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Abstract The fault detection filter (FDF) design
problem of a class of time-delayed and nonlinear
Markovian jumping systems (MJSs) is considered. The
delays in this paper are mode-dependent and time-
varying. Using the Takagi—Sugeno fuzzy (TSF) mod-
eling methods, the relevant TSF-MJSs related to the
TSF-FDF model are obtained. Through introducing a
reference residual model, the FDF design scheme can
be derived as an H-filtering formulation. By selecting
a suitable mode-dependent time-delayed Lyapunov—
Krasovskii functional (LKF), we get sufficient condi-
tions through which the stochastic stability of the TSF-
MJSs can be guaranteed. Then in terms of linear matrix
inequalities techniques, the fuzzy FDF design scheme
can be derived as an optimization one. A simulation
example is demonstrated as last to illustrate the feasi-
bility of the studied methods.
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1 Introduction

We know that nonlinearities and time-delays, which
are non-ignorable features of various engineering sys-
tems, might result in terrible deterioration of stability
and control effectiveness of many real processes. Over
the past few decades, the researches on such dynam-
ical systems with nonlinearities and time-delays have
been extensively given attention in control science and
engineering field. Many results have been arrived at in
this studied issue, see, for instance, [1-3] and the rele-
vant references. Recalling these results related to non-
linear dynamics, Takagi—Sugeno fuzzy (TSF) models
[4] have received considerable attention. We always use
TSF model to represent the local linear relations related
to the input—output terms of some nonlinear dynamics.
By the fuzzy membership functions, the relevant TSF
model gives a feasible framework to express the non-
linear plant by a series of local linear submodels. Many
research results of nonlinear systems modeled by TSF
representation have been studied on stability, robust
stabilization, controller synthesis and state estimation,
see [5-9] and the relevant references.

As a kind of important stochastic hybrid systems,
Markovian jumping systems (MJSs) is one of the hot
research topics in the past three decades. MJSs contains
two factors. The first one is the modes represented by a
Markov stochastic process; the second one is the states
described by the time-domain differential (or differ-
ence) equations. Many results related to the stochastic
stability (i.e., almost surely stability), controllability
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and robust filtering problems of MJSs have been widely
studied, see for example, [10-17] and the relevant refer-
ences. When we study MJSs or use MJSs to model some
dynamics, we need to consider the time-delays owing
to the inherent features. In most research of MJSs, the
delays are mode-independent or the delayed modes are
assumed to be the same as the system modes. In fact,
some time-delays are mode-dependent. In this case,
the delay modes might not be the same as the system
modes, and the mode-dependent delays might not cause
abrupt changes. When MJSs exist as mode-dependent
time-delays, the research will be more interesting and
challenging in theory and practice aspects.

On another research from line, the fault detec-
tion (FD) problem has regained a hot attention in
recent years due to the high reliability and high safety
demands of modern industrial process. Among the fault
detection methods, model-based fault detection [18, 19]
is an active one. In the model-based fault detection
process, we can design a parameter/state estimator to
generate residual signals and to construct a evaluation
function of the residual signals. Then we can set a pre-
set threshold of the residual evaluation function and the
residual signals. In fault detection process, an alarm of
fault will generate if the evaluated function response
exceeds the given threshold. In this paper, we con-
sidered the H, filtering-based model fault detection
scheme. In the Hy filtering formulation, the given Hyo-
norm from external disturbances to residual signals is
used to estimate the influence of disturbance inputs and
the system sensitivity to faults. Motivated by these,
the Hy, filtering formulations have been proposed to
detect the faults for uncertain systems [20,21], non-
linear systems [22,23], time-delayed systems [24,25]
and MJSs [26-34], etc. In [26,27], the observer-based
robust fault detection method and the H-filtering for-
mulation were, respectively, constructed to obtain the
fault detection filter (FDF) for linear MJSs. Consider-
ing the H,/ H_ setting methods, the robust FDF design
problem of stochastic uncertain nonlinear time-delayed
MIJSs was studied [28]. Based on the Hy, filtering-
based fault detection formulation, the FDF design prob-
lems were, respectively, studied for discrete-time MJSs
[29] and mode-dependent time-delayed MJSs [30]. For
more results on the FDF design of MJSs, we refer inter-
ested readers to [31-34] and the relevant references.

This paper considered the FDF design problem of
time-delayed TSF-MJSs. The delays are considered
to be time-varying and mode-dependent. By selecting
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an appropriate weighting matrix function, the jump-
ing fuzzy FDF systems and the Hyo-filtering formu-
lation residual generator are constructed. We aim to
find a suitable FDF which derives a minimal differ-
ence between the ideal solution of the reference model
and the real result of the designed FDF. A sufficient
condition related to the designed FDF is obtained to
guarantee the stochastic stability of the resulting TSF-
MISs and satisfy the given Hy, index to against exter-
nal disturbances, nonlinearities and time-delays. The
design scheme is proposed and proved in terms of lin-
ear matrix inequalities (LMIs) algorithms and a simu-
lation example is derived to demonstrate the feasibility
of the presented methods.

In this paper, the states are driven by the random pro-
cess {r;, ¢ > 0} which are taking values on the finite
set 71 = {1,2,..., Ni}. The time-delays are vary-
ing and mode-dependent and are driven by the ran-
dom process {/;, ¢t > 0} which are taking values on the
finite set > = {1, 2, ..., Na}. In the process, these
two random processes are mutually independent. In
fact, if the delays are mode-dependent, the modes of
delays are always different with the modes of systems.
For convenience, some published results assume that
the delay modes are the same as the system modes,
see for example, [35,36] and the references therein.
It is obviously difficult to conduct the FDF design
research on MJSs with varying and mode-dependent
delays. When we design the fuzzy FDF, we choose the
Lyapunov—Krasovskii functional (LKF) candidate as
mode-dependent case, which is driven by the random
processes {r;,t > 0} and {/;,# > 0}. By choosing an
appropriate LKF, a mode-dependent sufficient condi-
tion is derived to prove that the resulting TSF-MJSs
is stochastically stable (SS) and satisfy the given Hy
index formulation. The designed algorithms and the
numerical example also illustrate the contribution of
the designed results.

Notations In this paper, 0" represents the
n-dimensional Euclidean space; "> represents the
n x m-dimensional matrices; A~ and AT, respectively,
represent the inverse and the transpose of matrix A;
diag{A1, A2} denotes the block-diagonal matrix of A;
and A2; omin(A) and omax (A), respectively, denote the
minimal and maximal eigenvalues of A; || repre-
sents the vectors’ Euclidean norm; E {*} denotes the
expectation of the relevant stochastic process or vec-
tor; |lx(¢)]l2,g denotes the mean square norm, where
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¥k = E [° T (0x(dr: P > 0 (P < 0)
denotes a negative (or positive)-definite matrix; / and
0, respectively, denote a unit matrix and a zero matrix
with appropriate dimensions; “x”” denotes the symmet-
ric matrix.

2 Problem formulation

To obtain a Takagi and Sugeno [4] fuzzy dynamic,
the principal methods are used to linearize the system
trajectories through different operating points and the
optimization methods are used to minimize the relevant
identification errors. In this paper, the linear model is
derived by the so-called IF-THEN rules and then used
to design the FDF for a class of TFS-MJSs. Given a
probability space (¥, I', P,), where ¥ represents the
sample space, I" represents the algebra of events and
P, represents the measure probability defined on I".
Consider a class of TFS-MJSs defined in (¥, I, P;)
which is described by:

System Rule 7:
IFo;(2)is F{,a(t)is F},and ...,ak (t)is F;, THEN:

x(t) = Ar(m)x(t) + Acr(mo)x[t — ()]
+ B (m)u(t) + Bar(m)d(t) + Byr(my) f (¢)
y(@) = Cr(mp)x(t) + Cor(mo)x[t — ()]

+ Dgy(m)d(t) + Dyr(my) f (1)
x(1) =ai(t), m=ax(), i =ast),

te[—fl 0], r=1,2....5.

ey

where x(t) € N" represents the state, y(r) € R"
represents the measured output, u(r) € R repre-
sents the controlled input, d(¢) € Lg [0 +oo) rep-
resents the external disturbance, f(f) € N7 rep-
resents the detected fault. oy (1), a2 (1), ..., o (1)
represent the premise variables which can be avail-
able. Fy, r = 1,2,...,L, k = 1,2,...,K rep-
resent the fuzzy sets, L represents the numbers of
the fuzzy rules. A,.(m;), A¢r(m;), Br(ms), Bgr(m;),
Bfr(mt)a Cr(my), Cyr(my), Dgr(my), Dfr(mt) are
known compatible matrices. aj (¢) is the initial vector-
valued condition whichis definedon[ —7; 0], where
71 = max {7y, i; € o ={1,2,...,8}}; ax(t) and
az(t) are, respectively, the dependent initial modes.

7(i;) is the time-varying and mode-dependent delay
satisfying:

0<m<t(@)<ti<oo, t@i)=<mi<Il (2

Define the stochastic processes {m;, t > 0} and {i;, r > 0}
as two continuous-time and discrete-state Markov pro-
cesses which take values on two finite sets 77 =
{1,2,...,81}and T = {1,2,...,S2}. The relevant
transition rate matrices are Ay = {m,,}, m,n € 1}
and Ay = {m;;}, i, j € 1>, respectively. We assume
that {m,, t > 0} and {i;, t > O} are mutually indepen-
dent. In this paper, we obtain the transition probability
of stochastic Markov process {m;, t > 0} from mode
m at time ¢ to mode n at time ¢ + At as:

Py = Py {rt-i-At =nlr, =m}

) mn At + 0 (A1),
T 1+ mun At +o0 (AL,

ifm#n
ifm=n

3)

and similarly we can get the transition probability of
stochastic Markov process {i;, t > 0} as:

Pi = Pi{ripne = jlre =1}

| mijAr+o(Ar), ifi #j )
B 14+ miiAt+o0(At), ifi=j
o(AD)

where At > 0 and lim i
At—0

mij > 0) represents the transition probability rates
from mode m (or i) at time ¢ to mode n (or j) at

S
time t + Ar. Then we have )

= 0. mu, > 0 (or

and Zfzzl,j;éi Tij = — .

For convenience, A,(m;), A (m;), B.(my),
By (my), Bfr(mt), Cr(my), Crr(my), Dgr(my),
Dy, (my), x[t — ©(i;)] are denoted as A, (m), A, (m),
By(m), Bgr(m), Byr(m), Cr(m), Cry(m), Dgy(m),
D ¢y (m), x[t — ©(i)] respectively.

We let a(t) = [o1(t) on(t) ag(t)] and
assume that the available variables only depend on the
states. Applying the standard fuzzy singleton infer-
ence approach, i.e., a singleton fuzzifier to derive a
fuzzy inference and weighted center-average defuzzi-
fier [4,5,7-9,23,25,28,37-41], we have the TSF-MJSs
as:
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L
£0) = 2 hele @A (m)x ()
+ Agr(m)x(t — 7(1)) + By (m)u(t)
+ By, (m)d(t) + By (m) f(1))
L
y(©) = 3 hrla] (G (m)x(0) )
+ Cop(m)x(t — 7(1)) + Dar (m)d (1)
+ D m) f(1))
x(t) =ai(t), m;=ax(t),
i =a3), te[-1 0],
r=12,...,L.
where

hola)] = —vrle@]
rla(®)] ol ]

. (6)
vrle()] = M F{lox(0)]

and F[og(#)] represents the membership grade of
ay (1) with v, [a(r)] = 0and - v, [a(1)] > 0. Then,
it is always assumed that:

L
S hela()] = 1,
r=1
0=<hla@®] =1,

(7
r=1,2,...,L.

In order to detect f(¢), we aim to design a suitable
FDF of the TSF-MISs (5). Before designing the FDF,
we need the following definitions.

Definition 1 The TSF-MIJSs (1) (letting u(t) = 0

d(t) =0, f(r) = 0) is SS if, for x(t) = a;(t),m; =
a>(t), i; = az(t), we have:

T
lim E{/ Ilx [tvmtait]”zdt
T—o0 0

x(t) = al(t)} < Q.

(®)
Definition 2 [10] In Euclidean space {R" x 77 x T3 X
N4}, we select a positive stochastic functional as
Vix(t),m; =m,i; =1i,t > 0] and we can define the

relevant weak infinitesimal operator of V [x(t), m, ]
as:

SV [x(1), m, i]
1 .
Jlim [ E(V G+ A ey are i a0 (),

me=m,i; =i} — V(x(t),m,i)]. 9)
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In the following, we construct the jumping fuzzy FDF
as:

Filter Rule r:
IFa;(t)is F!,ay(t)is Fy,and ... ,ag (t)is Ft, THEN:

Xp(t) = Ap,(m, Dxp(t) + Bp,(m, )y(t)
gr(t) = Cpr(m,D)xp(t) + Dp,(m,)y(t)  (10)
xp(t) =0.

Then, the relevant fuzzy FDF dynamic model is derived
as:

L
Xp®) =3 hlaO1[Apr(m, D)xF (1)

r=1

+ Bpr(m, i)y(0)]

L 11
gr(1) = ;hr[a(t)][CFr(m,i)xF(t) (v
+ Dpr(m,i)y(0)]
xp(t) =0.

where xp(t) € N" represents the filter state, gr () €
N represents the filter output, Ap,(m, i), Br,(m, i),
Cpr(m,i), Dp,(m, i) are the designed filtering param-
eters for each value m € 17,1 € 71>.

To detect the faults, we introduce a suitable stable
weighting matrix function W (s) to improve the per-
formance and to identify the detected faults. We set
Wy (s) as a full rank, diagonal or identity matrix. In
some published results [21,26], we always give the ref-
erence residual model with the following form:

8r(s) = W) f(s). 12)

We can get the minimal realization of W (s) as:
{ xp(t) = Awxp(t) + Bw f (1) (13)
8r(t) = Cwxys(t) + Dw f(1).

Denote i, [a(t)] as h,, and define e(t) = x(t) —xp (1),
g(t) = gr(t) — gr(t). The resulting TSF-MIJSs are
given as:

() = Ape(m, DEW) + Agp(m, DI [t — T(0)]
+ By (m, DHw(t)
g(t) = Cram, DEW) + Copp(m, HE[1 = ()]
+ Dyi(m, Hyw(r)
(14)
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x(1) u(t)
where x(t) = | e(®) |, w()=| d() |,
xr(1) @)

L L
Appm, i) = Zhr th
r=l k=l

Ar(m) 0 0
X | Ap(m) = App(m, i) = Bpp(m,i)Cr(m) App(m,i) 0
0 0 Aw

L L Arr(m) 00
Agrrm.iy = > hy Y g | =B, (m,)Co(m) 0 0 |,
r=l1 k=1 0 00
R L L
Byx(m.i)y =Y hy Y Iy
r=1 k=1
By (m) By (m) By, (m)
X 0 =Bp,(m,i)Dgr(m) —Bp,(m,i)Dgr(m) |.
0 0 By

L L
Crp(m,i) = Z hy Z h

r=l1 k=1

x [Cpy(m, i) + D, (m,)Cp(m)— Cp(m, )Cyy ],

L L
Corpni) = Y he Y i [ Dy i)Coxm) 0 0],
r=1 k=1

L L
Duglm, iy = > e Y Iy
r=l1 k=1

%[0 Dpron.i)Dgm) Dy m. YD pim) — Dy |-

Remark I The weighting matrix function Wy (s) is
introduced to limit the interval of frequency. By the
weighting matrix function, the faults can be identified
and the relevant performance of the detected systems
can be improved. By introducing the reference resid-
ual dynamic g7 (s), the optimization criterion of the
fuzzy FDF dynamic (11) is the worst case distance
between the real solution (i.e., the generated residual)
and the ideal solution (i.e., the reference residual sig-
nal). Meanwhile, the minimization of the worst case
distance with respect to Hy, norm provides robustness
by the designed FDF.

Throughput analysis, the design problem of the
fuzzy FDF dynamic (11) is derived as an Hyindex
formulation and model matching problem, i.e., find
suitable filtering parameters Apg,(m,i), Bp,(m,i),
Cpr(m,i), Dp,(m, i), satisfying the following two
objectives:

(a) The resulting TSF-MIJSs (14) should be stochasti-
cally stable, i.e., almost asymptotically stable;

(b) Given a scalar y > 0, the index formulation J (w)
is made small:

g0 ll2p

J(w) = LoVTE 15
) wely,wn£o w2 ~ ()
where lgloe = \JE [ gT0gwdr],

lwll, =/ o7 wTOw(r)dr.

According to the above two objectives, the design
problem of the fuzzy FDF can be derived as the
H filtering formulation, i.e., design the fuzzy FDF
dynamic (11) with parameters Ag,.(m, i), Bp,(m, i),
Crr(m,i), Dp,(m,i), m € 11,1 € 713, such that
the resulting TSF-MJSs (14) with w(t) € L, is SS
and satisfy the Hoo index formulation with [|g (£)]l, g <
y lw(®ll,.

To design the fuzzy FDF dynamic (11), we should
determine the appropriate threshold and residual evalu-
ation function. Considering the norm bounded external
disturbance d (1), thatis,d (1) € LY [0 +00), wecan
determine the following fault detection threshold J;j:

)
Jn= sup E { / gT<r>g<t>dz} (16)
d(t)eLa, f(1)=0 T
where [T7 T ] is the detection finite-time interval

with T1 < To; Ty = T, — T represents the initial fault
estimated time. In general, the fault estimated time T'f
is always finite because the residual evaluation over an
infinite-time range is not the fact.

Then, we can determine the following evaluation
function f(g):

n
flg)=E { / g%)g(t)dr} . (17)

T
In the following, we can make a decision logic to detect

the faults:
{ f(g) > Jyn = having faults (fault-alarm) (18)

f(g) < J; = without faults (fault-free)

3 Main results

Theorem 1 The resulting TSF-MJSs (14) is SS, if there
exist mode-dependent matrix P(m,i) > 0, matrix Q >
0 and scalars t1 > 0, 70 > 0 and 13; > 0, satisfying
the following (19) form,n € 11,1, j € 13,

Erx(m, i)  P(m,i)Aq(m)

E(’”’i)z[ * (-0

i| <0 (19
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where

Erx(m, i) = P(m,i)Ap(m) + A% (m)P(m, i)
+[+7(m—w)]0
S N
+ Y wii P, )+ Y wmn P(n, i),
j=1 n=1
T = max{|nmm| , m € Tl}s

) = min{ty;,i € 1»}.
Proof Select a LKF candidate as:

VI[E@).m,i]=Vi[£@),m,i]+ V2 [X(t), m, ]
+ V3 [x@),m,i],

where

Vi[#@), m,i] = XN ()P(m, )T (1),

t ~
valiw.m.i] = [ 0%y,
t—t(1
—12 t -
o] =x [ [ oo,
-7 t+v

Recalling to Definition 2, we can get the weak
infinitesimal operator of V [(), m, i]:
IV [E@), m, i)

o1 - ~ . -
= lim —E [¥7( + 2P0 s, irr )70 + 2)

— Y1) P(m, i))?(t)}

N
Al_)l'no Z {x 4+ A)[[1 + mpmA + 0(A)]
[1+ 7 A+ 0(A)] Pm, i)+ (1 + mpm A

S
+ 0(4)) (Z [1+ ;A +0(A)]) P (m, j)

j=1

S1
+ (1+ 7 A+ 0(4) (Z 1+ Twn A+ o(A)]) P(n,i)

n=1
S2 S
+ Z[1+7Ti_jA+0(A)] (Z[1+7Tn1nA
j=1 n=1
+ o(A)]) P(n, j)] e+ 4) —FT )P, i)i<t)}
=25T()P(m, D)% ()

S Si
+ &) [Z wii POm, j)+ ) Toun P(n, i)} H0)

j=1 n=1
=257 P(m, i) [A(m)i(t)

+ Acm)E — 7)) + Bamd (1)
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M N
+ i) {Z m P, j)+ Y wtmn Pn, i)} (1),

j=I1 n=1

V3 [%(t), m, i]
| +4 T A
= lim —E{f X (p)Qx(p)dp
A—0 A 1+ A—T(t+Air4 )

A N
- [ iT(p)Qi(p)dp}
t

1 |: t+A T 5
- lim ~ f (o) 05 (p)dp
A=0 A | Ji4A—1G)
Lo I+A

+ Z (mjA + o(A)) /

i 1+A—1(j)

+4 3
- [ Swosem]
t—1(

T(p) 0% (p)dp

o o
- lim ~ / (o) 05 (p)dp
t

+A—1(i)

+A4 3
+ [ iT(p)Qi(p)dp]
t
S» ' .
FYom [ F0Re
j=l1 t=1(j)

=i (1) Q% (1)
— [1=tO1F [t — ()] OF [t — T ()]

S2 t
3w f () 0% (p)dp,
j=1 t—7(j)
IV3[R(0),m,i] =7 (1 — 1) ¥ (1) QX (1)

=1 -
_ / (o) 05 (p)dp.
t

-1

Considering that 7r;; > 0 fori # j, and 7;; < 0, we
have:

Lo B
Zl Tij ./.[t—‘[(j) )ZT(P) Qx(p)dp
]= ~
= ; 7ij J{e ) X (p) OZ (p)dp
i#]

+70ii [y X (p) O (p)dp
= Zi#j Tij ftt_rl iT(p) Q% (p)dp .
+7i f;,,z iT(p) Q% (p)dp
= — i f,’,,] T(p) 0% (p)dp
+ i f;,,z iT(p) 0 (p)dp
= —mi [{ - ¥ (p) 0x(p)dp
<7 [ 51 (0) Q% (p)dp
Letting d(t) = 0, we know that IV [i(t), m, i] <0
can be derived by:

SV[E@), m,i] <n" () E@m, i)n) <0,
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which leads to E(m,i) <
- - 11T
EROGERGERIOIE
And there will exist a mode-dependent matrix
Ayx(m,i) > 0, and

0 with n(t) =

E{SV [£(0), m,i]} < =n" (O Ax(m, Dn@).  (20)
Considering IV [X(1), m, i] < 0, it yields:
E{V[i(®),m,i]} <E{V [32(0),m0,i0]|t:()}

= xT(0)P(m, i)X(0) o

+ /20 () 0 (0)dp
+m (22 [ 5T (p) 0% (p)dpdv

Combining the above relations, we can get:
E {3V [x@). m,i]}
E{V[i(®),m,i]}

=T (@) Ak (m, D)n(t)
< = .
E{V [2(0), mo, io]}

(22)

Defining 71 = E ()12, 02 = sup,, o E ()12,
A = minmeT.,ieTz Amin [ 7k (m, 0)], ~)\2 =
maXmery,ie?» Amax [Lk(m, )], A3 = Amax(Q), it con-
cludes that

N () Apk(m, D) = rin, (23)
E{V[i@).m,i]} <E{V [)E(O),mo,io]}tzo}
<[A2 4+ 1A+ 7 (t1 — 12) A3] 2. (24)

Therefore, there must exist a sufficient small scalar A >
0 which satisfies:

E {3V [%(t), m,i]} _ —ETO) A (m, DHE()
E{V[i@®),m,i]} — E{V[%0).mo,io]}
- —A1N]

T [ t+Trz+m(t — ) A3l ne
= —A.

(25)

Sincen; > 0,172 > 0,11 >0,A2 >0,A3 >0,A >0,
we can get:

E{IV[x@®).m,i]} < —-AE{V [x@®).m,i]}. (26)
Then we have

E{V [Z(t),m,i]} < —e"E{V[%(0), mo,i0]}. (27)
Defining o = [y + 11A3 + 7 (11 — ©2) A3l 2, Ay =

min  Amin [P(m, i)], we obtain:
meT,ie?

aE {)ET(I))?(I)} <E{V[0).m.i]} <oe™. (28)

Taking limit as 7 — o0, it concludes that:

T
lim E {/ xT(t)x(z)dt))z(O),mo, io}
T—o00 0

< lim

AT o
< (l—e )=—<oo. (29)
T—oo A - Mg Ay

Back to Definition 1, we get that the resulting TSF-
MIJSs (14) is SS. We can also derive that it is almost
asymptotically stable by the main results of Feng et al.
[11]. This completes the proof. (]

To obtain the FDF, the main problem can be consid-
ered to design the fuzzy filter Ap,(m, i), Bp,(m,i),
Cpr(m,i), Dp,(m,i), m € 11,1 € 71>, such that the
resulting TSF-MIJSs (14) with w(¢) € L; is stochas-
tically stable (i.e., almost surely stable) and satisfies
a prescribed Hyo index with g0, g < ¥ lw(@®) 2
under zero-initial conditions.

Theorem 2 The resulting TSF-MJSs (14) is SS, i.e.,
almost asymptotically stable and satisfies the given Hso
index level with y > 0, if there exist P(m,i) > 0,
matrices Q11 > 0, Qx»n > 0, Q33 > 0, matrices
Xy (m, i), Yr(m,i),Cpr(m, i), Dpr(m,i), Q12, Q13
073, and scalars t1 > 0, o0 > 0 and 13; > 0, LMIs
(30)-(31) hold for all m,n € 1y, i,j € Y3, and

rnk=1,2,...,L,
Qm,i)<0,r=1,2,...,L 30)
Qr(m, i)+ Qxy(m,i) <0, r <k,r,k=1,2,...,L
(31)

where Qp(m, i) = [Qpr(m, i)]10x10, With

Quirk = A} (m)P(m, i) + P(m,i)A(m)
+ [1+7 (t1 — )] Q1

sy S
+ ) T Pn i) + ) 7 Pm, ),
n=1 j=1
Qirk = P(m,i)A,(m) — X, (m, i)
=Y, (m,)Cr(m) + [1 + 7 (11 — ©2)] Q21,
Qizpe = [1 + 7 (11 — )] O3,
Qiarx = P(m,i)A¢r(m),
Q7 = P(m, i) By (m),
Qg7 = P(m,i)Bg,(m),
Qiork = P(m, i) By (m),
Quiork = Cr,(m, i) + Cf (m, i) D}, (m. i),
Quork = X[ (m, i) + X, (m, i)
+ [l +7 (1 — )] 02
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S1 S
+ Y T P, D)+ )i Pm, ),

n=1 =1
Qo3 = [1 + 7 (11 — 12)] 023,

Qoark = —Yr(m, i)Cri(m),

Qogr = =Yy (m, i) Dar(m),

Q0o9,k = =Y, (m, i) Dyr(m),

Qiork = —Cr,(m, 1),

Qazre = P(m, i)Aw + AT, P(m, i)
+[1+7(t1— )] 033

3 $

+ > T P, i) + Y i P(m, ),
n=1 j=1

Q39;x = P(m,i)Bw,

Q310k = Cyy,

Qugrk = — (1 — 137) Q115

Qysrr = — (1 — w37) O12,

Querk = — (1 — w37) Q13,

Qaiork = Cli(m, i)DE, (m, i),

Qsspp = — (1 — w3;) O,

Qsere = — (1 — 13i) Q23,

Qeerk = — (1 — 13;) O33,

Qe = —y21,
Qssre = —y>1,
Qoo = —y°1,

Qs1ork = Dy (m, i) D, (m, i),
Qo10rk = Dy (m, i) D, (m, i) — Dy,
Qio10k = —1.

T = max {|Tum|,m € 71},

T =min{t;,i € Y2}, 11 =max{mn;,i € 1»}.

Moreover, the fuzzy FDF parameters can be obtained
by:

Apr(m,i) = P~V (m, )X, (m, i),
Br,(m,i) = P”(m,i)Y,(m,i), (32)
Cpr(m,i) = Cpr(m,i), Dpy(m,i) = Dp,(m,i).

Proof We set the following performance index for 77 >
0:

T T
J(T) =E {f T (Hgt)dt — yZ/ w(t)w(t)dt} .
0 0

@ Springer

Under the zero-initial condition, we have:
1) = E{fy [T 080) = yPuw@wn]dr
+V[&@0),m,i]} — EV [X(t),m, ]
=E[ i [¢"0g) - ywiowo
+3V[E@,m,i] e}~ EV[F@0), m.i]
< E{J) BT Xelm, i) + Ve O, 0] 1) |

where,

(1)
Bt = | %t — () |,
w(t)
Erk(m, i) P(m,i)Agp(m)  P(m, i) By (m)
Xp(m, i) = | * -1-u)0 0
* * —)’21

Cl(m)
Veom, iy = | €Ly | [ Cutm) Conm) Domy ).
D} (m)

As T — o0, we know that J(T) < 0if X,x(m,i) +
Yy (m, i) < Oholds. According to Schur complements,
Xrk(m, 1) + Y (m, i) < 0 equals to:

rk(m i) PO, D)Agg(m)  Pm,i)Byg(m) €L (m)

O ~T
Smiy=|" —(l-m)e o Copelm | _ g
* * -y21 D m)
* * * —1
(33)
We can choose P (m, i) = diag [ P(m.i) P(m.i) P(m.i) ],
~ On Qi Qi3
0 =| = 07 033 |. Then, we obtain the fol-
* * 033

lowing relation by inequality (33):

L L
> he Y hW(m.i) <0 (34)
r=1 k=1

where
Yirk(m, i)  Worp(m,i)
U(m,i)=| * Wy (m, i)

* *

sy (m, i)
Yerk(m, i)

[1+7 (71 — )] Q13i|

‘1’3rk(m,i)}

Qi *

Vipk(m, D) = | Yarrk W20k
* *

[1+7(t1 —12)]1023

Q33

P(m,i)Acr(m) 0
York(m,i) = | —P(m,)Bp,(m,i)Crr(m) 0
0

o O O

0
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P(m,i)B.(m) P(m,i)Bay(m) P(m,i)B . (m) CE.(m,i)+ Cl(m,i)D}. (m, i)
Wpp(m, i) = | 0 —P(m,i)Bp,(m,i)Dax(m) —P(m,i)Bp,(m,i)Ds(m) —CF (m,i) ,
0 0 P(m,i)Bw cr
On Qn 0O
Wy (m, i) = — (1 —3;) | * Oxn 023 |,
* * 033
[ CLm,i)DY (m,i)
Wspp(m, i) = | O3x3: 0 ,
L 0
r—y2I 0 0 0
2 T . T :
N —y<l 0 Dy (m,i)Dp (m, i)
Vorklm, ) = | —y*1 DY m, )DL, (m,i)— D}, |’
S * * —1
with

Wik = P(m,i)Ar(m) — P(m,i)Ap,(m, i)
— P(m,i)Bpy(m,i)Cr(m)
+ [+ 7 (11 — )] Q21

Wk = AL (m, i)P(m, i)+ P(m,i)Ap,(m, i)
+[l+7 (1 —2)]02

S S
+ D T P(n, i)+ Y i Pm, ).
n=1 j=1
Using Schur complements and letting X,(m,i) =
P(m,i)Ar,(m,i), Y, (m,i) = P(m,i)Bp,(m, i), we
know that inequality (34) is equivalent to the relation
as follows:

L
D hiQui(m. i)
r=1

L L
+ Y he 3D [, i) + Qi (m, )]
r=1 k=1
< 0. (35)

It easily leads to LMIs (30)—(31). By Theorem 1, it
is derived that the resulting TSF-MJSs (14) is SS and
satisfies [|[g()ll, g < ¥ lw(®)|,. This completes the
proof. (]

Remark 2 By selecting an appropriate LKF, we get the
mode-dependent sufficient conditions in Theorems 1
and 2. According to LMIs (29)-(31), we should deter-
mine 7 = max {7y;}, 7» = min {;} and 73;, where
i=i,eY»={1,2,..., Ly} Thevalues 1|, 1 and 13;
are related to the mode-dependent delay i;. Meanwhile,
we also choose the positive-definite matrix P (m, i)

and the fuzzy FDF gains X, (m, i), Y, (m, i), Cr,(m, i),
Dr,(m, i) as mode-dependent, which are driven by the
random processes {m;, t > 0} and {i;, t > 0}.

Corollary 1 To obtain an optimization fuzzy FDF for-
mulation against external disturbance, time-varying
delays, nonlinearities and faults, the attenuation index
y can be derived to the following optimization problem
satisfying LMIs (30)—(31):

min X
P (i), Xr (m.i). Yy (m.i).Cpr(m,i). Dy (mi).Q.x " (36)
s.t. LMIs (30)—(31) with x = 2

To describe the efficiency of the designed approach, we
give a two-dimension and two-mode stochastic MJSs
with varying and mode-dependent time-delays. Recall-
ing to the main results in LMIs (30)—(31), we should
choose the initial values. Applying MATLAB LMI Tool-
box, we can straightforwardly solve LMIs (30)—(31).
To prove the feasibility of the designed approaches, we
give a simulation example in the next Section.

4 Numeral example

Considering a two-dimension and two-mode TSF-
MISs with parameters described by:

—~03 02
At (1)2[ 0.1 —0.4}’
0.1 —0.1
Arl(l):|: 0 _O-ljl’
I |
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Ay (1) = [‘005 —0~1] Cri(1,1) = [—0.0106 —0.0076],
0 0.0 Dri(1, 1) = 0.0401;
—03 -04 — 04270 0.0883
A Q) = , _ . .
! [—0-1 —1} Ar(1.2) [0.0175 —0.4957]
_| 0 -0l 0.4259
A”(z)—[o.l 0 } BF1(1,2)=[0.2978]
A2(2)=|:_0'1 10 } Cr1(1,2) = [—0.0086 —0.0073],
__1 - 10 Dri(1,2) = 0.0256;
0.05 —0.1
A (1) = } _[-0.3658 —0.6126
' L0 0l An@D=1_5791 _27647 |
— |98 0.0286
Brm) = [1.2] Bri(2.1) = [_0_0920},
Bd,(m)=_0'1}, Cri(2,1) = [~ 00038 0.0020],
:0'1 Dr1(2, 1) = 0.0278;
02
Byr(m) = } _ [ —0.8038 —0.5018
! L 01 AF1(2’2)_[0.1618 —2.3777 ]
Cr(m)=[02 0.1], By [ 26915
Cer(m)=[-0.1 0.1], RS2 = 23,0573 |

Dgy(m) = 0.5,
Dfr(m)=15.

The transition rate matrices related to the two opera-

tion modes are shown as A; = [_00; _()(532] and

—-04 04 i .
Ay = |: 06 —o0. 6:|' Give the following state-space

realization of the weighting function Wy (s) as:

0.8 0
AWZ[ 0 —0.6]’

0.1
Bw = [0.2]
Cw=[04 03],
Dw = 0.2.

In this simulation, we give the initial values as 71 = 0.8,
7 = 0.3, 131 = 0.4, t3p = 0.7. Solving LMIs (30, 31),
the optimization level can be derived as ymin = 1.4749.
The relevant TSF-FDF dynamic is obtained as follows:

—0.4706  0.0764
Arl, 1) = [ 0.0596 —0.4434]’
0.7040
Bpi(1, 1) = [0 1833} ;

@ Springer

Cr1(2,2) =[—-0.0118 0.0028],
Dpi(2,2) = 0.0840;

—0.3996  1.1487
Ara(l 1) _[ 0.0184 —2.3124]
0.5656
Bra(11) = [00601} :

Cra(1,1) = [—0.0042 —0.0021],
Dra(1,1) = 0.0182;

—0.4086  1.1841
Ar2(1,2) _[ 0.0402 —2.3695}’
0.2500
Bra(1.2) = [O 1375]

Cra(1,2) = [—0.0054 —0.0039],
Dr>(1,2) = 0.0256;

_ 11645 16.8291

Ap@. 1) = |:—0.5676 —20.5278]’
0.2020

Br(2.1) = [o 0757}’

Cr2(2, 1) = [—0.0060 —0.0051],
Dra(2, 1) = 0.0330;

—1.2270  20.2688
4r2(2.2) _[ 0.8656 —27.2868]’
— 1.0432
Br2(2,2) = [ 2.0936 } ;
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Fig.1 Bound-limited

random noise d(t) 0.5 i i

0.3

0.1H

-0.1

The bound-limited random noise d(t)
o

-0.5 . ,

Fig. 2 Residual signal g(t)

| |
6 8 10 12 14 16 18 20

t/second

1.8 T T

1.6}

144

1.2+

0.8}

0.6

The residual signal g(t)

0.4}

0.2

Cr2(2,2) = [—0.0066 —0.0116],
Dr2(2,2) = 0.0450.

To show the feasibility of the designed TSF-FDF,
we suppose that the external disturbance d(¢) is a
[—0.50.5]-bound-limited random noise. The fault f(¢)
is chosen as a step square wave which occurs from 9s to
15s with positive unit amplitude. The external distur-

| |
8 10 12 14 16 18 20
t/second

bance d(t), the residual response g(¢) and the residual
evaluation response f(g) are illustrated in Figs. 1, 2
and 3.

Figure 3 shows the residual evaluation response
f (g) withrespect to fault case and fault-free case. From
the residual evaluation response, we select the thresh-

old as Jip = supyyer,, f(1)=0 E [f020 gT(I)g(t)dt}
2.42. It is shown from Fig. 3 that f(g) =

@ Springer



1882

Fig. 3 Residual evaluation 12 T T
response f(g)

_
o
T

©
T

Fault case

The residual evaluation response f(g)

“““““ Fault-free case

E Hfog‘% gT(t)g(t)dt} = 2.44 > J;;,. Therefore, we
can detect the appeared fault within 1.0s after its occur-
rence.

Remark 3 To prove the efficiency of the designed
approach, we give a two-dimension and two-mode
MJSs with varying and mode-dependent time-delays.
Recalling to the main results in LMIs (29)-(31), we
choose the values 71, 7o and t3; related to the mode-
dependent delay i; as 71 = 0.8, 7» = 03,131 =
0.4, 73 = 0.7. For the MJSs containing mode-
independent time-delays, the interested readers can see
[28,29,33,42].

Remark 4 1t is observed that the novelty in our study
relates to nonlinearities and mode-dependent time-
delays existing in MJSs. By using the designed algo-
rithms, it is seen that the appeared faults can be
detected within 1.0s by the designed fuzzy FDF. By
means of Hyo-filtering formulation and LMIs tech-
niques, Zhong et. al. [21,26], respectively, studied
the FDF design problems for uncertain LTI systems
and linear MJSs. The main results in our study show
more applicable advantages in time-varying and mode-
dependent delayed systems. Moreover, it will be an
important improvement in the research of TSF sys-
tems. It should point out that if the time-delays are
constant or without delays, the main conclusions in this
paper can be derived to the general results published in
[21,26,29,33].

@ Springer

8 10 12 14 16 18 20
t/second

5 Conclusion

The Hs filtering-based FDF designed problems for
nonlinear MJSs with varying and mode-dependent
time-delays have been researched. Applying the LKF
techniques and LMIs algorithms, sufficient conditions
are obtained such that the resulting TSF-MJSs is SS
and the derived fuzzy FDF are presented and proved.
A simulation example has been obtained to show the
feasibility of the presented methods.
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