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Abstract Due to cyclic loading conditions, cracks
frequently appear in rotating machines. The propaga-
tion of fatigue cracks in shafts can provoke severe acci-
dents with high risks of people. During the rotation of
the cracked shaft, the crack opens and closes in what is
called the breathing mechanism, and consequently the
behavior of the shaft becomes nonlinear. In the present
paper, the propagation of a semi-elliptical crack con-
tained in a rotating shaft has been analyzed considering
the nonlinear effect of the crack as the shaft rotates. To
this end, an integration algorithm which allows obtain-
ing the crack front evolution has been improved. This
procedure uses the Paris-Erdogan Law to determine
the advance at a few points along the crack front and
uses the general expression proposed previously by the
authors that gives the Stress Intensity Factor along the
crack front of an elliptical crack in a rotating shaft in
terms of the crack depth ratio, the crack aspect ratio, the
relative position on the front and the angle of rotation.
Several initial semi-elliptical surface crack geometries
havebeen analyzed. For eachgeometry, the evolutionof
the crack front has been studied, analyzing the variation
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of the crack aspect ratio against the crack depth ratio.
By the moment, no fatigue growth analyses of surface
cracks in rotating shafts, taking into account the breath-
ing mechanism and considering the nonlinear behavior
of the shaft, have been found in the literature.
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1 Introduction

Rotating machines as turbines, propellers, rotors and
compressors are commonly used in almost all indus-
tries and industry processes in general. Shafts, which
are one of their main components, work in rotation and
are subjected to the action of bending loads. The pres-
ence and propagation of fatigue cracks are the major
sources of failure for these mechanical elements. Sur-
face cracks can initiate and grow during the service
life of the machine, until it cannot stand the stresses
and strains and a catastrophic fracture failure occurs.
Therefore, the fatigue growth analysis of surface cracks
is taking great importance to guarantee the structural
safety of these components.

An important aspect to take into account in the
dynamic behavior of cracked shafts is the state of the
crack during the shaft rotation. There are many works
in which the cracks are supposed to be always open
[1,2]. The opening and closing of the crack has been
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simulated using two well-known models. The first one
is the switching crack model, in which the contribution
of the crack to the flexibility of the shaft varies from
one corresponding to the fully open state to zero corre-
sponding to the fully closed state. It considers that the
crack remains either fully open or fully closed, so that
the crack is open during half rotation and it is closed
during the other half rotation [3–8]. The second one is
the breathing crack model, in which the stiffness varia-
tion of the shaft is gradual and it takes into account the
partial opening and closing of the crack. Thismodel has
been studied, numerically or analytically, by different
authors [9–21].

The Stress Intensity Factor (SIF) is a parameter that
characterizes the stress fields at the crack front. In the
case of rotating shafts in which the breathing mech-
anism takes place the SIF varies for every angle of
rotation, passing from positive values when the crack
is open to null values when the crack is closed. The
crack propagates when the SIF reaches a critical value,
denominated fracture toughness which is a material
property. Many SIF solutions for surface cracks in non-
rotating shafts have been obtained by using several
methods: numerical methods [22–31], analytical ones
[27,32] and experimental techniques [32–34].

When a shaft rotates, the crack gradually opens and
closes, therefore the behavior of the shaft becomes non-
linear [12,14–16,18,19,35–37]. The linear or nonlin-
ear cracked shaft behavior depends on the state of open-
ing and closing of the crack during the shaft rotation.
When the crack is fully open, the behavior can be con-
sidered linear. However, when the crack is partially
open or closed the nonlinear behavior of the cracked
shaft takes place. Some researchers have studied the
SIF along the crack front in rotating shafts considering
the breathing, but not considering the nonlinear behav-
ior [38,39]. Rubio et al. [21] studied the SIF consid-
ering that a breathing crack being present in a rotating
shaft causes nonlinear behavior. They developed a gen-
eral expression that gives the SIF along the crack front
of an elliptical crack in a rotating shaft considering the
behavior of the shaft as a sequence of linear and nonlin-
ear phases each of them characterized by the different
states of the crack. Moreover, there are other aspects
that can change the regular breathing of the crack in the
rotation, causing even the total closing or opening of
the crack, for example unbalances and misalignments
[20,40].

The crack growth rate depends on the SIF range as
is described by the well-known Paris law. Therefore,
once the SIF variation along the crack front during one
rotation is known, it is possible to analyze the crack
propagation. Several studies have been reported to pre-
dict the fatigue growth and the remaining fatigue life
of surface cracks in round bars. Most of these studies
have used the Paris-Erdogan Law to model the growth
of the crack, considering that every point at the crack
front advances in a perpendicular direction to the front.
Carpinteri [41] analyzed the propagation of a surface
crack in a roundbar under cyclic axial loadingwith con-
stant amplitude. On the other hand, the same author in
a later work [38], studied the propagation of a surface
crack in a cylindrical shaft subjected to rotary bend-
ing using a two parameter theoretical model. Lin and
Smith [42] analyzed the crack front evolution of sur-
face cracks in round bars subjected to axial load and
determined the new crack front using a cubic spline
approximation. Toribio et al. [43] developed a model
of the crack front evolution for a semi-elliptical surface
crack in round bars subjected to cyclic axial loading and
cyclic bending moment using the SIF expression pro-
posed by Shin and Cai [29]. They generated the new
crack front bymeans of theLeast SquareMethod.Other
researchers have used the Forman et al. model [44,45]
to analyze the growth of cracks in shafts, although its
use is not widespread due to its complexity.

In this paper, the propagation of a semi-elliptical
surface crack contained in a shaft under quasi-static
rotary bending has been analyzed taking into consid-
eration the nonlinear behavior of the shaft due to the
opening and closing of the crack. In the knowledge
of the authors, no previous analyses of this type have
been found in the literature. Therefore, it highlights
the need of analyze the crack propagation considering
the nonlinear effects of the breathing crack in rotating
shafts. For this, an integration algorithmof the Paris law
which allows obtaining the crack front evolution has
been improved. Different crack depths and front shapes
have been used. It has been assumed that every point at
the crack front advances according to a Paris-Erdogan
Law. A four-parameter expression which depends on
the crack depth ratio, the crack aspect ratio, the posi-
tion on the front and the angle of rotation that takes
into account the breathing mechanism and the nonlin-
ear behavior [21] has been used to determine the SIF.
The algorithm has been validated through the compar-
ison with the results reported in other works. In this
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Fig. 1 Geometric model. a Crack and loads locations; b Parameters of the elliptical front of the crack

work, the evolution of the crack front considering the
opening/closing state of the crack has been obtained.

2 Geometric model

The study has been developed using a shaftmade of alu-
minumwith the followingmaterial properties: Young’s
Modulus E =72GPa, Poisson’s ratio ν =0.3 and density
ρ = 2800kg/m3. The shaft total length is L = 900mm,
whereas the diameter is D = 20mm. The transversal
elliptical crack, of depth a, is located at the center of the
shaft. The shaft is submitted to two loads, F = 100N,
which have been located at a distance L

4 far away from
both ends of the shaft as can be seen in Fig. 1a. The
crack front has been modeled as an ellipse with center
O located at the shaft surface; semi minor axis a and
semi major axis b (see Fig. 1b). The geometric param-
eters which define the elliptical shape of the crack are:
the nondimensional crack depth (depth ratio) α = a

D ;
the nondimensional crack shape (shape ratio) β = a

b ;
and the relative position on the crack front γ = w

h
(Fig. 1b). The elliptical crack front has been discretized
in twelve equal segments according the relative posi-
tions on the front γ which varies from −1 to 1.

3 Dimensionless SIF

The dimensionless SIF employed in the algorithm has
been obtained from the general expression proposed by
the authors in a previous paper [21]which considers the
breathing mechanism and the nonlinear behavior when
the crack opens and closes.

Fig. 2 Evolution of theSIF for a generic pointγ during a rotation

Rubio et al. [21] carried out a 3D quasi-static numer-
ical study, through the Commercial Code ABAQUS
[46] to obtain the SIF along the crack front of a
shaft subjected to rotary bending. From the numeri-
cal results, a polynomial expression of the SIF, which
is a function of the crack depth ratio α, the crack shape
ratio β, the relative position on the crack front γ and
the rotation angle θ was obtained.During the breathing,
the crack passes from the closed state to the open state
gradually in a rotation causing the nonlinear behavior
of the shaft [16,17,19,47]. The expression was deter-
mined taking into account this situation. Figure 2 shows
the nondimensional SIF, FI , versus rotation angle θ for
a generic location on the front γ and for a generic crack
depth α and shape β. It can be seen the evolution of
SIF, including the maximum and minimum SIF during
a rotation. For a given location on the front γ , the crack
remains open until θ = θ1 (the SIF is positive), angle
in which that point on the front closes. Between θ1 and
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Fig. 3 Nondimensional SIF versus rotation angle θ for each position on the crack front in a generic geometry crack [21]

θ2 the crack is closed (the SIF is null). Finally, when
the shaft reaches the angle θ2, the crack opens again
(the SIF is positive again).

Similarly, in Fig. 3, it can be seen the evolution of the
nondimensional SIF, FI , versus rotation angle θ con-
sidering the different locations on the front γ (different
curves) for a generic crack depth α and shape β. Two
rotation intervalswere considered: from0 toπ (Interval
1) and from π to 2π (Interval 2). The black continuous
line represents the SIF evolution corresponding to the
generic position on the front γ and the black dotted line
represents the SIF evolution for the generic position on
the front−γ . The shaft rotates in a clockwise direction.

To determine the SIF expression, some variables
were defined according to Fig. 3:

– θc1 is the rotation angle in which the crack front
starts to close.

– θcγ is the first rotation angle, for a given location
on the front γ , in which FI is null (when that point
on the crack front closes).

– θ2γ is the first rotation angle, for a given location on
the front −γ , in which FI is null (when that point
on the crack front closes).

– θoγ is the last rotation angle, for a given location
on the front γ , in which FI is null (when that point
on the crack front opens).

– θo1 is the rotation angle in which the crack front is
fully open again, because all the FI values on the
crack front are positive.

– θct1 is first rotation angle in which the crack front
is fully closed.

– θct2 is last rotation angle in which the crack front is
fully closed.
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Propagation of surface breathing cracks in shafts 1991

Regarding the values of the SIF:

– F0 is the FI value for the rotation angle θ = 0 for
a given location on the front γ .

– Fγ
c1 is the FI value for the rotation angle θ = θc1

for a given location on the front γ .
– Fγ

o1 is the FI value for the rotation angle θ = θo1
for a given location on the front γ .

To determine these variables, some polynomial
expressionswere obtained by usingmultiple regression
techniques and taking into account all the numerical
results. These expressions can be found in [21].

From these variables, three SIF expressions were
determined for each interval. Firstly, when the crack
is fully open, the nondimensional SIF, called FFO

I,1 and

FFO
I,2 , were calculated through a simple linear combi-

nation of sines and cosines as follows:

FFO
I,1 (α, β, γ, θ) = A1 cos θ + B1 sin θ (Interval 1)

(1)

FFO
I,2 (α, β, γ, θ) = A2 cos θ + B2 sin θ (Interval 2)

(2)

where FO means Fully Open, 1 and 2 represent the
intervals, and A1, B1, A2 and B2 are constants which
depend on the variables mentioned before and that can
be found in [21].

Secondly, when the crack is partially open, the
behavior of the shaft is nonlinear and the nondimen-
sional expressions of the SIF were obtained:

FPO
I,1 (α, β, γ, θ) = C1θ

3 + D1θ
2

+ E1θ + H1 (Interval 1) (3)

FPO
I,2 (α, β, γ, θ) = C2θ

3 + D2θ
2

+ E2θ + H2 (Interval 2) (4)

where PO means Partially Open, C1, D1, E1, H1, C2,
D2, E2 and H2 are constants that also depends on the
previous variables [21].

Finally, when the crack is fully closed, the values of
the SIF are always null:

FFC
I,1 (α, β, γ, θ) = 0 (5)

FFC
I,2 (α, β, γ, θ) = 0 (6)

where FC means Fully Closed.

4 Crack front evolution

In order to analyze the propagation of a crack contained
in a rotating shaft, a propagation algorithm have been

developed to determine iteratively the geometric evo-
lution of the crack front.

The proposed model has been based on the assump-
tion that the crack front can be modeled as an ellipse.
Likewise, the model assumes that the crack front
advances according to the Paris-Erdogan Law as in
many other works [25,26,41–43,48–50]:

da

dN
= C	KI

m (7)

where da
dN is the crack propagation rate which is

expressed inm/cycle; 	KI is the Stress Intensity Fac-
tor range which is expressed in MPa

√
m; C y m are

constants of the Paris Law which depend on the mate-
rial. In this case, the material of the shaft is aluminum
and the material constants are: C = 45x10−9 and m =
2.9.

To discretize the elliptical crack front, it has been
divided into twelve equal segments according to the
relative positions on the front γ which varies from −1
to 1.

The SIF at each point of the crack front have been
determined according to equation:

KI = FIσ
√

πa (8)

where σ is the reference stress which has been taken as
the maximum bending stress of the uncracked shaft,
and FI is the nondimensional SIF previously men-
tioned in Sect. 3.

Once the SIF has been obtained at each point of the
crack front for the whole rotation, the SIF range at this
point has been determined as follows [38]:

	KI,whole rotation = KI,max − KI,min (9)

where KI,max and KI,min are, respectively, the maxi-
mum and minimum values of the SIF during the rota-
tion.

Therefore, according to Fig. 2, the SIF range at the
considered point is equal to the maximum value of the
SIF in the rotation.

The crack advance, 	a, is obtained by integrat-
ing the Paris-Erdogan Law, and for any point can be
expressed in the following form:

	a = 	N · C · [	KI ]m (10)
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Fig. 4 Local crack advances along the crack front

where 	N is the number of cycles required to reach a
certain value of 	a.

For two points of the front, the point located at
the crack center (A) and another point (Pj ), the crack

depth variation is given by the following expressions
(Fig. 4):

	a(A) = 	N · C · [	KI (A)]m (11)

	a(Pj ) = 	N · C · [	KI (Pj )]m (12)

where j is the number of points along the crack front.
The crack advance at each point of the crack front

	a(Pj ) can be written:

	a(Pj ) = 	a(A)

(
	KI (Pj )

	KI (A)

)m

(13)

where 	a(A) is the advance at the crack center which
has been given an initial value as it is indicated further
in the text.

From the obtained points, A′ and P ′
j , a new elliptical

front with semi-axes a′ and b′, has been fitted by the

Fig. 5 Flowchart of the procedure
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Least Squares Method. The process has been repeated
iteratively until the crack depth reaches a fixed value.

The developed algorithm allows calculating the
number of cycles for a prefixed advance	a(A) at each
iteration, or calculating the advance 	a(A) for a pre-
fixed number of cycles at each iteration. In this paper,
the advance at crack center has been imposed, accord-
ing to the sensitivity analysis explained later, remain-
ing constant from one iteration to another. On the other
hand, the number of cycles has been determined for
each iteration, considering the front shape variation of
the previous iteration:

Ni =
∫ ai+	a(A)

ai

da

C	(Ki
I max(A))m

(14)

where ai is the initial crack depth and 	Ki
I max(A) is

the SIF variation of the point A at each iteration.
Hence, the total number of cycles required to reach

a final depth of the crack αf can be obtained by adding
the cycles calculated at each iteration:

NT =
iter∑
i=1

Ni (15)

where i is the number of iterations and iter is the total
number of iterations.

In Fig. 5 a flowchart of the procedure is shown.
In order to determine the optimal value of the

advance at crack center 	a(A) which remains con-
stant during the integration, a sensitivity analysis of the
	a(A) has been made. In Fig. 6, the results of study
of the convergence are given. The crack aspect ratio
β, versus crack depth ratio α have been plotted for the
different values of the advance. Each figure shows the
evolution of the crack for a given initial aspect β0 and
depth ratio α0. As can be observed, for every 	a(A) if
the initial crack aspect ratio is β0 = 0, the aspect ratio
increases until a certain depth value, and then decreases
to zero. Therefore, the crack becomes more elliptical
at first and then, it becomes straighter. If β0 = 1, the
aspect ratio decreases until reaching zero value, it is
to say, the crack becomes straight with the growth.
According to this analysis, there is a good agreement
between the curves corresponding to 	a(A) = 0.5%
and 0.33% of the diameter. So, the value of the fixed
advance equal to 0.5% of the diameter is adequate to
be used in the computations.

Fig. 6 Sensitivity analysis for different 	a(A). a α0 = 0.05
β0 = 0; b α0= 0.05 β0 = 1

5 Validation of the propagation model

In order to validate the propagation algorithm devel-
oped, some results of the geometrical evolution of the
crack front have been compared with some data avail-
able in the literature [38,43]. Firstly, when the shaft
is subjected to pure bending and the crack is totally
open, the model has been validated through the com-
parison with the results reported by Toribio [43]. Sec-
ondly, when the shaft is subjected to rotary bending
the results of the proposed model have been compared
with that obtained by Carpinteri [38].

Toribio et al. [43] developed a numerical model of
the crack front evolution for elliptical surface crack
in round bars subjected to bending, that can be used
only when the crack is totally open. The dimensionless
SIF employed in their computations is that proposed by
Shin and Cai [29]. In this case, rotation angles were not
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Fig. 7 Comparison
between the predictions of
the present model and
results obtained by Toribio
et al. [43] when the crack is
completely open (bending
loading)

Fig. 8 Comparison
between the predictions of
the present model and the
results obtained by
Carpinteri [38] under
rotating bending

being taken into account. In Fig. 7, the results from the
proposed model when the crack is totally open have
been compared with those obtained by Toribio et al.
[43] for an exponent of the Paris Law m = 3 and for
different initial geometries. The initial geometries that
have been used in the comparison are: α0= 0.1 and β0=
0; α0= 0.3 and β0= 0; α0= 0.5 and β0= 0; α0= 0.1 and
β0= 0.5. It is clear that the results are in good agree-
ment. In both models, for the initial studied geometries
the crack becomes more elliptical until certain depth
and then becomes straighter until the shape crack ratio
reaches the value β= 0.3. The curves corresponding to
the initial geometry α0= 0.1 β0= 0, α0= 0.3 β0= 0 and
α0= 0.5 β0= 0 almost coincide. For α0= 0.1 β0= 0.5,
although the curves do not coincide, they always follow
the same trend.

Hence, it can be concluded that when the crack is
totally open in static conditions, the proposedmodel for

propagation provides good results and, it is considered
to be validated.

Secondly, when the shaft is subjected to rotary bend-
ing, the opening of the crack changes continuouslywith
the shaft rotation. In this case, the results of the propaga-
tion model have been compared with the ones obtained
by Carpinteri [38] for an exponent of the Paris Law
m = 2 (see Fig. 8). The model of Carpinteri [38] is
linear. The initial geometries that have been used in
the comparison are: α0= 0.1 and β0= 0; α0= 0.1 and
β0= 0.2; α0= 0.1 and β0= 0.3; α0= 0.1 and β0= 0.4;
α0= 0.1 and β0= 0.5. It can be observed that the curves
corresponding to both models always follow the same
trend. At first, the crack front becomes more ellipti-
cal and later becomes straighter with the growth. With
the Carpinteri propagation model [38], the shape crack
ratio reaches a value which varies from β= 0.12 to 0.25
for the depth α= 0.5 while with the proposed model,
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Fig. 9 Crack front evolution for an initial crack depth αo = 0.05 and different values of the initial crack shape ratio

for same depth, the shape crack ratio reaches a value
which varies from β= 0.19 to 0.51. These discrepan-
cies between the two models come from the different
expressions used to obtain the dimensionless SIF [21].
In Rubio et al. [21] it was observed that when the
crack is completely open the SIF results are similar

for both models. However, when the crack is partially
open, there are discrepancies in the opening percent-
ages between the twomodels, for example, forα =0.25,
β = 0 and θ = π

2 , Carpinteri [38] obtained that exactly
half of the crack is open, however, the SIF model of
Rubio et al. [21] and other models from the literature

123



1996 P. Rubio et al.

[19] obtained that more than half of the crack is open.
Finally, when the crack is closed, the SIF solutions by
Carpinteri [38] are the same absolute values as when
the crack is open but opposite, while the model [21]
considers that these values should be null. This may be
because in the SIF determination model [38] the crack
faces are interpenetrating giving negative values of the
SIF, so they are not considering the nonlinearity of the
problem.

Therefore, taking into account the discrepancies
between the two SIF determination models mentioned
before and the same trend in the results shown, it can be
concluded that the propagation model proposed can be
also validated for the case of shafts under quasi-static
rotary bending.

6 Application of the propagation model: results

In this section, the results that have been obtained by
using the developed propagation algorithm of Sect. 5
are shown.

6.1 Evolution of the crack front

Firstly, the evolution of the crack front has been ana-
lyzed. In Fig. 9 the crack shape evolution for an initial
crack depth ratio αo = 0.05 and different initial crack
aspect ratios (βo = 0; 0.25; 0.5; 0.75; 1) is shown.
It can be observed that regardless of the initial crack
aspect ratio, the crack front gradually becomes straight.

The growth for the initial cracks shown in Fig. 9
is also analyzed in Fig. 10. Here the geometrical evo-
lution of the crack front has been shown by plotting
the crack aspect ratio β versus the crack depth ratio
α. It can be observed that the curves tend to con-
verge, that is, cracks tend to adopt the same front. If
the initial crack is straight (βo = 0), the crack front
gradually becomes more elliptical until certain depth
value and then becomes straighter. Otherwise, if the
initial crack is circular (βo = 1), the crack aspect ratio
decreases, that is, the crack tends to become straight
with the growth. Similarly, it can be seen that, regard-
less of the initial geometry, the crack front becomes
straight because in any case the crack aspect ratio tends
to zero. Figure 11 shows similar results for an initial
crack depth ratio greater than αo = 0.05. If the initial
depth αo is less than 0.3 and the initial crack is straight

Fig. 10 Crack shape ratio β, against the crack depth ratio α, for
an initial crack depth αo = 0.05 and different values of the initial
crack shape ratio βo

Fig. 11 Crack shape ratio β, versus the crack depth ratio α, for
different values of the initial crack shape ratio βo and the initial
crack depth ratio αo. a α0 = 0.2; b α0 = 0.3

(βo = 0), the crack first becomes more elliptical, and
later, straighter. When the initial depth αo is equal to
0.3 and the initial crack is straight (βo = 0), the crack
front becomes straighter with the growth. Regardless
of the depth ratio, if the initial crack is circular (βo = 1)
the crack becomes straight with the growth.

Although most of the studies on cracked shafts con-
sider convex shaped cracks [26,29,51–56] (Fig. 12a),
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Fig. 12 Typical crack shapes. a Convex; b Concave

there are a limited number of papers related to con-
cave shaped cracks [57–60] (Fig. 12b). Provided that
the SIF in the crack center is greater than in the ends,
the crack front will becomemore elliptical with growth
(Fig. 13a). However, when the SIF in the crack center
is smaller than in the ends (Fig. 13b), the crack aspect
ratio will decrease with the growth and the crack front
will become gradually straight until β = 0. From that
moment, it is expected that the crack front shape will
change from straight to concave.

In addition, the crack depth ratio in which the crack
front shape will probably change from convex to con-
cave for the initial geometries studied, is given in
Table 1. For example, for an initial convex crack of
α0 = 0.2 and β0 = 0.25, the crack will change to con-
cave when α = 0.36. As can be seen, the crack front
shape changes from convex to concave shape prior if
the crack front is initially straighter. In Table 1, “No
convex elliptical shape” means that for those straight
initial geometries the SIF at the crack center is smaller
than the SIF at the ends, so the crack front shape should
change directly from straight to concave.

6.2 Number of cycles

The proposed propagation model also allows to study
the number of cycles required to reach a certain depth.
In Fig. 14, the number of cycles required for a crack, of
initial depth ratio α0 = 0.05, to reach different depths

Fig. 13 Maximum SIF at the at the crack center and at the ends.
a α = 0; b α = 0.5

is shown. The number of cycles has been plotted versus
the crack depth ratio α for different initial crack aspect
ratios (β0 = 0; 0.25; 0.5; 0.75; 1). As can be seen, the
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Table 1 Crack depth ratio in which the crack front shape changes from convex to concave for the initial geometries

β0 = 0 β0 = 0.25 β0 = 0.5 β0 = 0.75 β0 = 1

α0 = 0.05 0.42 0.44 0.45 0.45 0.45

α0 = 0.1 0.38 0.41 0.435 0.445 0.445

α0 = 0.15 0.345 0.38 0.425 0.445 0.45

α0 = 0.2 0.31 0.36 0.42 0.45 0.46

α0 = 0.25 0.27 0.36 0.43 0.465 0.475

α0 = 0.3 No convex elliptical shape 0.375 0.445 0.485 0.495

α0 = 0.35 No convex elliptical shape 0.405 0.47 >0.5 >0.5

α0 = 0.4 No convex elliptical shape 0.45 >0.5 >0.5 >0.5

α0 = 0.45 No convex elliptical shape 0.485 >0.5 >0.5 >0.5

Fig. 14 Number of cycles required for the propagation of an
initial crack α0 = 0.05 and different β0

number of cycles increases when the initial crack shape
ratio β0 is greater. If the initial geometry is circular
(β0 = 1), the number of cycles is about twice than that
obtained for straight geometries. Therefore, the growth
of the straight fronted cracks is faster than for the semi-
elliptical shaped cracks. Moreover, the slopes of the
curves are smaller as the crack is deeper, that is, the
growth is slower as the crack is deeper.

The same results are produced for any other initial
crack depths α0.

7 Conclusions

In this work the fatigue crack propagation in quasi-
static rotating shafts have been analyzed taking into
account the nonlinear effect of the breathing crack. To
this end, an integration algorithm which allows obtain-
ing the crack front evolution has been improved. This
algorithm assumes that the crack advance at each point

of the front follows the Paris-Erdogan Law. The algo-
rithm uses an expression of the Stress Intensity Factor
(SIF) (previously obtained by the authors [21]) which
takes into account the breathing mechanism and con-
siders the nonlinear behavior of the shaft. To validate
the propagation model, a comparison between some
results of the present study and results available in
the literature has been carried out. It has been found
that they are in good agreement. Once validated, the
model has been used to analyze the evolution of a semi-
elliptical surface crack contained in a rotating shaft.
From the obtained results, the following conclusions
may be drawn.

Regardless of the initial geometry, the crack front
becomes straight with the growth. If the initial crack is
straight (βo = 0), the crack front gradually becomes
more elliptical until certain depth value and then
becomes straighter. Otherwise, if the initial crack is
circular (βo = 1), the crack becomes straight with the
growth. Once the crack has adopted a straight shape,
the crack front shape will probably change from con-
vex to concave as the advances at crack center are lower
than the advances at the ends.

Finally, the number of cycles required for the prop-
agation of the crack increases when the initial crack
shape ratio β0 is greater. Therefore, the growth of the
straight fronted cracks is faster than for semi-elliptical
shaped cracks.

For the first time, in the present paper, the prop-
agation of a crack contained in a quasi-static rotat-
ing shaft has been analyzed considering the open-
ing/closing state of the crack and the nonlinear behav-
ior. To this end, the developments of the work will help
to predict, on one hand, the fatigue growth of a crack in
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a rotating shaft, and on the other hand, the remaining
fatigue life of a cracked shaft.
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