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Abstract Many important physical situations such
as fluid flows, plasma physics and solid-state physics
have been described by (3+1)-dimensional generalized
shallow water equation. In this article, we construct
new periodic solitary wave solutions for the (3+1)-
dimensional generalized shallow water equation by
using the auto-Bécklund transformation and a direct
test function. These obtained new periodic solitary
wave solutions enrich the solution structure. Evidently,
with the help of symbolic computation, the physical
structure for these periodic solitary wave solutions is
presented with some figures. The direct test function
approach can be also applied to solve other nonlinear
differential equations.
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1 Introduction

Nonlinear evolution equations (NLEEs) are widely
used to describe complex sciences phenomena such
as the marine engineering, fluid dynamics, plasma
physics, chemistry and physics and many other appli-
cations [1-15]. During the past several decades, many
efficient methods have been proposed to obtain the
exact solutions of NLEEs such as inverse scatter-
ing method [16], the homotopy perturbation method
[17], Hirota direct method [18-26], hyperbolic function
method [27], homogeneous balance method [28-30],
F-expansion method [31], exp function method [32—
34], the extended mapping method [35], the (G'/G)-
expansion method [36-38] and three-wave approach
[39-44].

In this paper, we will research the following (3+1)-
dimensional generalized shallow water equation:

uy; = 0. (D

Uxxxy — Uy Uyy — 3y Uyy + Uy —

Equation (1) has been used in weather simulations,
tidal waves, river and irrigation ows, tsunami prediction
and researched in different ways. Tian [45] obtained the
soliton-type solutions of Eq. (1) by using the general-
ized tanh algorithm method. Zayed [46] got the trav-
eling wave solutions of Eq. (1) by using the (G'/G)-
expansion method. Tang [47] presented the Grammian
and Pfaffian solutions of Eq. (1) by the Hirota bilinear
form. Multiple soliton solutions of Eq. (1) are discussed
by Zeng [1]. Next, we will discuss the new periodic soli-
tary wave solutions for Eq. (1) by using the direct test
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function method. The direct test function is used instead
of text function in the original Hirota bilinear method. If
the bilinear equation of nonlinear evolution equations is
available, then rich variety of exact solutions can be pre-
sented by using the direct test function method. These
exact solutions are found to possess dynamic charac-
teristics. This used method being simple and straight-
forward than the method in Refs. [45-47].

The paper is organized as follows: in Sect. 2, by
using the auto-Bécklund transformation and a direct
test function, new periodic solitary wave solutions
for the (3+1)-dimensional generalized shallow water
equation are obtained. In Sect. 3, the conclusions are
presented.

2 New periodic solitary wave solutions for the
(3+1)-dimensional generalized shallow water
equation

According to the idea of the extended variable-
coefficient homogeneous balance method (EvcHB)
[48], the solutions of Eq. (1) can be supposed as fol-
lows:

ux,y,z,t) = [=21n(§) + 8(n)

+&om) Ik tuolx, y, 2, 1), 2
where § = &(x,y,z,1), n = n(y,z, 1) and uo(x, y,
z, t) is a special solution of Eq. (1). Substituting Eq. (2)

into (1), we have the following auto-Backlund transfor-
mation:

Eo(m)EX (Evbry + & Exx) =0, 3)
—2EEIH2EEEH[3ET() +2]E Exnr bn
—6uoy &} + 38, [E0(m) £l — 28 uox ]
+3{[5E0(n) —21&xy b
+[E0(M) + 2] Exny 1 Er =0, —Buory £f (D)
+ &y Ex — (2Ex; + oy Exy + Yty Exy ) Ex
4y Er — & Exx + Exy (& — 2E00x)

3
- 550(77) [%_0(77) - 4] (%_xx %_xxy +§xy %_xxx)
+$y (&xt — 3uox Exx — 3&x uoxx + &xxxx) =0,

()

Exyt — 3uoxy Sxx — 3&xy Uoxx — Sxxz — 3Uox Exxy
—3ugy Exxx + Exxaxy =0, (6)
o' () (nr vy — Nz ax) =0, @)

@ Springer

UOxxxy — 3 upyx UQxy — 3 Uy Uoxx + UOyr — UOxz = 0.
(3)
Aiming at the new periodic solitary wave solutions, we

suppose that o (n) = 0, ug(x, y, z,¢t) = 0 and a direct
test function
E(x,y,2,1) = ki " + e 4+ ky tan (67)

+ k3 tan h (63) , )
where0; = «; x+8; y+vyi z+6it,i = 1,2,3,4and o;,
Bi, vi, 8; are constants to be determined later. Substitut-
ing Eq. (9) into (3)—(8) and equating all the coefficients
of different powers of e, e~ tan (6,), tan h (3) and
constant term to zero, we can obtain a set of algebraic
equations for «;, B;, vi, 6i, ki(i = 1,2,3,4). Solving
the system with the aid of Mathematical, we obtain the
following results:

Case(l)
_ Bo + B3
= —011 ,

ky=B1=y1=03=68=0,y3

(10)
where a1, 81, 83, k1 and k3 are arbitrary constants. Sub-
stituting Eq. (10) into (9), we have
S('xﬂ yv Z, t) = exal+t51k1 + e—XG{]—l(S]

z (Bsa} + B3d1)
o

+ k3 tan h[yBs; + ].

(11)
Therefore, we obtain the first new periodic solitary
wave solution for Eq. (1):
2 (exa1+t51k1a1 _ e—xoc]—télal)

Z 3 '
exa1+l5|k1 + e*XDt[*lS] + k3 tan h|:y‘33+-(ﬂ3(¥10:’13331)}

Uy = —

(12)
The evolution and mechanical feature of Eq. (12) are

shown in Figs. 1, 2.
Case(2)

P + B
EE—

ks=Bi=y1=a=0=0,n
(13)
where o1, 81, B2, k1 and k7 are arbitrary constants. Sub-

stituting Eq. (13) into (9), we have

E(x,y,z,1) = TN 4 ¢ 17101 4 o tan |:yﬂ2

2 (Booi + ﬁz&)}
+F—_.

o]
Therefore, we obtain the second new periodic solitary
wave solutions for Eq. (1):

(14)
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2 (exqurtS]klal _ e*XOt]*ﬁ]al)

Z(ﬂzaf+ﬁ251)i| ’

g

Uy = —
exertidif, 4 e=xei=t81 4 ks tan [yﬂz +

(15)
The evolution and mechanical feature of Eq. (15) are

shown in Figs. 3, 4 and 5.
Case(3)

_ B + Bidy
o ’

B Broti + Bady B B3a; + B3y

— o ) J/3 — o )

ki=ay=8=a03=85=0,y

(16)

V2

where o1, 81, B1, B2, B3, k2 and k3 are arbitrary con-
stants. Substituting Eq. (16) into (9), we have

3
Gc,y.01) = hatan [yﬂz . z(ﬁzala—+ﬁz81)]
1

z(ﬂla?+ﬁ151)
o]

z (B3ef + /3351)}

_i_e*xal*yﬁl —t81—

+k3tanh [yﬁ3 +
aq

A7)

Therefore, we obtain the third new periodic solitary
wave solutions for Eq. (1):

v —ypy 18y — e A1)
uy = 2¢ T “@ ay/ | katan | yBa
o
Z Ot3
+e—xa1—yﬂ1_t51_(131(117:rﬂ151)
3
z (B3aj + B3
+kytanh |:yﬂ3 + M:H s
aq

The evolution and mechanical feature of Eq. (18) are
shown in Figs. 6, 7.

Case(4)
Brai + Bidy
k] :az:ﬁ2:a3:ﬂ3:0,y1:#’y2
182 183
LY (19)
o1 o1

where a1, 81, B1, 82, 83, ko and k3 are arbitrary con-
stants. Substituting Eq. (19) into (9), we have

1)
E(x,y,2.1) = ky tan (t52 il 2)
ay

8
+kjtanh (t83 + il 3)
o

Z(ﬁ1a?+ﬂ151)
a . (20)

—xa1—yB1—t81—

+e

Therefore, we obtain the fourth new periodic solitary
wave solutions for Eq.(1):

o (Brei s 5
Uy = 2e rer—yhi=ia o1 a1/|:k2 tan (2‘52 + b 2)

o]

8

+kytanh (183 + il 3)
23]

(a3

The evolution and mechanical feature of Eq. (21) are
shown in Figs. 8, 9.

3 Conclusion
By using the auto-Bicklund transformation and a direct

test function, we obtain new periodic solitary wave
solutions of the (3+1)-dimensional generalized shallow

Fig. 1 The solitary wave solution (12) atky = k3 =61 = —2,a1 = —-1,3=5,z=10,at=-5bt =0,ct =5
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Fig. 2 The solitary wave solution (12) atk; = k3 =8 = -2, 01 =—1,83=5,y=—-1l,az=-20,bz=0,cz=20
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Fig. 5 The solitary wave solution (15) atk) =k, =61 = —2,01 = -1, =5,z=10,ax =—-10,bx =0,cx =10
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Fig.7 The solitary wave solution (18) atk, = 1 =81 = —2,k3 =0, =1, =3 =-5,t=—-5,ay=—-10,by=0,cy =10
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Fig. 9 The solitary wave solution 21) atkz =k =1 =61 = -2, 01 =1,00 =83 =—-5,y=10,ar=—-10,bt =0,cr =10
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water equation. Moreover, the evolution and mechan-
ical feature of solutions (12), (15), (18) and (21) are
clearly presented in Figs. 1,2, 3,4,5,6,7, 8 and 9.
The direct test function method is reliable and effec-
tive and obtains many new periodic solitary wave solu-
tions. The applied method will be used in further works
to seek more entirely periodic solitary wave solutions
of higher dimensional nonlinear evolution equations.
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