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Abstract This study develops a novel back-stepping
controller ~ with  prescribed performance for
air-breathing hypersonic vehicles (AHVs) utilizing
non-affine models. For the velocity dynamics, a non-
affine control law is addressed to achieve prescribed
tracking performance. The altitude subsystem is rewrit-
ten as a strict feedback formulation to facilitate the
back-stepping control system design via a model trans-
formation approach. At each step of back-stepping
design, performance functions are constructed to force
tracking errors to fall within prescribed boundaries,
based on which desired transient performance and
steady-state performance are guaranteed for both veloc-
ity and altitude control subsystems. Furthermore, the
exploited controllers are accurate model independent,
which guarantees control laws with satisfactory robust-
ness against unknown uncertainties. Meanwhile, the
proposed control scheme can cope with unknown con-
trol gains. By the Lyapunov stability theory, the sta-
bility of the closed-loop control system is confirmed.
Finally, numerical simulations are given for an AHV
to validate the effectiveness of the proposed control
approach.
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List of symbols

Vehicle mass
Density of air
Dynamic pressure
Reference area
Altitude

Velocity
Flight-path angle
Pitch angle

Angle of attack (« =0 — y)
Pitch rate

Thrust

Drag

Lift

Pitching moment

g[\bﬂmg DR < 1D I

Iyy Moment of inertia

c Aerodynamic chord

T Thrust moment arm

@ Fuel equivalence ratio

e Elevator angular deflection

N; ith generalized force

Nl.a" Jjth order contribution of « toN;
Nl.0 Constant term in/V;

Ny* Contribution of §. toN,

Bi (h,q) ith trust fit parameter

i ith generalized elastic coordinate
gi Damping ratio for elastic mode 7;
w; Natural frequency for elastic moden;
C OD‘l ith order coefficient of « in D
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Cp ith order coefficient of 8. in D

C % Constant coefficient in D

Ci“l ith order coefficient of o in L

Cie Coefficient of §, contribution in L

C 2 Constant coefficient in L

Cj’f,}!a ith order coefficient of o in M

C /?,,, o Constant coefficient in M

C%l ith order coefficient of @ in T

Cg Constant coefficient in T

ho Nominal altitude for air density
approximation

00 Air density at the altitudeh

v Constrained beam coupling constant for n;

Ce Coefficient of 8.in M

1/hg Air density decay rate

1 Introduction

As a strategic near-space weapon, air-breathing hyper-
sonic vehicles (AHVs) have seen significant develop-
ments in the past decade. Flight control design for
AHVs is a challenging and meaningful research area
since control systems should deal with system uncer-
tainties, complicated couplings and model nonlineari-
ties [1,2]. Thereby, the control gains usually are com-
pletely unknown due to system uncertainties, which
results in a problem of unknown control direction [3,4].
In particular, traditional affine control methodologies
are inadequate to handle such vehicles whose motion
models presenting non-affine formulations. In addition,
special requirements of transient performance are also
needed for AHV’s control systems owing to the maneu-
ver at hypersonic speeds [5—7].

It is well known that devising efficient control
approaches for AHVs is very important to com-
plete multiple flight tasks over a wide range of
flight envelopes. But varying flight environments,
unknown external disturbances, and unavoidable mod-
eling uncertainties make robust flight control design
for AHVs a challenging task [8,9]. By addressing a
robust tracking issue of AHVs subject to uncertainties
and disturbances, an inaccuracy model-based asymp-
totic tracking controller is exploited based on an affine
model of AHVs without using high-order time deriva-
tives of vehicle states [10]. To weaken the undesired
high-frequency chattering that may stimulate vehi-
cle’s flexible modes, a high-order sliding mode con-
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trol design is presented for AHVs to provide robust
tracking of reference trajectories, while avoiding tra-
ditional robust controllers’ conservatism [1]. Further-
more, a terminal sliding mode control method is inves-
tigated for AHVs to achieve fast tracking of velocity
and altitude commands in the presence of paramet-
ric uncertainties and unknown disturbances [11]. For
an AHV with multiple disturbances, a hybrid control
frame incorporating fuzzy approximation and distur-
bance observer is studied to reject multiple source dis-
turbances, which guarantees the addressed controller
with better practicality than the ones that only considers
single type of disturbance [12]. By employing neural
networks to estimate unknown dynamics, alow compu-
tational controller is developed for a constrained AHYV,
and simulation results prove the tracking performance
of that strategy despite of uncertainties, disturbances,
and control input constraints [13,14]. In [2], an active
disturbance rejection control strategy is proposed for
AHVs’ tracking system, and extended state observers
are constructed to estimate uncertainties for the sake of
further enhancing the controller’s robustness.

It has been proved that the altitude dynamics of
AHVs is easy to be rewritten as a strict feedback formu-
lation, which makes the recursive back-stepping design
realizable [15—17]. On the basis of a newly designed
nonlinear disturbance observer, a robust back-stepping
control scheme is developed to steer velocity and alti-
tude to track their reference commands, and meanwhile
the problem of “explosion of terms” caused by back-
stepping design is handled by a tracking differentiator
[18]. The control approach exploited in [19] is to com-
bine back-stepping with sliding mode control such that
the addressed controller for AHVs with mismatched
uncertainties can provide robust tracking of reference
trajectories. Owing to the excellent capability of non-
linearity approximation, neural networks are incor-
porated with back-stepping design procedure, based
on which an adaptive nonlinear controller is devised
for AHVs [20]. Though the tracking performance and
robustness of that scheme are validated by numeri-
cal simulations in the presence of system uncertainties
and external disturbances, too many neural networks
and online learning parameters are required to guaran-
tee the robustness and convergence, which yields high
computational load and results in certain control time
delay. For this reason, great efforts are made to reduce
the required neural networks via a model transforma-
tion [14,18,21,22] and also to decrease the utilized
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online learning parameters based on advanced algo-
rithms [22-24].

Though excellent tracking performance can be
achieved by the above-mentioned control method-
ologies, there are still some shortcomings to these
approaches [1,8-24]. A fatal one is that these con-
trollers are devised using simplified affine models,
which harms their application validity in practice
since AHVs’ motion models are completely non-affine
[25,26]. Another is that it is difficult for these control
methods to guarantee prescribed output tracking per-
formance especially transient performance for AHVs’
hypersonic maneuver. In this paper, we propose a new
tracking controller with prescribed performance for
AHVs based on non-affine models using the back-
stepping design procedure, capable of guaranteeing
prescribed performance for tracking errors. The spe-
cial contributions are summarized as follows.

1. The addressed controller directly stems from a non-
affine model of AHVs, which avoids inappropriate
model simplifications under rigorous assumptions
and guarantees controllers with practicality.

2. Prescribed output tracking quality is achieved for
AHVs via prescribed performance control.

3. The presented control approach is independent on
accurate vehicle models and function estimations.
Thus its disturbance rejection ability is fine and the
computational cost is low.

The rest of this study is outlined as follows. The motion
model of AHVs is formulated in Sect. 2, and the prelim-
inary knowledge of prescribed performance is briefly
explained in Sect. 3. In Sect. 4, prescribed performance
back-stepping controllers are devised and the conver-
gence of closed-loop control system is proved. Simula-
tion results are shown in Sect. 5, and finally conclusions
are presented in Sect. 6.

2 Problem formulation
2.1 Vehicle model

The longitudinal motion model considered in this paper
is formulated as [25,26]

V=Tcos(® —y)/m—D/m—gsiny (D
h=Vsiny (2)
y=L/mV)+Tsin(@ —y)/(mV)—gcosy (3)

0=0 (4)
0= (M + Y + @27'7'2)/1” %)
kiijt = =209 — oin + Ny — 1M /Iy

— i/ Iy (6)
katiy = —28wai — w3ny + Na

— V2 M /1y — Yoiiin /1y @

The above vehicle model consists of five rigid body
states (velocity V, altitude &, flight-path angle y, pitch
angle 6, and pitch rate Q) and two flexible states ( n;
and 17). The attack angle« = 6 —y. T, D, L, M,
N1 and N> denote thrust force, drag force, lift force,
pitching moment, the first generalized force, and the
second generalized force, respectively. Their details are
as follows [26]
T~ i (h,§) P + B2 (h, §) & + B3 (h, §) P’

+ B4 (h, o

+ B85 (h,q) Pa+ B (h, q) o + P71 (h, q) P

+Bs (h,q),

~ o? 2 ~ o ~ 822

D~ gSChHa”+qSCha +qSCpé;

+3SC5de +3SCY,
M ~ 21T + GSECYy o + GSECYy ya + GSCYy

+gSccede,
L~ GSCl +GSCse +GSCY,
Ni =N+ NYa + N?,
Ny = N&0® + NSa + N8, + NY. G =pV2)2,
p = poexp (—(h — ho)/hs) ,
where fuel equivalence ratio @ and elevator angular
deflection §. are the control inputs, and they occur
implicitly in Egs. (1)—(7). For more detailed definitions
of other parameters and coefficients, the reader could
refer to [25,26].

Remark 1 Traditionally, only the rigid body states are
measured and used for control designs, while the flex-
ible states are treated as system uncertainties that are
coped with by the controller’s robustness [14—16].

2.2 Control objective

The control goal sought is to devise non-affine pre-
scribed performance controllers @ and §. via back-
stepping for AHVs such that velocity V and altitude
h track their reference commands Vier and hper in the
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presence of parametric uncertainties. Meanwhile, all
closed-loop signals are bounded, and the transient prop-
erty’s tracking performance and the steady-state error
are characterized by performance functions.

3 Prescribed performance

By prescribed performance, we mean that the track-
ing error e evolves strictly within predefined decaying
bounds as follows:

—5p(t) < e < dp(t), ®)

where the performance function p(f) = (po — Poo)
e "'+ poo > 0is bounded and strictly positive decreas-
ing with the property poo < p(t) < p0; P0 > Poo > 0,
[>0,0<8<1,0<8<1are design parameters.

If e remains within the adjustable neighborhood of
(8), the maximum overshoot of e is prescribed less
than max {80, 8po }, and the steady value e(c0) is no
more than max {8 poo. 890 }. Thus, both transient per-
formance and steady-state performance of e are guar-
anteed by choosing appropriate design parameters for
(8).

Noting that it is hard to directly design controllers
using inequality constraint (8), a transformed function
v (et)) = % is applied to convert (8) into
the following formulation.

e=W (&) p(0), ©

where ¢(t) is a transformed error.
Since limg () 4o00 ¥ (6(t)) = § and limg(;)— —oo
v (e(t)) = =4, (9) is equivalent to (8). Furthermore,
v (e(t)) € (—8 , S) is bounded and strictly increasing.
From (9), we have

_w-! _1 (e/p(t) +8>
e =¥ (e(t)) = 3 In S o/o) ) (10)
£(t) is derived as
R P[0
by = r |:e - ep(t)} , an
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with

p(t) = —1 (po — poo) e € [=1 (po — poo) , 01,
1 1 1

"7 200 [e/p(r) +8  e/p() —S}

1 1
~ 2p(1) [W () p(t)/p(t) + 8

1
W) p(1)/pt) — S}

1 1 1
2p(1) [lff(s(r)) +8  Ww(e() —S]
Noticing the fa_ct that 0 < pso < p(t) < po and
¥ (e(r)) € (—8.,8), r is bounded and satisfies r >

1 1 1
2—m<3+§)>0.

4 Controller design

Based on the analyses of [22,23], we decompose the
motion model of AHVs into the velocity subsystem
(i.e., Eq. (1)) and the altitude subsystem (i.e., Egs. (2)-
(5)) for the simplicity of control design.

4.1 Velocity controller design

According to the timescale principle [3], the velocity is
slower dynamics compared with the altitude and atti-
tude angles. When velocity varies, the altitude and atti-
tude angles are considered to reach their steady con-
stants. Thus, the velocity subsystem can be expressed
as the following non-affine formulation.

V =gv(V, )
uy = @ (12)
yw=V

where ¢y (V, @) is a continuous unknown function,
uy and yy are the control input and output of velocity
subsystem, respectively.

By mean value theorem [27], (12) further becomes

V = Bvi(V)+ Bva(V)®
uy = @ (13)
yw=V

with By2(V) = #5522 2.0, @, € (0, @).
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Remark 2 By2(V) # 0 is the controllability condition
of (13). There is no need of priori knowledge about sign
of By2(V) that may not be easily obtained in practice.

Assumption 1 [28] The reference command V,.r and
its time derivative Vref are bounded. That is, there exist
positive constants Vier and Vref such that |Viet| < Vier

and |Vref | = Vref .

Define velocity tracking error ey
ey = vV — Vref (14)

Employ a performance function py(f) = (,ovo
— pVOo)e_lV’ + pvoso to constrain ey

—Sypv(t) <ey <dypy(t) (15)

where pyg > 0, pyoo > 0,1y > 0,0 <y < 1,0 <
dy < 1 are design parameters and satisfy pyo > pveo,

—8ypvo < ev(0) < 8vpvo, pres < pv (1) < pvo.
We transform (15) as

ey =Wy (ey (1)) pv (1) (16)

Sy etV _g§y, e~V (1) S\ s
where ¥y (ey (1)) = W € (=8v,dv)is
a transformed function, ey (¢) is a transformed error,
and its formulation is

vt = L (v £
EV(I)—WV (SV(I))— 2111 <(§V_ev/pv(t)>

a7
Taking time derivative along (17) leads to
N P10
= v [B V) + Ve — Vi - e 240
py (1)
(18)

. _ 1 1 - 1
with ry = A 0) [ev/pv(t)+5v ev/pv(t)—SV] =

2,,1‘,0 (% + i) > 0,0v (1) = —ly (pvo — pvoc) € V!
€ [~ly (pvo — pvo) 5 0).

From the fact that ey = Wy (ey (1)) py (1), we
obtain ey = V — Vier = Wy (ey () py (1), that is,

V =Wy (ey(t)) py (t) + Vier. Then (18) becomes

ev(t) =rv [Bvi(Wy (ev (1)) pv (1) + Vier)

+ Bva(V)® — Vier
— Wy ey () oy (0)E V(”}
ov (1)

=ry [Bvi(¥y (ev (@) pv (1) + Vier)

+ Bra(V)® — Vet — Wy (v (1)) pv ()] .
(19)
Define Lyapunov function
2
Ly =0 (20)
Invoking (19), LV is derived as
Ly = ey (D)éy (1)
=ev@Ory [Bvi(Wy (ev (D)) pv (1)
+ Vref) + IBVZ(V)(D - Vref
— Wy (ev (1)) pv (D]
=ey(OryBva(V)P
+ev@®ry [Bvi(Wy (v (1) py (1) + Vier)
— Viet = @y (ev (D) pv ()] . @21

The boundedness of Wy (ey (1)), py (t) and Vier leads
to that By (Wy (ey (1)) py (t) + Vier) 18 EIISO bounded.
Thereby, there is a positive constant By such that

|Bv1(Wy (v (1) py(t) + Viet)] < PByi. Then Ly
becomes
Ly <ey®)rvBva(V)® + ey (1) ryZy (22)

with 2y = By 1+Vier+max {8y, 8y }y (ovo — pves) >
0.
The control law @ is chosen as

= Ny (&) [kviey () + 22500 |

2.2
: 2 Kyary ey (1)
&y = kvirvey (t) + —5—

(23)

where Ny (§y) = &V cos(mw&y/2) is a Nussbaum

function [3,4]; kv 1, ky2 > 0 are design parameters.
Substituting @ into (22), we get

Ly < ey (@rypva(V)Ny (v)

kyaryey (1)

> i|+|5V(t)|”VEV~

[Kvwv(t) +

(24)
By Young’s 1nequa11ty, we obtain |ey (t)|ryZy <
K_;2r‘2/ %,(t) + 2K . Then (24) becomes
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Ly < ev(®rypva(V)Ny (&)

2
5 + e () + 5

kyaryey (1) Kv2
[Kv18v(f) + 7] Zed 3eva

= ky1ey (Ory Bra(V)Ny (Ev)
+ %r%s’ém [Bv2(V)Ny () + 1]

=y

2Kkv2

= kv1ey (Ory [Bv2(V)Ny (Ev) + 1]

%r%s’é(r) [Bv2(V)Ny (Ey) + 1]
2

v 2
+—— —«kvieyOry
2Ky v

2 2
+ kviey (Ory — kyiey (Dry

_|_

= [vieh ory + 22 b0

22
v 2
X [Bv2(V)Ny (§v) + 1]+ Tevn kyiey (Ory
K2

. »2
= —ky1ryey (1) + [Bva(V)Ny (Ev) + 11 &y + 2—V
Kv2

2

. >
< —tyLy + [Bv2(V)Ny (Ev) + 11év + ﬁ (25)

i kv (L4 1
with ty = oo (5v + Sv)'

Being multiplied by €'V’ on both sides of (25), we
have

d . .
o (Lve") < Bya(V)Ny (§v) EveV' + Eye'!

2
2:V

2ky2

+ e, (26)

Integrating (26) over [0, ¢] yields

0<Ly <Ly +e*'

t
x /0 Bv2(V)Ny (Ey) Eye'VTdr

o t 22
+e—‘V’/ gve‘”dr+f —ZK“//ze_lV(I_T)d‘L' (27)
0 0

: 4 Eé —y (t—1) _ Z%/ 1 —yt
Since |, e dt = 3o (1—ev") €
2 t 22 .

v 1 2y =y (t—1)
sy ) e know that 705 ¢ dr is

bounded. Thus, (27) becomes
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t
0<Ly < Lygte ™! fo Bra(VINy (&) éve'VTde

t
+e—‘vff Eye'vTdr (28)
0
. Z%, 1
withLyo = Ly (0) + Ty iy

By Lemmas 1 and 2 presented in [29], we know
that Ly, e™V" [§ Bva(V)Ny (£v) Eve'VTdr and e™tV!
fol £yevTdr are bounded. Hence all the closed-loop
signals are bounded, and there exists a positive con-
stant £y such that |ey (t)| < &y. The inversion transfor-
mation of (17) is Qv ,2ev(1) which yields

) dy—ev/py (1)
- 5Ve2£v(r)75V

ev = w0 pv (). Finally, we have —dy py () <
Sye v —s Sy e2fv —s
T ev() = ey = S rov() <

Sy py (t). Thus the prescribed performance for ey is
guaranteed.

4.2 Altitude controller design

Define altitude tracking error ej, as
ey — h — href (29)

Define a performance function p;(t) = (Prh0 — Phoo)
e " 4 ppoo > 0 to constrain ej,.

—Snpn(t) < en < Sppn(t) (30)

where ppo > 0, ppoo > 0,1, > 0,0 <6, < 1,0 <
85 < 1 are design parameters and satisfy ppo > Pnoo,

—8non0 < en(0) < 8hphos Phoe < Pr(t) < Pho-
Define transformed error g5 (¢) as

eh/ph(t)+5h) 31

1
() =5 <5h —en/pn(t)

The command of y is selected as

ya = arcsin | —#1E8(0) + et + pn(Den/ pn(t)
! \%

(32)

where w;, > 0 is a design parameter, pp(f) =
—In (Pho — Proo) €M1

If y—y4, the corresponding dynamics for g5, (¢) is
derived as
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wnén () +ep(t) =0 33) Finally, we obtain the following formulation
Thus ¢, () is bounded, and there exists a positive =22
constant £, such that |ey(f)] < ¢&j,. The inver- 2=23
sion transformation of (31) is —;i:/_ pe "h(/t;:é’; = 2, 23 = I (z3, 8¢) (37)
from which we have = ey, (¢). Finall un = de
PR IS A T e A TR V= =x1=y
we obtain —6&,0,(t) < ‘m—_hzg}f”ph(t) < e <
5, _s, _ .
h1€+ezéh L on(t) < Sppu(t). Utilizing mean value theorem [27], (37) becomes
(1) Model transformation =2
By the timescale principle [3], attitude angles are faster =23
dynamics compared with the velocity. When attitude 23 = Ino(z3, 0) + Thi(z3, 85)8e (38)
angles vary, the velocity is considered to keep a con- up = 8
stant. Thus, the altitude subsystem can be formulated Vh=Z1 =X =Y
as the following non-affine model.
_ 0(z3,80) .
where 7,1(z3,87) = TG00 # 0,87 € (0,8);

X1 = gn1(x1, x2)

Xy = X3
X3 = en3(X, Se) (34)
up = e
Yh = X1

where ¢p1(x1, X2), ¥n3(X, §¢) are continuous unknown
functions; uy and y; are the control input and output
of altitude subsystem, respectively; x; = y, xp = 6,
x3 = Q,x = [x1, x2, x3]

Define z1 = x1, 22 = 21 = X1 = @n1(x1, x2). Then
we have

dpp1(x1,x2) . dep1(x1, x2) .
X1+ X2
X1 0x2
dpp1(x1, x2)

dpp1(x1, x2)
= ————p (X1, X2) + ———x3
0x1 0x2

2 Fu) (35)

Define z3 = 2o = Fj1(X), and the time derivative of z3
is

0Fp(X) . 0Fp1(X) . dF(x) .
_ h( )X1+ n1( )x2+ 1 ( )x3

3 8x1 8)62 8X3
0Fp1(x) 0Fp1(x)
= on1(x1, x2) + X3
3)61 3)62
0Fp1(x) 0Fp1(x)
+ 3 on3(x, 8e) = @n1(x1, X2)
X3 3)61
0Fp1(x) 0Fp1(x)
+ x3 + @n3(X, de)
0x2 0x3
A
= I}(z3, 8¢) (36)

I';0(z3, 0) is a continuous unknown function.

Remark 3 T1(z3,8F) # 0 is the controllability con-
dition of (38), and the strict restriction on the sign of
Ih1(z3,87) is released.

(2) Prescribed performance back-stepping controller
design

Step 1 Define tracking error e
ep =21 —2d=21— W (39)

Define a performance function p;1(t) = (0n10 — Phlco)
e~ 4 ppise > 0 to constrain ey

—Sn1on (t) < ent < Sp1pn (1) (40)

where pp10 > 0, Prico > 0,1y > 0,0 < 8y <
1, 0 < 841 < 1 are design parameters and sat-
isfy pn10 > Pnicos —Sn1pnio < en1(0) < Sp1pnio,

Phlco < pr1(t) < phio-
We convert (40) into the following formulation

en1 = Y1 (en1(1)) pp1(t) 41)
Sr1efh1 8, e—€n1 (1) <
where Wy (1 (1)) = G — € (=8a1, 5n1)

is a transformed function and gy (¢) is a transformed
error. From (41), we get the formulation of &1 ()
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_ 1 en1/pn1(t) + dn1 i ivati i
e () = lphll (eni1 (1)) = = In (_ ) The time derivative of gj(¢) is
2 \én1 —ent/pn1(t) Ona(6)
42 Ena(t) = rp2 |:éh2 - ehz—]
(“42) P2 (D)
Furthermore, &;(¢) is derived as =T |:22 — 224 —€en2 ,th(l‘):|
s 6) pr2(1)
. . Phl o
1) = —epy 7 . Pn2()
€1 (8) = rat [ehl el ,ohl(t)] =rp |:Z3 —22d —én2 :| (49)
. Pr2(t)
=rp1 |:Z'1 —)?d—emphl(t)} 1 1 1
on1 (1) where ryp = 2pp2 (1) |:€hz/ph2(l)+5h2 a ehz/phz(t)—ghz] =
. 'h t 1 1 1
=rnl |:ZZ —Yd — ehlpl—():| (43) 2pm20 (5hz + th) > 0.
pr1(1) The virtual control law is devised as

1 1
where Zon1 0 [em/ph. OE=T™

. | ]> 1 1
ent/pr1(D—=8x1 | = 2Pm10801 " 2pp10851

Th1 =

The virtual control law is designed as

on1(t)
pr1(t)

224 = —kn1&n1(t) + Ya + en1 (44)

where kp; > 0 is a design parameter, pp|(f) =
—In1 (Pn10 — Priso) €11

Step 2 Define tracking error ep
e =722 — 224 (45)

Construct a performance function pp2(t) = (on20
—Praoo) €M+ prose > 0 to constrain ey

—Sn2pna2(t) < ena < Snopna(t) (46)

where pp20 > 0, pp2oc > 0,12 > 0,0 < 50 <
1,0 < & < 1 are design parameters and sat-
isfy pn20 > pn2cos —8n2pon20 < en2(0) < 8p20n20,
Ph200 < pn2(t) < pn20.

Equation (46) is further converted into the following
formulation

ey = Wpa (en2(1)) pr2(t) 47)

Sppefh2(M) g, 5o~ en2 (0 S
where Wiy (e (1)) = 2E5G—220 7 € (—8n2. On2)
is a transformed function and &, (¢) is a transformed
error. From (47), we have

! 8
em(t) = ¥y (e () = 5 1n (M) .

Sn2 — en2/ pna(t)
(48)
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) Pn2(t)
7234 = —kn2en2(t) + 22q + €h2$ e

where kpp > 0 is a design parameter, ppo(f) =
—In2 (Pn20 — Ph2oc) €121,

Step 3 Define tracking error ep3

en3 =23 — 234 (&2))]

Devise a performance function pp3(t) = (pn30
—Pr3oo) € 4+ pp3se > 0 to constrain ey

—Sn3pn3(t) < en3 < Spzpn3(t) (52)

with Pn3o > 0, pr3coc > 0,133 > 0,0 < 8p3 < 1,
0 < 8p3 < 1 being design parameters and satisfying
Ph30 > Ph3ocs —0n3Pn30 < €n3(0) < 8n30n30, Ph3cc =

Pr3(t) < pPn30-
We transform (52) into an equivalent formulation

en3 = Y3 (en3(1) pn3(t) (53)

Sp3efh3 () _g;30€n3 () R
where W3 (€3 (1) = 225 G280 € (=813, 813)
is a transformed function and &,3(¢) is a transformed
error. The inversion of (53) is as follows

- 1 (en3/pn3(t) +dn3
— gl =zIn|=—/—————-).
en3(t) = ¥y5" (n3(1) = 7 In (8h3 - eh3/,0h3(t))

(54)

&n3(t) is derived as

Pn3(1) ]

Pn3(t)
Pn3(t) ]

Pn3(1)

en3(t) =rp3 [ém —ep3

=rp3 [23 — 234 — en3
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. Pn3(t)
=73 |:Fh0(Z3, 0)+ 1 (23, 83)8e — 239 — en3 ]
Pn3(t)

=3 [ 1023, 0) + T (23, 83)8e — 23q
— Wn3 (5h3(t)),0h3(f)ph3(t):|
on3(1)

= ri3 [Tho(z3, 0) + 1 (23, 83)8e — 239

— W3 (en3 (1) pn3(1)] (55)

: 1 1 1
— — _ >
with 3 2pp3(1) [6113/ph3(t)+8ha eh3/ph3(t)—3h3] -
1 1 1
2pn30 (3h3 + Sh3> > 0.

Define Lyapunov function

en () e | ep)

L, =
h 2 2 2

(56)

Employing (43), (49) and (55), Ly, is

Ly = ent(0én (1) + en(0)éna(t) + en3 () én3 (1)
/')hl(f):|
on1(t)
ﬁhz(l)}
Pn2(t)
+ en3(Orn3 [Tho(z3, 0) + Thi (23, 858 — 234
— W3 (en3 (1)) pn3(0)]

= ep1(Orp1 |:€h2 + 224 — Va4 — en1

= en1(Drn1 [Zz — Yd — ent

+en2(H)rnn [13 — 224 — en2

on1 (1)

+ en3(Drp3 (23, 82)8e + €n3()rn3

x [Iho(z3,0) — 239

— W3 (en3(1)) pn3(1)] . (57)

Substituting (44) and (50) into (57) leads to

bhl(t)]

Ly = eni (Orn Lenz — kn1en1 (D] + ena (Orna
X [ens — knagn2(1)]
+ en3(O)rnz [Tho(23, 0) + Thi(23, 8
— W3 (en3(1)) pn3(1)]

= en1(D)rn1 [Wha (€n2(1)) pra(t) — kn1€n1 ()]

+ en2 (D rn2 [Wn3 (en3 (1)) pn3(t) — kn2en2(1)]
+ en3(O)rn3 i1 (23, 83)8e + n3(H)rp3 [Tho(23, 0)
— 23d — Wh3 (en3 (1)) pn3(0)]

=1 [‘I’hz (en2(®)) pr2®ep1(t) — khﬁﬁl(t)]

)8 — 234

iz [Whs (e43(0) prs (Dena(t) — Kizelo (1) |
+en3(Orn3lin (23, 87)de

+en3(O)rn3 [Tho(Wn3 (en3(2)) pn3(t)

+ 230, 0) — 239 — i3 (en3(0)) pn3 (1) ] (58)
It is easy to conclude that there exists a positive con-
stant X, such that | T (W3 (en3 (1)) pr3(t) + 234, 0)
—23d — ¥n3 (en3 (1)) pn3 (t)’ < Xj,. Furthermore,
Ph2oo = pr2(t) < Pn20s

- 1 ( 1 N 1 ) 0

pl = —_— — > U,
2pp10 \8p1  dp1

- 1 ( 1 n 1 ) 0

> —+=—)>0,
2pn20 \On2 ~ 8p2

Spefn2(®) — 5, 5e—en2(1)
en2(t) 4 p—en2(1)

Spzetn3 () — 520~ €n3(t)
een3(t) 1+ p—en3(0)

Then (58) becomes

Ph3co < Pr3(1) < pPp3o,

r

Yo (g2 (1) = € (—n2. dn2) »

Yp3 (ep3 (1)) = € (—5h3, 5/13) .

Ly <rm [Sthhzo lent ()] — kh18;2,1(t)]

+rn2 [Sh3/0h30 len2 ()| — kh28ﬁ2(t)]
+en3(Orn3Th1 (23, 82)8e + len3 ()| rn3 S

= ru1 len (D] [Sn2on20 — kn1 len1 (0]
+ 2 len2 (O] [8n3on30 — kn2 len2 (1]
+en3(O)rn3 Thi (23, 82)8e + len3 ()| rr3Zn. (59)

Finally, the actual control law §; is chosen as

8e = Ni3 (€n3) [Khslé‘hs(t) + %38”3(1)]

2 2
: & t
Ens = kn31rn3ejs (1) + %”3()

(60)

where Np3 (£p3) = e% cos(mé€p3/2) is a Nussbaum
function [3,4]; kn31, kp32 > 0 are design parameters.
Invoking (60), (59) becomes
Ly < riy lent O [8n20m20 — k1 len1 ()]
+rn2 len2 ()| [n3pn30 — k2 len2 ()]
+en3 (a3 i1 (23, 82) N3 (En3) [kn31en3 (1)

Kn32rn3€en3 (1)
f] + lens@®) rn3 Zh. (61)

Based on Young’s mequahty, we get [ep3(D)| rzXy <

22 62 (1) + 2/(},’;2 Then (61) further becomes

Ly < it lent (O] [8n20n20 — kit lem (1]
+rn2 len2 (0| [8n3pn30 — knz en2 (1]
+en3(Orn3 i1 (23, 83) Ni3 (§n3)

Kn32rn3en3(t) }

t
[Kh318h3( )+ >
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2 2
+ 22620+ Tt (23, 85) Nis (63 €3 + 43 + 5
5 h3fn3 2nm e 24h32
= ru1 len (D] [Sn2pn20 — k1 len1 (0] < —tnLp + Th1(z3, 85)Nn3 (En3) En3 + En3
+ 2 lena (O] [8n30n30 — kn2 len2 (0)]] =i (63)
+ 1 (23, 85) N3 (6n3) 2Kn32
VL ensirmse? (1) + M with ¢, = min {2/{H1 2K, Zﬁié (# + i)}
h317h3%h3 2 Being multiplied by ¢’ on both sides of (63) leads
2 to
Kn32 o d :
+ 2 = rien () + 2ns I (Lne™) < Tni(z3, 85)Ni3 (6n3) Enzet™
= ru1 len (D] [Sn2om20 — kn1 len1 (D] — x2 e .
- 4
+ ru2 len2 (0| [Sn3pon30 — kn2 len2 (0] et + 2Kh32e ©4)

+ T (23, 8%) N3 (€n3) én3

2

Kn32
+ == r2el (1) +
2 h3 h3() 2Kh32

= ru1 len (O] [Sn2pn20 — ki1 len1 (0]
+rn2 len2 (| [8n3pn30 — knz len2 ()]
+ T (23, 8)Nu3 (6n3) Ena

2 2
— kn31rn3&j3 (1) + kn31rn3eys (1)
2

Kh32
+— ) r}%38h3(t)+

2Kh32

= ru1 len (D] [Sn20m20 — ki1 len1 (1]
+rn2 len2 ()| [8n3pn30 — k2 len2 ()]
— kn31n3E)5 (1) + Thi(z3, 85)

2

X Ni3 (En3) Ens + éns + (62)

2kn32

If lep1 ()| < Sn2pn20/kn1 and |ep2(t)| < Sp3pn30/kn2,
then &j1(¢) and &5, (¢) are bounded. Else if |51 (¢)| >
Sn2pm20/kn1 and lepa2 (1)l > Sp3pn30/kn2, we obtain
a1 lent (O [Sn2pom20 — knt lent (D] < Oand rya [en2 (1)
[Sh3ph30 — kno |£h2(t)|] < 0. Moreover, we easily
know that there exist adequately small constantsO <
kg1t < rpikprand0 < kg < rpokppsuch that
it len (O] [Sn2om20 — ki len (O] + kmiep (1) < 0
and 2 |en2 ()] [8n30n30 — kn2 lena (D1 ]+kH2el, (1) <
0. Thus (62) becomes
Ly < ruy lem (O [Sn20m20 — k1 en1 ()]

Hierey () — ke (1) + o lena ()]

[8n30n30 — kn2 len2 (D] + K28y (1) — KH2ER (1)

— k31 n3ER4 (1) 4+ Thi (23, 85)
>

h
2Kkn32

2 2 2
< —kn18; (1) — KH2E), (1) — Kn317p38),3(F)

X N3 (En3) En3 + €ns +

@ Springer

Integrating (64) over [0, ¢], we obtain
0<Ljy<Lp0)+e

t
X f (23, 83)Ni3 (6r3) Epze'Tdt
0

t t 2
+e_””/ éhge‘“dr—k/. —Zh e g
0 0 2Kkn32
(65)

e"h’) €

E t 2% —p(t—1) 2% 1
Noticing fy goise""Pdr = 2/%25 (1-
Eﬁ 1

1 —Lh(t—r)df is
> 2632 th

, we know that fo Zi

bounded. Furthermore, (65) becomes

t
0<L,< Lh0+e_”‘tf Thi(z3,87)
0

t
x Np3 (En3) Enze™dt +€_“’t/ Epzen™dr (66)
0

2

with Lyg = Ly (0) + 5oL

Invoking Lemmas 1 and 2 presented in [29], we
have that Ly, e™"" [i I}i1(z3, 8)Ny3 (€43) Enze™dt
and e ‘! fé £pzehTdr are all bounded. Thus, all the
closed-loop signals are bounded. From the bounded-
ness of g;(t),i = hl, h2, h3, we know that there exist
positive constant &;, i = hl, h2, h3 such that |g; ()| <
g;,1 = hl, h2, h3. Further, the inversions of &; (¢), i =

h1, h2, h3 are % = %) | = h1,h2, h3.
That is, ¢; = %p,(t) i = hl,h2, h3, which
leads to —8ipi(t) < Aoy < oo <

%pi (1) < Si,oi (t),i = hl, h2, h3. Obviously,
the prescribed performance for ey 1, €52 and e3 is guar-
anteed.

The design procedure of velocity and altitude con-
trollers is completed. The structure of the addressed
control approach is presented in Fig. 1.
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gV (t ) )] [4)]
Eq. (17) » Eq.(23): @ =N, (&, )|:KV|€V O+ K”FV;V( ) >
1 ¢ v
: K 1 €p (2) Vehicle
> Eq. (23): &, = K, 160 (1) + 22— h
é:V ity V( ) 2 Model >
Egs. (1)-(7) y
Dot V4 €n Z3d €3 56
_ | Ea. 32 Eq. (44) Eq. (50) Eq. (60) >
- i — el
+ 0 3 feut fe. 0 + £,5(1)
h Eq. 31) Eq. 42) Eq.@8) | = 75| Eq. 59

Fig. 1 The structure of the proposed control strategy

Remark 4 1tis apparent that the developed control laws
(23), (44), (50) and (60) do not rely on vehicle models,
which guarantees the control system with satisfactory
robustness against uncertainties.

Remark 5 The above analysis reveals that prescribed
output tracking performance for tracking errors ey, ey,
enl, ep2 and ep3 is achieved by selecting appropriate
design parameters for (15), (30), (40), (46) and (52).

Remark 6 The addressed control laws (23), (44), (50)
and (60) are designed based on non-affine models
(12) and (37) only using equal transformations from
(12), (37) to (13), (38), on the basis of which the pro-
posed control methodology presents good practicality
because there is no need of model simplification.

5 Simulation results

In this section, the effectiveness of presented control
strategy is verified through simulation. Moreover, to
show the superiority, the investigated controller is com-
pared with a dynamic surface control-based neural
control scheme proposed in [20]. The design param-
eters are chosen as follows: pyg = 10, pyo = 1.5,
ly = 0.05,8y =8y = 0.9, ky1 = —15,ky2 = 0.5,
pno = 0.4, proo = 0.1, 15, = 0.05, 8, = &, = 0.5,
un = 15, pp1io = 0.087, ppico = 0.026, I51 = 0.1,
Sp1 = 5_;,1 = 0.5, kp1 = 0.02, ppoo = 0.087,
Phce = 0.026, Iy = 0.1, 8pp = 82 = 0.5,
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Fig. 2 Velocity tracking performance
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Fig. 3 Velocity tracking error
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Fig. 5 Altitude tracking error

The proposed controller
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¢, [deg]
[=}

=019 (1)

Fig. 6 The response of ey

kny = 0.02, pp3p = 0.087, pp3se = 0.026, 3 = 0.1,
8;,3 = ghg = 0.5, Kp31 = —40, Kp32 = 0.5. Moreover,
all the model coefficients in (1)—(7) are assumed to be
uncertain by defining C = Cy[1 4 0.3sin(0.057¢)],
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Fig. 9 The response of y

where C denotes the value of uncertain coefficient and
Co is the normal value of C.

The tracking performance of the presented control
approach is depicted in Figs. 2, 3,4,5,6,7, 8,9, 10, 11,
12 and 13. Figures 2, 3, 4, 5, 6, 7 and 8 show that all
the tracking errors are forced to fall within prescribed
boundaries in the presence of parametric uncertainties.
Thus, the pursued control objective is achieved. Fur-



Guaranteeing prescribed output tracking performance

537
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Fig. 10 The response of 6
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Fig. 11 The response of Q
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Fig. 12 The control input @

ther, it is observed from Figs. 3, 4 and 5 that veloc-
ity and altitude tracking error converge to zero faster
when using the proposed controllers than by employing

5, [deg]

The proposed controller
The controller in [21]

8 . . . . . . .
0 10 20 30 40 50 60 70 80

Time [s]

Fig. 13 The control input 8,

the strategy of [20], which indicates that better tran-
sient performance can be provided by the addressed
controller than by the one presented in [20]. Besides,
the responses of attitude angles and control inputs, as
shown in Figs. 9, 10, 11, 12 and 13, reveal that these
variables are bounded and vary without high-frequency
chattering. To sum up, the addressed control approach
can provide robust tracking of velocity and altitude
commands with better transient performance in com-
parison with the control method of [20].

6 Conclusions

In this paper, a prescribed performance controller is
exploited for AHVs within the back-stepping frame-
work. The control laws are devised utilizing non-affine
models. Prescribed boundaries are constructed by
introducing performance functions to constrain track-
ing errors. Desired transient performance is guaranteed
for control systems. The presented control method does
not need accurate models or the signs of control gains.
Both the robustness and practicality of the controller
are fine. The stability of the closed-loop control system
is proved via Lyapunov synthesis. Finally, the tracking
performance and superiority of the design is validated
by numerical simulation results.
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