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Abstract A new forced KdV equation including
topography is derived and the numerical solutions are
given. The topographic variable should be related with
the temporal and spatial function, which is called unsta-
ble topography. The physical features of the solitary
waves about the mass and energy are discussed by the-
oretical analysis. In further studies, the pseudo-spectral
numerical methods are used to discuss the evolution of
solitary wave generated by the topography when merid-
ional wave number m = 1; in a similar way, we ana-
lyze the solitary wave when meridional wave number
m = 2. Atlast, we make the comparison for the charac-
teristics of waves between m = 1 and m = 2, the wave
of meridional number m = 1 plays a leading role.
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1 Introduction

In geophysical fluid, nonlinear waves for large scale
are important for the dynamics of the ocean and atmo-
sphere [1-4]. In particular, much attention has been
paid to the Rossby solitary wave, the waves amplitude
evolution satisfied the KdV equation under plane beta
approximation and the effect of horizontal shearing
flow [5,6]. Subsequently, people make further research
on the characteristics of Rossby solitary wave and
reach many important conclusions [7-16]. The non-
linear waves have been discussed by many researches
in the atmosphere, especially the solitary waves. For
example, the solitary waves have been investigated in
the mid-atmosphere where the African easterly waves
were propagated [17]. The importance of nonlinear
wave was also researched in oceanography, some non-
linear internal waves in the deep basin of the South
China Sea have been evaluated the mechanisms for
their generation and evolution [18]. Moreover, some
forcing factors such as topography are very important in
large-scale motion, so the influences of topography on
Rossby solitary wave also attract more attention. The
interaction between zonal flow and slowly moving free
wave could cause atmosphere blocking under the topo-
graphic forcing effect [19]. What is more, the blocking
phenomenon is a kind of covibration characteristic of
stabilizing balance state under the effect of external
source [20-22], the large-scale topographic effect even
would affect global atmosphere circulation [23,24].
The topography function is in relation to longitude and

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11071-017-3700-1&domain=pdf

890

B.-J. Zhao et al.

latitude in many researches [25,26]. Actually, all things
on earth are in movement and variation; therefore, the
topography and external source also vary with time
in the fluid [27-29]. Yang [30,31] derived some new
equations governing the behavior of Rossby solitary
waves with the effect of topography, and discussed the
changes of nonlinear long wave amplitude and wave-
form with numerical method. So the topographic vari-
able including the temporal and spatial function which
is called unstable topography is so important.

We note that because of the multi-scale feature of
atmosphere and ocean, most of the above-mentioned
researches were carried out by employing multi-scale
analysis and perturbation method. These waves are also
called weak nonlinear waves. While, besides of the
multi-scale method, the variational-asymptotic method
is also an effective method to deal with the problem of
amplitude modulation of waves, many work has been
done to describe the amplitude modulation of trains
of solitons [32-35]. On the other hand, the study of
the exact solutions and feature of solitary wave equa-
tions is another important issue, many references were
given [3640].

In the present paper, a new forced KdV equation with
the topographic effect is derived, then we discuss the
effect excited by the topography. Concretely, starting
from the quasi-geostrophic potential vorticity equation,
in terms of the unstable topography, using scale anal-
ysis method, Rossby solitary wave model is derived in
Sect. 2. In terms of different topographic conditions, by
comparing the waterfall plots, we give the characteris-
tics of the wave amplitude according to the numerical
simulation in Sect. 3. Finally, some conclusions are
obtained in Sect. 4.

2 Derivation of governing equation
2.1 Governing equation and boundary conditions

Based on the quasi-geostrophic barotropic model in the
paper of Pedlosky [41], it is given the vorticity equation
including the unstable topography is

0 n ov 9 oV o

at  dx dy  Jy ox
x |:f+V2\I'+%hb(x,y,t):| =0 1)
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where W is the stream function, f is the coriolis param-

2 2 .
eter, V2 = % + 38}7 is Laplace operator, hp(x, y, t)

is the unstable topography. We make nondimensional-
ization on Eq. (1)

(x,y) = L(x*,y%) ,_(ﬁ)t*
x,y)=L(&",y"), =\u s
(u,v) = U™, v%),

U
f=rfo+Boy=fo+ ﬁﬁ*Ly*,

v =ULV*

HU
hy = ——h} 2
foL
substituting Eq. (2) into Eq. (1) yields
U8+UL8\II*1 a UL3V*1 9
L ot* L ox* L ay* L 0dy* L dx*
U UL U
X |:f0 + ﬁﬁ*Ly* + szlll* + th):| =0
3)

omitting the asterisk, then the nondimensional equation
is

a n owv 9 ov 0
ot ax ady dy dx

x [ﬁy+v2\y+hb(x,y,r)] -0 (4)

the side boundary condition of nondimensional form is

A\

— =0,y=0,1 (5)

ox

2.2 Derivation of forced KdV equation with
topographic forcing

We assume that the stream function form is
y
Wir,y, 1) = —/ [u(y) — o + ealdy
0
+ey(x, y, 1) (6)

where u(y) is the shearing zonal flow, « is a measure of
the proximity of the system to a resonate, and may be
referred to as a detuning parameter, cq is equal to the
phase speed of linear long wave in the shearing flow,
¥(x,y,t) is disturbed stream function, & is a small
magnitude parameter. We take the function form of
topography as

hy(x,y, 1) = ho(y) +ehi(x, 1) (N

here h¢(y) is the topographic basic function with zonal
changes, h1(x, t) is the disturbed function with merid-
ional direction and time changes, substituting Egs. (6),
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(7) into Eq. (4), combined with the boundary condition,
we derive the equation regarding the disturbed stream
function.

il oy 0 oy ] a
{E—Fsa@—[ (u(y)—co—l—ea)—i-ea—]a}

x [sV29 =/ G) + By +ho(y) + e ()| = 0
®)

We look for the weakly nonlinear problem by the multi-
ple scale method, in order to achieve a balance between
nonlinearity and dispersion, so we make Gardner—
Morikawa conversion on variables x, ¢,

X:s%x, T:e,‘%t )
here ¢(0 < ¢ <« 1) is a small parameter to measure the
degree of nonlinearity, and we set

hi(x,t) =e¢H(X,T) (10)

In order to obtain the asymptotic solution of weak linear
problems, substituting Eqgs. (9), (10) into Eq. (8), then
we have

Iy " 9%y
aX[ho(y)Jrﬁ u (y)]+(u(y)—co)ax 52
) 0%y 9%y
+8[ ﬁa__{_( u(y) —c 0)3X8X2
a [(9%y 9%y
var (52) +7 (7 5)
OH(X, T
+u(y) — Co)%}
+0(E*H) =0 (11
where
da 0b  da db
Jla,bl= —— — —— (12)
dx dy  dy dx

the disturbed stream function has small parameter
expansion formula as follows

v =vo(X,y, T) + ey (X, y, T)

+ (X, y, T) + - (13)
substituting Eq. (13) into Eq. (11),
&Y order

9% (9o

[u(y) — Co]a—yz (ﬁ)

L) +B—u" ] 20— (14)

0 X

0o B

we assume Yo = A(X, T)¢o(y), according to the
boundary condition,

& hy(y») +B—u"(y) B
[F u(y) —c }W” =" (o
$0(0) = ¢o(1) =0 (17

in order to ascertain amplitude A(X, T), we need to
solve high-order problem.

¢! order
52
Lily1] = {Lo[wo +J [wo, I/’O]
o B ]BH(X, T) 18

u(y) — co B—X (18)
o1 .
a—X_O, y=0,1 (19)
here

3
Lo = [u(y) — Co]m
/ " 8
+hy()+B—u (y)]a—X (20)
3 83 9 82
[M(Y)—C0]3X3 9T0y? +a§8_yz (21

according to Eq. (18), we make integration along y
interval [0, 1], and get

Yo (V) L[] /1 GRS
— ~dy = —d
o u)—co 0 ¢0(y)8y28X Y
! 1 " Wl
+ / ¢o(y)[ho(y)+ﬂ—u M55 dy
o u(y)—
(22)
assuming
Y1 = BX, T)¢1(y) (23)
we get
LoWLilyily _ 9BX.T)
o u(y)—co X
2
[ / . ¢1<y)
M(hb(y) . u”(y))dy} (24)
o u(y)—co
because of
P19 [ I dgo
oot =5 (%) -5 (2 5)
%o
+¢1W (25)

@ Springer



892

B.-J. Zhao et al.

making integration on both ends along y interval [0, 1],
then

52
/ 0(y) ¢>1(y) (26)

3 a 3 92
- [ <¢ "“) 5 (05y) v o

based on the boundary condition Eq. (19), there is
¢1(0) = ¢1(1) = 0, then the above equation can be

written as
2 32
/¢() ¢>1(y) /¢ ¢o @7

substituting Eq. (27) into Eq. (24) leads to

Yoo Lilyn]  OB(X.T)
o uy)—co X
1 2
[/(m<d%+-¢“” maw+ﬁ—u%w0dﬁ
u(y)
(28)
based on Eq. (16), we get
1
L
do(y) 1[1ﬂ1]dy —0 (29)
o u(y)—co
SO
f1¢ ( )aH(X, T)d
) 0Ly 9X y
/1 P1(y) 3 Y
o — dy
o u(y)—codX 9y?
1
+/ MLO[WON)’
o u(y) —co
1 82
+f ¢°—”)J[wo,—"’;)“dy=o (30)
o u(y)—co dy
based on Eq. (24),
Vo) +B—u" (), dA
dyv—
./0 @)~ OOVGr
1 3 / o
+/ Py (y) i(ho(y)ﬂ? u (y)> dy A%
o u(y)—cody u(y) —co 0X

A [T 41») Phi)
X Jo u(y)—co 0y?

1 BA  OHIX,T
- /0 By S5 = T / sy (31)

Finally we get

8A+ 8A+ A8A+ 93A
oT " Yax THex T2

+o

IH(X, T)
—_— =R
ax3 T ax

(32)
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where
Phy) + B —u"(y)
I = 0 2(y)d 33
/0 w0y — <o) oy (y)dy (33)
o = lfl 5 () g(h’0<y>+ﬁ—u”<y>> .
I Jo u(y)—cody u(y) —co
(34)
1t
@=—7 f G2 ()dy (35)
0
1 1
= / do(y)dy (36)
0

Regarding Eq. (32), in terms of X, we make integration
from —oo to +o0. Setting |X| — oo, A(X,T) — 0,
and we get the mass equation about the solitary wave.

a [ * 9H(X,T)

— AX, T)dX =/ —dX (37)
oT J_s o0 0X

Eq. (37) indicates that because of the forced effect, the
solitary wave mass is not conserved, with time changes,
when the forced member value becomes zero, the mass
will be conserved. Then, A(X, T)) multiply by Eq. (32),
and making integration on X from —oo to +00, we set
|X| — oo, A(X, T) — 0, and get the energy equation
about the solitary wave.

9 (1,
— —A%(X, T)dX
aT | o2
B o0 dH(X, T)
=3 AX, T)—X (38)
—00

obviously, the energy of solitary wave will change with
the topographic forcing.

In the absence of topographic forcing and parame-
ter o, Eq. (32) degenerates to the standard KdV equa-
tion. The solution of KdV equation has been studied
all the time, and single solitary and double solitary
wave solutions were obtained by the inverse scatter-
ing [42], the position solutions were found later which
exhibit the positive eigenvalues embedded into the con-
tinuous spectrum [43,44], the periodic wave solutions
were obtained with Jacobian elliptic functions and the
Exp-function methods [45—-47]. Meanwhile, the exact
n-soliton solution is given by Ablowitz and Clark-
son [48]. Le and Nguyen developed the theory of ampli-
tude modulation of waves governed by KdV equation
with the variational-asymptotic method [33], and two
asymptotic solutions describing the amplitude modu-
lation of trains of solitons and of positon show quite
agreement with the exact solutions [34]. In all of the
above studies, the clock shape solitary wave solution is
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A(X, T)=Msech2( %(X O“M )] where M
aM -

is the maximum amplitude at the 1n1t1al moment, ~5= is
12"‘2 Spisthe
width of the solitary waves, o1 and « are determmed
by the solution of Egs. (16), (17). When the right end
is inhomogeneous, Eq. (32) has no analytical solution
and needs to be solved with the numerical method.

the moving speed of the solitary waves, and

3 Numerical method and conclusion
3.1 Calculation method and process

Considering the weak shear zonal flow: u = ugy + 8y,
(hy(y) = Ho +8y),0 < 8 < 1, Hp is a constant and
the topographic slope changes slowly, let § = 0.0024,
ug = 0.5, Hy = 1, and the shearing characteristic of
base flow u(y), in terms of Eq. (16) with eigenvalue
problem. We make asymptotic solution, and set

g0 =9y + 3805 +
co = coo +bcor + -+ - (39)

the approximate equations of each order about § can be
written as

89 order:
d2¢é°) L By 4O
(8}) up—coo 40)
(»=0,y=0,1
0bv1ously the solution of Eq. (40) is
0) B+ Hp
¢y =sinmmy, coo=ug— i
8! order:
d2¢(()> 4 L+Ho ¢(1) _ (y=con) d o _ vy
I) 1o—C00 uo—coo  dy? 1o—C00
$ () =0,y=0,1
(41)
we get
d2¢>é” B+Hy ;) _ y—cor , 22
& + o= Cooq‘) = Go—cyM T siInmmy

y
uo—<oo

sinmmy (42)
# () =0.y=0,1
col = %, the solution of Eq. (42) is
1 (m?n?—1
1
%' =3 <—>
mi up — €oo

X [(y — yz) cosmmy + > sin mny] (43)
mi

Finally, ¢9 approximate solution is

) m2n? —1
¢o =sinmmry + — | ——
dmm \ uog — coo

X [(y -y )cosmny + 2 sinmny] (44)
mi

Considering the particularity of Eq. (32), by means of
the pseudo-spectral method [49], we find out the numer-
ical solution of Eq. (32). The concrete method is using
discrete Fourier transform from the aspect of space, and
fourth-order Runge—Kutta method from the aspect of
time, then we make numerical solution on such a prob-
lem by means of Eq. (32), and discuss the problem in
one cycle [—m, ] from the aspect of space. First of
all, making average segmentatlon on the interval into
N grid points, x; = —m+ N . herej =0,...,N—1,
we take the discrete Fourier transform i (k, t), let

N
N 1 —1kx;
ik, ) = Fu) = + 2 u(xj, tye ",
J=0
N N
k=—T 415 (45)

then the discrete Fourier transform can be approxi-
mately indicated as

N/2

uxj, 1) = F~1(a) = Z

k=—N/2+1

ik, 1)elki (46)

and the differential expression formula on the Fourier

transform is

0"u(k,t)
ax"

according to the above formulas, Ay = F Lk F(A)),

Ax = —F 71 ik*F(A)), we use the fourth-order
Runge—Kutta method from the aspect of time

= (ik)"i(k, t) 47)

Ar = —a1AF 1 (ikF (A))
+ar FU (K3 F(A))
+a3F 1 (ikF(H)) (48)

let

f(An, Ty) = —a1 AF L (ikF(A,))
+a F L F(Ay)) (49)
a= f(An, Tp) + a3 F 1 (ikF (H (T))) (50)

AT
b:f An—‘r ) Cl,]-;1+2

tayF! (ikF (H (TH%))) (51)
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AT
C:f(An+ b,Tn_,’_%)

2
+asF (ikF (H (T,,1))) (52)
d= f(Ay+cAT, T,y1)
+a3F ! GkF (H (Ty+1))) (53)
Apit :An+éAT(a+2b+ZC+d) (54)

3.2 The effects of unstable topography and steady
topography

During numerical calculation process, we get the
topography expression formula as

_ 2
HX.T) = —e & +MT (55)

M is given parameter, regarding the correlation coef-
ficient of given base flow u(y) and Eq. (16). When
meridional wave number m = 1, we can calculate
the coefficients a1, a2, @3 in Eq. (32) and get o) =
—0.003, 0y = —0.02, a3 = —0.03, it is given for a
detuning parameter « = 0.2, and we provide the initial
condition A(X,T) =0, T =0, Figs. 1, 2, 3,4, 5 and
6 show the numerical results.

When M = 0, the solitary wave excited by the
topography in the forced area, the amplitude almost
remains invariant. Cnoidal wave trains are produced
in the downstream position, and no wave movement
is produced in the upward position. When M < 0,
for M = —1 x 1072, it is shown that the solitary
wave amplitude first increases and then decreases with
time. The amplitude of cnoidal wave trains produced
in the downstream position comparatively strengthen
and wavelength shortens. When M = 1 x 1072, the
results tend to be different circumstances, the solitary
wave amplitude increases rapidly with time 7.

When meridional wave number m = 2, we can
calculate the coefficients ¢ = 1.3 x 1074, ap =
—8 x 1074, a3 = 1.5 x 1074, it is given a detuning
parameter « = 0.01, here giving the initial condition
A(X,T) = 0T = 0, Figs. 7, 8 show the numerical
results.

Because of the changes of value «, o1, o2, the wave
trains shown in Figs. 7 and 8 demonstrate the charac-
teristics of long exciting time, slow propagation speed
and small amplitude. It is seen that the opposite signs
of o3 make the topography forms changes, thereby the
amplitude form of solitary wave is sunken downward.

@ Springer
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Fig. 1 The waveform excited by the topography (m = 1), T
from 0 to 200, M =0

0.15

0.1

A(X,T),T=200

-0.2 L L L
-100 -50 50 100

xX o

Fig. 2 The waveform excited by the topography (m = 1), T =
200, M =0

0.2
=
< !

0.2

200

150
T 100
50
100
0 p o 50
-100

Fig. 3 The waveform excited by the topography (m = 1), T
from O to 200, M = —0.01

Comparing m = 2 with m = 1, the amplitude of soli-
tary wave becomes much smaller. When M changes,
comparing Fig. 1 with Fig. 7, it can be observed that the
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Fig. 7 The waveform excited by the topography (m = 2), T

Fig. 4 The waveform excited by the topography (m = 1), T = from 0 to 5000, M =0

200, M = —0.01 3
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= 5000
| E—
150 ) [ —
= 4000
=
= T 3000
T 100 =
N
N 2000
50 ¥
1000 ' o0
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0 - 0 : 0
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Fig. 5 The waveform excited by the topography (m = 1), T Fig. 8 The waveform excited by the topography (m = 2), T
from 0 to 200, M = 0.01 from 0 to 5000, M = —0.01
1.2 —
amplitude of wave changes are similar with meridional
tr 1 wave number m = 1, but M = —1 x 1072, the position
- | of the solitary wave moves downstream with time.
Q .
$ 06t _ 4 Conclusion
=
= . . . .
% 04t ] This paper derives the nonlinear forced KdV equation
0ol | with unstable topography, and discusses the mass and
' energy conservation of solitary wave. Without the topo-
0pb— MVW»— graphic effect, the mass and energy will be conserved.
With the topographic forcing, the mass and energy will
0200 @0 60 40 20 0 20 40 &0 80 10 not be conserved. The related results are numerically
X simulated with the pseudo-spectral method.
Fig. 6 The waveform excited by the topography (m = 1), T = (1) The interaction effect between solitary waves and
200, M = 0.01 stable topographic forms, no matter the meridional
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wave number m = 1 or m = 2, the amplitude
of solitary wave is almost unchanged. Comparing
with the train of waves m = 1, the amplitude of
the solitary waves and downstream train of waves
are weaker when m = 2 under the effect of the
topography.

(2) The differences between the stable topography and
the solitary wave excited by the unstable topog-
raphy. When M < 0, the wave trains ampli-
tude change obviously, the amplitude of the soli-
tary wave decrease, the downstream cosine wave
amplitude increases with the time, wavelength
becomes shorter. When M > 0, the topographic
effect is obvious, the amplitude of the solitary
wave is the largest at the end of calculation
time.

(3) The change of topography variable of ho(y) has
relationship with the coefficient of forced KdV
equation, and it has an effect on the numerical
solution of whole model. Therefore, the topogra-
phy affects not only the spatial structure of wave,
but also the amplitude of wave.

(4) The model of Rossby solitary waves is derived
by perturbation expansions and stretching trans-
formations of time and space; it is interesting to
derive the equations by using the direct variational-
asymptotic analysis [32,33], so the study of ampli-
tude modulation of n-soliton solutions for the
Rossby waves will be the topics of our following
work.
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