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Abstract This paper investigates the problem of atti-
tude fault tolerant control (FTC) for satellites subject
to multiple disturbances and actuator faults. Due to
the limitation of the physical characteristic, actuator
saturation exists quite widely in practical processes.
An anti-windup FTC approach based on disturbance
observer is presented for satellites with actuator faults,
input saturation and multiple disturbances in this paper.
The multiple disturbances can be divided into an uncer-
tain modeled disturbance and a norm-bounded equiva-
lent disturbance. Disturbance observer and fault diag-
nosis observer are designed to estimate the uncertain
modeled disturbance and time-varying fault, respec-
tively. By virtue of fault accommodation and distur-
bance observer-based control, an anti-windup FTC
strategy is designed with polytopic representation of
the saturation function. Different from the previous
results, disturbance rejection, fault accommodation and
state feedback controller are considered as a whole
for input saturation. The proposed fault-tolerant con-
troller design can guarantee the closed-loop system to
be quadratically stable with a prescribed upper bound
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of the cost function. Simulation results are given to
show the efficiency of the proposed approach.
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1 Introduction

A satellite mainly consists of attitude and orbit control
subsystem, structural subsystem, thermal control sub-
system, power supply subsystem, monitoring and con-
trol subsystem, and so on. Among them, attitude con-
trol system (ACS) is an important subsystem of a satel-
lite. High-precision attitude control has been a difficult
and vital problem especially in communication, naviga-
tion, remote sensing, and other space-related missions
(see [27]). To date anti-disturbance PD (proportional-
derivative) control [17], robust control [30], finite-time
control technique [14], adaptive control [19] and slid-
ing mode control (SMC) [9] have been proposed and
applied to the ACS of satellites.

The actuator types of the attitude control system
for a satellite include the mechanical and electrical
actuator, thruster and the environmental force actua-
tor. Due to the limitation of the physical characteris-
tics, actuator saturation is often encountered, which
effects the performance and stability of a control system
[10]. Anti-windup compensator and one-step approach
are commonly applied to solve the saturation prob-
lem in practical systems (see [4,33,36] and references
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therein). In [26], an anti-disturbance control approach
based on disturbance observer was proposed for a class
of nonlinear system with actuator saturation, which
ensures that asymptotically stable of the closed-loop
system can be obtained. In [25], a composite distur-
bance observer-based control (DOBC) and H,, con-
trol scheme was presented for a discrete time-delay
system subject to multiple disturbances and input sat-
uration, where disturbances can be rejected and atten-
uated simultaneously. In [8], a velocity-free feedback
controller was presented for a rigid spacecraft subject
to external disturbance and input saturation. A sliding
mode attitude tracking controller based on backstep-
ping and extended state observer (ESO) was designed
for a rigid spacecraft with actuator saturation in [18].
In addition, fault-tolerant control (FTC) for dynamic
systems has been an effective method to improve the
system reliability (see [5,13,16,21,28,32,35] and ref-
erences therein). Many elegant FTC approaches have
been proposed to the ACS of satellites, such as adaptive
FTC based on DOBC [2], robust FTC [34], robust FTC
based on SMC [29], time-delay FTC based on dynamic
inversion [12], adaptive backstepping FTC [11], and
so on. The anti-windup attitude control is a challeng-
ing problem due to the existence of multiple distur-
bances and actuator failure simultaneously in satellites.
In [37], a composite hierarchical controller was studied
for a flexible satellite with actuator saturation, where
disturbance observer and fault diagnosis observer were
designed to estimate the vibration of flexible appendage
and the actuator fault, respectively. In [22], an adap-
tive finite-time FTC scheme was developed for a rigid
spacecraft with failures, disturbances and input satura-
tion. An anti-windup FTC scheme based on SMC was
addressed for a flexible spacecraft under partial loss of
actuator failure in [29], where neural network and adap-
tive estimator were used to approximate unknown non-
linear dynamic and actuator fault, respectively. Anti-
disturbance control has become a hot topic of control
field (see [6,7,15,23,24,31] and references therein). A
robust fault diagnosis approach based on disturbance
observer was firstly proposed in [3] with disturbance
rejection and attenuation performances. For a nonlin-
ear system with multiple disturbances, [1] investigated
arobust FTC algorithm with disturbance rejection and
attenuation performances, where the multiple distur-
bances were divided into a modeled disturbance and a
norm-bounded disturbance.
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In this paper, an anti-windup fault-tolerant attitude
control approach is proposed for a satellite with multi-
ple disturbances. Different from literatures [22,29,34],
the multiple disturbances are divided into an exoge-
nous system and a norm-bounded equivalent distur-
bance. Different from literatures [25,37], disturbance
compensator, fault accommodation and state feedback
controller are considered as a whole for input satura-
tion. Firstly, the polytopic is applied to represent the
input saturation. Secondly, disturbance observer and
fault diagnosis observer are constructed to estimate the
modeled disturbance and actuator fault. Based on the
estimations of the modeled disturbance and actuator
fault, a new anti-windup composite FTC is investi-
gated in this paper. The proposed fault-tolerant con-
troller design can guarantee the closed-loop system to
be quadratically stable with a prescribed upper bound of
the cost function. Finally, simulation results are demon-
strated to show the efficiency.

This paper is organized as follows. The attitude
dynamics and kinematics equation of a satellite is mod-
eled with multiple disturbances, actuator fault and input
saturation in Sect. 2. In Sect. 3, disturbance observer
and fault diagnosis observer are designed to estimate
the modeled disturbance and actuator fault simulta-
neously. Then, a composite fault-tolerant controller is
constructed for a satellite subject to actuator fault and
multiple disturbances. A simple example is given in
Sect. 4 to demonstrate the efficiency of the proposed
method. The concluding remarks are given in Sect. 5.

Notation In this paper, the Euclidean norm of a vec-
tor s () is defined by ||s(¢) 12 = sT(t)s(t), for any given
t. R™*" represents the m x n dimensional real matrix.
A real symmetric matrix P > (>)0 denotes P being
a positive definite (positive semi-definite) matrix. The
superscripts “T” and “—1” stand for matrix transposi-
tion and matrix inverse, respectively. / is used to denote
an identity matrix with proper dimension. Matrices,
if not explicitly stated, are supposed to have compati-
ble dimensions. The symmetric terms in a symmetric
matrix are denoted by *. The symbol sym () represents
sym(©®):=6 + eT,

2 Mathematical models

Attitude dynamics and kinematics equation of a rigid
satellite can be obtained with the assumption that euler
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angles between orbit coordinate and body coordinate
are very small (see [2,17]).

I — Iy — Iy + Iz)’lOl/./ + 4(Iy - Iz)”(z)‘/) =uy + Tx
Iyg + 3 — Indp = uy + Ty (1)
Ly + (e — Iy + Inog + (Iy — Lndyr = uz + T

where I, I, and I, represent three-axis inertiamoments.

¢, ¢ and ¢ are three-axis Euler angles between the
body coordinate and orbit coordinate, ng is angular
velocity of the satellite orbit. u,, uy, u, are three-
axis control torques. Ty, Ty, T, represent three-axis
environmental disturbance torques.

The attitude dynamics and kinematics equation (1)
can be rewritten as the following matrix form.

lop(t) + Mp(t) + Np(t) = u(t) + T (1) (2)
where attitude angle variable is p(r) =
[9(t) ¢(1) ¥(t)]". Disturbance torque is T(1) =
[T.(t) Ty(t) T.(t)]". System control input is u(r) =
[ux(@®) uy@) u:0)]".

L, 00
Ih=|01,0
001,
i 0 0 —no(lx — I, + I)
M= 0 0 0
| no(Iy — I, + 1) 0 0
[ 4nd(Iy — I.) 0 0
N = 0 3nd (1 — I.) 0
0 0 ngUy =1L

Reaction wheels are widely used in the ACS of a
three-axis stabilized satellite. The reaction wheel will
generate a periodic vibration in the operating process,
such as a harmonic disturbance [20].

q
g() = ZMivzsinthivt + xi) 3)
i=1
where g(t) is the disturbance force. M; is the ampli-
tude of the izh harmonic. v is the wheel speed. h; is
the i¢h harmonic number and x; represents a random
phase. Then, the modeled disturbance of actuator can
be denoted by an exo-system
w(t) = Ww(t)
4
{ d@t) = Vw() “)
where w(r) is the state variable of the exogenous sys-
tem, W € RP*P V are the known parameter matrices.

For a satellite subject to modeling error, multiple distur-
bances and additive actuator failure, the system model
(2) can be further described as follows

lop(t) + Mp(t) + Np(t)
=u() +d@) + F()+di(1) ®)

where F(t) = [Fx () Fy() Fz(t)]T is time-varying
faults of the reaction wheels. Environmental distur-
bance torque, modeling error and measurement noise
are merged into d;(¢) as an equivalent disturbance,
which is supposed to be norm bounded.

In control systems, input saturation is an ubiqui-
tous problem due to the constraints of physical char-
acteristic. Meanwhile, input saturation has a negative
impact on the performance and stability of a control
system. Because of the input saturation in actuators,
the dynamic model (5) can be further described as fol-
lows

lop(t) + Mp(t) + Np(1)

=sat[u(t) +d@) + F()]+di(r) (6)
sat (u) is the saturation function defined as
sat(u) = [sat(uy) sat(uy) sat(u;)]"
where sat (u;) = sign(u;)-minf{|u;|, u;} and sign(u;)
(i = x, y, z) is the signum function.

Define e, (t) = pa(t) — p(t), pa(t) is the desired
attitude angles. Equation (6) can be rewritten as follows

x(t) = Ax(t) 4+ Bsat[u(t) +d(t) + F(t)] + Bd(¢)

@)

where

[ [y ep()dt
x(t) = ep(t) ,

ép(r)
[0 1 0 0
A=|0 0 I |,B=]| 0
L0 —1y'M —I)'N I

Remark 1 Multiple disturbances widely exist in the
ACS of a satellite, such as modeling uncertainties,
environmental disturbance torque, measurement noise,
actuator failure and periodic vibration disturbance of an
actuator, etc. Compared with [22,29,34], in this paper,
the multiple disturbances are divided into two parts,
which are a modeled exogenous disturbance and a
norm-bounded uncertain disturbance. In addition, com-
pared with [25,37], the modeled disturbance, actuator
fault and feedback controller are considered as a whole
for input saturation.
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3 Anti-windup fault-tolerant controller design

Firstly, in this section, we will use the polytopic bound-
ing to represent the input saturation [10]. D € R™*™ is
supposed to be a diagonal matrix with elements being
either O or 1. Then there are 2" elements in matrix D.
Suppose that each basic element of D is labeled as D;,
ieQ={1,...,2"}, and denote D; = I — D;. The
scalars 7; satisfy 0 < n; < 1 and 21221 n; = 1, it can
be concluded that
om
> ni(Di+Dj)=1,YD; e D,i=1,....2" (8
i=1
An ellipsoid of a positive definite matrix P € R"*"
can be denoted as

QP)={x e R": x"Px <1} 9)
and a symmetric polyhedron is

L(H)={x e R":|H'x|| <1,l € Oy} (10)
where Q,, = {1,...,m} and H' is the Ith row of the

matrix H € R™*". Now let us borrow the following
lemma to represent the saturation function.

Lemma 1 ([10,26]) Let K, H € R™*" be given. For
anx € R", ifx € L(H), then

sat(Kx) € co{D;iKx + D;Hx,i € Q} (11)

where co(-) denotes the convex hull of a set.

3.1 Disturbance observer

In this subsection, a disturbance observer will be
presented to estimate the modeled external distur-
bance d(t). The reduced-order disturbance observer is
designed as

Pt) =W+ LiBV)(r(t) — L1x(1))
+ L1(Ax(t) + Bu(t) + BF (1))

w(t) =r(t) — L1x(1)

d(t) = Vi)

12)

where w(7) is the estimation of w(z). o (1) is the estima-
tion of F(¢). Matrix L is the observer gain to be deter-
mined later. 7(¢) is an auxiliary variable. For the time
varying actuator fault, the fault estimation observer is
designed as

§(t) = LaB(s(t) — Lox(1) 4 La(A(1)
+Bu(t) + Bd(1)) (13)
F(t) = s(t) — Lax(?)

@ Springer

where s(¢) is another auxiliary variable. Matrix L is
the observer gain to be determined later.

The estimation errors of disturbance and fault are
defined as e, (1) = w(t) — w(t) and ep(t) = F(t) —
F (t). From the observers (12) and (13), the fault-
tolerant controller is constructed as follows.

u(t) = Kx(t) —d@t) — E(t) (14)

According to Lemma 1, for x(t) € L(H) and H =
[H Vi] € R™F) input saturation saf(u(t) +
F(t) + d(t)) can be denoted as follows.

sat(u(t) + F (1) + d(1)) = sat ([K'V11x(1))

= 22: ni[D;i[K V11x(1)
l—fgi Hx(1)]

= 22 n;[Di (Kx(t) + Vye(r))
l:gi(Hlx(t) + Vie(®))]

= 2Zni[Din(z)
l+:115,- Hix(t)] + Vie(t)

(15)

where

2m
Sni=1,0<u;
i=1

lew® | - | x® _
e(t) = [eF(t)],x(t) = [e(t)} Wi=[VI]
From Egs. (7), (12) and (15), the disturbance esti-
mation error equation satisfies

IA
—_

e () = W(t) — W(t)
= (W + L1BV)ey (1)
2111
+L1B ) n;Di(Hy — K)x(1)
i=1

+ LiBerp(t) + L1Bd (1) (16)

FromEgs. (7, 13, 15), the fault estimation error equa-
tion satisfies

ér(t) = E(0) = F(0)
2"1
= F(t)+ LaB ) _n; Di(Hy — K)x (1)

i=1

+ LyBVey(t) + LyBd) (1) (17)
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The time-varying faults of actuators are considered
in this paper. The fault derivative is assumed to be
bounded, which is reasonable in most practical pro-
cesses [1].

By augmenting the state equation (7) with the esti-
mation error equations of disturbance and fault, the
composite system is given by

x(t) = Ax(t) + Bd(t)
{Zoo(l‘) =Cx(1)

where 7 (?) is the Hy, reference output.

i_ | A+BY mIDiK + DiHhl BV,
LBY. miDi(H —K) W;+LBV; |’

(18)

B:[B 0],c=[clcz],

LB I
5(1) = [’28] () = [‘f;g))}

| Ly . wo . 0
e=[ ] w=[55] 0= [7]

The designed approach of the anti-windup FTC can
be further formulated as follows.

Theorem 1 Fory; > 0, y» > 0, if there exist matrices
Py > 0, P, > 0, R, R>, R3 satisfying

[ 211 BVi+[R3BD;(R, —RDI" B 0 Py
* sym(P,Wi| + R3BVy) R3B P)Iip O
* * -y} 0 0 | <0
* * * —y221 0
L * * * * =1
(19)
(1R, v/
* Py 0 | >0 (20)
L*x *x P

where Ré, Vll are the | —th elements of matrices Ry, V1,
respectively.

211 = sym(APy + B(D; Ry + D;R»)) (21)
then, with gains L = P2_1R3 and K = P0_1R1, the
estimation error system (18) is stable and satisfies
lzeo )5 < ¥EId2 O3 + V3 IF@)]3

Proof Denote P = diag{P;, P»} > 0. The Lyapunov
function candidate for system (18) is chosen as

V() =xT (t)Px(1) (22)

Forx € L(H) and H = [ H; V], along with the
trajectories of (18), it can be shown that

V() =2x" t) Px (1)

=2xT (1) PAx (t) + 2x" (1) PBd (1)

For the constants y; > 0 and y» > 0, the Hy, per-
formance index is defined as

o0
Joo = f 2L (1) 200 (1) — y2dT (1) dy (1)
0
—y3FT (1) F (t)dt + V (1) (23)
Define an auxiliary function as follows

Jaux (1) = 25, (1) 200 (1) — yid] (1) dy (1)
—VFT O F () +V (1)

xo " [y M PB 0O x ()

e(t) x I3 P,LB P>l e(t)

di () x o+ —yr 0 di (1)

F (1) x  x x —yi F (1)
xn 1" x (1)
| e@® o e(t)

S ao | % ao |

F (1) F (1)

where

2]’”
My =sym | P (A + BZm [DiK + DiHl]
i=1

+C1TC1
m T
I, = PiBV) + PzLBZmDi (H — K)
i=1
+C1TC2
M3 = sym (P,W) 4+ P,LBV)) 4+ C1 C,
Define
Iy, I1» PiB 0
o * H13 PQLB P2110
O = x x —yll 0 @4
* ok * = 221

If ©; is left and right multiplied by diag{Pfl, 1,1,1},
and define Py = P;', Ry = K Py, Ry = H Py, R3 =
P> L, it can be seen that J,,(f) < 0 when ®; < 0
satisfies. Furthermore, Jo, < 0, V(7) < 0 and

Joo = / oL (D200(t) — y2dT () (1)
0
—y3 FT(0)F(t)dt + V(1)

From the Schur’s complement theorem, inequality
(19) satisfies.

@ Springer
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The next step is to prove §2(P) C L(H). If inequal-
ity (20) holds, (20) is left and right multiplied by
diag{l, Py, I}. It can be seen that

1 H V]
P, 0 |>0 (25)
*x x P

From the reference [26], (25) is equal to 2(P) C
L(H). That is to say that x(¢) € L(H) holds for any
x(t) € 2(P).

Finally, it can be seen that the estimation error sys-
tem (18) is stable in the domain of attraction range
§2(P) and satisfies the Hy, performance. This com-
pletes the proof.

Remark 2 Generally speaking, one-step approach and
anti-windup compensator are two main methods to deal
with the saturation problem. In this paper, the polytopic
is used to represent the input saturation. In addition,
different from [25,37], modeled disturbance, actuator
fault and controller are considered as a whole for input
saturation, which increases the difficulty in the con-
troller design procedures.

4 Simulation examples

This section considers a microsatellite operating in a
circular orbit with the altitude of 900 km given in [2,
17]. The orbital angular velocity is ng = 0.0011 rad/s.
Three-axis inertia moments are

55 0 0
Ih=| 0 6.14 0 (26)
0 0 2.18

Including sunlight pressure moments, aerodynamic
moment and gravity gradient torque, the environmental
torque 7 (¢) is supposed to be

Te(t) = 1.5 x 1073 (3cosngt + 1)
Ty(t) = 1.5 x 1073 (3cosnot + 1.5sinngt)  (27)
T.(t) = 1.5 x 1073 (3sinngt + 1)

Take pitch axis of the satellite as an example.

0 1 0 0
A=1|0 0 1|, B= 0
0-3x10790 0.1818

The initial angular velocity is ¢(0) = 0.001 rad/s,
and the initial attitude is ¢ (0) = 0.08 rad. The max-
imum output moment of wheel is supposed to be

@ Springer

0.05 Nm. The frequency and amplitude of the mod-
eled disturbance are known. The parameters of mod-
eled disturbance are as follows

06
W:[_60] V=[50]

For H, attenuation indices y; = 2.15 and y» =
2.82, from theorem 1, the gains of fault diagnosis
observer, disturbance observer and PID controller are

1. _[00-00292
"= 100-0.1952 |°
Ly =[00—4.1661],

K =[—-1.0764 —3.9138 —6.0558] .

The wheel failure is supposed to occur at 50 s, and
its value is 0.02 Nm.

Figure 1 demonstrates the responses of modeled dis-
turbance d(¢) and its estimation. Figure 2 shows the
estimation error of modeled disturbance. From Figs. 1
and 2, the disturbance observer has a good estimation
accuracy for a satellite subject to input saturation. The
actuator fault and its estimation are shown in Fig. 3.
Figure 4 shows the fault estimation error. It can be seen
that the fault diagnosis observer has a good estimation
ability from Figs. 3 and 4. Figures 5 and 6 show the
responses of pitch angle and pitch angle rate for satellite
subject to multiple disturbances and actuator faults. The
solid line represents the anti-windup FTC proposed in
this paper, and dash line is robust FTC based on DOBC
in [2] without input saturation. From Figs. 5 and 6, it can
be seen that the proposed anti-windup FTC also has an
anti-disturbance and fault accommodation ability even
if the actuator is input constrained, and the stability
of the closed-loop system can be guaranteed. Figure 7
demonstrates the response curve of control torque input
for a satellite. The solid line represents the anti-windup
FTC proposed in this paper, and dash line is robust FTC
based on DOBC in [2] without input saturation. From
Fig. 7, it can be seen that the actuator is limited within
0.05N'm. In Fig. 8, a ramp fault is assumed to occur
from 50 to 70 s with slope 0.001. Figure 9 is the esti-
mation error of the ramp fault. In Fig. 10, it is shown
that time-varying fault F = 0.02 4 0.002sin(4¢) can
also be well estimated. Figure 11 shows the estimation
error of the time-varying fault. From Figs. 8, 9, 10,
and 11, it can be seen that the proposed fault diagnosis
observer can estimate the time-varying actuator faults
with high accuracy.
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5 Conclusion

In this paper, an anti-windup attitude FTC approach
is proposed for satellites with multiple disturbances,
actuator failure and input saturation. The multiple dis-
turbances are supposed to include a modeled distur-
bance and a norm-bounded disturbance. Different from
the previous results, state feedback controller, fault
accommodation and disturbance rejection are consid-
ered as a whole. Polytopic representation is applied to
denote the input saturation. Disturbance observer and
fault diagnosis observer are designed to estimate mod-
eled disturbance and actuator fault, respectively. There-
fore, the proposed anti-windup attitude FTC approach
is with disturbance rejection and attenuation perfor-

@ Springer

mance. Finally, simulations are given to show the effi-
ciency of the proposed approach.
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