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Abstract This paper investigates the recursive param-
eter and state estimation algorithms for a special class
of nonlinear systems (i.e., bilinear state space systems).
A state observer-based stochastic gradient (O-SG)
algorithm is presented for the bilinear state space sys-
tems by using the gradient search. In order to improve
the parameter estimation accuracy and the convergence
rate of the O-SG algorithm, a state observer-based
multi-innovation stochastic gradient algorithm and a
state observer-based recursive least squares identifi-
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cation algorithm are derived by means of the multi-
innovation theory. Finally, a numerical example is pro-
vided to demonstrate the effectiveness of the proposed
algorithms.

Keywords Dynamical system - Parameter estimation -
State estimation - Multi-innovation theory - State space
model - Bilinear system

1 Introduction

System identification is the methodology of establish-
ing mathematical models [1-3] and has wide applica-
tions in many areas such as linear system modeling
[4,5] and nonlinear system modeling [6-9]. The iden-
tification of linear systems has reached a high level of
maturity [10], and nonlinear systems generally exist
in industry areas, so their identification has received
extensive attention. Bilinear systems are considered
as a special class of nonlinear systems and are lin-
ear to the state and the control input, respectively, but
not to them jointly. The bilinear system is a simple
nonlinear extension of a linear system. So it is nec-
essary to introduce some work about the identifica-
tion of nonlinear systems such as Hammerstein sys-
tems. Many nonlinear parameter estimation methods
[11-13] have been developed, such as the subspace
methods [14,15], the hierarchical methods [16,17] and
the key term separation methods [18]. For example,
under the assumption of a white unobserved Gaus-
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sian input signal, errorless output observations and an
invertible nonlinearity, Vanbeylen et al. [19] proposed
a maximum likelihood estimator for Hammerstein sys-
tems with output measurements. Ase and Katayama
[20] presented a subspace-based method to identify the
Wiener—-Hammerstein benchmark model by using the
orthogonal projection subspace method and the sepa-
rable least squares method.

The parameter identification [21-23] and the design
of state observers [24-26] for bilinear systems have
been carried out throughout the years both for continu-
ous-time bilinear systems [27,28] and for discrete-time
bilinear systems [29,30]. In the literature, Jan et al. [31]
utilized the block pulse functions for the bilinear sys-
tem identification in order to reduce the computation
time. Dai et al. [32] proposed a robust recursive least
squares method for bilinear systems identification. dos
Santos et al. [33] presented a subspace state space iden-
tification algorithm for multi-input multi-output bilin-
ear systems driven by white noise inputs by utilizing
the Kalman filter idea.

State space systems can describe not only the sys-
tem input and output characteristics but also the system
internal structure characteristics, and play an important
role in dynamical system state estimation [34,35] and
parameter estimation [36]. Many identification meth-
ods have been proposed for linear state space systems,
but the identification of nonlinear state space systems is
still difficult and has not been fully investigated. Schon
et al. [37] derived an expectation maximization algo-
rithm for the parameter estimation of nonlinear state
space systems using a particle smoother. Marconato et
al. [38] presented an identification method for nonlin-
ear state space models on a benchmark problem based
on the classical identification techniques and regression
methods.

The least squares methods contain the recursive least
squares algorithms [39—41] and the least squares-based
iterative algorithms [42,43]. In the literature, Arablouei
et al. [44] studied an unbiased recursive least squares
algorithm for errors-in-variables systems utilizing the
dichotomous coordinate-descent iterations. Xu et al.
[45] proposed the recursive least squares and multi-
innovation stochastic gradient parameter estimation
methods for signal modeling. Wan et al. [46] presented
a novel method for the T-wave alternans assessment
based on the least squares curve fitting technique. This
paper addresses the identification issue for the bilinear
state space systems with unmeasurable state variables.
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The basic idea is to transform a bilinear state space
system into its observer canonical form and then to
derive the recursive parameter estimation algorithms
based on the multi-innovation theory and design the
state observer to estimate the unknown states. The main
contributions of this paper lie in the following.

e By using the gradient search and the state observer,
we overcome the difficulty that there exists both
unmeasurable states and unknown parameters in
the identification models, and propose the state
observer-based gradient identification algorithms
for bilinear state space systems.

e By utilizing the current innovations and past inno-
vations, this paper presents a state observer-based
multi-innovation stochastic gradient (O-MISG) al-
gorithm for bilinear state space systems to improve
the parameter estimation accuracy and convergence
rates.

To close this section, we give an outline of this paper.
Section 2 derives the observer canonical state space
model for bilinear systems. Section 3 introduces the
identification model for the bilinear state space mod-
els. A state estimation-based recursive parameter iden-
tification algorithm is presented in Sect. 4. Section 5
provides an illustrative example for the results in this
paper. Finally, some concluding remarks are given in
Sect. 6.

2 The observer canonical state space model for
bilinear systems

First of all, let us introduce some notation. “A =: X”’
or “X := A” stands for “A is defined as X”’; the sym-
bol I (I,) represents an identity matrix of appropriate
size (n x n); z denotes a unit forward shift operator
like zx(t) = x(t + 1) and z " 'x(t) = x(t — 1); the
superscript T symbolizes the vector/matrix transpose;
@(t) denotes the estimate of @ at time ¢.

Consider the bilinear state space system described
by

¥t +1) = Ax(t) + Bx()u(t) + fu(r), (1)
y(t) = hx () + v(D), 2
where X (t) := [x1(¢), x2(¢), ..., X, (1)]" € R”" is the

state vector, u(r) € R and y(r) € R are the sys-
tem input and output variables, v(¢) € R is a random
noise with zero mean and variance o2, and A € R"*",
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B € R™", f e R" and h € R"" are the parameter
matrices/vectors of the system.

Suppose that the system in (1) and (2) is controllable
and observable. The bilinear system can be transformed
into an observer canonical form under the non-singular
linear transformation such as x(¢r) = T,x(¢), where
T, € R™" stands for the non-singular matrix. The
transformation is as follows.

x(t+ 1) =T;'%¢ +1) =T, '[Ax(1)
+Bx(OHu(t) + fu()]
= T A%(1) + T3 ' BE(u(t) + T3  Fu(r)

=T 'ATox(t) + Ty BTox () + T ful(t)

= Ax(1) + Bx(Ou(t) + fu(), 3)
y(t) = hx (1) + v(t)
= hx(t) +v(1), )
where
T —a; 10 ---0
i —a; 01 .0
A:=T;'AT, = PRI I R
—ap—10--- 01
| —a, 0--- 00
-
_ b,
B:=T,'BT,=| | eR™, b eR™,
_bn
f=T."F =1fi, oo, il €R", h:=hT,
=1[1,0,...,0] e R"*", (5)

The transformation matrix is given by
To:=[A" 1, A" 21, ... I,] € R,
where [, is the nth column of T .

—1

hA

Top := e R"™",

= -n—1

h

where T o}, is another non-singular matrix which trans-
form the general system into its observability canonical
form.

Proof As T =[x, 1], we have

[*’ l}’l] = Inv

and the nth column can be written as

L, =0,
hAl, =0,
RA" L, =0,
A", = 1.
Hence, we have
h=hTo=h[A""1,, A" L, ....1,
— (hA" 1, hA" L, .. Rl
= [1,0,0,...,0],
T Ty =T A" "1, A" 21, 1)
=7 A", T A, L T =1,
or
T7'A" ', =[1,0,0,0,....0]" = ey,
T7'4" 71, =10,1,0,0,...,0]" = ey,

774" 71, =10,0,1,0,....,0]" = es,

T;'1,=100,0,0,0,...,1]" =e,. (6)

Therefore, we obtain

A=T;'AT,
=T ALA" T, A, )
= (T A", T A" 'L, TV A" L, .. T AL
=[T,'A",,e1,es,...,,-1]. @)

Suppose that the characteristic equation of A can be
represented as
det[sI, — A] = s"+a;s" '+ars" > + - - + a,=0.

According to the Cayley—Hamilton theorem, we have

A"ra A" A" T e, =0,

or

A'=—q A" — AT - g, ®)
Pre- and post-multiplying (8) by T~! and I,, gives

114", = T A" ', — T A",

— anTglln
= —aje| —azey) — --- —axe,
=[—a, —aa, ..., —a,]". ©)
By substituting the above equation into (7), the proof
is finished. m]

@ Springer



2418

X. Zhang et al.

The model in (1) and (2) contains 2n% + 2n param-
eters, but the observer canonical form in (3) and (4)
contains only n? + 2n parameters. The decrease in the
parameters to be identified leads to the reduction in
the identification computation because both the initial
parameters and the transformed parameters describe
the relationship between input and output of the same
bilinear state space system.

It is pointed out that this paper does not consider the
process noise in the state equation, because if adding
the process noise, the problem is more complex and
more difficult, more challenging and more interesting,
the related work can be found in [15,47] without con-
sidering the process noise. In the future work, we will
investigate the case with process noise.

3 The identification model for the bilinear state
space system

From (3) to (5), we have the following n equations:

x1(t+1) = —apx1(®) +x20) +bix@®u(t) + flu®),
x2(t+1) = —apxx1(t) +x3() + box(Ou(t) + fru(t),

Sn 1+ 1) = —ag_ 21 () + (1)
+by—1xOu(t) + fr—1u),
xp(t+1) = —apx1(t) +bpx(u(t) + fau(®),

which can be simplified as
xit+1) =—aix1(t) +xi11(t) + bix(t)u(r)

+fiu(), i=1,2,...,n—1, (10)
Xn(t + 1) = —apx1(t) + bpx (Ou(t) + fuu(r). (11)
Multiplying both sides of (10) by z~ gives
xit—i+1) =—ax1(t —1) +x;41(t — i)

+bix(t —Du(t —i)+ fiu(t —i).
(12)

Summing (12) fori fromi = 1toi = (n— 1), we have

n—1
xi(0) = =Y aixi(t — i) +xu(t —n+1)
i=1
n—1

n—1
+ > bix(t—iut—i)+ Y fiut —i). (13)
i=1 i=1

Then, multiplying both sides of (11) by z7" gives
xp(t—n+1)=—a,x;(t —n) +b,x(t —n)u(t —n)
+ fau(t —n). (14)
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Substituting (14) into (13), we obtain

Xi(t) ==Y axi(t —i)+ Y bix(t —i)u(t — i)

i=1 i=1

+° fiu —i)

i=1

—a
—a
=[xt =1),x1(t =2),...,x1(t —n)]
—dp
il
fa
Flu —1),ut —2),...,ut —n)]

Jn
+[x"(t = Du@ — 1), x"(t = 2u =2),...,
b
b;
x't—nuit—n]| . |. (15)

b,

From (4), we have

y(t) = x1(¢) +v(2). (16)

Define the information vector ¢(¢) and the parameter
vector 6 as

0(1) = [@L(0). @5, (). L] € RV +2,
0.(1) == [—x1(1=1), —x1(t=2), ..., —x1 (t—n)]"€R",
0., (1) 1= [x"(t — Du(t — 1), x"(t — 2ult
“2), X — mult —n)]T € R™,
0,0 :=[ult—D,u@—=2),...,u(t —n)]" e R",
9 :=[a', b", f1] € Rn2+2n’

a:=laj,a,...,a,]" e R",
b:=I[b1,bs,... by]" €R",
f =10, f .o, [al" € R

Substituting (15) into (16), we obtain the identification
model of the bilinear state space system in (3) and (4):

y(@) =@ ()0 + v(2). )

4 The recursive state and parameter estimation
algorithm

The recursive state and parameter estimation algorithm
is composed of the state estimation and parameter iden-
tification.
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4.1 The state estimation algorithm

Although the open-loop observer [26], closed-loop
observer [48] and the Kalman filter [35] all can estimate
the system states, in the state estimate-based param-
eter identification methods in this paper, we use the
open-loop observer, which can also achieve good per-
formance. From the simulation results, we can see that
the estimated states are very close to the actual states
of the system (see Figs. 3, 4, 7, 8), which show that
the open-loop state observer we propose is valid. Com-
pared with the closed-loop state observer, the open-loop
state observer is simpler in structure and has less com-
putation cost. So when the open-loop state observer can
satisfy the estimation accuracy, we will give priority to
the design of the open-loop state observer instead of the
closed-loop state observer to reduce the computation
cost. Of course, we may use the closed-loop observer
like in Refs. [25] and [48]. Then we carry on the design
of the open-loop observer.

If the parameter matrices/vector A € R"*" B €
R™" and f € R" are known, we can apply the follow-
ing state observer to generate the estimate X (¢) of the
unknown state vector x(¢):

xt+1)=Ax@)+ Bx(@)u@) + fu(®).
(18)

When the parameter matrices/vector A € R"*", B €
R"™ " and f € R" are unknown, we replace them with
their estimated parameter matrices/vector A(l), I}(t)
and jA”(t) in the following parameter estimation algo-
rithms to compute the estimate X () of the state vector
x(t) and obtain

Ft+1)=ADOX®) + BOEOU®) + fFOul).
(19)

In (18) and (19), the initial state x (1) is usually defined
as a real vector with small entries, e.g., X (1) = 1,/ po,
where 1, := [1,1,...,1]" € R”, and py is a large
number, e.g., po = 100 > 1.

4.2 The state observer-based multi-innovation
stochastic gradient algorithm

Based on the identification model in (17), we propose
the stochastic gradient (SG) algorithm as

0()=0(—1)+ Me(z), (20)

r(t)

e(t)y =y@t) —@ ()0t — 1), (21)
r@) =r—=1+le®l* r@) =1, (22)
where the norm of a matrix X is defined as | X||? :=
tr[ X X™], 1/r(¢) represents the convergence factor or
the step size, and e(t) = y(t) — (pT(t)é(t — 1) is
defined as the scalar innovation. As is known to us,
the SG algorithm has slow convergence rates. In order
to overcome this weakness, we take advantage of the
multi-innovation identification theory and expand the
scalar innovation e(¢) to an innovation vector (p rep-
resents the innovation length):

y(1) — ") — 1)

Y —1)—@"(t =i —1)

E(p,t)= eRP.

Ye—p+1D) =9t —p+ Dl -1
Define the stacked output vector Y (p,?) and the
stacked information matrix @ (p, t) as
Y(p,t) :==[y@®),yt—1,...,yt —p+ D] e R?,
S(p.1) = [@(1), p(t—1), ..., @(—p+1)] e RW+2xP

Then the innovation vector E(p, t) can be expressed
as

E(p,t) =Y(p,t) —@"(p, )0 (t — 1).

In the case of p = 1, we obtain E(1,7) = e(?),
D(1,1) =@(t),Y(1,1) = y(t). Equation (20) is equiv-
alent to

~ ~ 45(;) . ~
0()=0(1—)+——=[Y(1,1) —® (1,0 — D]
r(t)
(23)

Replacing the “1”in @ (1, ¢) and Y (1, t) with p obtains
~ ~ D N
b(r) = 0(t—1)+%[¥(p, 0~ (p. DB — 1)),

=00 —1)+ mE(p, 1). (24)

r(t)

Because the information vector ¢(¢) contains the
unmeasurable state vector x (¢), the algorithm in (20) to
(22) cannot be realized. The scheme here is to replace
x () in @(t) with its estimate X (¢) and to define

o) = [9,(1), 3, (1), @, (DT,

@) =[x — Du(t — 1), x"(t — 2)u(z
=2), ..., 2"t —n)u —n)]". 25)

By using the estimate @ (¢) to replace ¢ (¢) and using the
estimate @ () to replace @ (), the O-MISG algorithm
can be derived as
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o) =00 —1)+ %E( 0. (26)
E(p.ny=Y(p.0)—® (p.nb(t — 1), 27)

r)y=r@—D+10@O1% r@@ =1,  (28)
Y(p,t) =[y(@), y(t — 1), ...,y — p+ DI", (29)
S(p,1) =[p(1), ¢t — 1), ..., 0t — p+ 1], (30)

o) =[9,(1), 9., (1), @, (D]", (31)
0.1 =[-Xx1t—=1),=x1(t =2),...,
=Xt = m]", (32)
@) = [T — Du(r — 1), "t — 2)u(s
=2), ..., %"t —nu —n)]", (33)

@, ) =[ult—=1D,ut=2),...,u — ", (34)
x(t+1) = A(r),\?(t) + B)x(u()
+f@Ou@), &) =1,/po, (35)
 —a1r) 10 ---0
—ar(t) 01 .0
An=| . | (36)
—bp_1 ()0 --- 0 1
| —a,(1) 00 ---0

[ b1(0)
) by (1) .
Boy=| " |, b
| bu ()
= [bi1 (1), bia (1), . ..., bin (D], (37)

F@ =110, 20, ..., fumr @), fu(OT. (38)
When p = 1, the O-MISG algorithm reduces to the
state observer-based stochastic gradient (O-SG) algo-
rithm. Then we study the convergence of the O-SG
algorithm by establishing a recursive relation about the
parameter estimation error and by using the martingale
convergence theorem.

Inidentification, the output s linear about the param-
eter space, the algorithms are not sensitive to the ini-
tial values and can achieve global minima, and the final
parameter estimates do not depend on the initial values.
We have the following theorem about the convergence
of the proposed algorithms.

Theorem 1 For the system in (17) and the O-SG algo-
rithm in (26) to (38) (p = 1), assume that {v(t)} is a
white noise sequence with zero mean and variance 02,

ie.,

@ Springer

E[v()] =0, E[*(")]=02, E[v@)v(i)]=0, i#t,

andr(t) — oo, and there exist an integer N and a pos-
itive constant c independent of t such that the following
strong excitation condition holds:

>cl, a.s.

Z (NP ()
r(Jj)

Then the parameter estimation error given by the O-SG
algorithm converges to zero.

The proofs of Theorems1 and 2 in the sequel can be
done in a similar way to those in [47,48].

4.3 The state observer-based recursive least squares
algorithm

In order to improve the convergence rate and parameter
estimation accuracy of the SG algorithm, we define the
output vector Y (¢) and the information matrix H (¢) as

y(@)
y(2) .
Y(t) := . e R’,
y(t)
(1)
¢'(2)
Hi) = | | eRx0r+2m, (39)
')
Based on the identification model in (17), we define the
criterion function as

t
J®): =Y [y() — @ (Hor

j=1
=[Y () — H®OI'[Y () — H(1)0]
= 1Y) - H@®)0|. (40

According to the least squares principle, and minimiz-
ing J (@), we can obtain the following recursive least
squares algorithm:

0() =0 — 1)+ P(Oe®)y(t) — 9" (8 — D),
(41)

Plt)=P 't =D+ o) (1), P(©0)
= pol, 2,5, > 0. (42)

In order to avoid computing the inversion of the covari-
ance matrix P(t), applying the matrix inversion lemma
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(A+BC) '=A"1"-A"'Bu+ca'B)y~'ca™!
to (42) gives
Pt — Do) )P —1)

PO =Pt =D == PG = Do)

(43)
Defining the gain vector L(1) := P(1)@(r) € R+,

we obtain
P(—1Do)e" ()P (1—1)e(1)

L(t) =P(—1e() —

1) =Fi=he® 9" (O P~ Dp(0)

__ PG—De®
1+o" ()Pt — De(1)

Combining (43) and (44) gives
P(t)=[I — Lo O]P( — 1). 45)
Therefore, the recursive least squares algorithmsin (41)
and (42) can be equivalent to

0(1) =0 — 1) + L)[y(1) — 9" ()0t — )], 6(0)

(44)

= 1,219,/ Po, (46)

L(t) = Pt — D@1+ ¢ (0P — o],
47)
P(t)=[I — L' O]IP( —1). (48)

Aimed at the unmeasurable state variables included in
the information vector ¢@(t), we replace ¢(¢) with its
estimates @(¢) in the identification algorithm. Then,
combined with the state observer, we can obtain the
state observer-based recursive least squares (O-RLS)
algorithm:

0() =0t — 1)+ LO[y(@) — 9" ()8 — D], 6(0)
= 1,200/ P0. (49)

L) = Pt — Do®[1+ o (0Pt — D)™, (50)

P(t)=[1 - L0 OIP(t—1), PO)=pol,2 2,

(51)

o) = [9,(1), ¢, (), @, (D]", (52)
P.(1) =[R2t — 1), =%1(t =2),.... %1t — )",

(53)

@@ = [T — Du(t — 1), 27t — 2)u(t

=2), ..., 2t —nu@ —n]", 54)
0,0) =[u®—1),ut—2),...,u(t —n)]", (55)
e+ 1) =AW +BOXOu®) + fOu®),  (56)

—41t) 10 ---0

R —a() 01 .0
A(t) = : T (57)

—Gp_ ()0 -+ 0 1

—é,®) 00 ---0

bi(1)
. by (1) .
Bo=| " |, b
b (1)
= [bi1 (1), bia(0), . . ., bin (1)), (58)

FO) =A@, L@,y fa1 @), T (59)

About the convergence of the parameter estimate 6 (¢),
we have the following theorem.

Theorem 2 Provided that the controllable and observ-
able system in (1) and (2) is stable (i.e., A is stable), for
the identification model in (17) and the state observer-
based RLS parameter identification algorithm in (49)
to (59), suppose that v(t) is a white noise sequence
with zero mean and variance o2, i.e., E[v(®)] = O,
E[v2(1)] = o2, E[v(1)v(i)] = 0(i # t), and that there
exist positive constants « and B such that the following
persistent excitation conditions holds:

< 1 A(-)’\T(-)< ( )
X X 5 .
ol —jE 1(0 1o (J BI, as 60

Then the parameter estimation error ||0(t) — 0| con-
verges to zero.

The identification method proposed in this paper
can be extended to multi-input multi-output systems
through expanding the single input to multiple inputs
and the single output to multiple outputs.

5 Numerical example

Consider the following observer canonical bilinear
state space system:

XE41) = [ 8;2 . ]x(r)

Lo 03 Jetoore] 117 Jeo

y(@) = 1[I, 0lx (@) + v(»).
The parameter vector to be identified is

0 = [ai1, a2, bi1, b1a, ba1, by, fi1, fo]'
=[-0.19, —0.23, 0.01, 0.06,
0.15,0.14,1.17, 1.14]".

In simulation, the input {u(¢)} is taken as an uncor-
related persistent excitation signal sequence with zero

@ Springer
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Table 1 O-MISG parameter estimates and errors (o2 = 0.50?)

p aj az b bia by by bil f2 3(%)
1 100 —0.42336 —0.03816 0.13625 0.22886 0.09850 0.13462 0.30107 0.43594 70.39445
200 —0.43245 —0.03827 0.10101 0.21395 0.08006 0.12783 0.33143 0.45079 68.38029
500 —0.42761 —0.01933 0.08522 0.20813 0.08533 0.12578 0.36438 0.46541 66.42583
1000 —0.43772 —0.02189 0.06817 0.19925 0.08645 0.12117 0.39041 0.47874 64.79334
2000 —0.43944 —0.01731 0.05605 0.19228 0.09117 0.12173 0.41048 0.48887 63.53782
3000 —0.44028 —0.01582 0.05127 0.18895 0.09444 0.12241 0.42212 0.49389 62.84131
4000 —0.44059 —0.01403 0.04733 0.18626 0.09518 0.12189 0.43018 0.49733 62.36906
5000 —0.44104 —-0.01262 0.04572 0.18459 0.09671 0.12209 0.43641 0.50036 61.99831
2 100 —0.44300 —0.01954 0.02983 0.17082 0.11197 0.16130 0.72782 0.53262 49.51547
200 —0.44627 —0.01329 0.00372 0.15583 0.08866 0.15164 0.75849 0.55009 47.89669
500 —0.43403 0.00607 0.00150 0.15173 0.10549 0.14850 0.79382 0.56957 45.98234
1000 —0.44611 —0.00494 0.00250 0.14705 0.11439 0.14311 0.81880 0.58761 44.44015
2000 —0.44445 —0.00071 —0.00134 0.14052 0.12370 0.14219 0.83570 0.60172 43.32238
3000 —0.44342 —0.00145 —0.00148 0.13774 0.12768 0.14250 0.84640 0.60846 42.66932
4000 —0.44237 —0.00018 —0.00141 0.13536 0.12837 0.14114 0.85354 0.61311 42.25577
5000 —0.44203 0.00018 —0.00028 0.13408 0.13032 0.14126 0.85914 0.61716 41.91425
3 100 —0.40900 —0.03681 —0.00094 0.11430 0.13205 0.17215 0.89224 0.67379 37.02095
200 —0.41114 —-0.03335 —0.01472 0.10160 0.10343 0.15962 0.92181 0.69000 35.66444
500 —0.39643 —0.02121 —0.00963 0.10307 0.12273 0.15629 0.95746 0.70801 33.85205
1000 —0.40749 —0.03823 0.00218 0.10390 0.13090 0.15018 0.97986 0.72613 32.38322
2000 —0.40249 —0.03420 —-0.00014 0.09921 0.13900 0.14828 0.99248 0.73995 31.42717
3000 —0.39977 —0.03704 —0.00006 0.09736 0.14071 0.14830 1.00155 0.74611 30.82762
4000 —0.39803 —0.03667 0.00130 0.09552 0.14029 0.14649 1.00747 0.75054 30.46773
5000 —0.39724 —0.03729 0.00317 0.09487 0.14145 0.14661 1.01202 0.75448 30.16288
5 100 —0.29796 —0.12161 —0.00248 0.04849 0.13863 0.16668 1.05557 0.95267 16.10621
200 —0.30001 —0.12711 0.00269 0.04259 0.10583 0.14992 1.07813 0.95743 15.44434
500 —0.28758 —0.12514 0.00247 0.05275 0.13239 0.15216 1.10736 0.96213 14.21503
1000 —0.29439 —0.14208 0.02153 0.06302 0.13686 0.14867 1.12142 0.97221 13.29218
2000 —0.28902 —0.13737 0.01400 0.06162 0.14427 0.14797 1.12344 0.97974 12.85860
3000 —0.28575 —0.14245 0.01088 0.06074 0.14372 0.14871 1.12856 0.98169 12.48979
4000 —0.28396 —0.14223 0.01223 0.05983 0.14244 0.14704 1.13185 0.98363 12.32016
5000 —0.28362 —0.14356 0.01428 0.06029 0.14316 0.14751 1.13387 0.98594 12.15214
8 100 —0.24866 —0.17083 —0.00559 0.03692 0.13372 0.16874 1.08400 1.07716 8.47922
200 —0.24443 —0.17811 0.01278 0.03450 0.09384 0.14527 1.11097 1.07067 7.96532
500 —0.23104 —0.17895 0.00271 0.04637 0.13959 0.15443 1.14479 1.06481 6.30229
1000 —0.23729 —0.19683 0.02725 0.06207 0.13906 0.14916 1.15736 1.07076 5.60115
2000 —0.23339 —0.19010 0.01370 0.06002 0.14744 0.14820 1.15261 1.07547 5.35180
3000 —0.22868 —0.19577 0.00842 0.05846 0.14435 0.14870 1.15694 1.07448 5.08305
4000 —0.22703 —0.19477 0.01114 0.05783 0.14234 0.14664 1.15969 1.07507 5.01272
5000 —0.22786 —0.19653 0.01435 0.05889 0.14349 0.14739 1.16076 1.07689 4.90325
True values —0.19000 —0.23000 0.01000 0.06000 0.15000 0.14000 1.17000 1.14000
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Fig.1 O-MISG parameter 0.8 T T T T T T T T T
estimation errors § versus ¢
(02 =0.50%) 0.7 k .
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Table 2 O-RLS parameter estimates and errors (o> = 0.50?)
! ai a2 b1y b1z by b fi e 3 (%)
100 —0.27450  —0.15201 0.01381 0.03002 0.11895 0.21139 1.15726 1.02358 10.99897
200 —0.26253  —0.16300 0.03821 0.00753 0.10099 0.17483 1.19447 1.03358 10.14256
500 —0.22818 —0.18698  —0.00560 0.07815 0.15564 0.11541 1.21555 1.06048 6.78754
1000 —0.20153  —0.21511 0.01724 0.07260 0.14613 0.13408 1.19948 1.10811 2.98734
2000 —0.20310  —0.20987 0.00707 0.07835 0.15484 0.12785 1.16956 1.11707 2.40325
3000 —0.19185 —0.22254 0.00534 0.07252 0.14785 0.14275 1.17498 1.12497 1.33590
4000 —0.19540 —0.21915 0.01071 0.06280 0.14747 0.14058 1.17796 1.12053 1.46851
5000 —0.19315 —0.22129 0.01360 0.06049 0.14694 0.14272 1.17709 1.12612 1.13105
True values —0.19000  —0.23000 0.01000 0.06000 0.15000 0.14000 1.17000 1.14000
Fig. 2 O-RLS parameter 0.35 T T T T T T T T T
estimation errors § versus ¢
(02 =0.50%) osl i
0.25 b
0.2 b
w0
0.15 b
01t .
0.05f b
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Fig. 3 State x;(¢) and the 12 T T
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Fig. 4 State x;(¢) and the
estimated state X2 (¢) against
t(p=8,0%=0.50?

State estimates

‘ i

o

II“{

f"l

100 200

mean and unit variance, and {v(7)} as a white noise
sequence with zero mean and variance o 2. Take the data
length L = 5000, and apply the O-MISG algorithm in
(26) to (38) and the O-RLS algorithm in (49) to (59)
to estimate the states and parameters of this bilinear
system. The O-MISG parameter estimates and errors
8§ = ||é(t) — 6]|/110]| with different innovation length
p are shown in Table 1 and Fig. 1 with 02 = 0.502.
The O-RLS parameter estimates and errors o> = 0.50°
are shown in Table 2 and Fig. 2. The states x;(¢) and
their estimates X;(¢) against ¢t are shown in Figs. 3
and 4.

For comparison with the noise variance 0> = 0.50?,
Tables 3, 4 and Figs. 5, 6 give the O-MISG and O-

@ Springer
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RLS parameter estimates and the parameter estimation
error curves with o2 = 0.102. The states x; () and their
estimates X; (¢) against ¢ are shown in Figs. 7 and 8.

From Tables 1, 2, 3,4 and Figs. 1,2,3,4,5,6,7, 8,
we can draw the following conclusions.

(1) The O-RLS algorithm is superior to the O-SG algo-
rithm in the parameter estimation accuracy and
convergence rates.

(2) The parameter estimation errors § of the O-MISG
algorithm become smaller with the innovation
length p increasing and converge to zero fast if
the innovation length p is large enough, and the
data length tends to infinity.
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Table 3 O-MISG parameter estimates and errors (o2 = 0.10?)

p aj az b bia by by bil f2 3(%)
1 100 —0.41225 —0.05193 0.12058 0.23756 0.08789 0.11763 0.30070 0.57027 65.68515
200 —0.41810 —0.05079 0.08500 0.22342 0.07709 0.11367 0.33100 0.58218 63.70229
500 —0.41184 —0.03366 0.07205 0.21654 0.08390 0.11315 0.36324 0.59397 61.78741
1000 —0.41977 —0.03597 0.05368 0.20699 0.08803 0.11022 0.38934 0.60431 60.17515
2000 —0.42007 —0.03315 0.04310 0.20001 0.09312 0.11153 0.41067 0.61174 58.88622
3000 —0.42002 —0.03148 0.03931 0.19679 0.09686 0.11228 0.42242 0.61560 58.19410
4000 —0.41987 —0.03014 0.03559 0.19424 0.09819 0.11217 0.43054 0.61818 57.72220
5000 —0.41989 —0.02896 0.03399 0.19261 0.09996 0.11243 0.43687 0.62047 57.35215
2 100 —0.41792 —0.05539 0.01601 0.19645 0.10905 0.14058 0.66216 0.70511 44.28592
200 —0.41245 —0.04580 —0.01346 0.18314 0.10060 0.13583 0.69531 0.71623 42.50653
500 —0.39725 —0.02902 —0.01002 0.17658 0.11327 0.13461 0.73335 0.72917 40.42732
1000 —0.40548 —0.03898 —0.01381 0.16927 0.12319 0.13110 0.76175 0.74094 38.80544
2000 —0.40210 —0.03816 —0.01525 0.16205 0.13034 0.13116 0.78403 0.74946 37.52788
3000 —0.39994 —0.03815 —0.01395 0.15913 0.13414 0.13127 0.79639 0.75382 36.83365
4000 —0.39855 —0.03774 —0.01419 0.15675 0.13523 0.13048 0.80460 0.75676 36.38399
5000 —0.39774 —0.03758 —0.01329 0.15534 0.13699 0.13054 0.81114 0.75935 36.02166
3 100 —0.37704 —0.08511 —0.01466 0.14857 0.13415 0.15151 0.83678 0.82888 31.18628
200 —0.36804 —0.07576 —0.03350 0.13840 0.12476 0.14571 0.86852 0.83787 29.64566
500 —0.35179 —0.06599 —0.02070 0.13545 0.13408 0.14340 0.90646 0.84880 27.64423
1000 —0.35901 —0.07972 —0.01689 0.13112 0.14114 0.13910 0.93268 0.85954 26.17008
2000 —0.35337 —0.07964 —0.01533 0.12503 0.14546 0.13790 0.95216 0.86703 25.06772
3000 —0.35021 —0.08068 —0.01308 0.12275 0.14703 0.13736 0.96294 0.87079 24.46580
4000 —0.34862 —0.08110 —0.01227 0.12081 0.14712 0.13623 0.96994 0.87343 24.08610
5000 —0.34761 —0.08163 —0.01088 0.11978 0.14805 0.13616 0.97550 0.87577 23.78034
5 100 —0.25276  —0.17749 —0.00894 0.08525 0.14872 0.15127 1.03398 1.08118 10.30728
200 —0.24532 —0.17737 —0.01431 0.08101 0.14094 0.14559 1.05557 1.07953 9.20002
500 —0.23528 —0.17865 —0.00496 0.08370 0.14466 0.14353 1.08125 1.07823 7.83413
1000 —0.23785 —0.18830 0.00020 0.08354 0.14685 0.14150 1.09690 1.08007 6.97197
2000 —0.23392  —0.18856 0.00015 0.08090 0.14885 0.14086 1.10674 1.08110 6.44755
3000 —0.23196  —0.19023 0.00059 0.07979 0.14901 0.14073 1.11240 1.08139 6.14245
4000 —0.23106 —0.19073 0.00103 0.07884 0.14879 0.14011 1.11602 1.08178 5.96310
5000 —0.23061 —0.19134 0.00195 0.07857 0.14907 0.14017 1.11866 1.08238 5.82491
8 100 —0.18021 —0.23990 —0.00625 0.07619 0.14691 0.15107 1.08344 1.19675 6.42298
200 —0.17259 —0.24196 —0.00754 0.07337 0.14090 0.14555 1.10447 1.18694 5.18775
500 —0.16877 —0.24409 —0.00245 0.07510 0.14717 0.14471 1.12770 1.17762 3.90131
1000 —0.17113  —0.24849 0.00321 0.07512 0.14714 0.14348 1.13994 1.17397 3.29856
2000 —0.17147 —-0.24712 0.00284 0.07314 0.14881 0.14293 1.14571 1.17134 2.95188
3000 —0.17094 —0.24754 0.00259 0.07171 0.14849 0.14300 1.14943 1.16941 2.77712
4000 —0.17096 —0.24711 0.00311 0.07094 0.14817 0.14249 1.15186 1.16836 2.64795
5000 —0.17144 —0.24708 0.00418 0.07083 0.14825 0.14246 1.15327 1.16789 2.57161
True values —0.19000 —0.23000 0.01000 0.06000 0.15000 0.14000 1.17000 1.14000
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Table 4 O-RLS parameter estimates and errors (o> = 0.10?)

t a a bn bia b2 (%) i f2 3 (%)
100 —0.20646  —0.22561 —0.00134 0.06605 0.14145 0.16103 1.16809 1.12804 1.99646
200 —0.20192  —0.22656 0.00710 0.06032 0.13947 0.15223 1.17405 1.12761 1.45425
500 —0.19641 —0.22960 0.00175 0.06964 0.15303 0.13440 1.17951 1.12776 1.31285
1000 —0.19106  —0.23399 0.00799 0.06616 0.14999 0.13761 1.17586 1.13621 0.63599
2000 —0.19166  —0.23248 0.00693 0.06603 0.15201 0.13555 1.17025 1.13733 0.55302
3000 —0.18916  —0.23485 0.00712 0.06425 0.15041 0.13841 1.17128 1.13888 0.44786
4000 —0.18993  —0.23408 0.00847 0.06204 0.15029 0.13805 1.17182 1.13790 0.35223
5000 —0.18951 —0.23435 0.00918 0.06139 0.15023 0.13825 1.17146 1.13868 0.31991
True values —0.19000 —0.23000 0.01000 0.06000 0.15000 0.14000 1.17000 1.14000
Fig. 5 O-MISG parameter 0.8 T T T T T T T T T
estimation errors § versus ¢
(0% =0.10%) 0.7 |
- -Mi =1
sk 0-SG (O-MISG, p=1) 1
05 —
© 04 —m 1
o2 w |
02 O-MISG, p=8 7
0.1 %MISG, p=5 E
O 1 1 1 1 1 1 1 1 1
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t
Fig. 6 O-RLS parameter 0.12 T T T T T T T T T
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Fig. 7 State x;(¢) and the 12 T T
estimated state X () against
t(p=8,02=0.10% 10
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Fig. 8 State x,(¢) and the
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(3) Under the same innovation length, a smaller noise
variance leads to higher parameter estimation
accuracy and a faster convergence rate.

(4) The estimated states are very close to the actual
states of the system.

6 Conclusions

This paper considers the parameter identification prob-
lems of bilinear state space systems using the multi-
innovation theory and the least squares principle. The
utilization of the non-singular linear transformation for

300

500
t

400 600 900 1000

general bilinear systems reduces the number of the
parameters of the identification model, a state observer-
based multi-innovation stochastic gradient algorithm
and a state observer-based recursive least squares algo-
rithm are derived for observer canonical bilinear state
space systems. The convergence analysis indicates that
the algorithms proposed are effective and the param-
eter estimates given by the proposed algorithms can
converge to their true values. The numerical simulation
results indicate that the designed state observer makes
the estimated states close to the actual states of the
systems. The O-MISG and O-RLS algorithm can give
effective parameter estimates compared with the O-SG
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algorithm. The multi-innovation identification method
can improve the parameter estimate accuracy and the
convergence rates compared with the single-innovation
identification methods. The proposed algorithms can
realize the interactive estimation for unknown states
and parameters for bilinear systems.

Although the algorithms in the paper are developed
for single-input single-output systems with white noise
disturbance, the methods can be extended to identify
multiple-input multiple-output systems by expanding
the single input to multiple inputs and the single output
to multiple outputs. They can also be extended to study
identification problems of other linear and nonlinear
multivariable systems with colored noises and applied
to other fields [49-51].
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