lp Length from support to the end of the
piezoelectric layer

100 × 10−3

L0 Location of the magnet 110 × 10−3

Lc Inductance of the coil 0.0064

Rc Internal resistance of the coil 16

ε33(F/m) Permittivity component at constant strain 27.3 × 10−9

d31 (m/V) Piezoelectric constant −320 × 10−12

Dt (m) Diameter of the tip mass 2 × 19.8 × 10−3

LD (m) Length of the tip mass 203 × 10−3

Mt (kg) Tip mass 16 × 10−3

ρ0 (kg/m3) Air density 1.24

ς Mechanical damping ratio 0.005

For the second portion of the beam Lp < x ≤ L with
only aluminum substrate, the mass is given by:

m2 = bsρsts (3)

where bs and bp are width of the aluminum and piezo-
electric layers, respectively. In Eqs. (2) and (3), ts and
tp are thicknesses of the aluminum substrate and piezo-
electric layers, respectively. Moreover, the substrate
and piezoelectric densities are given by ρs and ρp,
respectively.

Concerning the potential energy of the energy har-
vester, it consists of elastic energy of the beam, poten-
tial energy due to the piezoelectric material, potential
energy stored in the magnetic field, and electromag-
netic potential energy of the coil that can be expressed
as:

U = 1

2

Lp∫

0

[E I1w
′′2]dx + 1
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∫ L
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[
E I2w
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where V p represents generated voltage across the
external load resistance Rp of the piezoelectric trans-
ducer, e31 is the piezoelectric coupling coefficient and
the permittivity at constant strain is given by∈33.More-
over, Qe represents the extracted charge from the elec-
tromagnetic circuit, CBl denotes the electromagnetic
coupling and Lc is inductance of the coil placed near
the magnet. It is important to note that in Eq. (4),

E I1 = 1

3
Esbs

(
y31 − y30

)
+ 1

3
Epbp

(
y32 − y31

)
(5)

E I2 = 1

12
b1Est

3
s (6)

where Es and Ep are elastic moduli of the substrate and
piezoelectric layers, respectively.

As presented in Fig. 2, positions of the aluminum
substrate and piezoelectric layers with respect to the
neutral axis are given by:
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Fig. 2 Schematic depicting the position of the neutral axis and
the layers in the beam

y0 = −y

y1 = ts − y

y2 = (
ts + tp

) − y

y = (2Eptpbpts + Esbst
2
s

+ Epbpt
2
p )/(2Eptpbp + 2Estsbs) (7)

When it comes to non-conservative work of the
dynamical system under investigation, it is composed
of work due to the power dissipated through the elec-
tromagnetic and piezoelectric transducers across their
respective external load resistances andwork due to the
aerodynamic and viscous damping forces [21]. There-
fore, the non-conservative work is expressed as:

δW = −(Ri + Rc)Q̇
eδQe − Rp Q̇

pδQp
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]
(8)

where Ri and Rp represent, respectively, the electri-
cal load resistances for the electromagnetic-inductive
circuit and piezoelectric circuit, Rc is indicative of
internal resistance of the coil, Qp denotes charge pro-
duced across the piezoelectric transducer and cm is vis-
cous damping coefficient of the energy harvesting sys-
tem. In Eq. 8, FL represents aerodynamic force gen-
erated by the flowing wind in the transverse direction
over the cylinder. The FL is responsible for the non-
conservative work by the aerodynamic force and is
given by Facchinetti [28]. According to Facchinetti et
al. [28], this aerodynamic force caused by flowingwind
over a circular cylinder can be expressed as:

FL (t) = CLρ0DtU 2LD
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2[
∂w (x, t)

∂t

∣∣∣∣
x=L

+ Dt

2

∂2w (x, t)

∂x∂t

∣∣∣∣
x=L

]
(9)

where CL = CL0s(t)
2 is the fluctuating lift coefficient,

CL0 and CD are the steady lift and mean sectional drag
coefficients that can be taken as 0.3 and 1.2, respec-
tively, in the region ofwell-developedwake [28].More-
over, ρ0 denotes density of the fluid, LD is length of the
circular cylinder and U is the incoming wind speed.

The determination of the fluctuating lift coefficient
on a circular cylinder is very challenging. This topic
has been extensively explored in the past few decades.
The reason researchers resort to use phenomenolog-
ical models for modeling aerodynamic force is their
ease of application in terms of computation time
and computational cost together with decent accu-
racy offered compared to direct numerical simulations
(DNS). Facchinetti et al. [28] modeled the forcing on
the wake of a circular cylinder by using a modified van
der Pol oscillator. They evaluated their wake oscilla-
tor model’s parameters (CL0, CD, λ, and A) by using
experimental and computational results. Dai et al. [29]
worked on suppression of VIV oscillations of a circu-
lar cylinder by using a nonlinear energy sink and used
Facchinetti’s model. They compared resulting exper-
imental measurements with the wake oscillator mod-
eled response of circular cylinder for two differentmass
ratios. The output of the system using the model was
found to be in excellent agreement with the experi-
mental results. This excellent agreement is due to the
modified wake oscillator model that Facchinetti et al.
[28] have proposed. In this study, we use the modified
van der Pol wake oscillator proposed by Facchinetti et
al. [28] in order to relate the lift fluctuating force to
acceleration of the circular cylinder as follows:

s̈ + λωs

(
s2 − 1

)
ṡ + ω2

s s

= A

Dt

n∑
i=1

([
∂2w (x, t)

∂t2
+ Dt

2

∂3w (x, t)

∂x∂t2

])
(10)

where s or s(t) describes the behavior of the near
wake and stands for the lift acting on the cylinder.
ωs is the vortex-shedding frequency that is defined as
ωs = 2πst

Dt
U , where st represents the Strouhal number.

The values of λ and A are constants and are identified
from the experimental measurements whereasU repre-
sents the freestream velocity. The same flow conditions
without turbulence and same rangeofReynolds number
as Facchinetti et al. [28] are considered, and therefore
same values for the constants are utilized.

To derive a nonlinear reduced-order model of the
considered electromagnetic-piezoelectric VIV energy
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harvester, the Galerkin procedure is employed in order
to obtain an ordinary-differential equation having infi-
nite degrees of freedom instead of a partial-differential
equation.To this end, displacement of the piezoelectric-
electromagnetic energy harvester is expressed in the
following form:

w (x, t) =
∞∑
k=1

ϕ jk (x) fk(t) (11)

where ϕ jk (x) indicates mode shape and fk (t) are
modal coordinates of the cantilever beamwith tipmass.
The mode shapes of partially covered beam are used
in this study, as performed by Abdelkefi and Barsallo
[30]. For more details about determination of the exact
mode shapes of partially covered cantilever beam, the
reader is referred to the work presented in [30]. The
mode shapes are then normalized using the following
orthogonality conditions:
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Using Euler–Lagrange equationswhich are given by
the following relations:
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where Lg = T − U represents the Lagrangian and
η̇p = V p. The nonlinear reduced-order model of
such piezoelectric-electromagnetic energy harvesting

system subjected to vortex-induced vibrations can be
expressed as:
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In the above expressions, n denotes the number of used
modes in the Galerkin discretization.

3 System’s parameters impacts on the coupled
frequency and damping of the hybrid VIV
energy harvester

For understanding complete dynamics of the piezoele-
ctric-electromagnetic VIV energy harvesting system,
a linear analysis should be first carried out. In fact,
this type of analysis reveals valuable information about
the harvester’s predicted behavior. The current section
deals with examining the effects or impacts of different
parameters of the hybrid energy harvester including the
external load resistances, wind speed, and location and
mass of magnet on its coupled damping and frequency.
To this end, the nonlinear terms in the reduced-order
model presented in Eqs. (17)–(20) are neglected. Fur-
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thermore, only first mode in the Galerkin discretiza-
tion is considered in current linear analysis because the
harvester presented is designed for low wind speeds,
and hence for low shedding frequencies. The result-
ing equations are presented in the form of Ẋ = BX
where B is indicative of the linear state spacematrix and
X = [X1X2X3X4X5X6]t , where X1 = f1, X2 = ḟ1,
X3 = V p, X4 = s,X5 = ṡ and X6 = i e are the state
variables. The obtained linear matrix B of the govern-
ing equations of hybrid energy harvester is given by:

B =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0 0 0
−ω2 −2ςω − CDρ0Dt LDU

2 × ψ2 θ α 0 −CBLϕ(L0)

0 θ
Cp

−1
RpCp

0 0 0

0 0 0 0 1 0
−ω2

Dt
× A × ψ A/Dt × ψ ×

(
− CDρ0Dt LtU

2 × ψ2 − 2ςω
)

−A/Dt × ψ × θ −ω2
s + A

Dt
× ψ × α λωs − A

Dt
× CBL × ψ × ϕ(L0)

0 CBL × ϕ(L0)/Lc 0 0 0 − (Ri + Rc) /Lc

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(21)

where

ψ = ϕ (L) + Dt

2
ϕ′ (L) .

This matrix with its six eigenvalues λ1 to λ6 holds
important information about governing behavior of the
hybrid energy harvesting system. The first two eigen-
values λ1 and λ2 regulate the physics of the mechanical
system. They are complex conjugates for all the incom-
ing wind speeds with real part pointing to the coupled
damping of the hybrid VIV energy harvester, whereas
imaginary part is indicative of the system’s coupled
frequency. The fourth and fifth eigenvalues λ4 and λ5
correspond to the modified van der Pol wake oscillator
model that has been used. The two transducers used for
harnessing energy are responsible for λ3 and λ6 in lin-
ear state spacematrix B. These two eigenvalues always
remain real and negative because of dissipative effect
of their external and internal load resistances. Due to
our interest in understanding overall behavior of the
system, we present the effects or impacts of different
important governing parameters on hybrid energy har-
vester’s coupled damping and frequency. Both of these
quantities are of valuable interest in predicting the over-
all behavior of the VIV energy harvesting system.

3.1 External load resistances’ impact on the coupled
frequency and damping

The presence of electrical circuitries in the form of
transducers underlines the importance of analyzing

effects of the external load resistances on behavior of
the hybrid energy harvester. For a zero wind speed
U = 0m/s, the variations of the coupled damping and
frequency are shown inFig. 3a andb,where the external
load resistance Rp in the piezoelectric circuitry varies
from a short-circuit configuration to an open-circuit
one. It is observed that the coupled damping of the
hybrid energy harvester exhibits a maximum value for
a particular value of Rp that comes out to be almost

equal to 1.6 × 105 � for the considered parameters of
the system. It follows from plotted curves in Fig. 3a that
an increase in the electromagnetic-inductive load resis-
tance Ri is accompanied with a decrease in the magni-
tude of coupled damping of the hybrid energy harvest-
ing system. The difference in overall associated change
due to Ri on the coupled damping and frequency of the
hybrid energy harvesting system as compared to Rp is
attributed to the added resistive-shunt damping effect
because of the internal resistance of coil Rc and the
external load resistance in electromagnetic-inductive
circuit. Inspecting the plotted curves in Fig. 3a, it is
noted that higher values of Ri can drive the system to
a decreased coupled damping. This result is also evi-
dent from the plotted curves in Fig. 4a. The change in
coupled damping and frequency of system due to Rp

is far greater than Ri as evident from Fig. 4. The rea-
son as already stated is due to internal resistance of the
coil Rc. An important point to mention is that the cou-
pled frequency of system is not significantly affected
by Rp. A slight increase is observed between Rp = 104

and 106 �, when the coupled frequency increases from
27.28 to 27.84 rad/s as depicted in Fig. 3b. Moreover,
Ri has negligible effect on the coupled frequency, as
shown in Figs. 3b and 4b. Interestingly, the effect of Rp

on the coupled damping or frequency of the harvester
is far greater than Ri.

In VIV, coupled frequency of the system is of utmost
importance considering the fact that the synchroniza-
tion or lock-in only happens when shedding frequency
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(a) (b)        

Fig. 3 The variation of a coupled damping, b frequency as a function of piezoelectric load resistances Rp for different electromagnetic-
inductive load resistances Ri for a zero wind speed and when L0 = 110 × 10−3 m and m0 = 1 × 10−3 kg

(a) (b)

Fig. 4 The variations of a coupled damping, b frequency as a function of electromagnetic-inductive load resistances Ri for different
piezoelectric load resistances Rp, for a zero wind speed and when L0 = 110 × 10−3 m and m0 = 1 × 10−3 kg

ωs comes close to the hybrid energy harvesting sys-
tem’s coupled frequency. A change of coupled fre-
quency would have a significant impact on the oscil-
lating amplitudes of harvester as well as the levels of
harvested power from both transducers. The negligible
change of coupled frequencies as a result of varying
Rp and Ri is beneficial in terms of keeping the same
lock-in region. It is pertinent to mention that the piezo-
electric properties are exceptionally important in terms
of showing significant effect of the load resistance Rp

on coupled frequency of hybrid energy harvester. The
chosen piezoelectric layer properties limit the extensive

change in the coupled frequency as a result of change of
Rp, that is actually beneficial for efficient energy har-
vesting as synchronization region does not change for
the same shedding frequency andwind flow conditions.
Therefore, it can be deduced from the current analyses
that external load resistance values in the respective
circuits would actually govern only the amplitudes of
induced current in the electromagnetic circuit, gener-
ated voltage in the piezoelectric circuit and harvested
power from both transducers.
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(a) (b)

Fig. 5 The variations of a coupled damping, b frequency as a function of piezoelectric load resistance Rp for different masses of magnet
m0 when L0 = 110 × 10−3 m and Ri = 10�

(a) (b)

Fig. 6 The variations of a coupled damping, b frequency as a function of electromagnetic load resistance Ri for different masses of
magnet m0 when L0 = 110 × 10−3 m and Rp = 1.6 × 105 �

3.2 Location and mass of the magnet impact on the
coupled frequency and damping

The effect of mass of magnetm0 is depicted in Figs. 5a
and 6a and it is concluded that it has no significant effect
on the system’s coupled damping for different values of
Rp and Ri. Figures 5b and 6b show a very little change
(which is negligible) in the coupled frequency of the
system with use of magnet of different masses m0 for
different values of Rp and Ri. When it comes to the

different locations of the magnet on beam, the plotted
curves in Figs. 7 and 8 show that the placement of the
magnet has a negligible effect on the coupled frequency
of the hybrid energy harvester. On the other hand, the
plots in Figs. 7 and8 showa considerable increase in the
coupled damping of the system as the magnet is moved
away from the supported side, towards the free end,
i.e., tip mass. This behavior is attributed towards large
deflections of the beam that are predicted for locations
of the magnet closer to its free end and therefore high
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(a) (a)

Fig. 7 The variations of a coupled damping, b frequency as a function of piezoelectric load resistance Rp for different locations of
magnet L0 when Ri = 10� and m0 = 1 × 10−3 kg

(a) (b)

Fig. 8 The variations of a coupled damping, b frequency as a function of electromagnetic-inductive load resistance Ri for different
locations of magnet L0 when Rp = 1.6 × 105 � and m0 = 1 × 10−3 kg

resistive-shunt damping in the electromagnetic circuit
is obtained, as compared tomagnet’s placements closer
to beam’s clamped side.

It is concluded from the presented linear analysis
that placement of the magnet although does not change
harvester’s coupled frequency, strongly changes its
coupled damping owing to small or large resistive-
shunt damping in the electromagnetic circuit that
depends on placement of the magnet on the beam and
the coil in its close vicinity.

3.3 Wind speed impact on the coupled frequency and
damping

The effects of the wind speed on the coupled damp-
ing and frequency are extremely important, consider-
ing the fact that large amplitude VIV happens only
for a definite range of wind speeds. Figures 9 and 10
show the variations of the coupled damping and fre-
quency with respect to the incoming wind speed U . It
can be observed that when the wind speed is between
1 and 2.5m/s, the coupled damping shows maximum
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(a) (b)

Fig. 9 The variation of a coupled damping, b frequency as a function of incoming wind speed U for different piezoelectric load
resistances Rp when L0 = 110 × 10−3 m, Ri = 10�, and m0 = 1 × 10−3 kg

(a) (b)

Fig. 10 The variations of a coupled damping, b frequency as a function of incoming wind speed U for different electromagnetic-
inductive load resistances Ri when L0 = 110 × 10−3 m, Rp = 1.6 × 105 �, and m0 = 1 × 10−3 kg

values. When it comes to the coupled frequency, it can
be observed that it decreases up to U = 1.2−1.3m/s
and then shows an increase till around 1.9–2m/s, before
settling down to amore or less constant value as demon-
strated in Figs. 9b and 10b. These trends are plotted for
different values of Rp and Ri, and the impacts of the
external load resistances on the coupled damping and
frequencies for wind speed between 0 and 2.5m/s are
found to be similar to previous results; the only dif-
ference being that previous analyses of Figs. 3–8 were
performed with U = 0 m/s.

4 Hybrid piezoelectric-electromagnetic energy
harvester’s performance

4.1 Galerkin approach: convergence analysis

In order to utilize the developed nonlinear reduced-
order model and determine the hybrid energy har-
vester’s performance, a convergence analysis is first
performed by considering different number of modes
in the Galerkin discretization in the developedmodel in
Eqs. (17)–(20). The displacement of cylinder is calcu-
lated from Eq. (11) byw(L , t)where L is the length of
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the cantilever beam and is the location of the attached
tip mass from the fixed supporting end. The summation
for Eq. (11) is carried out for k = 1 to n where n is 7
and observing which mode onwards the response does
not vary. The same k = 1 to 7 is also performed for
Eqs. (17)–(20) as well, as Eqs. (11) and (17)–(20) are
coupled anyways. The harvested average power levels
in the piezoelectric circuit Pp avg, and in the electro-
magnetic circuit Pi avg, maximum piezoelectric gener-
ated voltage Vp or Vpmax, maximum electromagnetic
current i e, and the resulting maximum tip displace-
ment y of the cylinder are evaluated at different wind
speeds U for different number of modes n. It can be
concluded from Fig . 11a–e that considering only one
mode that is n = 1 in the Galerkin discretization, does
not accurately predict the response of the hybrid energy
harvester. In fact, it underestimates or overestimates the
behavior of the system. It is established from the results
that any number of modes greater than one can pre-
cisely estimate the performance of the hybrid energy
harvester. In the rest of this analysis, three modes in
the Galerkin discretization are considered. The conver-
gence at nmodesmeans, that the results of modes n−1,
n, n + 1. . . are the same. It is evident from Fig. 11 that
convergence reaches for three modes. It should also be
mentioned that for all the cases simulated and in the
sections that follow, Runge–Kutta is used for solving
Eqs. (11) and (17)–(20) for different wind speedsU . In
each simulation for solving Eqs. (11) and (17)–(20) for
a particular U , it is ensured that steady-state response
is reached by considering enough time. Only constant
increasing/forward steps in the wind speed are consid-
ered in the bifurcation/response diagrams to keep the
focus on the hybrid energy harvester performance.

4.2 External load resistance’s impact on the hybrid
energy harvester’s performance

The proposed hybrid VIV energy harvester with two
separate transductionmechanisms comeswith two sep-
arate electrical circuitries, each associated with its own
transduction mechanism. The prediction of the effec-
tiveness of the energy harvester’s operation would
be incomplete without investigating the effects of the
external load resistances on the response of the energy
harnessing system as demonstrated in the linear anal-
ysis as well. The linear analysis revealed a strong
effect of Rp and Ri on the coupled damping, that

pointed to an impact on the overall behavior of the
system.

It should be mentioned here, that the change in
incoming wind speed changes the qualitative dynamics
of the system, as the cylinder and beam only oscillate
with high amplitudes of oscillation for a certain range
of wind speed. The change in qualitative dynamics of
a system due to some governing parameter, which in
this case is incoming wind speed, is called bifurca-
tion and therefore a bifurcation diagram in the cur-
rent work refers to response of system versus incoming
wind speed. For analyzing performance of the hybrid
energy harvester as a result of a change of Rp in the
piezoelectric layer, fivedifferent Rp load resistances are
considered that vary from short- to open-circuit config-
urations with inductive load resistance Ri set equal to
10�. The bifurcation/response diagrams for the defi-
nite range of wind speeds in which the synchronization
or lock-in region takes place, and maximum response
that comes out would be the focus of interest. From the
linear analysis, it is already established that very less
(near to negligible) change in the coupled frequency
of the energy harvester is observed for a change of the
piezoelectric load resistance and virtually no change is
observed for a change in the electromagnetic-inductive
load resistance. Therefore, a shift of the synchroniza-
tion region for different values of external load resis-
tances is not expected. The concern is the strong effect
of the external load resistances on the coupled damping
of the system that is demonstrated in Figs. 9 and 10.
The definite range of wind speeds in which there is a
sharp change in the coupled damping comes out to be
between U = 1.2 and 1.9m/s based on the performed
linear analysis, and this is the focus of interest in all the
bifurcation/response diagrams that will be plotted.

It should be mentioned here that all analyses are
performed by using the developed nonlinear reduced-
order model of Eqs. (17–20). The predicted average
harvested piezoelectric power Pp avg, inductive power
Pi avg, maximum generated piezoelectric voltage Vp,
maximum electromagnetic current i e, and maximum
tip displacement y of the circular cylinder are plot-
ted in Fig. 12a–e with respect to the incoming wind
flow speed. All of these quantities besides Pp avg and
Pi avg, that are plotted here and in the rest of the paper,
are maximum and not root mean square (RMS). It can
be observed from Fig. 12e that the tip displacement y
shows a decrease from maximum when Rp = 103 �

up to minimum at Rp = 1.6 × 105 � going through
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(a) (b)  

(c)                                                                                  (d)

(e)

Fig. 11 The variation of response of the hybrid energy har-
vester for different number of considered modes in Galerkin
discretization a harvested piezoelectric power, b harvested
electromagnetic-inductive power, c harvested piezoelectric volt-

age, d harvested electromagnetic current, e displacement of
cylinder when L0 = 110 × 10−3 m, Rp = 1.6 × 105 �, Ri =
10�, and m0 = 1 × 10−3 kg

123



3322 U. Javed, A. Abdelkefi

the considered Rp = 4 × 104 �, for the range of
U in synchronization region. This is followed by an
increase in the tip displacement up to the open-circuit
configuration Rp = 108 � going through the consid-
ered Rp = 5 × 105 �. The tip displacement of the
circular cylinder is again maximum at Rp = 108 �.
These responses corroborate with the obtained results
in Figs. 3, 5, and 7 where it was pointed that a critical
load resistance (Rp = 1.6×105 �) takes place formax-
imumcoupled damping, and two different external load
resistances in the piezoelectric circuit can give same
magnitude of coupled damping of the hybrid energy
harvester. Furthermore, the electromagnetic current i e

and average harvested inductive power Pi avg show the
same trend as observed in the tip displacement of the
harvester. The reasonbehind this is that Ri is set equal to
10�. This tendency can be seen in Fig. 12b and d. The
maximum generated piezoelectric voltage Vp, on the
other hand, exhibits a trend where the voltage increases
from short- to open-circuit configuration of the exter-
nal resistance Rp. Interestingly, the average harvested
power Pp avg shows unique behavior as compared to
other already observed responses, where very low and
high Rp are giving low harvested power levels whereas
intermediate piezoelectric load resistances are found to
be suitable for harnessing maximum wind energy for
the wind speeds in the synchronization region.

The impact of the electromagnetic-inductive load
resistances on the performance of the hybrid energy
harvesting system is examined in Fig. 13a–e when
Ri = 10−2 �, 10�, 50�, 102 � and 103 � and set-
ting Rp = 1.6 × 105 �. The bifurcation/response dia-
gram of the tip displacement shows an increment for
an increase in Ri as was evident from the linear anal-
ysis that showed a decrease in the coupled damping.
The average harvested power Pp avg and maximum
generated voltage Vp across the piezoelectric circuitry
shows exactly the same trend as the tip displacement y,
because Rp is kept constant for the performed analyses.
When it comes to i e, it is demonstrated that it is maxi-
mum for a short-circuit configuration of Ri = 10−2 �

whereas it keeps on decreasing as the external resis-
tance is increased up to the open-circuit values. Inter-
estingly, the average harvested electromagnetic power
Pi avg is maximum for Ri = 10� or also exhibits a
high value for another intermediate resistance value of
Ri = 50�. The behavior of i e and Piavg is demonstrated
in Fig. 13b and d, respectively.

The performance analysis of the hybrid harvester
with respect to different piezoelectric and electro-
magnetic-inductive external load resistances was car-
ried out. It is observed that no shift or change in the
synchronization or lock-in region, that is average or
maximumamplitudes of responseswith respect towind
speeds, is observed as a result of change of Rp or Ri. It is
established that there are optimum values of the exter-
nal load resistances for respective electrical circuitries
that can maximize the harvested power in the proposed
hybrid arrangement, by vortex-induced oscillations.

4.3 Mass and location of magnet impact on the hybrid
energy harvester’s performance

The influence of the location andmass of themagnet on
the proposed hybrid energy harvester is investigated.
The linear results previously pointed to no effect of
the mass of magnet on both the coupled damping and
frequency. No effect of the coupled damping implies no
change in magnitude of the response of the harvester,
whereas no frequency change further indicates no shift
in synchronization region. In order to substantiate the
initial prediction of the effect of the magnet’s mass, a
nonlinear analysis is carried out using the developed
nonlinear reduced-order model.

The synchronization region for the wind speeds
which should be our focus of interest in the bifur-
cation/response diagrams is estimated from the lin-
ear analysis presented in Figs. 9 and 10. The incom-
ing wind speed changes the qualitative dynamics of
the system as the cylinder only oscillates with high
amplitudes of oscillation for a certain range of wind
speed. The change in qualitative dynamics of a sys-
tem due to some governing parameter, which in this
case is incoming wind speed, is called bifurcation
and therefore the response versus the incoming flow
speed diagrams in Fig. 14a–e are called bifurcation dia-
grams. It should be mentioned that the linear analysis
was performed with m0 = 1 × 10−3 kg, but Figs. 5
and 6 that see the variation of m0 are not forecast-
ing a change of coupled frequency and therefore no
shift in synchronous region anyways. Consequently,
the bifurcation/response diagrams of the hybrid energy
harvester are recorded for three different considered
masses, namelym0 = 1×10−3 kg,m0 = 3×10−3 kg,
m0 = 5 × 10−3 kg for a definite range of wind speeds
established before. It is demonstrated in Fig. 14a–e that
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(b)(a)

(c) (d)

(e)

Fig. 12 Bifurcation diagrams of the hybrid energy harvester for
different piezoelectric load resistances a harvested piezoelectric
power, b harvested electromagnetic power, c generated piezo-

electric voltage, d generated electromagnetic current, and e dis-
placement of the cylinder when Ri = 10�, L0 = 100×10−3 m,
and m0 = 1 × 10−3 kg

there is no effect of the mass of magnet even when it
is increased from 1 to 5g. This result is exceptionally
important and useful considering the fact that for effec-
tive energy harvesting,masses ofmagnet can be chosen

freely (between 1 and 5g), without any concerns about
its negative impact on the magnitude of the harvested
power in both piezoelectric and electromagnetic cir-
cuitries.
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(a) (b)

(d)(c)

(e)

Fig. 13 Bifurcation diagrams of the hybrid energy harvester
for different electromagnetic load resistances a harvested piezo-
electric power, b harvested electromagnetic power, c gener-

ated piezoelectric voltage, d generated electromagnetic current,
and e displacement of the cylinder when Rp = 1.6 × 105 �,
L0 = 100 × 10−3 m, and m0 = 1 × 10−3 kg

The cantilever beam with piezoelectric layer on one
side is considered in this study as already discussed.
This gives room to place the magnet on any location
of the beam and the electromagnetic coil in its vicinity.
The placement of the magnet on the harvester beam

is examined in order to understand the response and
the dynamics of the system. The linear analysis pre-
sented in Figs. 7 and 8 shows that the coupled damping
increases as themagnet is placed closer to the tip end of
the cantilever beam. It was indicated that the coupled
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(a) (b)

(d)(c)

(e)

Fig. 14 Bifurcation diagrams of the hybrid energy harvester for
different masses of the magnet a harvested piezoelectric power,
b harvested electromagnetic power, c generated piezoelectric

voltage, d generated electromagnetic current, and e displace-
ment of the cylinder when Rp = 1.6 × 105 �, Ri = 10�, and
L0 = 110 × 10−3 m

frequency of the system remains virtually unaffected
and hence it is predicted that no considerable shift in
the synchronous region happens. As stated, it is shown
from the obtained linear analysis results that the cou-

pled damping is strongly affected by the location of the
magnet. Hence, a huge impact/effect on the magnitude
of responses of the hybrid system is expected.
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(a) (b)

(d)(c)

(e)

Fig. 15 Bifurcation diagrams of the hybrid energy harvester
for different locations of the magnet a harvested piezoelectric
power, b harvested electromagnetic power, c generated piezo-

electric voltage, d generated electromagnetic current, and e dis-
placement of the cylinder when Rp = 1.6 × 105 �, Ri = 10�,
and m0 = 1 × 10−3 kg

The output responses of the system are plotted with
respect to the wind speeds in Fig. 15a–e when L0 =
0.2 L, L0 = 0.4 L, L0 = 0.6L, and L0 = 0.8L. A
careful examination reveals that sharp increase in the
coupled damping, as a result of shifting the magnet

position away from the supporting end of the beam, is
translated into a decrease in the tip displacement of the
oscillating tipmass cylinder, as shown inFig. 15e.More
importantly, it should be noted that this increase in the
coupled damping and decrease in the displacement as
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L0 is increased is also accompanied by a decrease in
the harvested piezoelectric power Pp avg and generated
voltage Vp as depicted in Fig. 15a and c. The voltage
Vp decreases from peak voltage of 15.2–5.8V in the
synchronization regions which translate into 720µW
and105µWofaverage power Pp avg, respectively,when
the location of magnet is moved from 0.2 to 0.8L away
from supporting end of the beam. Interestingly, the gen-
erated electromagnetic current i e and power Piavg have
an opposite effect where both of them show a consid-
erable increase as the magnet is shifted closer to the
tip mass away from the beam support, as depicted in
Fig. 15b and d. It is noted that maximum generated
i e shows an increase from nearly 0.5mA to around
4mA, whereas harvested inductive power Pi avg shows
an increase from an average power of 1.31 to 82µW
in the synchronization region. These opposite trends
in piezoelectric and electromagnetic circuitries are evi-
dent. Indeed, as large transverse deflections of the beam
appear near and at the tip mass of the beam, and as
the magnet is attached closer to the tip of the beam,
higher amount of current and correspondingly har-
vested inductive power are obtained. This large drawn
current across the electromagnetic transducer increases
the coupled damping of the system due to the pres-
ence of the coupling term CBlϕk (L0) i e in Eq. 17, that
consequently decreases the generated voltage Vp and
harvested power Pp avg of the piezoelectric transducer.

It is established that the magnet location is of utmost
importance for an efficient design of a hybrid energy
harvesting system. The increase in the harvested elec-
tromagnetic power by a closer placement of magnet to
the tipmass comes at the expense of decreasing the har-
vested piezoelectric power. Therefore, a careful choice
of the magnet placement is needed in order to ensure a
continuous supply of power from two different devices
according to their separate required needs.

4.4 Relationship between the hybrid energy
harvester’s performance and the input parameters

Aeroelastic energy harvesters are designed to be oper-
ated in well-defined locations and for specific environ-
mental conditions. A careful selection of the designed
parameters ensures efficient energy harvesting for a
particular place with a particular range of wind speeds.
In order to make that choice of right parameters, a care-
ful analysis which determines the effects of the criti-

cal parameters should be carried out while consider-
ing operational wind speeds. The proposed VIV hybrid
energy harvester has been shown to be strongly depen-
dent on the external load resistances and the placement
of the magnet. In order to determine the effects of the
external load resistances on the behavior of the energy
harvester, individual responses are plotted as a func-
tion of these two external resistances for different wind
speeds within the synchronization region, that is the
region of interest for energy generation purposes. The
hybrid energy harvester’s response for different wind
speeds gives an insight in the system’s behavior, which
would help in choosing the optimum range or values of
the external load resistances for a specific wind speed
for effective energy harvesting.

The different responses of the hybrid energy har-
vesting system with respect to the external piezoelec-
tric load resistance Rp are plotted in Fig. 16a–e. It fol-
lows from these plotted curves that maximum aver-
age piezoelectric power Pp avg is obtained for two dif-
ferent values of Rp. This behavior is consistent for
different considered wind speeds in the synchroniza-
tion region. The behavior of the generated voltage
Vp is rather different where it increases, from short-
to open-circuit values of Rp. It is observed that an
increase in Rp 104 � to 107 � is accompanied by a
sharp increase in Vp whereas it stabilizes after that.
When it comes to the harvested electromagnetic power
Pi avg, electromagnetic current i e, and the tip displace-
ment y of the harvester, a sharp decrease and increase is
observed between 104 � to 107 � that is explained due
to the increase in the coupled damping of the system
between these external piezoelectric load resistances as
explained by the linear analysis in Figs. 3, 5 and 7. An
increase in the wind speed only increases the magni-
tude of the responses with the overall qualitative trend
remaining the same. The same behavior of Pi and i e

is also explained because the external electromagnetic
load resistance during the whole analysis is kept con-
stant as Ri = 10�.

The trends of harvested power, generated voltage,
induced current and tip displacement of the energy har-
vester, y, with respect to the electromagnetic load resis-
tance Ri, for three different wind speeds are plotted in
Figs. 17a–e. It is interesting to observe that Pp avg, Vp,
and y are showing an increase with increase in Ri, that
is agreeing with the decrease in the coupled damping
as Ri is increased from its short- to open-circuit val-
ues. This reason is also explained because Rp is kept
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(a) (b)

(d)(c)

(e)

Fig. 16 Variations of the response of the hybrid energy har-
vester as a function of the external piezoelectric load resistance
for different considered wind speed values a harvested piezo-
electric power, b harvested electromagnetic power, c generated

piezoelectric voltage, d induced electromagnetic current, and e
tip displacement of the system for Ri = 10�,m0 = 1×10−3 kg,
and L0 = 110 × 10−3 m

constant at Rp = 103 �. Theharvested electromagnetic
power Pi avg, on the other hand, shows a peak at a partic-
ular Ri. This maximum Pi avg of 95µW is obtained for

external resistances between Ri = 16� and 18�when
U = 1.8m/s. The reason of these particular external
load resistances Ri responsible for maximizing Pi avg
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is explained due to their closeness in value with inter-
nal resistance of the coil that is kept at Rc = 16�.
This behavior remains persistent with other considered
speed values in synchronization region as well. Impor-
tantly, very low and high values of Ri generate very
low powers in the electromagnetic circuitry. When it
comes to flow of current i e in the electromagnetic cir-
cuitry, Fig. 17d depicts its variation with respect to Ri.
The external load resistances of Ri where on the one
hand produce maximum flow of current i e for its short-
circuit configuration, produceminimumvalues once Ri

is increased to an open-circuit configuration. Values of
Ri between 1 and 100� sharply reduce the i e from 6
to 1mAwhenU = 1.8m/s, whereas the decrease from
100� to open-circuit value is rather gradual. It should
bementioned that the behavior of all the responses with
respect to the external electromagnetic load resistances
is qualitatively same for wind speeds in the synchro-
nization region that is the zone of interest for energy
harvesting purposes.

The dependence of performance of proposed hybrid
harvesterwas investigatedwith the variation of external
load resistances on individual outputs. It was demon-
strated that a careful choice of the external load resis-
tances in respective circuitries of transducers max-
imizes power outputs and would result in efficient
energy harvesting.

5 Comparative analyses between hybrid
electromagnetic-piezoelectric VIV energy
harvesters and their classical counterparts

The idea of simultaneous use of two different trans-
duction mechanisms utilizing VIV oscillations needs
further scrutiny to conclude its effectiveness. In order
to understand the limitations and benefits, a hybrid
transduction utilizing VIV has to offer, a compara-
tive study is performed between hybrid VIV energy
harvester under investigation and their pure classical
counterparts. Two different transduction mechanisms
working simultaneously under wind flow increase the
overall coupled damping of the system as compared
to a pure classical piezoelectric VIV (PE) or a pure
classical electromagnetic VIV (EM). This is due to
the presence of the resistive-shunt damping effect from
both transducers. It should be mentioned that a classi-
cal harvester here refers to a single functioning trans-
ducer being present and used on the harvester. There-

fore, a qualitative as well as quantitative comparison
between piezoelectric circuitry of hybridVIV (PH) and
PE, as well as electromagnetic circuitry of hybrid VIV
(EH) and EM needs to be drawn and discussed. Fur-
thermore, a hybrid VIV energy harvester can be oper-
ated for pure piezoelectric energy harvesting by short
circuiting the electromagnetic circuitry (PHNE). This
actually implies that there is a nonfunctional magnet
and electromagnetic circuitry on the energy harvester.
This case is not separately considered in this study as
the mass of the magnet does not affect the system’s
response as demonstrated above. Therefore, this case
is the same as PE. Similarly, hybrid energy harvesting
system can be used for pure electromagnetic energy
harvesting by short circuiting the piezoelectric trans-
ducer (EHNP). This case is really important as this
means that the piezoelectric layer is physically attached
to the cantilever beam but due to short-circuit in its
circuitry, only electromagnet transduction is working.
The working of EHNP would be totally different than
pure classical EM because the natural frequency of the
dynamical system changes due to the physical presence
of a nonfunctional piezoelectric layer, and therefore a
shift in the synchronization region is expected for sim-
ilar flow conditions. This EHNP in Figs. 18 and 19 is
referred to as “Power by EM (with piezoelectric layer)”
and represented by a black dotted line. In order to sim-
ulate all the different cases of PE, EM, PH, EH, PHNE
and EHNP, the parameter values of Table 1 are used as
required. For instance, PE as mentioned refers to a pure
classical piezoelectric VIV. In this configuration, there
is no need to use electromagnet transducer’s properties
fromTable 1 as compared to a case of PH andEHwhich
requires us to use all the parameter values of Table 1.
The same goes for the rest of the cases.

The power output of a classical piezoelectric VIV
harvester (PE) is compared to that of a piezoelectric
transducer of the proposed hybrid VIV mechanism
(PH) for Rp = 1.6 × 105 � in Fig. 18a. Clearly, the
power generated by PH is a little less than its clas-
sical counterpart PE. The Ri is kept at a value of
10� for hybrid VIV and could have been fixed at
any other random value to draw a comparison with
a sole working classical piezoelectric harvester. The
same hybrid energy harvester electromagnetic circuitry
(EH) power Pi avg is compared to that of a classi-
cal EM harvester solely working with an electromag-
net. The EM VIV system with no piezoelectric layer
exhibits a totally different coupled frequency as com-
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(a) (b)

(d)(c)

(e)

Fig. 17 Variations of the response of the hybrid energy harvester
as a function of the external electromagnetic load resistance for
different considered wind speed values a harvested piezoelectric
power, b harvested electromagnetic power, c generated piezo-

electric voltage, d induced electromagnetic current, and e tip
displacement of the system for Rp = 103 �, m0 = 1× 10−3 kg,
and L0 = 110 × 10−3 m
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(a) (b)

Fig. 18 Comparison between the bifurcation diagrams of the hybrid energy harvester and its classical counterparts when Rp =
1.6 × 105 �, Ri = 10�, m0 = 1 × 10−3 kg and L0 = 110 × 10−3 m

(a) (b)

Fig. 19 Comparison between the bifurcation diagrams of the hybrid energy harvester and its classical counterparts when Rp = 103 �,
Ri = 10�, m0 = 1 × 10−3 kg and L0 = 110 × 10−3 m

Table 2 Comparison between the coupled frequency of a fully functional hybrid energy harvester and classical energy harvesters PE
or EM as well as hybrid with nonfunctional piezoelectric EHNP or electromagnetic circuit PHNE

PE EM EHNP PHNE PH

Rp = 103 � and Ri = 10� 27.28 18.08 27.28 27.28 27.28

Rp = 1.6 × 105 � and Ri = 10� 27.56 18.08 27.28 27.56 27.56

pared to its hybrid counterpart with a piezoelectric
layer. Table 2 highlights this fact and it can be seen
that EM shows a reduced frequency of 18.08 rad/s as

compared to the proposed two transducers hybrid VIV
configurationwhich exhibits a natural frequency equals
to 27.56 rad/s. This behavior means that a smaller shed-
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ding frequency, ωs = 2π×st×U
D , is required for the EM

to generate energy in the synchronization or lock-in
region, as evidently shown in Fig. 18a. The electromag-
netic power generated by electromagnetic-inductive
circuitry EH is far less than EM. This is predicted
because the coupled damping of the system is increased
due to the presence of a piezoelectric layer that is also
generating power in piezoelectric circuit. More impor-
tantly, as described above, if the hybrid energy har-
vester is used as a pure EM by short circuiting piezo-
electric layer that is EHNP, then the coupled frequency
of the system remains the same as of a hybrid one.
Figure 18b demonstrates the harvested electromagnetic
power Pi avg from this EHNP with a nonfunctioning
piezoelectric layer is larger than both its counterparts
EH and EM ones.

The plotted curves in Fig. 19a and b show compar-
ison between the bifurcation diagrams of the hybrid
energy harvester and its classical counterparts when
Rp = 103 � and Ri = 10�. The harvested piezoelec-
tric power from PH again comes out to be lower than
its sole working classical piezoelectric VIV counter-
part that is PE. For harvested electromagnetic power
Pi avg, pure classical EM again shows a shift in the syn-
chronous region and lower wind speed is required to
harvest energywhereas power generated byEH is again
smaller than that ofEHNPwith both of themsharing the
same synchronization region that is same wind speed
range. The only difference is that EH is only a fraction
smaller in magnitude than EHNP and greater than clas-
sical EM. The different coupled frequencies exhibited
by these systems are presented in Table 2.

A comparison is carried out between hybridVIVand
single transducer working harvesters. It is concluded
that if the external load resistances are carefully cho-
sen, then, the energy generated from the proposed VIV
working in hybrid arrangement produces nearly same
power as a classical piezoelectric harvester whereas it
can produce greater power from the electromagnetic
circuitry as compared to its classical sole electromag-
netic counterpart. Moreover, if the hybrid energy har-
vester is made to function with a single transducer by
short circuiting the other one, then, the power generated
would be more than the prior hybrid one. Neverthe-
less, the importance of VIV hybrid energy harvesters
for powering multiple electronic gadgets as compared
to individual classical harvesters is clear. The average
power required by civil engineering application sensors
and health monitoring gadgets are in the order of 1µW

to 1000 µW [1–4]. If more than one electronic gadget
need to be fed with electrical power, individual piezo-
electric and electromagnetic energy harvesters would
cover more space whereas a hybrid energy harvester is
effective in saving space as well as producing compara-
ble levels of harvested power as compared to classical
counterparts.

6 Conclusions

Energy harvesting by converting vortex-induced oscil-
lations of a circular cylinder was investigated by
simultaneously using piezoelectric and electromag-
netic transductionmechanisms. The hybrid energy har-
vester is composed of a piezoelectric cantilever beam
with a tip mass circular cylinder and a magnet placed
on the beam. The magnet has a coil placed in its close
vicinity. The nonlinear reduced-ordermodelwas devel-
oped, and numerical study was performed by varying
different parameters and drawing parallel between the
proposed hybrid configuration and its classical pure
piezoelectric and electromagnetic-inductive counter-
parts. This hybrid energy harvester’s response came
out to be significantly dependent on the external load
resistances present in the respective circuitries as well
as the location of the magnet on the beam. The mass
of the magnet was found to have negligible impact on
the response of the hybrid energy harvester. It was also
indicated that a careful choice of the piezoelectric layer
properties can minimize the effect of the external load
resistances on the coupled frequency of the harvester
and enable the hybrid energy harvester to work effec-
tively in a range of wind speeds. It was also demon-
strated that a smart selection of the external load resis-
tances helps achieve similar piezoelectric and electro-
magnetic levels of harvested power from the proposed
hybrid configuration for powering multiple electronic
devices instead of using many individual single oper-
ating harvesters.
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