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Abstract In the present study, the overshooting vibra-
tional amplitude in transient response of a cracked rotor
is calculated and experimentally validated. A Jeffcott
rotor model that includes a nonlinear breathing mech-
anism is considered and to be validated by experimen-
tal data. Furthermore, a nonlinear stability analysis is
performed via Lyapunov largest exponent to correlate
the overshoot value and the observed rotor behavior. It
is concluded that numerical results obtained from the
enhanced Jeffcott rotor model that includes a nonlin-
ear restoring force tend to describe well experimental
data, and the system overshooting is sensitive to rotor
cracks.
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List of symbols

a Crack size
c Rotor viscous damping
D Shaft diameter
E Young modulus
e Unbalance eccentricity
G Breathing function
g Acceleration due to gravity
I Moment of inertia
kη Rotor stiffness in the direction parallel to the

crack front
kξ Rotor stiffness in the direction normal to the

crack front
kξη Cross-couple stiffness due to the presence of

crack
k0 Uncracked shaft stiffness
L Length of the rotor
m Rotor mass (shaft and disk)
Y Vertical rotor vibration at midspan, measured

from an inertial reference system
Z Horizontal rotor vibration at midspan, measured

from an inertial reference system
α Angular acceleration
β Angle between the crack and the rotor unbalance
ε Nonlinear restoring force coefficient
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ψ Crack angular position relative to the rotational
reference system

η Direction parallel to the crack front
θ Crack angular position, measured from an iner-

tial coordinate system
ξ Direction perpendicular to the crack front
δst Shaft static deformation
ω Angular speed

1 Introduction

Monitoring and diagnostics of a cracked rotor have
been of an increasing importance in recent years
because the propagating cracks have a serious detri-
mental effects on the reliability of turbomachinery spe-
cially the dynamic behavior of rotor-bearing systems
with cracked shafts. Sekhar and Prabhu [1]were among
the first to study the transient vibrational behavior on
cracked rotors when passing through critical speed.
They focused their attention on the oscillations devel-
oped near the critical speed and established that the
phase between eccentricity and crack must be taken
into account [2]. Furthermore, they found that the slant
crack in the rotor can be detected by the transient
response [3] and then they used continuous wavelet
transform (CWT) to identify the subharmonic resonant
peakswhen the cracked rotor is passing through its crit-
ical speed, particularly for higher accelerations [4,5].
By using CWT, Sekhar [6] focused his attention on
studying the subcritical response peaks for detecting
cracks even for low crack depths in a coast-down rotor
and observed that the energy computed from the CWT
analysis is sensitive to rotor cracks. Then, Zou et al. [7]
introduced the wavelet time-frequency analysis algo-
rithm to study the dynamic response of a cracked rotor
when its frequency passed subcritical speeds. They
concluded that the wavelet analysis algorithm could
be useful for identification of cracked rotor dynamics.

Han and Chu [8,9] found that under certain crack
depth, the instability regions could vanish by the trans-
verse crack.When the asymmetric angle is aroundπ /2,
increasing the crack depth would enhance the insta-
bility regions. They also found that the instability of
a rotor-bearing system with two breathing transverse
cracks has some unique features that differ from that
of the single cracked rotor system [10].

By using the Hilbert Huang transform for extracting
the salient features from time response of the cracked

rotor passing through its critical speed, Babu et al. [11]
observed that this transform is particularly useful for
identifying very small crack depths where the CWT
fails to detect them. However, Sinou demonstrated that
the CWT and the Power Spectral Density can detect
the presence of open cracks in rotating machinery on
the 2× harmonic components when the notched rotor
passes through transient signals [12]. By analyzing the
dynamics of the transient signals, Wang [13] found
that by separating transient vibration information in
a varying rotational speed environment could improve
the diagnostic capability in detecting rotor cracks. In
fact, he used the adaptive natured timewaveform recon-
structed order tracking method, and the Vold-Kalman
filter order tracking (VKF-OT) to obtain the dynam-
ics response of cracked rotors by separating transient
vibrations effects of the rotor changing rotational speed
harmonics. Based on Wang findings, it is clear that
the performance of a cracked rotor could be identi-
fied by using transient dynamics. In fact, there are evi-
dence in the literature that transient signals of dynami-
cal systems could predict undesirable effects that need
to be overcome to have stable system response [14,15].
Therefore, the aim of this paper focuses on using tran-
sient dynamics and the concept of overshooting to study
both theoretically and experimentally, the dynamics of
a cracked rotor and its stability behavior by using Lya-
punov characteristic exponents.

2 Mathematical model

In this paper, an enhanced mathematical model that
describes the dynamics of a cracked Jeffcott rotor that
takes into account the cubic nonlinear effects of the
restoring forces FY and FZ is introduced. Figure 1
depicts the common definition of both rotating and
stationary reference systems from which the restoring
forces FY and FZ can be expressed as a function of the
rotor angular position θ , as:

{
FY
FZ

}
=

[
cos θ − sin θ

sin θ cos θ

] {
Fξ

Fη

}
. (1)

Due to the crack, the restoring forces Fξ and Fη are
commonly defined in the directions of minimum and
maximum stiffness, i.e., ξ that describes the direction
perpendicular to the crack front, and the coordinate η

to represent the direction parallel to the crack front,
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The influence of a transversal crack on rotor nonlinear transient response 673

Fig. 1 a Crack location on shaft and inertial reference system (X, Y, Z ) are shown. b Inertial (Y, Z ) and rotational (ξ, η) coordinate
systems

as illustrated in Fig. 1. Therefore, the system restoring
forces are defined by the following expression:

{
Fξ

Fη

}
=

[
kξ kξη

kξη kη

] {
ξ

η

}
+

[
εξ3

0

]
. (2)

In Eq. (2), a nonlinear restoring force has been added
to consider nonlinear effects of the rotor dynamics.
Now, substituting Eq. (2) into Eq. (1) yields:

FY =
(
kξ ξ + kξηη + εξ3

)
cos θ

− (
kξηξ + kηη

)
sin θ (3a)

FZ =
(
kξ ξ + kξηη + εξ3

)
sin θ

+ (
kξηξ + kηη

)
cos θ. (3b)

Since the following relationship

{
ξ

η

}
=

[
cos θ sin θ

− sin θ cos θ

]{
Y
Z

}
(4)

must hold between the two coordinate systems, then
Eq. (4) can be used to write Eq. (3) in terms of the
coordinates Y − Z , as follows:

FY = Y

2

[(
kξ+kη

) + (
kξ − kη

)
cos 2θ − 2kξη sin 2θ

]

+ Z

2

[(
kξ − kη

)
sin 2θ + 2kξη cos 2θ

]
+ ε (Y cos θ + Z sin θ)3 cos θ (5a)

FZ = Y

2

[(
kξ − kη

)
sin 2θ + 2kξη cos 2θ

]

+ Z

2

[(
kξ + kη

) + (
kη − kξ

)
cos 2θ

+ 2kξη sin 2θ
] +ε (Y cos θ+Z sin θ)3 sin θ

(5b)

Next, the restoring forces given byEq. (5) can be incor-
porated into the mathematical model described in [16]
and references cited there in, to get:

mŸ + cẎ + (kξ + kη)
Y

2
+ ε(Y cos θ + Z sin θ)3 cos θ

+ G

2

{
(kξ − kη) cos 2θ − 2kξη sin 2θ

}
Y

+ G

2

{
(kξ − kη) sin 2θ + 2kξη cos 2θ

}
Z

= m eω2 cos(θ − β) − m g + m e α sin θ (6a)

mZ̈ + cŻ + (kξ + kη)
Z

2
+ ε(Y cos θ + Z sin θ)3 sin θ

+ G

2

{
(kη − kξ ) cos 2θ − 2kξη sin 2θ

}
Z

+ G

2

{
(kξ − kη) sin 2θ + 2kξη cos 2θ

}
Y

= m eω2 sin(θ − β) − m e α cos θ (6b)

wherem is the rotormass, c represents the rotor viscous
damping, ε is the cubic nonlinear coefficient, Y and Z
are the rotor vibration amplitudes at the midspan, G
is the crack breathing function, ki is the shaft lateral
stiffness either along the crack front (η), perpendicular
to the crack front (ξ ) and the cross-coupled stiffness
(ηξ ) generated by the cracked shaft, θ represents the
crack angular position measured from an inertial coor-
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dinate system, e is the unbalance eccentricity, and β is
the angle between the crack and the rotor unbalance,
as shown in Fig. 1.

2.1 Breathing function definition

The breathing function, G, used in the present investi-
gation is a combination of Mayes and Davis equation
(7) defined as [17]

G = 1 + cosψ

2
(7)

and the Cheng function [18]

cosψ = Y cos θ + Z sin θ√
Y 2 + Z2

. (8)

The breathing function given by Eq. (7) takes into
account the dynamical response of the rotor by con-
sidering the crack angular position, ψ , relative to the
rotational reference system (ξ ′η′).

2.2 Overshooting

Overshoot arises when the system is undergoing free
motion and is suddenly subjected to harmonic exci-
tation with a near-resonant frequency, which leads to
transient response during the transition to steady-state
system behavior. The determination of this value is of
practical interest in understanding the importance of
time in controlling the dynamical behavior of oscilla-
tory systems [14,15], since this is estimated by consid-
ering the influence of the system parameters such as
nonlinear and damping effects. In general, the system
overshooting is defined as

% Overshooting = 100

(
xtran − xss

xss

)
(9)

where xtran and xss represent the peak transient and
steady-state amplitudes of the system, respectively.
This concept will be used to study how a Jeffcot rotor
dynamics is changing during the appearance of cracks.

2.3 Largest Lyapunov exponent

The concept of Lyapunov characteristic exponents
(LCE), also known as Lyapunov spectrum, was intro-
duced by Lyapunov [19] when studying the stability of
nonstationary solutions of ordinary differential equa-
tions. This spectrum allows to characterize quantita-
tively the stochasticity properties of nonlinear systems
andmeasures the sensitivity of the system to initial con-
ditions. Lyapunov characteristic exponents also indi-
cate the rate of divergence of nearby trajectories, a key
component of chaotic dynamics. Lyapunov exponents
can determine the rate of dependence of a system on the
initial conditions considering the divergence or conver-
gence of nearby orbits.

3 Experimental setup

The equipment employed to collect experimental data
includes a rotor, eddy current displacement proxim-
ity probes, motor speed control, and a data acquisition
module. The test workbench shown in Fig. 2 consists
of two elastic shafts connected by means of a bolted
joint in order to reproduce the cracked rotor, as illus-
trated in Fig. 3. The rotor’s shaft of 12.7 mm is simply
supported at both ends, with 690 mm of supports span.
The diameter and thickness of the disk rotor are 115

Fig. 2 Experimental setup,
machine fault simulator
adapted to perform as a
cracked rotor
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The influence of a transversal crack on rotor nonlinear transient response 675

Fig. 3 Measurement ports and bolted joint to reproduce the
cracked shaft

and 39.2 mm, respectively. The rotor system is driven
by an electric motor incorporated with a shaft through
a flexible coupling.

The data acquisition block diagram is shown in
Fig. 4, describing the main components used in the
experimental setup. (A) Experimental cracked rotor,
(B) electrical motor, (C) tachometer signal, (D) four
proximity transducers signals, two for each measure-
ment plane, (E) variable frequency drive, (F) signal
conditioner, (G) data acquisition interface unit and
ADRE® software, (H) National Instruments® acqui-
sition system and LabView® software. Two different
acquisitions system were used to collect, record and
analyze the data; therefore, it was possible to take
information provided by both systems. The variable
frequency driver is the Delta® VFD-B, and the prox-

Fig. 4 Data acquisition block diagram. A Experimental cracked
rotor, B electrical motor, C tachometer signal, D four proximity
transducers signals, two for each measurement plane, E variable

frequencydrive,F signal conditioner,Gdata acquisition interface
unit andADRE® software,HNational Instruments® acquisition
system and LabView® software
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676 L. M. Palacios-Pineda et al.

Fig. 5 Overshoot evolution along different rotation velocities
for different crack sizes. L = 0.69m, E = 210GPa, r =
7.97 × 10−3 m, e = 19μm, g = 9.81m/s2, m = 2.79 kg,
c = 11.46N s/m, α = 0 rad/s2, β = 0◦, ε = 4x1010 N/m3,
kη = (

1 − �kη

)
k0, kξ = (

1 − �kξ

)
k0, kξη = (�kξ /5) k0,

�kη = 3.6353× 10−1
( a
D

)3 − 1.6278× 10−2
( a
D

)2 + 3.8189×
10−3

( a
D

) + 6.9077 × 10−5, �kξ = 1.4995
( a
D

)3 + 2.8640 ×
10−2

( a
D

)2 + 4.6384 × 10−2
( a
D

) − 4.9829 × 10−4

Fig. 6 Overshoot evolution along different rotation velocities
and its comparison with the system stability derived by means of
the largest Lyapunov exponent (LLE), a/D = 0.4 all remaining
parameters values are the same as in Fig. 5

imity transducers used to measure the rotor vibrational
behavior are Bently Nevada® 3300 5 mm probe.

4 Experimental and numerical results

The obtained results are divide into two sections: first
the numerical predictions are estimated at constant
angular speed,while in the secondpart, the results come
from experimental acquisition data and from numeri-

cal predictions by considering a shaft constant angular
acceleration.

4.1 Analysis at constant angular speed

In order to solve the enhanced mathematical model,
the algorithm based on the explicit Runge–Kutta (RK),
which is included in the MATLAB computer symbolic
package as the built-in function called ode45, has been
used. This algorithm varies the step size, choosing the
step size at each step in an attempt to achieve the desired
accuracy. Initial conditions used to run the numeri-
cal simulation were Y (0) = 30μm, Z (0) = 30μm,
Ẏ (0) = 0 and Ż(0) = 0.

By numerically integrating Eq. (6), it is possible to
predict the evolution of the rotor overshooting through
the velocity ratio interval,ω/ωn , between 0.25 and 1.5,
as shown in Fig. 5. As it can be seen from Fig. 5, even
if the crack is very small, there is a significant change
in the system overshooting behavior mainly near the
local resonance of 1/3ω/ωn . Notice thatwhen the rotor
has no crack, the overshooting, at this particular speed,
tends to decrease, when the rotor has a small crack
(a/D = 0.1), the overshooting plots exhibit significant
and sudden decreased values.
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Fig. 7 Orbital response and
spectrogram of the velocity
ratio of ω/ωn = 0.48 (Point
A in Fig. 6)

Fig. 8 Orbital response and
spectrogram of the velocity
ratio of ω/ωn = 0.62 (Point
B in Fig. 6)

The stability of Eq. (1) has been evaluated from
the largest Lyapunov exponent (LLE) theory, using the
algorithm developed byWolf et al. [20]. Figure 6 shows
a comparison between the computed LLE of the system
and the overshooting value. As it is seen from Fig. 6,
a stable rotor behavior is exhibited in the majority of
the velocity ratio interval ω/ωn , shown. However, the
rotor has unstable behavior at the angular velocity ratio
of ω/ωn = 0.99 at which the overshooting value tends
to approach to the limit value of minus 100%. Further-
more, it is observed from Fig. 6 that there is a change in
the overshooting value at the same point at which LLE
has a local maximum peak, i. e., at the angular speed of
ω/ωn = 0.62. A slight change of about 10% in LLE is
captured closed to the region at which the overshooting
plots have a peak value (point B).

Figures 7 and 8 depict the orbital response and spec-
trogram of the cracked rotor dynamic response at the
velocity ratios of ω/ωn = 0.48, and 0.62, respectively.

In both cases, the response contains an internal loop.
Also, from the spectrogram of Fig. 8b, it is observed
that transient response vanishes at about 1 s. The size
of the inside loop shown in Figs. 7 and 8 is a clear
indicator of the presence of an open transverse crack in
rotating machinery, as discussed in [11].

Figure 9 shows the overshoot and LLE evolution at
the velocity ratio of ω/ωn = 0.99. Here the unbalance
orientation, β, with respect of the crack front varies
from 0◦ to 360◦. Notice from Fig. 9, that β influences
the system stability [21], i.e., at the value of = 72.5◦,
the vibrational response of the cracked rotor is stable;
therefore, it can be concluded from Fig. 9 that the rotor
can be tuned to stable behavior if the unbalance angle is
around 72.5◦. The orbital response and the spectrogram
at this unbalance angle is shown in Fig. 10.

Furthermore, the dynamic rotor response behavior
observed in Figs. 6 and 9 can be described from the
overshooting of the system, i.e., the overshooting curve
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can be used to analyze the stability of the rotor since
its qualitative behavior corresponds to the stability pre-
dictions provided by the values of the largest Lyapunov
exponents.

4.2 Comparison of experimental and numerical
results when the rotor is subjected to constant
angular acceleration

In this section results, comparisons between numerical
and experimental results are performed by considering
a Jeffcott rotor subjected to constant angular acceler-
ation. Figure 11 shows two different cases: one with
an imbalance orientation β = 0◦, and the other with
β = 180◦. Figure 11a, b exhibits the collected experi-
mental data and the numerical predictions for β = 0◦.
It is observed that the enhanced numerical model tends
to capture the transient response and internal reso-

Fig. 9 Overshoot evolution along different unbalance angular
positions,β, and the corresponding rotorLyapunov stability anal-
ysis by considering the system parameter values of: a/D = 0.4
and ω/ωn = 0.99

nances that are characteristic in highly nonlinear sys-
tems. Furthermore, at the resonant frequency (t = 30 s)
experimental evidence shows a right-sided bending that
the modified model tends to capture because the sys-
tem restoring forces are assumed to have nonlinear
cubic behavior. In fact, from the spectrograms shown in
Fig. 11, it is possible to distinguish the main harmonics
provided by the collected data and from numerical sim-
ulations computed from Eq. (6). In this case, the spec-
trogram of the experimental data and the one obtained
from numerical simulations agree well.

The orbital response and its evolution as the angular
speed increases is shown in Figs. 12 and 13 for the cases
at which β = 0◦ and β = 180◦, respectively. Notice
that the mathematical model given by Eq. (6), with its
breathing model and cubic nonlinear terms is capturing
the complex cracked rotor response. In fact, the internal
loops at the frequency ratios of ω/ωn = 0.33 and 0.5
are qualitatively and quantitatively described well.

Experimental and numerically computed overshoot
system values are illustrated in Fig. 14. Here the cases
of a/D = 0.15, and 0.30 with β = 0◦ and 180◦ were
considered. The overshooting value is plotted accord-
ing to the amount of the rotor damage level. It can
be observed from Fig. 14 that a monotonic increase
behavior in the overshooting value takes place as the
damage level increases. Furthermore, numerical pre-
dictions and experimental data tend to agree not only in
the system qualitative behavior, but also in its quantita-
tive response since themaximum relative error attained
does not exceed the value of 51%. This is an improve-
ment when compared to the results found in [22] in
which peak responses between analytical and experi-
mental data were considered.

Fig. 10 Orbital response
and spectrogram at
β = 72.5◦, point C in Fig 9
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Fig. 11 Response and
spectrogram from rotor
run-up, a/D = 0.15,
α = 6 rad/s2,
c = 41.69N s/m,
L = 0.69m, E = 210GPa,
r = 7.97 × 10−3m and
ε = 4 × 1010 N/m3. For
β = 0◦, e = 22.86μm and
for β = 180◦,
e = 13.71μm.
a Experimental: β = 0◦,
b Numerical: β = 0◦,
c Experimental: β = 180◦,
d Numerical: β = 180◦

It is important to mention that in Sect. 4.1, the
overshooting value has been obtained considering the
numerical integration results computed at constant
angular speed. In this case, the maximum system over-
shooting is about 3000%; meanwhile in Sect. 4.2, the

overshooting has been determined when the rotor is
subjected to a constant angular acceleration which
allow us to compare experimental and numerical
results. In fact, Fig. 14 illustrates the corresponding
overshooting plots obtained from experimental data

123
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Fig. 12 Orbital evolution at
different angular velocities,
a/D = 0.15, β = 0◦,
α = 6 rad/s2,
c = 41.69N s/m,
e = 22.86μm, L = 0.69m,
E = 210GPa,
r = 7.97 × 10−3 m and
ε = 4 × 1010 N/m3.
a ω/ωn = 0.33,
b ω/ωn = 0.33,
c ω/ωn = 0.50,
d ω/ωn = 0.55,
e ω/ωn = 0.66,
f ω/ωn = 0.66

and those computed numerically by using Eq. (6).
Notice that when the nonlinear cubic term is consid-
ered, the numerical results tend to approach to the
experimental overshooting values.

5 Conclusions

In the present study, the overshooting vibrational
amplitude in transient response of a cracked rotor is cal-
culated and experimentally measured. A Jeffcott rotor
model that includes a nonlinear breathing mechanism

that combines the Cheng function [18] with that intro-
duced by Mayes and Davis [17], and nonlinear restor-
ing force effects were considered. The correspond-
ing equations of motion were numerically solved by
using the Runge–Kutta fourth-order algorithm. Then,
the overshooting concept was used in order to capture
the amplitude peaks exhibited by the nonlinear system
response behavior during transient vibrations in order
to identify the appearance of small crack depths into
the rotor. In fact, it has been found by plotting the sys-
temovershooting versus the frequency ratio,ω/ωn , that
the corresponding curve has relative minimum values
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Fig. 13 Orbital evolution at
different angular velocities,
a/D = 0.15, β = 180◦,
α = 6 rad/s2,
c = 41.69N s/m,
e = 13.71μm, L = 0.69m,
E = 210GPa,
r = 7.97 × 10−3 m and
ε = 4 × 1010 N/m3.
a ω/ωn = 0.33,
b ω/ωn = 0.33,
c ω/ωn = 0.50,
d ω/ωn = 0.55,
e ω/ωn = 0.66,
f ω/ωn = 0.66

at the points at which small crack depths (a/D) appears,
as illustrated in Fig. 5. Furthermore, Lyapunov expo-
nents were computed to determine under which param-
eter values the system becomes unstable. Surprisingly,
the Lyapunov exponent curve has peak values at the
same regions at which the overshooting curves reach
their relative maximum values, as shown in Figs. 5 and
9. Based on these results, it is concluded that the over-
shooting curve plotted against the frequency ratioω/ωn

could be used not only to detect the appearance of small
crack depth into the Jeffcott rotor, but also to examine
the system dynamics behavior.

To further assess the applicability of the systemover-
shooting in detecting small crack depths in the rotor
system, experimental test was performed by consid-
ering a rotor with constant angular acceleration. It has
been observed from Figs. 11, 12, 13 and 14 that the the-
oretical model tends to capture the transient response
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682 L. M. Palacios-Pineda et al.

Fig. 14 Overshooting comparison between experimental ampli-
tudes and model prediction

and internal resonances of the Jeffcott rotor system,
i.e., numerical predictions and experimental data tend
to agree with the system qualitative and quantitative
dynamic behavior. Based on the above results, it is con-
cluded that the usage of the system overshooting as
well as of the Lyapunov exponents can have a signifi-
cant impact in monitoring and diagnosing of a cracked
Jeffcott rotor.
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