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Abstract The global robust regulation problem is
studied for a class of cascade nonlinear systems sub-
ject to the external disturbance. The considered system
represents more general classes of nonlinear uncertain
systems, for example, the much weaker integral input-
to-state stable (iISS) cascaded subsystem, the unknown
control coefficients, the unmeasured states appearing
in the nonlinear uncertainties and the external distur-
bance additively in the input channel. Combined the
ideas of the Nussbaum-type gain and the disturbance as
a generalized state, a dynamic extended state observer
(ESO) based on a Riccati differential equation is con-
structed to overcome these difficulties. It is shown that
the global robust regulation problem is well addressed
by the proposed method. In the simulation part, the fan
speed control system is used as a practical example to
demonstrate its efficacy.
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1 Introduction

Nonlinear systems control has received considerable
attention in the control community, and phenomenal
progress has been made during the last decades. Numer-
ous novel methodologies for nonlinear feedback con-
trol have been generated to control the engineering sys-
tems [1]. One of the influential notions is the input-to-
state stability (ISS) invented by Sontag [2] in the late
1980s, which has become a central concept in non-
linear systems analysis. As an integral variant of ISS,
integral input-to-state stability (iISS) is another mean-
ingful but much weaker notion. Since it is introduced
in [3,4], there has an ever increasing interest in this
topic [5-9] recently. It is noted that in [10], supposing
the dynamic uncertainty subject to the iISS property,
a unifying framework is presented for global output
feedback regulation control from ISS to iISS, which
extends many known classes of output feedback form
systems in several directions. Subsequently, some fur-
ther results were obtained based on such class of non-
linear systems, see [11-14], etc.

However, all aforementioned output regulation con-
troller does not consider the uncertain external distur-
bance except in [14]. It is known that the uncertainties
that arise from external disturbance are essentially the
major concern in the nonlinear control design. During
the past two decades, many fruitful results have been
proposed to reject the external disturbances [15,16].
Recently, the extended state observer (ESO) by Han in
his pioneer works [17] is regarded as the major cre-
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ativity toward the active disturbance rejection control
(ADRC). As written in [18], the ESO not only pos-
sesses the state observation capability but also pro-
vides real-time estimation of generalized disturbances
between the plant and the model of the considered sys-
tem, such as external disturbances and modeling uncer-
tainties caused by parameter deviations. Based on the
ADRC strategy together with the ESO, the robust con-
trol was addressed for several classes of nonlinear sys-
tems with disturbances and uncertainties in [19-22].
Another fruitful tool is the disturbance observer-based
control (DOBC) technique proposed in [23], which pro-
vides a promising approach to handle the system dis-
turbances and improve robustness [24-27] when the
system states are available.

In this paper, we further investigate the output reg-
ulation control problem for a class of cascade nonlin-
ear systems subject to the external disturbance. The
studied system is a perturbed version of its counter-
part in [10,11]. The purpose of this paper is to con-
struct a robust regulation controller via output feed-
back for a more general class of nonlinear uncertain
system in the presence of external disturbance, which
does not require to be square integrable or vanishing
at the origin. Using the idea of ESO, we generalize
the disturbance as an extended state, and then, design
a novel observer whose gain is updated by a time-
varying Riccati differential equation. The main con-
tributions contained in this paper are highlighted as
follows:

(1) The disturbance attenuation is addressed for a
class of nonlinear systems with external disturbance
in the control input channel. Different from the exist-
ing related works in [14], the external disturbance does
not require to be square integrable. Consequently, the
proposed control algorithm allows a larger class of dis-
turbance signals, such as the constant signal.

(2) The system in question can accommodate some
serious uncertainties such as the unknown control coef-
ficients, which makes the state compensator design
extremely difficult in the case of the unavailable system
states. Technically, this hurdle is tactfully overcome by
introducing a coordinate transformation and designing
an ESO based a Riccati differential equation.

(3) The global set-point regulation control is solved
for the fan speed control systems in the presence of
external disturbances. This result improves the existing
works where the external disturbance in the armature
voltage is not considered.
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Notations The following notations are adopted in
the paper. If x is a possibly time-varying vector,

then |x(¢z)| is the Euclidean norm of x at time ¢,
1

el = [J5¥ x@IPde]”, p e [1.00), lxlloe =
supg<, |x(#)], and x € L, when |x||, exists, x € Loo
when ||x|lo exists. AT denotes its transpose for a
matrix A. Foran-dimension vectorx = (x,...,x,) €
R",wedenote x;; = (x1,...,x;)wheni =2,...,n—
1. w1 (s) = O(@ma(s)) as s — 01 means that 1 (s) <
c1my(s) for some constant ¢; > O and all s in a
small neighborhood of zero, and m1(s) = O(ma(s))
as s — oo means that 1 (s) < c;m>(s) for some con-
stant ¢ > 0 and all large enough s.

2 Model description and scheme
2.1 Problem formulation

In this paper, we study the following class of cascade
nonlinear systems described by

{=q(,y)

Xi =bixipr +Ai(Oxi +gi(¢, y),i=1,....n—1,
Xn = bt + Ay (DX 4 gn (¢, y) +d(1)

y :_xl (1)

where (£,x) € R” x R" are system states, u € R
is control input, and y = x; is the observable out-
put. A; (¢)(i =1, ..., n) are known time-varying func-
tions, and d(¢) represents the unknown external dis-
turbance. The signs of nonzero control coefficients
by, ..., b,_1 as well as the high-frequency gain b,, are
not known a priori. The uncertain functions ¢(-) and
gi()@ = 1,...,n) are supposed to be locally Lips-
chitz for existence and uniqueness of solutions. The
state (x2, ..., x,) and the state ¢ of the ¢{-subsystem,
which is referred to as the inverse system, are not
assumed to be measurable.

The objective of this paper is to design a robust con-
troller to globally asymptotically regulate system (1)
to the origin using only the output signal. For future
reference, we record the following definition [28].

Definition 1 System (1) is said to be globally asymp-
totically regulated by the following time-varying output
feedback controller

X=v(t, %, y), u=pu@z,y) )
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in such a way that, for all initial conditions (£ (0), x(0),
x(0)), the solutions of the closed-loop system (1) and
(2) are well defined and bounded on [0, +00). In par-
ticular, ¢ (r) and x(¢) converge to zero as t — 00.

The following assumptions are needed in order to
achieve the stated control objective.

Assumption 1 The ¢ dynamics is iISS with an iISS-
Lyapunov function Uy(¢) satisfying

U,
B—;q@,y) < —a(iZ) + v (D, 3)

where « is a positive definite continuous function, y €
K ~, and moreover

y(s) = O(s?) ass — 0. 4)

Assumption2 For i = 1,...,n, there exist two
unknown positive constants §;1 and §;2, and two known
positive semidefinite, smooth functions ¢;;(-) and
¢i2(+), such that

lgi (¢, W < 8i19i1 (IS 1) + Biaia(IyD). %)

Moveover, the following additional conditions hold:

¢7(s) = O(a(s)) ass — 0T, (6)
and in case « is bounded,

2
limsupM<oo, 1<i<n. @)

s—>o0  o(s)

Assumption 3 The time-varying functions X;(¢)(i =
1,...,n) are uniformly bounded and differentiable
sufficiently many times, and further assumed to have
bounded derivatives. To be precisely, for each i =

1,...,n, there exists a unknown positive number 2,
such that

sup {1201} = 7. ®)
>0

Assumption 4 The external disturbance d(¢) satisfies
the following properties:

d(t) € Loo, d(t) € Loo, d(t) € L. 9)

Remark 1 Few remarks are made here.

(1) As stated in [12], the system (1) represents a
larger class of nonlinear systems in output feedback
form. From Assumption 1, the cascaded ¢-subsystem
is iISS, which is a less restrictive condition than ISS.

More generally, it could allow the presence of uncer-
tainty in the supply rates of («, y) such as in [8]. As the
condition C2) in [10,11], the uncertain nonlinearities
gi(n,y)(i = 1,...,n) in Assumption 2 are assumed
to be vanishing or unbiased. In addition, it is also not
required to satisfy any kind of polynomial bounds.

(2) Assumption 4 shows that the external distur-
bance d(¢) is not required to be L;. This is in sharp
contrast to the existing closely related results, such as
[14]. Here, it does only require that d (t) € Lj. This
is a more relaxed version of noise signals. As a simple
example, d(#) = constant is not square integrable, but
it is clear that d (t) € L,. It is shown that some kind of
extended state observer based on a Riccati differential
equation will do the job in the case of such general class
of noise signals satisfying Assumption 4.

Remark 2 Considering the inverse system state ¢ is
not available for feedback, as in [10,14], some local
small-gain type conditions in (4) (6) and (7) play key
roles in dealing with the unmeasured state ¢. In fact,
we have the following lemma from [10].

Lemmal Fori = 1,...,n, if the local conditions
(6) and (7) are available, then the following hold true

t t
fo¢,-21(IC(S)I)dSSﬁio(Is“(O)I)+f0 vi1(ly(s)Dds,
(10)

where o is a positive definite continuous function,
and Y1 € K is quadratic near the origin.

2.2 A dynamic output feedback control scheme based
on ESO

In this section, we present a step-by-step procedure
to design a dynamic output feedback law to solve the
global regulation problem for system (1).

To be first, we choose the new state variables &;’s in

the form of
Xi

i =—,1i=1,...,n. 11
& bi-- b, L n (11)

With this change of coordinates, system (1) is turned
into

. 1

$i=$i+1+)vi(t)€i+bi. ) .bngi(;“»y), i=1,...,n—1,
. 1 1

& =u+ (D& + b—d(t) + b—gn(é“, »). (12)
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In the following context, the external disturbance 0 0 0
bld(t) is viewed as a generalized state. For notational 1
n — — —
consistence, we choose the following notation 2= | » Cn= » Cny1 =
0 1

1

by d(), (13)

%_n+1 =

and its derivative is defined by &(¢), i.e.,

. 1.
Ent1 = 7=d(t) = (D). (14)

Then, one can get the following (n + 1)-order aug-
mented system

E = &1+ (DE+

1 ) 5 .=15"'7 _17
bin_bngt(g y), i n

. 1
n=u+ A ()& + &1 + b_gn(é‘v y)

Evy1 = h(1). (15)

Remark 3 It is noted that here, if the unknown distur-
bance d(¢) is assumed to be constant, then its derivative
h(t) becomes zero. This case can usually be found in
the set-point regulation or in the presence of sensor dis-
turbances. For example, in some cases, the value of the
control may not be completely known due to a desired
(unknown) equilibrium point, see [29]. It can be seen
that according to Assumption 4, actually a broader class
of external disturbance can be allowed in (1), such as
d(t) = arctan(z) or constant, which shows the distur-
bance does not require to be vanishing. In this sense,
the results reported in [10] with vanishing nonlineari-
ties can be extended to the case of nonvanishing uncer-
tainties.

Leté = [£1,&, -+, &, Ent1]” . the system dynam-
ics in (15) can be rewritten into the following compact
form

- (A + A(t))é + Cott + Cpy1h(t) + B-G (L. y)

(16)
. 0 I, )
with A= |, A)=diag{21(), -, 2 (1), O},
B:diag{ﬁ,ﬁ,...,ﬁﬁ},and
21, y) 1
: 0
G,y = : ,C=| .1,
gn(é")’) :
0 0
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Then, for the system (16), a modified version of
dynamic observer in [11] is designed as follows

= (A+A(t))§+ Cou — PCCTE, (17)

where the observer gain P(¢) is updated by a time-
varying Riccati differential equation

{P:P(A+A(t))T+<A+A(t))P—PCCTP+I
PO) = Py > 0.
(18)

Furthermore, we note that the Riccati differential
equation defined in (18) is solvable. In fact, we have
the following lemma which ensures that the observer
(17) and (18) makes sense, and its proof can be found
in [30,31].

Lemma 2 For the matrix differential equation (18),
if the functions A;(t)(i = 1,...,n) are known, con-
tinuous and uniformly bounded, the unique solution
P@) = (P(t))T exists and there are two strictly pos-
itive real numbers pmin and pmax such that pminl <
P(t) < pmax!, t = 0.

Define the observation error variables

gi=&—&, i=1,....n+1. (19)

From (12) and (17), it can be concluded that the &;’s
satisfy the following differential equation:

g = (A +A() — PCCT>8

PC
+ PR + Coy1h(t) + B-G(Z, y). (20)

1- by

In order to obtain the computable gain functions of
bl’?%x] and B-G (¢, y), we choose a scaled error vari-
n

able e = (eq, ..., e,,+1)T by setting
1
e = —¢,
8*
1 di1 dia 2 2 .
5% = max L 8289, 1|1<i<nj.
by bn|” |bj-- byl |bj---by| 112

ey

Accordingly, (20) is turned into
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6= (A—i—A(t)—PCCT)e—i—Lxl
8%by- - -by,
1 1
+8_*Cn+lh(t)+ (S—*B-G(é“,y)- (22)

Take the error e as the (unmeasured) state, and the
error system (22) is ilSS with inputs (¢, y) and h(t). In
fact, we have the following proposition, and its proof
is given in “Appendix.”

Proposition 1 For the e-subsystem (22), we choose the
Lyapunov function

V, =el P\ (t)e, (23)

then, its derivative is such that

. 1 ~ n
Ve = =" P2 (0e+8) 471 (1¢])

i=1

+32+8)  ¢h(IyD + 4% (1), (24)
i=1

Now, we are ready to present the anti-disturbance
regulation controller using the backstepping method
in a recursive manner. For notational convenience, we
denote b = by---b, in what follows. The augmented
system convenient for feedback design is in the form of

£=4q(y)
PC
. _ T
é=(a+n0 - PCCT)e+ x
I I
+ 52 Cnt1h () + 2 B-G(E.y)

i1 = bE + b8 er + hi(Dx1 + 12, )

E =+ a0 —CTPCELi=2,....n—1,
&, = Eurt + (8 +u — CT PCE

£,41=—Cl PCE. (25)

Following the conventional backstepping procedure,
for the g—subsystem, we take the variable of ';?,-H as
the virtual control, ¥; as the desired control law, and
Zi =/€\i+1 — 9 =1,...,n—1) as the error.

Step 1: Choose the first Lyapunov function candidate

1

2
7Y (26)

Vi=V,+

In view of (24), its time derivative satisfies

y 1T -2 2 - 2
Vi =" Pe+ 32 +8% 61y

i=1

+y(b191 + bz + b8*ex + 11(H)x1 + g1(¢, y))

+8 @A (IE]) + 4R (). 27)

i=1

Using the completion of squares 2ab< %az—i— Ab%, a, b
e R, A >0, it holds

1 1
byzy < §y2 + Eb%%, (28)

bs*ery < eel P 2e+€y%, € >0,

é= %b%*z Pl >0, (29)
Y1) = 577+ 5hoh LD + 8oy, GO)
Introduce the notation

$1(0) =8 d7 () + 81111 (12D, 31)

i=1
then, substitute (28), (29), (30) and (31) into (27), one
can get

. 1 T p—2 . 2
Vi §_<§_e)e P e+by191+82¢,-2(|}’|)

i=1

8505 (D) + €y + A1 (0)y2 +2)°
1
+ Ebzz% + $1(2) + 4h*(0). (32)

As the suggestion of the work [10], we design the virtual
control law

91 = NE$BO)Y, § =kB(O)y? (33)

where the Nussbaum function N (-) is taken as N (s) =
52 c0s(0.57s), k > 0 is a design constant gain, and
B() = 1 is a positive smooth function satisfying

By
= max {32 63 13D. vin (3D, v (¥D|1 < i < n}.
(34)

Letr = 8n+ 3%2 + & + X + 3, and the following holds
true due to (33) and (34):

8> 5 (IyD + heh(IyD) + € y* + 1i()y?
i=1

+2y% < rB(y)y*. (35)
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A direct substitution (35) into (32), one can get
o _ b 2 2
Vi< (E €)e’ P~7e +bN(s)B(y)y” +rp(y)y

155 2
50721+ 41Q) + 47(). (36)
Remark 4 Thanks to the local conditions in (4) (6)
and (7), the smooth positive function B(-) can be found
to meet (34). For example, with the help of y(s) =
O (s2), there exists a nonnegative function y (-), such
that y(s) < 7(s)s>. Consequently, it only suffices to
satisfy B(s) > y(s) in (34). Additionally, a requisite
assumption on the bounding functions of ¢;> (| y|) is that
¢i2’s are vanishing, i.e., 9;2(0) =0 =1, ...,n).

Step 2: Considering the appearance of some
unknown constant gains in the following control
design, we define a new unknown constant ® in the
form of
bl b

274

and adopt O() to supply a onhne estimate of ® with
the estimate error O( )=0 — O( ).
Then, we choose the Lyapunov function

e = max{ L8 + '} (37)

1% v+12+1(§2T 0 (38)
= -z — O, > 0.
2TV T oy

Together with (25) (36) and z; = ?2 — B4, it can be
checked that

. 1
Vo, < — (5 —e) e’ P2e

oth 09
+21(92 4 120k - ] PCE = Tha0m - )
+ON($)BOY + By

1 ~n
+z120 — ?@)(a +¢1(¢) + 4h% (1)

0
—aa—‘(b(zl + 1)+ bb%er + 810 0))- (39)
y

By completing the squares, the following calculations
hold

39 b2 991\ 2 s
gy =d e (G ) egpan s pon?
dy y

4 \ 9y
2
lemy)(a—‘N(s)) : (40)
- %zlbé*ez <ee" P2+ ﬁbzé*zpfmx(% D3 @D
I LN, 8Ty &@Y)
_gzlgl(fvy) =3 (@) A+ =y 0 T as
1 1
< 5h LD+ S8h D (42)
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Take the notations ¢ (t, ) = 2(38191) + By )(8191

2
N(s)) ,and in view of %¢f2(|y|) < %,B(y)y , we have

Eal 0
—b— %) — — bs* ,
3y z1(z1 + 1) PR Zl( ex + g1(¢ y))
e+ 0 (y, $)z7
15 3 2
+ §¢11(|§I) + Eﬂ(y)y : (43)

< el p2

Combining (39) and (43), we have
Va < bN(5)B(»)y’
+ 21 (192 + 0121 + )uz(t)’s\z — CZTPC%

0. 0Jd
— 85— —M®x1 + O(01( )Zl)
as dy

1
— (§—2€> ETP 2

3 1~ "
+ (r + 5) By + ?@)(Tfm(y, )77 — ®>

e—(p1 — l)z%

1
+z1220+ ¢1(0) + 5¢%1(|:|) +4h%(r).  (44)

Denote r; = Yo1(y, 5)23, $2(¢) = ¢ (§)+%¢12] Iz,
Qualt e 21) = (3-2€)e” P2e+(p1—1)zf. Qpal,
v &), 5. ©) = Aa(0)Er — CF PCE — Tts — T (1)
x1 + ®<p1 (v, s)z1, and we choose the vmual control

B2 = —p1z1 — Qpa(t, v, &), 5. ©), p1 >0,  (45)

then, a direct substitution into (44) yields
Va < —Qna(t,e, 21) + bN()B()Y?

3
+(r+ E)ﬂ(y)y2 + 2122 + $2(0)

~ A
+56(n -0) + 4n*(1). (46)
Step i (3 < i < n): Assume that, in Step i — 1,
we have designed the virtual control ¥;(-) and tuning
function 7; 1, such that, with z; = §j+1 -9;3=<j=<
i — 1), the time derivative of the function
i— 2

1 1
Viei=Ve+ y+Z z+2T® (47)

satisfies

Viel < —Qn.i—1(t, e, zi—2) + bN () B(y)y*
+ric1 By
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+l(é+Ti§% ~)(~ ~9)
T (OFT L )

+zizio1 + ¢i—1(2) + 4R (1) (48)

withry =r+3G — 1@ =1,...,n) and

1
Qui(t, e, zji—1) = (5 - ie) el P2

+(p1 — (i — 1))z%
i—1
+ Z,OjZ?,,Oj >0,i=3,...,n.
j=2
(49)

In the sequel, one shows that a similar property of
inequality (48) holds in Step i. To this end, we con-
sider the function

1
Vi=Vi_i+ Ez?_l. (50)

Note that the variable V; satisfies

Vi <zi (Zi + 0 4+ A (DE — CiTPCCTE

001, =~ «
5 (852 + g8%er + A1 ()x1 + g1(L, ¥)
i—1
L az?,-,ls, B aﬁ,:l(f)_’ aﬁf‘gj)
ot ds 90 9E;

j=1
+bONSBDY: + ric1BO)Y + di-1(0)
—QnN,i-1(t, e, z(i-2)) + Zi—2Zi—1
i-2
1/~ 39, . 5
+ ?(® + T; EZ‘/)(T1—2 - ®) +4h”(1).
(5D

As in Step 2, using the completion of the squares, we
have

001
dy

0vi_1\2
=3+ 8007 + ®<( )

-b

zi—1(z1 + )

+80)(
90

y

Zi—1<b3*62 + g1(¢, Y)>

< el P 2e

99, 2
. 1N(s)) >z,-2_1, (52)

1 09 _1\2 0vi_1\2
+Eb25*2p12nax< aly 1) Z1'2—1 +6*< l 1) Ziz—l

g2, y)

+ 48* 9

(53)
this together with (42) and %gbfz(lyl) < %,B(y)yz,then,
the following holds
091
dy
0_1\2 1 1
FO(Tt) o+ 50hsh + 38007
(54)

Zi—1<b3*e2 + 21, y)) <ee' P2

Let
-~ 39 \2 3, 2
Yi (tv Y, é[ilr s, ®) =2 <8_yl) + ,B(y)(a_le(S)) )
i=2,....,n—1, (55)
and in accordance with (52-54), we further obtain

0 09

—b zi—1(z1 + %) — Zi—l(b8*€2+gl({7y))
dy y

3
< eeT P 2e + z% + E,B(y)y2

+0¢i1 (1. y. &1y 5. 0) 27 + %aﬁ%luco. (56)
Let
o1 = Yoio1(t, y, i), 5, ©)z}_y, 57)
51(0) = 11 0) + 30712, (58)

Qpi (t, y,/S\[i], s, @)

o~ o~ 319— .
= 22— CT PCCTE 42, (& — ——

N

i ¥ RN & 39,4
= A(D)x) —
E] ay 1( ))C] 9t

+20¢;i1(1, y,g[i—l], 5, 0)zi

i—1
i — 97,
al@ Tip — 27 Z 8—(:)111'901'71()1, $)Zi—1,

j=2
(59)

substituting (57-59) into (51), and we obtain

Vi < —Qu.ile, zji-1))
+BN(SB)Y + i)y
+zi—1 (191' + pi—1zi—1 + QLpi(t, y,ai], s, @))
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i1
+zic1zi + i () + %(é + TJZ_; %Z/’)
x(ti1 — ©) + 412(). (60)
Take the virtual control input
9 = —pi—1zi-1 — QLpi (1, y, &l 5, O), (61)
which makes (60) further satisfy

Vi < —Qu.i(e, zii—1) + DN () B Y + riB(y)y?

A

i—1
1/~ 30
+ ?<® + 7T jzzz B_@JZj>(Ti_l — ®)
+zim1zi + ¢ (§) + 4R (). (62)

Step n: Because of the estimate E,Hl for the exter-
nal disturbance d(¢), this step is crucial and slightly
different from the Step n in traditional Backstepping
design procedure. For notational consistence, z,, ¥,
and the control u can be written in the form of z, =
0, u +§n+1 =1,,and z = (21, ..., Z,). To obtain the
real control input u, we consider the function

1
Vo= Vo1 + Ezﬁ_l. (63)

After some similar calculations such as (52-54) and
(42) with i = n in Step i, the time derivative of (63)
has the following form
Vn S _QNn(e» Z)
+Zn—1 (u + Pu1Zn-1 + Eni1 + Qpa(t, ¥, &, 5, @)>
+bN(5)B()y

n—1

A

1/~ 99
+ By + ¥(® +7 ,Z:; a—glzj')(fn—l —0)

+ou(0) + 4h*(0). (64)
Take the real control input

u= _gn+l + U
= _El’l-Fl — Pn—1%n—1 — QPn(tv Y, 53 s, ®)1 (65)

and the adaptive law

n—1
A

O=1 1= ity &y 5. 0)7, (66)

i=1
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then, a direct substitution yields that

Vi < —Qun(e, 2) + BN (B3 Y: + raB(0)y>
+¢n(0) + 4h%(1). (67)

Choose the positive constant x = max { % + 6%1, 1 ],
and one can get

n—1

$n(¢) = )

DRI A

i=1

+8he1, (12D < x Y oD (68)

i=1

As a result, it holds

Vi, < —Qam(e, 2) + BN ($)B()Y? + raB(3)y>

n
+Xx Y ¢h(CD +4h% (). (69)
i=1
At this stage, the design procedure of the output
feedback adaptive control has been completed.

2.3 Main results

Now we present the main theorem of this paper.

Theorem 1 Suppose that Assumptions 1-4 hold for the
controlled system (1). Then, using the observer (17) and
(18), we can find a smooth adaptive control scheme,
such that the global robust regulation control problem
is solvable for the cascade nonlinear system (1) sub-
ject to the external disturbance. Moreover, we have the
following statements:

(a) the solutions of the closed-loop system are globally
uniformly bounded;

(b) the asymptotic convergence of system state is
achieved, that is,

lim (j¢@)]+ [x(0)]) = 0; (70)
(c) the control input is bounded, and moreover,

lim u(t) =0 if lim d(r) = 0. (71)
11— 00 11— 00

Proof 1Tt is easy to see that the right-hand sides of
closed-loop system are locally Lipschitz in a domain
of initial conditions and hence the system has a unique
solution (y(1), z(1), € (t), s (1), ©(1)) on a small inter-
val [0, t7). Assume, without loss of generality, [0, #5)
be its maximal interval of the existence and uniqueness.
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We will show that ¢y = oo. To begin with, for the term
of Quyn(e, z) defined in (49) with i = n, choose the
suitable constants satisfying

1
e<—,p1>n—1, pi>0,i=2,....,n—1,
2n

(72)

which guarantees
1
Qnne, 2) = (5 - né) ' P2e+ (m —(n— 1))z%
n—1
+Z,0jZ§ > 0. (73)
j=2
Furthermore, it holds

Vi < BN(S)BODY + raBODY + x Y 67 (12D
i=1

+ 40 (1). (74)
Considering s = kf (y)y2 in (33), (74) turns into

. 1 ) n 5 ,

From (10) and (34), the following calculations hold true

t
fo 62 (1 (5))ds
t
< &io<|;(0>|)+/0 Vi (ly())ds
_ 1 t
< Tiolle O +n - [0 s(r)dr. (76)

Then, integrate both sides of (75), and one can get
1 t
Va(®) = Co+ — / (bN(s)
0

t
+ry 4+ nx)i()dr + 4/ h*(t)dr, Vi >0 (77)
0

with constants Cp = V,(0) + i Yio(12(0))).

i=1
According to Assumption 4, one can get

h(r) = éd(r) € Lo, (78)

and then, the term 4 f(; h%(z)dr in the right-hand side
satisfies

t
4/ h%(t)dt < +o0, V1 > 0. (79)
0

Using the argument of contradiction, it can be con-
cluded that s(¢), V,,(y, ¢, z, (:)) and then (y(t), e(t),
z(1), @(t)) must be bounded over [0, 77). Also, @(t)
is bounded on [0, 7 7). The boundedness of y(f) means
that z1(¢) is bounded. This together with the bound-
edness of e(hence ¢1) ensures that gl(t) is bounded.
Noting the boundedness of s(¢) and y(z) on [0, 1),
we know that ¥(-) is bounded on [0, ¢f). Due to
7] = /5\2 — 191(+), it follows that/é\z(t) is bounded. Sim-
ilarly, 9;_1(), /E\i(t)(3 < i < n) are also bounded on
[0, t£). In particular, considering e, 11 is bounded with
e+l = %Snﬂ = (gl*(Zn-H —’E\n+1), and z, 11 = 1d(1)
is bounded according to Assumption 4, we can con-
clude that E,,H € L. Considering s(¢) is bounded
and fot y(y(s))ds < fé $(s)ds = (s(t) — s(0)) for all
t > 0, we then obtain f(; y(y(s))ds < 00,V > 0.1t
thus follows, using Prop.6 in [3], that ¢ () is bounded
on [0, 7). So far all the closed-loop system signals
are bounded on [0, 7). This shows that the finite time
escape will not happen. Therefore, it is natural that 77
can be maximized to +oo. This completes the property
(a).

Since all signals in closed-loop are bounded over
[0, 400), from (69) and (77), one can obtain

e e€lri=1,....,n+1),
zielyi=1,....,n—1). (80)
The property of é; € Lo and z; € Lo implies that both
e; (t) and z; (¢) are uniformly continuous. By Barbalat’s
Lemma, we have

lim ¢;(t) =0 =1,...,n+1),

11— 00

lim z;(t) =0 =1,...,n—1). 81)
11— 00

The fact of y(t), y(t) € Ly implies that K,B(y)y2 is
uniformly continuous. Furthermore, s(¢) is monotoni-
cally nondecreasing over [0, +00) because of s(¢) > 0,
which together with s(f) € Lo results kB(y)y? is
integrable over [0, 400). Considering the choice of
B(-) > land k > 0, one can derive that zlinolo y() =0.

Hence, z1(¢) and ¥(-) go to zero as t — oo. In

view of e = & (& — &), we have lim & (1) = 0.
e 11— 00
In a recursive manner, 9¥;(-) and & (1) = 1,...,n)

asymptotically converge to zero. Particularly, with e; =

5%(& — &), it follows that & () — 0 ast — oo,

which leads to llim xi(t) = 0G@ = 1,...,n). Since
— 00

fov(y())ds < oo, again using Prop.6 in [3], we
derive that llim ¢ (t) = 0. This shows the property ().
—00
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Next, we are ready to prove the last part (¢) in The-
orem 1. According to the aforementioned calculations,
we have established g,+1 € Lo and lim;_, o 9, (¢) =
0. Considering the control law defined by

= —Eup1 + O, (82)
itis clear that u € L. Additionally, considering
€n+l = En—H _gl+la

1
lim e,41(t) =0, zp41 = - d(¢) € L, (83)
t—00 b
one can conclude
lim &,41(1) =0 if
11— 00
lim d(t) =0, (84)
—00

which in turn shows that

lim u(t) =0 if lim d(r) =0. (85)
1—>00 —00
This ends the proof. O

3 Numerical results and discussion

In this section, the fan speed control system subject
to external disturbance is used a practical example to
illustrate our output feedback design methodology. It is
shown that even disturbed by some external nonvanish-
ing disturbances in the armature voltage, to realize the
asymptotic regulation control of any desired constant
reference signal for the fan speed, the proposed speed
controller does the job.

3.1 Model analysis

From [29], the dynamics of a fan driven by a DC motor
is described by

Jiv=kiI — 1 —tp(V)
Bl =ug— kv — RI +d(1)
y=uv, (86)

where v is the fan speed, [ is the armature current, 7y, is
an uncertain constant load torque, 7p (v) is an uncertain
drag torque, u is the armature voltage which is con-
sidered as the input, Ji, k1, k2, R are known positive
constants, and the inductance J> may be an unknown
constant. The function d(¢) represents the uncertain
external disturbance. The control task is the set-point

@ Springer

regulation control of the fan speed v to the constant
value v, (= y,), irrespective of the unknown 7z, 7p(v)
and the disturbance d ().

Assumption 5 For the drag torque tp(v) and each
v, € R, there exist an unknown constant o > 0 and a
known smooth function w(-) such that

ltp(v) —tp(v)| <=0 -w(lv—v),YveR. (87

In order to realize the control objective, to be first, we
introduce the change of coordinates [10]

ki
= ‘U7 = —1,

X1 0=

k k
i = —“(up — kav — RI) + —d(1), (88)

Jl -Il
and let n(v) = —JLI(TL + p(V), b = Jiz then we
have
X1 = x2+n0)
X2 =Dbi
y =X (89)

For any L > 0, define the auxiliary variables
M=—-LMN—L, E=—-LE+a. (90)

Letn* = n(y,), where y, = v, is some desired setting-
point constant speed, and introduce the new coordinate
variables (¢, x1, X2)

X1=X1=Yr =V =,
{ =2 — Lxi —bE —TIn*,
x2=bE+ (I + Dn*. 1)

Then, in view of x; = y — y,, we can newly define
system output y = x1 and u = %(uo —kov—RI). It
can be verified that

¢ =—L¢— L — LOp(y + vy) — n(uy)
X1=x24+Lx1+¢+n0Qy+v)—nv)

k
%) = bu — Lxy + bJ—ld(t)

1
Yy =Xxi. (92)

Clearly, regarded ¢ -subsystem as the cascaded dynam-
ics, the system (92) falls into the form of (1) with
r@) = L, @) = —L, g1¢,y) = &+ 00y +
vr) — n(vr), g2(¢,y) = 0, and the inductance coef-
ficient J (actually 1/J) serving as the unknown high-
frequency gain. Moreover, like the calculations in [12],
the ¢ dynamics is ISS (consequently iISS) with ¢ as the
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Fig.1 The system states of 2
the closed-loop system
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11y
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0 | T
-3 == T
0 20 40 60 0 20 40 60
time units time units
2.5 1.02
2 r 1.015
1.5 1.01
1 1.005
0.5 1
e
0 0 20 40 60 0 20 40 60
time units time units
state and x1 as the input, together with an ISS-Lyapunov £) = l X3 = Jaxa
function Uy(¢) = ¢%/2L satisfying b
. 1 o’ & = k—ld(t) h(t) = k—lﬁ(t) (96)
Uo¢) = —5¢% + L2a7 + ﬁwzuxu). (93) T o
1

This fulfills Assumption 1. From Assumption 5, the
following calculations hold true

and we have the following new state equations

£\ =&+ LE + hi + L0 +v) —n(vy)

1816, | = 1+ 190G + v) — 1)) by = u— Lt + £
o .
<I¢l+ J—lw(lyl). (%94) £ = h(t)
Hence, it is evident that Assumption 2 holds with 611 = y=xi(=v—-v). O]

1,812 = o/J1, d11(1¢]) = [¢] and ¢12(]y]) = w(|y]).
In simulation, we choose

For simulation purposes, we set the bounding function
w(s) = ws with w > 0 in Assumption 5, and hence,

d(t) = 0 - arctant, d(t) = LZ’ 6 €R. 95) according to (93) and (94), the gain function S(-) can

. L+1 be picked as some constant 8 > 0. Then, using the
This shows d(7) and d(¢) meets Assumption 4. The proposed control algorithm in Sect. 3, we design the
Assumption 3 is clear since A1(¢) = L, A2(t) = —L control law

with the constant L > 0.

3.2 The fan speed regulator design
Similar to the proposed control method in Sect. 3,
define

1
= — = J s
&1 PRl 2X1

u=—piz1 + L& + pa()& — &

09 0. ~
—}——1 Lx; + Ty Op1(y, $)z1, (98)
ay as

and the adaption law

AL
O =Yoi(y, )2} 99)
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Fig.2 The state estimates,
errors and control input of 2 [ 2
the closed-loop system )
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with @1 (y, 5) = 2B2N2(s) + B3N*(5), 91 = BN (5)y,
§ = KkBy>.

3.3 Simulation results

The parameter values in (86) are set to J| = Jp =
R=ki=k=1L,oc=1,L=1p =1,7T=1,
k = 1,6 = 1, and the initial conditions: ¢(0) = 1,
x(0) = (0,0), 5(0) = 0,£(0) = (0,0, 0.5), B(0) = 0.
The external disturbance d(¢) is chosen as in (95). From
the simulation results shown in Figs. 1, 2 and 3, it can
be seen that the good set-point regulation performance
can be achieved by use of the proposed methodology in
the paper. In this way, the regulation of the fan speed v
to a desired value v, by output feedback is solved, even
under the external disturbance in the armature voltage.

3.4 Discussion

It is noted that when the armature current / is not mea-
sured, the control signal

J
uo = k—‘u+k2u+R1 (100)

1
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is not implemented. Here we construct a current
observer for the unmeasured armature current / in the
form of

Jol = ug —kov — RI. (101)
Let the observer error / = I — I, then the error dynam-
ics is

Jol = —RI +d(1). (102)

Form the above analysis, it can be proved that d(7) tends
to zero so does 1.

Remark 5 In consideration of the armature voltage
ug and the armature current / in (86), we can calcu-
late the power of P = ugl with the help of our pro-
posed controller (98). It can be shown that the power
consumption is dependent on the target speed sig-
nal to be tracked. The larger the fan speed, the more
power it consumes. For example, the power consump-
tion increases along with the set-point speed value from
v, = 1 to v, = 3. Observe that the numerical results
shown in Fig.3 are consistent with the analytical dis-
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Fig.3 The power 50 T
consumption of the
closed-loop system 40

30

20

— P =uol withv , =1
P =l withv , =2
—— P =yl withv , =3

10
0F

Power Consumption

cussion. More details on this topic can be found in
[32].

4 Conclusion

In this paper, the global robust regulation problem is
solved for a class of disturbed nonlinear uncertain sys-
tems in cascade. Using the ideas of the Nussbaum-
type gain and the disturbance as a generalized state,
we design a dynamic ESO based on a Riccati differ-
ential equation to handle the unknown control coef-
ficients and external disturbances. Moreover, in this
setting, it is shown that the additive disturbance does
not require to be square integrable, which broadens
the family of admissible noise signals. As a contin-
uing research of our previous results, the proposed
control scheme is verified by the fan speed control
system with some external disturbance in the arma-
ture voltage. It is of interest to investigate the global
robust regulation control in the presence of nonvan-
ishing nonlinear uncertainties in the future research
works.
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61304008 and 61520106009.

20 30 40 50 60
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Appendix: Proof of Proposition 1

PR, '
From P~'(t) = —P ') P() P~ (1), by virtue of
(18) and (22), we can show that

. 3 2e1x1
Ve:—eTP 2([)e—e%+ S*b
L2 P0Gk | 2" PTHOB-G G, )
5 §*b '

(103)

Given the choice of §*, by completing the squares, we
have

2e1x

5 < el +y? (104)
T p—1
26 P (I)BG(E’ Y) S leTsz(l)e
8*b 4
+83 (6h.3ED +#AAD), (105)

i=1

2T P~Y()Cpp 1 h(2 1
¢ (31 n1h(®) < ZeTP—2(t)e+4h2(r).

(106)

A direct substitution leads to (24).
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