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Abstract We investigate the generalized (2 + 1)
Nizhnik—Novikov—Veselov equation and construct its
linear eigenvalue problem in the coordinate space from
the results of singularity structure analysis thereby dis-
pelling the notion of weak Lax pair. We then exploit the
Lax pair employing Darboux transformation and gen-
erate lumps and rogue waves. The dynamics of lumps
and rogue waves is then investigated.
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1 Introduction

The identification of dromions [1,2] in the Davey—
Stewartson I (DSI) equation which has given a fillip to

P. Albares - P. G. Estevez
Departamento de Fisica Fundamental, Universidad de
Salamanca, 37008 Salamanca, Spain

P. G. Estevez
e-mail: pilar@usal.es

R. Radha () - R. Saranya

Centre for Nonlinear Science (CeNSc), Post-Graduate and
Research Department of Physics, Government College for
Women (Autonomous), Kumbakonam 612001, India
e-mail: vittal.cnls@gmail.com

R. Saranya

Post-Graduate and Research Department of Mathematics, Gov-
ernment College for Women (Autonomous), Kumbakonam
612001, India

the investigation of (2+ 1) dimensional integrable non-
linear partial differential equations (pdes) [3] has vir-
tually triggered a renewed interest toward other local-
ized structures like lumps [4], breathers [5] etc. Recent
identification of rogue waves [6,7] in nonlinear pdes
which appear from nowhere has once again prompted
a deeper investigation of integrable (2 + 1) nonlinear
pdes in an effort to unearth similar structures in them. It
should also be mentioned that even though the integra-
bility of (2 + 1) dimensional nonlinear pdes has been
well established in terms of the abundance of local-
ized solutions, there exists no systematic approach to
unearth other signatures of integrability like Lax pair
[4], Backlund transformation [8], Hamiltonian Struc-
tures [9], conservation laws [10] etc. In this connection,
Boiti et al. [11,12] had pointed out that (2 4 1) dimen-
sional nonlinear pdes like Nizhnik—Novikov—Veselov
(NNV) equation [13] admits only weak Lax pair in the
subspace of coordinate space. In other words, the lax
operators commute at least on the functional subspace
of the eigenfunction and they should be compatible at
least for one eigenvalue. Even though the concept of
weak lax pair has yielded several (2 + 1) integrable
nonlinear pdes and facilitated their investigation from
the viewpoint of localized coherent structures [14,15],
a closer look at the investigation of integrable (2 + 1)
nonlinear pdes may yield other richer structures and
would enable us to get a deeper understanding of inte-
grability.
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The Painlevé property [16] has been proved to be a
powerful test for identifying the integrability as well as
a good basis for the determination of many of the prop-
erties derived of the integrability of a given pde [4]. In
this paper, we investigate the (2 4- 1) dimensional gen-
eralized Nizhnik—Novikov—Veselov equation [14] and
generate the Lax pair in the coordinate space employ-
ing the singular manifold method [17] based on the
Painlevé analysis. We then exploit the Lax pair employ-
ing Darboux transformation approach, and construct
lumps and rogue waves. We then discuss their dynam-
ics.

The present paper is structured as follows: in Sect. 2,
we drive the linear eigenvalue problem of the NNV
equation by using the results of Painlevé analysis. We
then exploit the Lax pair and employ Darboux transfor-
mation in Sect. 3, to derive lumps in Sect. 4 and rogue
waves in Sect. 5. After studying the dynamics of lumps
and rogue waves, the results are summarized at the end.

2 Singular manifold method for the
Nizhnik—Novikov—-Veselov equation

The generalized Nizhnik—Novikov—Veselov (NNV)
equation is a symmetric generalization of the KdV
equation to (2 4 1) dimensions and is given by

U + attyyx +buyyy +cuy +duy —3auv),

—=3b(uw)y =0 (D)
Uy = vy 2)
y = wy 3)

where a, b, c and d are parameters. This equation,
which is also known to be completely integrable, has
been investigated in [ 14, 15] where exponentially local-
ized solutions have been generated and their dynam-
ics has been investigated. Introducing the following
change of variables,

c

U= —2Mmyy, v:5—2m”, w:E—Zmyy
“4)

Equations (1)—(3) get converted to the following equa-
tion:
Myyr +a (mxxxy +6 mxxmxy)x +b (myyyx

+ 6myymyy)y =0 5)
According to the singular manifold method [17,18], the
truncated Painlevé expansion for m should be

m" = m% 4 In(p)) (6)
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where mH1 and m!" are both solutions of Eq. (5) and
1 is the singular manifold for the seed solution .
Furthermore, Eq. (6) also implies an iterative method
of constructing solutions where the super index [0]
denotes a seed solution and [1] the iterated one. Sub-
stitution of Eq. (6) into (5) yields an expression in neg-
atives powers of ¢1. Equation (5) is symmetric under
the interchange of (x, @) and (y, b) and hence it is rea-

sonable to suggest the ansatz,
10 =aGalx,y, 1) +bGpx, y,1) (N

such that the terms in a and b cancel independently.
Substituting Eq. (7) into the expression in negatives
powers of ¢1, we obtain two polynomials(one for the
terms in a and other for the terms in b) in negative pow-
ers of ¢;. If we require all the coefficients of these poly-
nomials to be zero, we obtain the following expressions
after some algebraic manipulations [using Maple]. The
result can be summarized as follows:

G, = _¢l,xxx -6 ¢1,xm£&],
Gp = —@1,yyy — 06 ¢’1,ym[y(;] (8)

The rest of the terms can be independently integrated
as,

¢1,xy +2 ¢lm[0]

o =+ K2(y)
+K1(y)/ (ﬁ:)zdx =0 )

EELL Sy
+me [ (%)2dy 0 (10)

where H;(x) and K;(y) are arbitrary functions. Com-
parison of Egs. (9), (10) yields (with Hy = H, = K| =
K> = 0) and therefore,

Pray +2¢1ml) = (11)
and the combination of Eqs. (7) and (8) yields,
¢1,t +a <¢1,xxx +6 ¢1,xm£2(])

+b (q&l,m +6 ¢1,ym§9yl) -0 (12)

Equations (11) and (12) constitute the Lax pair for the
NNV Egq. (5). The above Lax pair is in sharp contrast
to the notion of weak Lax pair postulated by Boiti et
al. [11,12] in the subspace of coordinate space.
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3 Darboux transformations

The truncated expansion given by Eq. (6) can be consid-
ered as an iterative method [4, 18] such that an iterated
solution m!! can be obtained from the seed solution
m!9 if we know a solution ¢1 for the Lax pair of this
seed solution. This means that if we denote ¢ > as the
eigenfunction for the iterated solution m! it should
satisfy the following Lax pair,

(@1.2)xy +2 p1omll) =0 (13)
(@12 +a [ @1.2)c0 +6(1.2)5ml |
+b[ @125y +6(@12),ml)]] = 0 (14)

The Lax pair can also be considered as a nonlinear
system between the fields and eigenfunction together
[4,18]. It means that the truncated Painlevé expansion
given by Eq. (6) should be combined in Egs. (13), (14)
with a similar expansion for the eigenfunction such as,
Arp
Pro=¢— —— (15)
¢

where ¢;, (i=1,2) are eigenfunctions for the seed solu-
tion m[% and therefore,

Bixy +2 giml) = (16)
¢i,t +a <¢i,xxx +6 ¢lxm,[£c]>
+b (¢,-,yyy +6 ¢>,,ym[y°y]) ) 17)

Substitution of Egs. (6) and (15) into Egs. (13), (14)
yields A; ; as the exact derivative

dAij =2¢;j ¢ixdx +2 ) y¢idy
+2a (@) xPixx — PixPjxx — PjPixxx
—6 milp;1.0) dr
+20b (‘f’i,y‘f’j,yy —9jyPiyy = Di®jyyy
—6 m>[‘5§,1¢,~¢‘,~,y) di (18)
where
Aij=2¢ip; —Aj, (19)

The Painlevé expansion given by Eqgs. (6) and (15) can
be also considered as a binary Darboux transformation
that relates the Lax pairs given by Egs. (13), (14) and
Eqgs. (16), (17).

3.1 Iterated solution

In the previous section, we have introduced a singular
manifold ¢ 2 which allows us to iterate Eq. (6) again
in the following form: m!?) = m!! 4-In(¢1 2) = m!%1+-
In(ty2), where 71 2 is the 7- function defined as,

T2 =9Q1201 =¢1 P2 — A2 (20)

From Eq. (19), A1 = 2 ¢1 ¢o — Mgy If ) =
det(A; j) wherei, j = 1, 2. Therefore, we can con-
struct the solution m!?! for the second iteration with just
the knowledge of two eigenfunctions ¢ and ¢, for the
seed solution m!°1,

4 Lumps

In this section, we obtain lumps for the generalized
NNV Eq. (5).

4.1 Seed solution and eigenfunction

‘We consider a seed solution of the form,
m!® = goxy @1

where ¢qo is an arbitrary constant. Solutions of
Egs. (16), (17) can be obtained through the following
form,

@i (ki) = exp @ ED Py T (k)

8bq?
= 2By [~ + 200, (22)
K K

n
P (ki) =Y aj(k)yr ki), (ki)
Jj=0
2 8bqg
—k2 (x+ 2Ly 3 (a2 + 20 ) 23
k; k;
such that P"(k;) is a polynomial in x of degree n
whose coefficients a; can be obtained by substituting

Egs. (22), (23) into Egs. (16), (17). We obtain after
some algebraic calculation,

Baj . 3aj+1
— = Lk 1
3y i(j+1) oy
—2q0ki (j + 1)(j +2)aj+2 (24)
da;j 83aj+1 82aj+1
— = (j+ 1) | bk; — 12bgo———
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36bq daji1
k,' 8y

8%a;
LG+ +2) (2bqokl- e

da; 2 3
—24bgy =2 - = ( k?—l6bq§)aj+z>

ay ki
—( 4+ DG +2)( + 3) @k + 8bgg)a;13
(25)
where we can seta, = 1, a,—1 = 0. From the above, it

is obvious that there are an infinite number of possible
eigenfunctions characterized by an integer n and a wave
number k; .

4.2 Case-I: n =1

The simplest case can be obtained by taking n = 1, in
which case the eigenfunction given by Egs. (22), (23)
is of the following form,

@i (ki) = exphi T EDy k),

-2 8bq3
Jki) = % n <—ak,.2 + k—4%) t (26)

i i

2 8bq?
¥(ki) = k? ( + 0 _3 <ak% + #) r) 7)
K2 K

According to Eq. (18), we can calculate A; ; as,

2k; kk
Ajj = KTk |:<W( )+k+k)(1ﬁ( i)

2 2.2
KN, KK
ki +k; (ki +k;j)?

ki (x-+J (ki) +k j (x+J (k) (28)

exp

It is important to note that, 2¢;¢p; = A; j + Aj;

T — function

A second iteration provides,
m = m% 4 1n(zy ) (29)
Substituting Eq. (21) into (29), we obtain,

m? = goxy +1In(71 2)

@ Springer

From Eq. (4), we have

w2l = ol = 2 (610 n ((11,2)):) )
T2/,

1 .
where 712 = g1 — A2 = 3 (Az,l — Al,z), which
after simplification can be written as,

kl—k
T = _—
2 T TP
212

(W (ky) + gk, k2)) (Y (k2)
+g(ka, k1)) +d(ky, k2) (30)
where g(k;, k;), d(k;, k;) are
2Kk} 2U7KG (k7 + k)
gki kj) = k,' k%’ dki, kj) = W
| G

and therefore ul?l = —2 (q + ((91 2z ) ) In order
y

kl()H-J(kl))+/<2()H-J(/<2))_Q1 5

212
to have real expressions, we set k> as the complex con-
jugate of k1 which means

ki =A+iB, ky=A—iB (32)

Using Eq. (32) in (30), we obtain

210 = [(A2 — BY)x + 2qoy + (3a(6A232 — At
2 p2 A2+ B? 2

@ 32)2) Y }

+ [ZABx + 1248 (—a(A2 — BY

2
N 4bg3 . A% + B?
(A2 4+ B2)2 2B

—B*%) — 2443

2 292
Ai} (33)

+(B* — A% [ YV

which for B2 > AZ has no zeros which means that
Eq. (33) does not have singularities. Actually, it is pos-
sible to define a Galilean transformation of the follow-
ing form,

x =X+ Xo+vst, y=Y + Y+ vy,

A? 4+ B? (A2 4+ B%)?
Xo="r, Yo=—"
4AB? 840AB?
24bg}
— 2 2 0
Ux—[66l(A —B)—m]
vy = L2302 4 g2y 4 2apgy A B
YTl 2 a1 B2)?

(34)
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Fig. 1 Lump forn =1whengy =03,A=0.5,B=1

such that in the new coordinates, §21 ; reads as the static
solution

2
210 = [(A2 - BHX + 2qu] +[2ABXT?

A2 32 2
2) [L} (35)

B> - A
+( 2AB

Similarly, one can define v*! and w!?!. The lump solu-

tion for u!?! is represented in Fig. 1. It is interesting to

note that one gets a similar lump profile for v/ and
[2]
wtl.

4.3 Case-Il: n =2

Substituting n = 2 into Egs. (22), (23), we have

91 ) = expH D (4 (6)? + ao(k) )

-2 8bq3
07 a2+ 200,
K Kk
2 8bq’
(ki) = k? (x Zoy 3 <ak,? n k—Z(’) r) (36)
i i

From Egs. (24), (25),

6
ao(ki) = —4qokiy = - (ak? - 16bq8)t (37)
1

We can calculate the matrix A; ; through the integration
of Eq. (18) as,

A (KRR kT )~k b T Ry
ij 2% p

= Y (k)Y (kp)? —

2k1k2
i

<ao(k2)+ Tk )2> ¥ (kp)?

it 2,
<ao(k1)— e )2> ¥ (k2)” +
2k3 (ky — 2k

(k1 + k2)?
243 (ky — 2k7)
—L 2 ) vk
kLT 52 ¥ (k2)

I +k ¥ (kD) (k)

vk W (ka)?

1k2
ko (ap(k2)

2k3 .
— a
k1 + ko 0t

+aoknaotka) + ¢ (Bagk) — fag k)

12k3k5 (k1 — ko)
(ky + kp)*

2kyp
+ k)2
4k3ky (ky — kz)

38
(ky + k2)? %8)

v (k1) (ko) +

T — function

A second iteration provides, ml?2! = qoxy + In(71,2)

W = —2ml?) = -2 0+<(T1’2)x) (39)
71,2 y

] .
where 112 = g1 — A2 = 3 (Az,l — Al’z), which
after simplification can be written as,

exphl (HI (D) HaG+H G 0
212 = |Wk) + g ki k) + ao(hr)
ki 2 2
stk k) | [ ) + ko, k)

k
+ag (k) — k—?g(kz, knz)}
+4d(ky, ko) [(F (k1) — c(ky, ko)) (Y (k2)

—c(ka, k1)1 + p(ky, k2) (40)
where g(k;, k), d(k;, k;) are defined in Eq. (31) and
o k) = , kP —kikj +2k3
c(k;, _
’ (k, + k) (k? +k2)
8k k4 (k? + k2 + kik ;)
p(ki,kj) _ PN Jj thy

k? + k?)(ki + kj)*

@ Springer
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Since c(k;, k), p(k;, k) are constants, we have ul?l =
2 (qo + (%) ).Ifwe selectk; = A+iB.ky =
=)y

A — i B, we obtain the real expression for §21 > as

2
Q10 = [(A2 - BHX + 2q0Y) —4A%B*X? — 4AqpY

+ 8A%B%h t +

2
(3A% — By (A* — BY
4A2B2

+ [4(/42 — B>)ABX? 4+ 8gyABXY — 4qoBY

— 8A%B2hyt +

(3A%2 — B%)(A? + B?) 2
2AB

2 .2 a2+ B2 2 2
+ (B AN | T (A2 — BYyx

244~ A2p2 — g4
+2qy - — 7

2A(A2 — B2)

2
2 .| A+ B?
+ (B2 =A%) | = 2ABX

2
A% — A2B2 4 2B*
2B(A2 — B2)

(41)

2
B2 —3A% | (A2 4+ B?)?
B2 — A2 242

where i1 and &, are constants defined by
3
— = |8bq
A(AZ + B2)2 [ 0
+a (3A6 —BS4+5A4%B% + A284)] ,
3
S — T
B(A? + B2) [ o
—a (336 —AS 4 5B%A% + B2A4)] (42)

hy =

and X, Y are the coordinates defined in Eq. (34). From
Eq. (41), it is easy to see that £21 > does not have zeros
when B2 > 3AZ. If we wish to study the behavior of
the solution when ¢+ — o0, we need to perform the
transformation, X = Xoo£/ct,Y = Yoo +2z+/ct and
fix ¢ and z to cancel the higher powers in ¢ of Eq. (41).
The result is

¢ —2hic—h3=0=c=hy +/h?+hi,
B> — A% ABh,
+
290 qoc

=

@ Springer

In this case, at t — £o00, §21 » behaves as

Q12 ~ [(2h2(A2 —BY)— 4ABc) Xoo

A2 B2\ 7°
4 4qohaYeo — 2Ah + (T) c:| [ (4ABh2

+2(A% - Bz)c> Xoo + 4qocYeo — 2Bl

(59)]

+(h3 + ) (B? — A?) [

2 292
Ai} 43)

2AB

which corresponds to a static lump. Let us consider the
two possible solutions of Eq. (43) separately.

e Att — —00

c_:—\/m+h1<02>c_t>0,

B%Z — A2 ABh,
— = -

200 4o Jn2 +h2+ )

There are two lumps approaching along the line, X =

X oot Jet, Y=Y Ltz Jct, Y =Y o =
tan(0_)(X — X_~0)

B2 — A2 ABh,
tg(0-) =z_ = —

2

0 q0 (—,/h%-ﬁ-h%-ﬁ-hl)
e Att —> 0
c+:,/h%+h%+h1 >0=cit>0

There are again two lumps moving away along the

line, X = X+OO + A/C_|_l‘, Y = Y+OO :|ZZ+4/C+I, Y —
Y oo = tan(01)(X — X1 ) and therefore,

B2 — A? ABh»

5 _
0 q0 (,/h%-ﬁ-/’l%-ﬁ-h])

The scattering angle between the lumps is given by,

tan(0) = tan(f+ — 6_)
8qoAB./h? + h3

= 42k, + 4ABR\ (A2 — B2) + hy(A* — 6AB? + BY)

tan(04) = z4 =

Similarly, one can define v/ and w?!. The lump solu-

tion for u?! is shown in Fig. 2. It is again interesting
to note that one gets the same lump profile for v?! and
wl. From Fig. 2, one understands that there is only a
rotation of lumps without any interaction (or exchange
of energy). Figure 2b shows the coalesced state of two
lump solution, wherein the two lumps just pass through
each other.
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Fig.2 Lump forn =2, whengyo =0.5,a=1,b=66,A=05,B=1.at <0,br=0andct >0

4.4 Two lump solution

As we have seen in the previous section, the one lump
solution is obtained through the second iteration. It
obviously means that for the two lump solution, we
need to go to the fourth iteration. If we start with the
singular manifold ¢, we can generalize Eqgs. (15) and
(19) as:

ALi A A b
. A=A ¢))

1, =P — o

From the fourth iteration, we have

Al jk
DLijk = PLik — ———,
b1
Ay ik
Atk = A@1ij, Prik) = Nijk — T
1,i

The solution becomes

m¥ = mB 4 1n(g1234) = m +In(pr123)
+In(¢1,2,3,4)
=m" +1n(¢12) + In(@12.3) + In($123.4)
=m% +1n(¢1) + In($1,2)
+1n(¢1,2.3) + In(p1.2.3.4)

which reads

m™ = m 4 In(r 25.4) (44)
where 71234 = ¢1,2,3.401,2,3¢01,2¢1. With the pre-
vious definition, we can construct the t function for

the fourth iteration from the eigenfunctions of the seed
solution m!°! in the following form:

1
712,34 = Z(A2,1 — A12)(Ag3 — A3z )
1
—Z(A4,2 — A2 4)(A31 — Ar3)

1
+4_1(A4’1 —A14)(A32 — A23)

where we have used, ¢;¢p; = %(Aj,i + A; ;). One can
write 712,34 in a more compact form as: r12’2’3’4 =
det(A; ), if i, j = 1..4. We shall consider the sim-
plest case in which we have the seed solutions with
n=1.

4.4.1 Solution for two lumps withn = 1

The simplest case can be obtained by takingn = 1. The
eigenfunction given by Egs. (22), (23) again taking the
form given by Eqs. (26), (27). We can calculate the
matrix A; ; again taking the form given by Eq. (28).
‘We have,

T
M[z] - % + (( 1,2,3,4)x) (45)
T1,2,3,4 y

and we choose
ki = A +iBy, k2=kT=A1—iB1,
ky=Ay+iBy, ka=ki=Ar—iB

It is convenient to define a center of mass coordinate
system as

1 1 2
X = Xcm+§(vx+vx)t,
— Yom + () 4 0 (46)
Y =Tem 7y y

where (vi , v?) are the individual velocities of each soli-
ton (see Eq. (34))

@ Springer
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24bg3 2 p2 .
vl = (6a(a? — g2y - 290} T34~ [(AF = BDX +2q01 |
(A? + B})? R
1 (-3 2 (A2 — B?) LRABX T+ (B2 - A2 | AT BD
v = — == (47 + BY) + 24bg) 1> OV 2aB
qgo \ 2 (A7 + BY)?
(47) where
2 2
1 _ ATt B
44, B}
44 [(43+ B3 + (A3 = 3BD) (4} + BD)? + 243 + B2 (B} — AD)]
[(A1 + A2)2 + (B) — B2)2I[(A] — A2)? + (By — B2)21[(A| + A2)2 + (B + B2)2I[(A1 — A2)2 + (By + By)?]
A? + B?
QoY) = —+—

8A|B}

2A2(A? + B2)?[(A? + B})? + (A3 — 3B3)(A] + B2) +2(A3 + B3)(B} — A)]

(A1 + A2 + (B — By)2I[(A] — A2)? + (By — By)2I[(A1 + A2)2 + (B + B2)2[(A1 — A9)2 + (By + B2)?]

Using the change of variables given in Egs. (46), (47)
in Eq. (27), we have

I//(kl) = k%(Xcm —Vin) +2610(ch - Vyt)v

Y (k) = k%(Xcm = Vxt) +2q0(Yem — Vyt)’

V¥ (k3) = k3 (Xem + V) +240Yom + Vy1),

W(k4) = ki(Xcm + th) + 2Q()(ch + Vyt)

where, V, = %(v}c — v)%), Vy = %(v; — v%). In
the center of mass system, the solution asymptotically
yields two lumps that move with equal and opposite

2, @2
) Ayt By
X3 = - €
4A, By

o If we now define
Xem = Xo — X§ — Vat, Yo = Yo — Y5 — Vyt

the limit of the T-function when ¢t — F00 as the static
lump becomes

2
11234 ™~ [(A% — B)X> + 2qu2] +[2A2B2X>]?

(A2 + 1922)}2

+(Bzz - A%) |: 2A,B>

where

441 [(A7 + BD? + (47 = 3BD(A3 + B3)? +2(47 + B2 (B3 — 4D)]

[(A1+ A2)2 + (Bl — B2)2I[(A1 — A2)2 + (By — B2)2][(A1 + A9)2 + (By + B)2[(A1 — A)% + (By + By)?]

2 2
A5+ B,

2_
8A,B3

2A1(A3 + BD)?[(A] + B)? + (A2 —3B})(A? + BY) + 2(A3 + BY)(BF — AD)]

" [(A1+ A2)2 + (B — B2)2I[(A) — A2)2 + (By — B2)2][(A1 + A9)? + (By + B)2[(A] — A)% + (By + By)?]

velocities. To clarify this point, we can consider the
asymptotic behavior of each lump

e Let us define

Xcm = Xl _X(l)+ th, ch = Y] - Yol + Vyt

which (the tedious calculation has been made with
MAPLE) allows us to write the limit of the T-function
when t — 00 as the static lump

@ Springer

In this system of reference, the asymptotic behavior of
the solution for t — =00 corresponds to two lumps
moving with equal and opposite velocities along paral-
lel lines as shown in Fig. 3a, ¢, Fig. 3b again represents
the coalesced state of two lump solution where again
the lumps which seem to merge move away in opposite
directions later. Similarly, one can define v and w!?!.
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-60

=60 -60

Fig. 3 Two Lump solution forn = 1, whena = 1,6 =0.2,g0 = 0.5, A1 =0.5, B =1, A, = 0.5, B, = %. at <0,br=0andc

t>0

5 Rogue waves

In the section, we will focus on the construction of
rogue waves for Eq. (5).

5.1 Solution

Taking the easiest choice of the variable m(x, y, t) as,
m= A(x,t)+ B(y,t) (48)

where A and B are arbitrary functions in the indicated
variables, we now substitute equation Eq. (48) in Eq. (4)
to obtain

u = —2ml% =0 (49)

C c
ol = i om0 = 3~ 2Aa =000 (50)

d d
wl® = 5 2mll) = 5 2By =w(y, 1) (51
One possibility is to choose
¢1=F(x,1), 2 =Gy, 1) (52)

where F (x, t) and G (y, t) are again arbitrary functions.
Substituting Egs. (48) and (52) in Egs. (13), (14), we
have

Fi 4+ Gt = —a (Fxxx + 6FxAxx) — b (Gyyy + 6GyByy)

where
Fy + aFyxyx Gt+bnyy
AXX:_—7 Yy — T T g~
6aF, 6bG,
From Eq. (19), we have Ay = 2F(x,)G(y,t) +
co, where cq is an arbitrary constant. Hence, Eq. (20)
now yields

T2 = — (F(x, )Gy, 1) + co)

Now, the solution for u!2), v[2! and w!?!, can be written
as,

mt?l =m0 4 In(t1.2)

ul?l = —2m)[62y]
-2 (m[o] +In (= (F(x,)G(y, 1) + co))>
xy
R _ € _ 502 C
v 3a My 3a
2 (m[o] +In (= (F(x,)G(y, 1) + co))>
XX
d d
w2l = 4521

3b T
=2 (% +In ((=(F (. DG (v, 1) + o)) )

vy
where
c c
F=fn+= G=gb0+—,
cq c4
C1l c2C3
c=—=—>5
C4 cy
5.2 Case-1I

To construct a single rogue wave, we choose

e =T
Rogue waves for x>, v[?! and w!?! are shown in Fig. 4.
The time evolution of the rogue waves indicates their
unstable nature.

S, g(y. 1) =2y?

5.3 Case-II

To obtain a multi rogue waves, we choose,
f(x,t) = cos(x) + sin(x),
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Fig. 4 Rogue waves for u!?, vI2! and w!? with ¢; = 0.06, ¢ = 0.01, ¢3=0.01, ¢4 =0.1, a=1,b=1,c=1,d=1atr=0

Fig. 5 Multi rogue waves for /2!, v12l and w?! with ¢; = 0.06, ¢; = 0.01, ¢3 =0.1, ¢4 =0.1, a =15, b= 10, ¢ = 10, d = 10,

k=00latr=0

1
T+ G- DR k)

gy, 0

Multi rogue waves for ul?l v21 and wl?! are shown in
Fig. 5.

6 Discussion

In this paper, we have analyzed the generalized NNV
equation (GNNV) and derived its Lax pair in the coor-
dinate space destroying the myth of weak Lax pair.
We have then generated lumps and rogue waves of the
GNNYV equation and studied their dynamics. The lumps
do not interact and they merely pass through each other
or move away from each other, while the rogue waves
generated are found to retain their unstable nature. We
believe that a deeper investigation may unearth other
elusive localized solutions.
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