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Abstract In this paper, nonlinear dynamics of an
unbalanced composite spinning shaft are studied.
Extensional-flexural-flexural—torsional equations of
motion are derived via utilizing the three-dimensional
constitutive relations of the material and Hamilton’s
principle. The gyroscopic effects, rotary inertia and
coupling due to material anisotropy are included, while
the shear deformation is neglected. To analyze the rotor
dynamic behavior, the full form of the equations with-
out any simplification assumption (e.g., stretching or
shortening assumption) is used. The method of multiple
scales is applied to the discretized equations. An analyt-
ical expression as a function of the system parameters
describing the forced vibration of a spinning composite
shaft in the neighborhood of the primary resonance is
obtained. The discretization is done with both one and
two modes, and the results are compared. It is shown
that although the excitation is tuned in the neighbor-
hood of the first mode, one-mode discretization is not
sufficient and it leads to inaccurate results. It shows the
necessity of employing at least two modes in discretiza-
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tion due to the coupling in the equations. The effects
of the external damping, eccentricity and the lamina-
tion angle on the vibration amplitude are investigated.
In addition, the effect of the extensional—-torsional cou-
pling on the frequency response curves is investigated.
To validate the perturbation results, numerical simula-

tion is used.

Keywords Rotor - Composite shaft - Forced vibration -
Multiple scales method

List of symbols

ari Amplitude of forward motion

ar Amplitude of backward motion

ari(i =1,2) Amplitude of longitudinal motion

agi(i =1,2) Amplitude of angular motion

Al Longitudinal stiffness

Bis Extensional—-torsional coupling term

C External damping coefficient

D11, Deg Flexural and torsional stiffness

e Strain along the shaft centerline

ez, ey Eccentricity distribution with respect
to the y- and z-axes

I, I Polar mass moment of inertia of the
shaft

I Diametrical mass moment of inertia of
the shaft

Ip, m Mass per unit length of the shaft

) Length of the shaft
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Inner and outer radii of the ith layer of
laminate
Longitudinal displacement
w Transverse displacements

Laminate stiffness matrix

Lamina stiffness matrix

Torsional deformation angle

Density of the ith layer of laminate
wi,i =1—73 Angular velocities of the local frame
Q Spinning speed

ri7ri+1

DTHTROQ = T

1 Introduction

Without doubt, spinning shafts can be considered as a
vital part in various mechanical devices such as auto-
mobiles and helicopters in a long range of history up to
now. Composite material shafts have also been investi-
gated in recent decades as a new reliable potential can-
didates for replacement of conventional metallic shafts
in a vast area of applications. A composite shaft not
only has a great strength-to-weight ratio, but also has a
lower vibration level and a longer service life compared
to its metallic counterpart. According to these consider-
able benefits, various investigations have been carried
out to analyze these shafts which have led to different
mathematical models describing dynamic behavior of
composite material shafts.

Symonds and Zinberg [1], for example, used an
equivalent modules beam theory (EMBT) to model
composite shaft and compared the critical speed with
those of the tests they had performed. dos Reis et al.
[2] considered Timoshenko beam theory with the Don-
nell thin shell theory to derive the stiffness matrix.
They employed an approximate finite element of Ruhl
and Booker [3] to derive the equations of motion of
the shaft. The model was used to calculate the critical
speed. Bert [4] later in 1992 used Euler—Bernoulli beam
theory to present a model which include gyroscopic
as well as bending—torsion coupling effect. Kim and
Bert [5] employed a shell theory of first-order approx-
imation to derive the equation of motion. They used
their model to obtain the critical speed. Bert and Kim
[6] adopted Bresse—Timoshenko beam theory to derive
the governing equations. They had shown that the trans-
verse shear deformation effect is important in the deter-
mination of the critical speed of short shafts. Singh and
Gupta [7] presented two models by invoking EMBT
and layer-wise beam theory for each one of them. The
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model included bending and stretching deformation
effects. It was shown that two models result in differ-
ent critical speed in the case of asymmetric lamination.
Chen and Peng [8] adopted a Timoshenko beam the-
ory to obtain the equations of motion. They studied
the stability condition of a composite shaft under peri-
odic axial compressive load by employing the finite
element method. In 2001, Song et al. [9] further devel-
oped a model for thin-walled composite shaft based
on a thin-walled beam theory. The model was used to
investigate the natural frequencies and stability in the
case of axial edge loads and variation of lamination
angle. Chang et al. [10] presented a model based on
first-order Timoshenko beam theory and adopted finite
element method to derive the governing equations. The
model was used to investigate the critical speed, natu-
ral frequencies, mode shapes and the transient response
caused by unbalance force. Chang et al. [11] ana-
lyzed the vibration of a composite shaft containing ran-
domly oriented reinforcement. They adopted the Mori—
Tanaka mean-field theory to account for the interactions
at finite concentrations of reinforcements in the com-
posite material. The finite element method was used
to investigate the natural frequencies of the station-
ary shafts, and the whirling speeds as well as the crit-
ical speeds of rotating shafts. Banerjee and Su [12]
developed the dynamic stiffness matrix of a spinning
composite beam to analyze free vibration of a compos-
ite shaft. Hamilton’s principle was used to derive the
governing equations. They applied Wittrick—Williams
algorithm to the resulting dynamic stiffness matrix to
obtain the natural frequencies. The model also included
torsion—bending coupling effect. Sino et al. [13] intro-
duced a simplified homogenized beam theory (SHBT)
to evaluate natural frequencies and instability thresh-
olds. Badi et al. [14] employed finite element analysis
(FEA) to examine the effects of fiber orientation angles
and stacking sequence on the torsional stiffness, natural
frequencies, bending strength fatigue, life and failure
modes of composite tubes. Experimental tests were car-
ried out on a composite drive shaft to validate the FEA
model. Montagnier and Hochard [15] considered Tim-
oshenko beam model to develop a formulation for the
flexural vibration of a composite driveshaft mounted
on viscoelastic supports. They studied the optimiza-
tion by invoking the genetic algorithm. Montagnier
and Hochard [16] later used the Rayleigh—-Timoshenko
equation to study the dynamic of a supercritical com-
posite shaft mounted on viscoelastic supports to pre-
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dict instabilities. They investigated the effects of dif-
ferent factors such as rotary inertia, gyroscopic forces,
transverse shear and the supports stiffness. They also
included hysteric damping in their analysis. The most
effective factors were the transverse shear and supports
stiffness. The effects of composite stacking sequence,
the shaft length and supports stiffness on the threshold
speed were studied in the paper. Yongshen et al. [17]
employed variational asymptotic method (VAM) and
Hamilton’s principle to derive the equations of motion
of a composite shaft. The effects of fiber orientation,
ratios of length over radius, ratios of radius over thick-
ness and shear deformation on natural frequency and
critical speeds were investigated. The next year Yan
Qing Wang [18] studied the large-amplitude (geomet-
rically nonlinear) vibrations of rotary laminated com-
posite circular cylindrical shells. The shell was sub-
jected to radial harmonic excitation in the neighbor-
hood of the lowest resonance. The Donnell’s nonlinear
shallow shell theory was utilized to consider nonlin-
earities due to the large-amplitude shell motion. The
method of harmonic balance was applied to investigate
the forced vibration response of the two-degrees-of-
freedom system. The stability of analytical steady-state
solution was analyzed. The effect of rotating speed on
the nonlinear dynamic response of the system was also
investigated. Yongshen et al. [19] investigated the pri-
mary resonances of a composite nonlinear shaft using
thin-walled beam theory. Nonlinearity was due to von
Karman effect. All coupling terms were neglected, and
equations were reduced to flexural-flexural ones.
Using accurate analytical solution results in a good
prediction of the system’s behavior and could definitely
cause the performance of the shafts made of composite
materials to improve and provides a better understand-
ing of underlying physics concepts and highly complex
interactions of the system encountered in cases of non-
linear vibration phenomena. However, the usual proce-
dure in composite shaft vibration analysis in nonlinear
cases is numeric. The model is usually assumed linear
when the problem is solved analytically. There are some
nonlinear analytical investigations considering vibra-
tions of spinning metallic shafts. For example, Hos-
seini and Khadem [20] used the multiple scales method
to analyze the free vibration of a rotating shaft with
nonlinearity in curvature and inertia. They found that
both forward and backward natural frequencies were
excited. An analytical expression for transverse vibra-
tion in two planes was obtained. Later same authors

[21] investigated combination resonances in a rotating
shaft. They used the harmonic balance method to ana-
lyze the system and obtained the frequency response
curve. The effects of mass moment of inertia, eccentric-
ity and external damping coefficient were studied. The
loci of saddle node bifurcation points were also inves-
tigated. Khadem et al. [22] adopted the method of mul-
tiple scales to analyze the primary resonances of a sim-
ply supported in-extensional rotating shaft with large
amplitudes. The effects of diametrical mass moment
of inertia, eccentricity and external damping as well
as bifurcation points were investigated. Shahgholi and
Khadem [23] studied primary and parametric reso-
nances of a nonlinear rotating asymmetrical shaft with
unequal mass moments of inertia and bending stiff-
ness in the direction of principle axes. The method of
multiple scales was applied. The influences of inequal-
ity of mass moments of inertia and bending stiffness
and inequality between two eccentricities both corre-
sponding to the principle axes were investigated. Hos-
seini and Zamanian [24] studied the free vibration of
a simply supported rotating shaft with stretching non-
linearity. Rotary inertia and gyroscopic effects were
included, but shear deformation was neglected. The
equations of motion were derived with the aid of the
Hamilton’s principle. The method of multiple scales
was applied directly to the complex form of the equa-
tions to analyze the free vibration. An analytical solu-
tion describing the nonlinear vibration in two trans-
verse planes was obtained. Again it was shown that
both forward and backward natural frequencies were
excited. The results were validated with numerical sim-
ulation. Pai et al. [25] analyzed dynamic characteris-
tic of a downward vertical spinning Rayleigh beams
with six different sets of boundary conditions in both
linear and nonlinear methods. They showed that an
important linear term was missing in many reports in
the literature because of inconsistent use of nonlinear
terms in derivation. The influences of rotary inertia,
spinning speed, Coriolis and centrifugal forces, slen-
derness and gravity on forward and backward whirling
speeds, whirling mode shapes and critical speeds were
investigated. They found that there are infinite forward
and backward critical speeds for a spinning Rayleigh
beam. Hosseini [26] investigated the stability and bifur-
cations in a simply supported rotating shaft. The shaft
was modeled as an in-extensional spinning beam with
large amplitude. The bifurcations considered was Hopf
and double zero eigenvalues. Center manifold theory
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and the method of normal form were used to obtain
analytical expression. Hosseini et al. [27] investigated
free vibration of an in-extensional spinning beam with
six general boundary conditions. Nonlinearities were
due to curvature and inertia. Rotary inertia and gyro-
scopic effects were included, while shear deformation
was neglected. The method of multiple scales was used
to obtain an analytical expression for lateral vibration
in two planes. Shahgholi and Khadem [28] studied the
Hopf and double bifurcations analysis of an asymmetri-
cal rotating shaft with stretching nonlinearity. The shaft
was composed of viscoelastic material which was mod-
eled using a Kelvin—Voigt model. The center manifold
theory was utilized to study the dynamic of the system.
Zhu and Chung [29] developed new nonlinear model
based on Bernoulli-Euler and von Karman nonlinear
strain theory for a spinning beam. Extensional—flexural
coupling was included.

There are also a number of researches that have dealt
with cylindrical shell. For example, Wang et al. [30]
studied nonlinear travelling wave response of a can-
tilever circular cylindrical shell. The shell was sub-
jected to a concentrated harmonic force moving in a
concentric circular path at a constant velocity. They
used Donnell’s shallow shell theory to analyze mod-
erately large vibration. The method of harmonic bal-
ance was adopted to investigate the nonlinear dynamic
response in forced oscillation of the system. They also
studied the stability of period solution. Wang et al.
[31,32] analyzed nonlinear dynamic response of a can-
tilever rotating circular cylindrical shell with preces-
sion of vibrating shape subjected to a harmonic excita-
tion. They used Donnell’s shallow shell theory. Wang
et al. [33] studied the nonlinear vibration of a can-
tilever cylindrical shell under a concentrated harmonic
excitation moving in a concentric circular path. They
developed the method of averaging to study the non-
linear traveling wave responses of the multi-degrees-
of-freedom system. They used the averaged system to
investigate the bifurcation phenomenon. Wang et al.
[34] studied the nonlinear vibration of a thin lami-
nated composite cylindrical shell moving in axial direc-
tion having internal resonances. They developed an
improved nonlinear model and used harmonic balance
method to analyze the nonlinear dynamic response.

The shaft models which were mentioned above have
an acceptable accuracy in small amplitude, but none of
them has dealt with large amplitude except for those
of the metallic shafts. Most researchers have also used
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numeric methods for dealing with nonlinear problems
in composite rotors. In this paper, a new set of nonlin-
ear equations is derived for composite spinning shafts
based on Bernoulli-Euler theory. Of particular inter-
est in this study is that the governing equations include
the extensional—flexural-flexural—torsional vibrations
of the spinning shaft with geometrical nonlinearity and
linear couplings due to the material anisotropy. Without
any simplifying assumption (e.g., shortening or stretch-
ing assumption), these equations are employed to inves-
tigate the nonlinear dynamics behavior using pertur-
bation theory. Noted that in previous works [20-24],
with employing these assumptions, the equations were
reduced to flexural-flexural ones. But, in the present
paper, due to coupling presence, full version of the
equations is used. The equations include gyroscopic as
well as extensional—flexural—torsional coupling effects.
Shear deformation is neglected due to the assump-
tion that the shaft is slender. The equations of motion
are derived by employing the Hamilton’s principle. To
study the forced vibration of the spinning composite
shaft, it is assumed that there is an unbalance force
due to the imperfection in the composite shaft geome-
try and the shaft is hinged at both ends. The equations
are discretized using the Galerkin method, and then,
the method of multiple scales is used to analyze the
primary resonance. Although the spin is tuned in the
neighborhood of the first mode, one-mode discretiza-
tion is not sufficient due to the second-order nonlin-
ear terms existing in the equations of motion. The dis-
cretization is done with both one mode and two modes,
and the results are compared which shows discrepancy
between amplitudes in the neighborhood of the pri-
mary resonance. This is an important result showing
that the one-mode discretization is not always accurate.
A comparison is made between amplitude variations of
these two cases. There is no assumption in the stacking
sequence which means lamination can be either sym-
metric or asymmetric. The effects of the external damp-
ing, eccentricity and the lamination angle on the vibra-
tion amplitude are investigated. Each resultis compared
with numerical simulation to validate the solution.

2 Equations of motion
Figure 1 shows a composite hollow shaft made of

boron/epoxy laminas that has ten layers, each one with
a specific fiber orientation angle 1. The shaft is spinning
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Fig. 1 Principal coordinate
axes on an arbitrary layer of
the shaft

with a constant angular velocity €2 about its longitudi-
nal axis (i.e., X-axis) and has a length of /. The bearings
are stiff in comparison with the shaft so the bound-
ary conditions can be assumed as hinge. The layup is
[90°/45°/ — 45° /0g /90°] starting from the inside sur-
face of the shaft. In this section, extensional—flexural—
flexural-torsional equations of the shaft are derived.
The nonlinearity due to the large deformation is con-
sidered in the equations.

Figure 1 shows a composite shaft with the cylin-
drical and principal coordinates systems attached to it.
Cylindrical coordinate system denoted by x —r — t
shows the general direction of the shaft, but the princi-
pal coordinate system denoted by 1-2-3 is attached to
an arbitrary lamina and depicts the principal directions
of the material.

2.1 Kinetic and strain energies

Here, the kinetic and strain energies will be derived.
Figure 2 shows a schematic of a deformed rotating
composite shaft. There are two coordinate systems. The
frame X —Y —Z is an inertial coordinate system posi-
tioned at point O, and frame x —y—z is a local coordi-
nate system fixed to the centerline of the shaft.

The following assumptions are made concerning the
description of the composite shaft motion:

1. The rotating shaft is hinged at both ends. Indeed, it
is assumed that the bearings are much stiffer than
of the shaft; so, the compliance of the bearing is
negligible.

2. The shaft is hollow and has a uniform annular cross
section.

3. The shaft is spinning at a constant angular velocity
about the axial coordinate.

Fig. 2 A schematic of the deformed shaft and the local coordi-
nates, x—y—z

4. The shaft is slender; so, the gyroscopic effects is
included, but shear deformation is neglected.

5. Amplitude is large, and this leads to geometrical
nonlinearity.

6. Dissipationin the shaftis modeled as viscous damp-
ing.

7. The material in every layer is linear elastic and
macroscopic. The shaft is modeled with orthotropic
material property.

The kinetic energy of the shaft can be expressed as [20]

1t . .
T:E/ Io(® + v + %) + Ipo?
0

+ I (w5 + w3)dx (D

where w;(i = 1,2, 3) are angular velocities of local
frame x —y—z with respect to frame X—Y—Z and u, v
and w are the displacements of the local frame x—y—z
in X, Y and Z directions, respectively. In addition,

n
2 2
=73 o2 — 1),
i=l1
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Fig. 3 Euler angles and the frames rotation sequence

n
T 4 4
Ip = B} -Elpi(riH =),
=

n
T 4 4
h=7 ;pf<ri+1 =) 2)
1=

in which 7 is the number of layers in the laminate, p; is
the density of the ith layer, and r; and ;11 are inner and
outer radii of the ith layer, respectively. In the above,
Ip is mass per unit length, Ip, and I are polar and
diametrical mass moment of inertia, respectively.

To obtain the orientation of the local frame x—y—z
with respect to frame X —Y —Z, Euler angles are used.
Figure 3 shows how inertial frame X —Y —Z with three
successive rotations yr, 6 and B coincide with the local
frame x —y—z. First, frame X —Y —Z rotates about Z-
axis with angle i to coincide with frame X;—Y; —
Z. This frame rotates about Y;-axis with angle 6 to
coincide with frame X —Y| —Z», and finally, this frame
rotates about X»-axis with angle B to coincide with
frame x—y—z.

By use of the aforementioned Euler angles, angular
velocity of the local frame x —y—z with respect to the
inertial frame X —Y —Z becomes [20]

® = wie] + wrey + wzes
= (B —Jrsin@)e; + (¥ sin B cosd + 6 cos B)es
—i—({h cos Bcosh — 6 sin Bles 3)
For a constant spin rate, the rotation angle 8 can be
resolved as B = ¢ + 2t; the variable ¢ is the angular
displacement of the cross section due to shaft torsional

deformation, and ¢ is rigid body rotation of the shaft
about x-axis.
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The kinetic energy 7t, which is due to the eccentric-
ity, can be written as [21]

1 1
T. = 5/0 1pQ? [e%(x) + ef(x)]
—210Q {[e,(x)V + ey (x)w] sin B
+ [ey(x)0 — e, (x)w] cos B} dx 4)
where e, (x) and e;(x) denote the eccentricities with
respect to y- and z-axes, respectively.

The following form of the strain expression of the
shaft is assumed in order to derive the strain energy
[20]

&xx = e+ 20y — Yp;
Yxy = —ZpPx
Vxz = YPx ()
where p is the curvature of the shaft and in the local
frame (x—y—z) computed as
p = pxex + pyey + pze;
= (¢/ — ¢'sinb) e, + (¥ sing cos 6

+0' cosp)ey + (¥ cospcost — 6 sing)e. (6)
If shear deformation is neglected, angles v and 6 can
be related to the displacements as [20]

V= sin~! v—’

6 = sin~! (7
(\/(1+u/)2+v12+w/2)

It is more convenient to express the stress—strain rela-
tion in cylindrical coordinate. To meet the requirement,
a transformation matrix is employed as follows [10]

Exx 10 0 0 O 0 Exx

&1t 0n2 m20 —2mn O Eyy

er | _ |0 m> n?> 0 2mn 0 €22

vee [~ 100 0 —no0 m Yxy

Vit 0—mnmn0 m?—n%0 Vyz

Yxr 00 0 m O n Yxz

3)

where m = cos(t) and n = sin(1).

Substituting Eq. (5) into Eq. (8) and letting y =
rcos(t) and z = r sin(7), it is found
Exx = € — 1 cos(T)p; + rsin(T) py
Ext = TPx
Err = Epp = &g = &y =0 9
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Finally, the stress—strain relation can be written as
follows

Oxx = Qllgxx + Q16yxr
Ter = Q168xx + OQ66¥Vxt (10)

The strain energy for a composite shaft can be
expressed as

1
= 5 / (Oxx&xx + Orrérr + Orerr
v
FTor Var + TaeVar + TreVee) dV (11)

By substituting Egs. (9) and (10) into Eq. (11), the
strain energy becomes

1
Uy = 3 [Ane? + Dol + o))

+Deopz + 2B]6,0xe] (12)

where

n
o) 2
An =7 Qi — ),

i=1

2T o —
Big = ?ZQléi(”gﬂ —V?)

i=1

n
TN~ 4 4
Dy = ZZ Oni(rigy —1i)s

i=1
T n
Des = 5 > Qeei i1 = 17) (13)
i=1

where A1 is longitudinal stiffness, D11 is bending stift-
ness, Dgg is torsional rigidity and Bje is extensional—
torsional coupling term. Parameters Q11, Q16 and Qeg
are presented in “Appendix 1.”

2.2 Derivation of equations of motion

Considering the kinetic and strain energy expressions
obtained above, the equations of motion can be derived
by invoking the Hamilton’s principle. First, Eq. (7) is
substituted into Egs. (3) and (6) to compute the curva-
ture and angular velocity. Then, the results are substi-
tuted into the kinetic and strain energies, expanded to
Taylor series and only the terms which are up to O (¢%)
are retained. Finally, by applying Hamilton’s principle
to the computed kinetic and strain energies, the follow-
ing is obtained

I()l:t' _ All (U/UN + w w v/2u// _ w/zu//
+ 21), 1 // zw/ulw//)
_Bl6( 614/ ///w —‘1-211)// /o 6u// //
—I—ZUUw 4u/ // 2w¢ w ¢/ ro
/ ¢ q,)// /2+2u w/// /
+2v///w +2¢//) _ Dll( 5U/ " ///

41)/ " // 31)” 1 /// 3w//u/w///+v/v(l\/)

(IV) ’om

5w w'u" — 3w —4w"w'u
_Zv//Zu//+w(IV)w +v//v/// v/2u(IV)

w/ZM(IV) _ 2w1/2u// —3v M/U(IV) + w//w///)

—Des (¢'w""v" +2¢"w"v — ¢'v"'w
+¢" W) — L (—w'w” — "'
—" — 0w + v

w2l + 2w'w" i 4 2w Wi
+38"v'u’ + 300"’
+38" 0 u” + 20700 + 20"
+20" 00" + 2w w'n’ + 30" w'u’

+30'w"u’ 4+ 30 w'u” + 20 + 2wl w”)
—Ip (2 (3v'u'v" = 30"w'u” + v"w" + v'w”

—vw” + 30"’

//// ////

30" wu = 30wy
+3U/ "' U//w/)
_¢v w —q'Sv”u'/—év/w”—(ﬁ/v/w/—q'ﬁ/v/u'/
+43d/’w/ + d)i}’w" _d')v/u-)// 4 ¢5/1‘)/w/) =0 (14)

! [/

10i5+ci)—A11(wvw +vu +v'u
3 1
—|—§U/2U” + Ew/zvu 211/ / "
v//u/2) B]ﬁ(éw/ i + 6w/u//2

+14w"uw'u” — 4w’ = 20"V + 29"V
1200 — 6w'w™ —2u’w’”—2u”’w’
_3uw2uw” — w"? + 4uw’

—2¢"v'u" = 2¢"v"u" — 2¢"v'u"")
—Dy (w"V W'y + 8"V + 3wy w”
+wv'w” + vuV) 420UV
+wv ") 4 20IV02 42wy 4"
+4w'v"w" 4+ 20" 4+ 30" — V)
=32 — 7w
120" — Ul — 80" u"™ — 30w u V)

_D66( 4w/ 1" // _ 2¢//w// _ <b///u}/ _ 2w//2v//
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w/Zv(IV) — 2w w" — ¢/w/// +¢/w/u///
+3¢//w/u w/ZU(IV) + 4¢//w1/u/ + 2¢ w/// /
+3¢/w// " + 2¢///w/u/)
—L(—2w'v — 400"
—2w'v"w —4v’ W —w'w

—w'wv” = 2w VW — 2w w”

_212/1')//
_213/21}// 24" — 24" v 2
Vi =i = 25" — 25 — W'

/2v//+v//+3v/ 5 //+3v// 2

—I-ZUN 12 / //+6v/ / "
+4v/ /. //+6U// /. /—1—61)/ //u/+6v/ / "
+3UN /e /+3v/ // ./ IP(Q(—wﬂ

3
—Ew/zw —3w'w’w —w’i =3V +w”
_Ewuva _ zu-)//u 2w’ " _|_3w//u/2

3w i + 3w
+6w'u'u’ + 3w'u'i //)+¢w
+¢/11) +¢w//+2wv w//+w/2b-//

+¢'w + 2wV W + 2w w! + 2wV W
2¢// T 2¢wu _w¢u//
_2¢, _ w//(]'ﬁl,'t/ _ w/¢.’i/ _ Z(ﬁw//u/

—2¢’w u = 24w’

= Q% Ip(ey(x) coS(Q) — e, (x) sin(Q1))

[N/ ! M "/

Iopw 4+ cw — Ajp(w'vv” +wu” +w'u

3 L1 .
+§w’2w’+§v’2 —2w'u'u
w’u'®) — BigQu"v" + 6w v"w
+2¢"w' +2¢'w” + 20" v"* 4 2u'v"
+v'2 " + 31)/”11.) — 2w ¢N ! /2UW
—20'u"? — 2w”¢’u’ — 2w ¢’u”
—10v"u'u” — 20'u'u""y — D Qw"Vu’

1" / 14

+2wMy? +v"V> v+ 4w
[/

+2w// //2+4u//w///_,’_w Vv

15)

(IV)+3w// ’ ///+8U) ww///+w(1V) 2

+wu™) 4+ 34" w" + 2w — Tw'u"u"
—3w'i'u vy _ Sw//u//z 12w u'u”
—9w' W u™ 3w(IV)u/2) D66(¢// "

+v//2w//+2w/v//v///+¢/v///
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_¢//v/u// 2¢/ /// /
2¢// // ! 3¢/ // 1 ¢/ l4 ///)
—DL(=2w?w" —2i'w" — 20" — w"i’
+l:l.), w//v/2 21-1-}//w/2 _ 21'1')/1/{”
—4u'w'w” = 20"u — 20"
200" — 2000 — 4w w w”

V"WV — VW'V — Wi — 20 vy
/ //+2w// -2 3w// 2]
+4w/ /- //+3w// i +3w/ "

+3w/ /s //+6w/ / //+6w// /.. /

—|—6w’ // 1
+6w/ /. //) Ip(Q(Si/w/w” + v/d”
+3v/v/v//+v//u/ v//+2v// /+2v/ "
+3 /w +; " /2 30/ / "
3v//// 6v//// 3v//// ///)
—¢i}"—¢;v w//v/z 2w 1 //+2¢,

+2¢v//u/ + 2¢UI i
2wV 4+ V¢ + v i
+v"dit’) = Q% Iy(e,(x) cos(Q2)

+ey(x) sin(S21)) (16)
Bis (2u” 4 2w'w” + 20"V

20" — 2w w” w/2u// _ U/2u//>

+Deg (v//w// + ¢// + " — w//v/u//

34" w — 21 v w" — 21" w w/v/u///)

VI (—¢ — Fw — 9+ 30w
v + 20" + w4 28" w'u") =0
(17)

Note that in Egs. (14)—(17), dot (.) and prime (/) denote
derivative with respect to time and spatial variables,
respectively. A simplified procedure for derivation of
the above equations is presented in “Appendix 2.”
These are full equations governing the extensional—
flexural-flexural—torsional vibration of the composite
shaft with geometrical nonlinearity. Equations show
linear as well as nonlinear couplings. Linear cou-
pling is due to anisotropy properties in composite
material, and nonlinear coupling is due to the large
deformation of the shaft. In previous researches (e.g.,
[20]), the equations were reduced by application of
in-extensionality assumption and neglect of torsional
inertia to a flexural-flexural one. In addition, in some
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cases (e.g., [22]), the equations were again reduced to
flexural-flexural one by neglecting the axial and tor-
sional inertias. But, in the above equations due to linear
extensional—torsional coupling, these kinds of reduc-
tion are not acceptable and full version of equations
are employed. Later, it will be shown that the neglect-
ing of couplings leads to inaccurate results.

The equations of motion presented in the literature
are either linear (with anisotropic material) or for a
metallic shaft (with nonlinear effects), but equations
derived here are nonlinear equations of motion of a
composite shaft based on the Bernoulli—Euler theory.
If the material is assumed isotropic, the composite cou-
pling coefficient Bjg vanishes, while the other coeffi-
cients are changed accordingly, which finally yields the
equations governing the motion of a metallic shaft as
in references [20,30]. In addition, if the terms resulting
from Timoshenko theory are removed from equations
of motion presented in reference [10], which is derived
for a spinning composite shaft, then its equations will
reduce to the equations obtained here. This confirms
partially the validity of equations obtained in this paper.

For a slender composite shaft, bending stiffness Dy
and torsional rigidity Dee are much smaller than the
longitudinal stiffness A1q; so their nonlinear coeffi-
cients (power or product of them) can be neglected.
The same strategy is taken into account for rotary iner-
tia I and coupling term, Bjs.

Applying these simplifications, and using the fol-
lowing dimensionless quantities

v o w o u ey _ e
V=—-,W=—,U=—,6y= —,€; = —,
l ! A
S - Q- Big
X=—,t=tw,Q2=—,Big=
l w 2[013
- D - Dy - Ay
0= 21t TN T 2t TN T 22
- I, - I, _ c
I, = —s, I, = —,C = — 18
2 Ipl? P ol? wly (18)

the final dimensionless equations of motion in a sim-
plified form are found as

iU — Bigd” — Ay ( 4 w'w”

— W —

— 20UV = 2wu'w”) =0 (19)
v+ ¢v — Dy (=YY

—hQw” — Ay (o + Vi

3-2- 1-2-
_I_v// /_I_ 5v/2v//_i_ 5u}/2v/1
_ 20/ / o v”u’z)
= Q%(e,(X) cos(Q21) — &, (%) sin(Q1)) (20)
W + cw — D]] (—IZ)(IV)> — I_ QU_//

—A11(wvv”+w’ //+w// i

w

“2 = l- //
+-ww +2

2
_ Zu_)/l;/u_// _ u;//,;/z)
=Q? (ez(x) COS(QZ‘) + ey(x) Sln(Ql‘)) 21
p¢ Bi62u” — Dge ( W

¢//+v///w w v/u//
— 20w = 2u'v"w — w v/u”’) =0 22)

As mentioned earlier, the bearings are much stiffer than
the shaft itself which let the shaft to rotate freely but
limits the transverse movement of the shaft at the bear-
ings. In fact, bearings can be modeled as hinged bound-
aries. So the boundary conditions are

12:0,5:0,1)_//:0,11}:0"[[;”:0’
d=0@i=0& %=1 (23)

where o is the shaft linear natural frequency. In the
above equations, Bm is the extensional—torsional cou-
pling coefficient and I_szf)” and I},erﬁ are gyroscopic
terms which couple the two transverse motions lin-
early. For the ease of notation, the bars are dropped
from equations hereafter. Equations (19)—(22) can be
generally used for any kinds of boundary condition.

To verify the aforementioned simplification, ana-
lytical method (perturbation method in the next sec-
tion) was applied to full equations (14)—(17) and sim-
plified version (19)-(22). It was observed that the
results are practically equal. This shows that the omit-
ted terms are really negligible and the simplified
form of the equations are sufficient for the analy-
sis.

Equations (19)—(22) and the perturbation theory
are used in the next section to investigate the shaft
dynamics in the neighborhood of the primary reso-
nance. Due to the extensional-torsional coupling, fur-
ther reduction of equations is not possible. It should
be noted that, in previous works [18-22], the equa-
tions corresponding to extension and torsion were
solved in terms of flexural variables with some assump-
tions (e.g., stretching or shortening) due to the lack

314_”1)_”11_)/
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of coupling, and finally the reduced flexural-flexural
equations of motion were obtained and analyzed. But
here, these reductions are not applied and extensional—
flexural-flexural—torsional equations of motion are
used.

3 Method of multiple scales

The method of multiple scales [36] is a powerful per-
turbation method. In this method, the independent vari-
able t is split up into several new independent vari-
ables, Ty, T1, . ... Although these new variables are
not perfectly independent and can be related to each
other by means of a bookkeeping parameter, they are
treated as independent variables in the solution pro-
cedure. Here, the multiple scales method is used to
analyze the forced vibration of the system. Before
application of the multiple scales method, the partial
differential equations of motion should be discretized
with a suitable method. In this paper, the equations
are discretized using Galerkin method by taking suit-
able shape functions. It is usually common in non-
linear vibration [37] that if the excitation is tuned in
the neighborhood of a specific mode and this mode
does not involve in an internal resonance, then other
modes are decayed with the passage of time and one-
mode discretization is sufficient for steady-state anal-
ysis. Here, this is not the case. Although the excita-
tion (i.e., spin) is tuned in the neighborhood of the first
mode and the first mode does not involve in an internal
resonance with other modes, it will be shown that one-
mode discretization is not sufficient. Here both one-
mode discretization and two-mode discretization are
implemented, and a comparison is made between the
results. To investigate the effect of the mode number
on the convergence of the solution, three-mode dis-
cretization was also applied (the results are not pre-
sented here). Numerical solutions of three-mode and
two-mode discretization show that the results (steady-
state solutions) are equal and two-mode discretization
is sufficient for the present problem. So, our analysis
concentrates on one-mode and two-mode discretization
methods.

3.1 Primary resonances with one-mode discretization

In order to use the Galerkin method with one mode, the
following form may be assumed

@ Springer

u(x,t) = v (x)U(2)

v(x, 1) = Y () V(1)
w(x, 1) =& (x)W()
¢ (x, 1) = 5 (X)) (24)
where v, ¥, & and ¢ are the mode shapes obtained
by solving linear form of the existing equations [i.e.,
Egs. (14)—(17)] considering the boundary conditions in
(23) and n is the mode number:

v, = \/Esin(nnx)
Yy = \/Esin(nnx)
£, = v/2sin(nwx)

» = V2 cos(nmx) (25)
Substituting Eq. (24) into Egs. (19)—(22) and multiply-
ing each equation by its corresponding mode shape,

finally the discretized equations are obtained in the fol-
lowing form by using the orthogonality relation [38]

3 3
EAnvmzn“U(z) + §A11W(l)27T4U(f)

d2
—AnU@mrn? - V0= 0 (26)

—EAWZ“V EAv U (1)?
ZANWO’ TV @) + S AVt @)
3
—ZAHV(rP f DVt

1,2 d W ()2 ¢ V(1)
1ol wnr?- L
P dr dr?

d
oy V(1) + Q2es cos(2)
— Q% sin(QU) =0 (27)
3 3
—ZA]1V(t)2n4W(t) + §A11W(t)n4U(f)2

3 3_4 4 d 2
—ZA“W(t)TL’ —DWW()rm +IPQEV(Z‘)TL’

¢ W (t) d W (1) + Qe cos(21)
dr? “a .
+ Q2 sin(Q) =0 (28)

3
5066V<t)n5W(r)U(r) — Desp(1)?

2

d

where e; = fol [v2ey(x) sin(rx)]ddx and e; =
fol [\/EeZ (x) sin(mrx)]dx. Here, the analysis is carried
out for the first mode, although the procedure is appli-
cable in similar fashion to other modes.
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Now, dependent variables are expanded in the fol- 0(e?)
lowing form in order to apply the multiple scales 4 92
method 7" D11 Va(To, T1, T2) + 372 Va(To, Th, T2)
0
0
U(t) = eUi(To, T1, To) + 2 Ua(To, Ty, To) +ﬂ291PﬁW2(To, Ty, 1)
+&’Us(To, T1, T») 52
V() = eVi(To. Ti. To) + €2 Va(Tp. T1., T2) = 2550, 1T T 1)
3
+e*V3(To, T, T2) d
5 —*QIp— Wi (To, Ty, T»)
W) =eWi(To, T1, T2) + e Wa(To, T, T2) C
3 92
e Ws(To. 1, 1) ) 7t Dy Wa(To. Th, To) + — Wa(To. T1., T2)
(1) = ep1(To, T1, To) + e"p2(To, Th, Tn) T,
+£293(Ty. T1. T2) (30) Q0 Vy(Ty. 71, T)
a7y
. _ 2 . 2
vyhere To = t, Tl. = st and.Tz = &“t are different - 9 W\ (To. T1. T2)
time scales and ¢ is a small dimensionless bookkeep- dTpo T
ing parameter. Damping ¢ and unbalance parameters 5 ad
e;j(j = 1,2) are scaled as ce? and ej83 so that their T QIPaTl Vitlo, Th, T2)
effects are balanced with the third-order nonlinearities. 5 92
Using the chain rule, time derivatives, in terms of " AnUzx(To, Th, T2) + WUZ(TO’ T, T2)
To, T and T, become 5 0
=-2 U\(Ty, Ty, T
5 ) 0Tod T, 1(To, Th, T2)
§:D0+8D1+8 D> 52
P ) - 5 7* Desp2(To, T1, T2) + —=@2(To, Tr, Ta)
57 = D§+26DoDy + 2 Df + 26> Do D 31 Ty
32
) = _28 5 ¢1(To, T1, T2) (33)
where D, = 52-, (n = 0, 1, 2). Substituting Egs. (30) TodT,
and (31) into Egs. (26)—(29) and equating coefficients 0] <g3>
of like power of ¢, the equations in different orders are 52
obtained in the following form Diun*Vs (T, Ty, T») + m‘@ (To, Ty, T»)
0
0
o) 52 +Ip9ﬂ2ﬁW3 (To, Th, T2)
0
72 AnUN(To, T, To) + ——5 Ui (To, Ti, To) = 0 9
Ty =—c—Vi(To, Th, T2)
52 aTo
4
7" DuVi(To, Th, T2) + —Vi(To, T, 1) 3
ATZ +An | 37V (To, Ty, To) Un(To, T, T)?
il
2
Qlp—W(Ty, T1, T») =0 3
+r Pt 1(To, T1, T2) —ZN4V1 (To. T1. Ty)°
82
4 3
7" DnuWi(To, T, T2) + a—Tonl(To, Ty, Tr) —Zn4W1 (To, T1, T2)* Vi (To, T, Tz)}

9
—7 QI —Vi(Ty, T1, T») =0
aTy

82
7% Desp1 (To, Th, T2) + m(ﬂl(To, T, 1) =0
0
(32)

2

0T10Ty
2

0T»0T)

-2 Vo(To, T, T2)

-2

Vilo, T1, T2)
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82
—WVl(To, T, Ty)
1

0
—IpQr? [ﬁ W (To, Ti, T2)
1

d
+—Wi (To, T1, Tz)] — Q%¢ sin(QTp)

0T»
+§22e2 cos(2Tp)
82
Dt Wa(To, Th, T2) + mWs(To, T, 1)
0

d
—IanzﬁVﬂTo, T, 1)

0
=—c—W(Ty, T}, T
CaTo 1(To, T1, T)

3
+Aq |:§7T4W1(TO, T1, T)U(To, Ty, T2)?
3
—ZJT4W1 (To, Ty, T»)?

3
—ZJT4V1(T0, Ti, T2)* Wy (To, Ty, T2)1|
2

aT107Ty
82
22— W (Ty, T, T
0507, 1 (To, T, T2)
82
——Wi(Ty, T1, T
972 1(To, T1, T)

-2 W (To, Th, T2)

0
+1pQr? [8—T1V2(To, T, Tr)

0
+8—TV1(T0, T, Tz)} + Q%) sin(Tp)
2

+Q%e; cos(QTp)
82
Anm?Us(To, Ty, T2) + 572 U3(To. 71, T2)
0

3
= Ay [EJT4W1(T0, T1, T2)*Uy(To, Th, T)

3
+§7T4V1(T0, Ti, T2)*U (To, Th, Tz):|

2 2
a
-2 Ux(To, T1, Tr) — —U(To, Ty, T
oT,0Ty 2(To, T1, T2) aT? 1(To, T, T2)
2 0?
Desm“93(To, T1, T2) + WW(TO, T\, 1)
0

3
= Des [Ezﬁvl (To, T1, T2) Wi (To, Th, T2)
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82
Ui (T, T, T2)] — Wﬁﬂl(To, T, Ty)
1

2 2

To, Ty, Ty)—2
ooty 2T T =250

-2

01(To, Th, T2)
(34)

The general solution of (32) can be expressed as
Vi(Ty, Ty, T») = Fi(Ty, Tp)ePrToi
+Fy(T1, Tp)ePr ™!
+F(Ty, Ty)e Priv
+Fy(Ty, Ty)e PTo!
Wi (To, T1, To) = i Fy (T}, Ty)ePrToi
+8i Fa(Ty, Tp)ePrT0l
—ai F\(Ty, Ty)e Prioi

—8i Fy(Ty, Ty)e PrT0i

1 .
Ui(To, T1, To) = S Hi(Th, Tp)e Pulvi
1 - BuToi
+§H1(T1, Tp)ef "0
1 — B, Toi
p1(To, Th, 1) = EGI(TI» Tp)e Feto
1 - B, Toi
+§G1(T], Tr)el? (35)

where F;(T1,T>), G1(T1,T>) and H(Ty, T7), (i =
1, 2) are complex functions which will be determined
at the third order of approximation. 8 and f; are for-
ward and backward natural frequencies corresponding
to flexural modes. The solution in this form is due to
the existence of the gyroscopic term. Also, 8, and B,
are natural frequencies corresponding to extensional—
torsional modes. They are computed as

1
B = —E\/2\/7[81PZQZ(1PZQZ +4D11) + 4D + 274 12Q2%)

1
By = 75\/72\/7181592(1592 +4D11) + 4Dy + 20412Q2)

Bu = m/ A

By = ”@ (36)
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where « and § are coefficients computed as
3
. (—2\/7181392(1392 +4Dy1) + (—4Dyy — 204 12Q%)3
=77 ,Q75Dy,
Tt (129 + Dll)\/—z\/nfilgfz?(lgm +4D11) + (—4Dy; — 274 12Q?)
+ IpQJT6D]1
1@ TSRRURR 44D + (—4D1 — 214 1202))?
60=—=i
Zl Ian’GDll
(392 + Dll)\/2\/n813522(1§92 +4D11) + (—4Dyy — 27412Q2)
N 37)

IpQT[6D11

Substituting Egs. (35) into (33) yields

82
7D Va(To, Ty, T2) + 572 V2(To. T, 1)
0

3
+72QIp — Wy (Ty, T, T2)
daTpy
J .
=i(2Br + Ianza)ﬁﬂ (Ty, Tp)ePrTo
1

d :
+i(2Bp + IpQJTZS)ﬁFz(T], Ty)eifrTo 4 cc
1

82
D1 Wa(To, Ty, Tr) + 572 W2(To. 71 T2)
0

d

2

Q1 Vo (To, Th, T
PBTO 2(To, T, T2)

0 .
= Qafs + IanZ)ﬁFl(Tl, Ty)e'frTo
1

9 .
+(288p + Ianz)_aT Fy(Ty, To)ePr ™o 4 cc
1

2

d
7?AnUs(To, Tv, o) + —Ua(To, Tr, T2)
IT;
2
= _a—ﬁl(n, T)elPuTo 4 cc
dTpo T

82
72 Despa(To, Th, To) + S7292(T0. T, T2)
0

2

0 _ .
=— G1(Ty, Tp)ePeTo 38
0Tod T, 1(Th, Tr)e +cc (38)

where cc stands for the complex conjugate terms. As
Eq. (38) show, no non-secular term exists at this order,
so the inhomogeneous solution of Eq. (38) yields

Ux(To, Th, T2) = 0, Va(To, Th, T2) = 0,

Wa(To, Th, T2) = 0, 92(To, T, T2) = 0 (39
The solvability conditions are satisfied if the terms that
lead to secular terms are eliminated. Because the first
two equations in (38) are coupled, the solvability con-
dition can be obtained through a procedure explained in
the following. To find the solvability conditions, solu-

tion of the first two equations in (38) is assumed in
following form [35]

Vo(Ty, T, To) = Fi1 (T, T)ePrTo
+Fip(Ty, Tr)ePeTo
Wa(To, Ty, Ty) = Fai(Ty, To)ePrTo
+Fo(Ty, To)e ™o (40)

By substituting Egs. (40) into (38) and equating the
coefficients of e/#/70 and e!f»T0 from both sides of the
result, one can obtain

[(* D11 — B3 Fii(T1. To) + i [ By Foy (T, Ty)Je ™o

=i@ps+ Ianza)aiTlFl (T, TP

(D11 = By) Fia(T1, To) + iyQn* By Faa (T, T2l 70
=i(2Bp + IPana)aiT]FZ(Tl’ Ty)eifoTo

[ = ilpQn?B Fii(T1. To) + (r* Diy — B7) Far (T, T) el ™0

9 .
= Qaps + Ipsznz)ﬁFl(Tl, Ty)eifrTo
1
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[ — il QB Fio (T, o) + (7 D1y — B Faa(T1, To) 1P ™o
Rl .
= (288 + Ianz)aTFz(Tl, Ty)eifoTo 1)
|

Equation (41) forms two systems of equations and
they both have non-trivial solution if

(2'Duy = B7) i QB + Q) e AT, T) | _
—il,Qn? By s + Ianz)%Fl(Tl, T»)
(D11 = B) iQBy + LT gm (T, D) | _
—i [, By (28Bp + IPQnZ)%Fz(Tl, 1)
(42)

So, the solvability conditions for the second order
become

[ Dy = B @apy + 12
0
~1p QB 2By + @) | S Fi(Th, ) = 0
[ Dur — B 298y + hy2?)

il
—1,Q72 B (2B + IpQJTZS)] S BT T) = 0
1
(43)
which demand that Fy(Ty, T>) and F>(Ty, T>) to be
function of only 75. To satisfy the solvability conditions
for the last two equations in (38), their secular terms

are directly eliminated due to the decoupling of the
equations. Thus, it can be written

9 -
—H(T\, ) =0
3T, 1(T1, T2)

9 -
G, ) =0 44
3T, 1(T, T) (44)

Again the solvability conditions demand that H (T, T2)
and G(T1, T>) to be function of only 75. Finally,
Eq. (35) can be rewritten as

Vi(Ty, Tr) = Fi(T)ePr 0 4 Fy(Tp)efr Tl

+ Fl(Tz)eiﬂfToi + F2(T2)e*ﬁbToi
Wi (To, To) = i Fy(T2)ePr 10! 4 §i Fy (T5)ePrTo!

— @i Fy(Ty)e PrToi _gi By (Ty)e PrToi

1 P )
Ui(Ty, Tr) = EHI(Tz)e BuToi EHI(TZ)C'B“TW

1 A .
o1(To, T) = EGI(TZ)C_/S"’TM + 5Gl(Tz)eﬁwTO’
(45)
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The third order is treated in the same procedure to com-
pute solvability conditions. To express the nearness
of the excitation frequency to the natural frequency,
a detuning parameter o is introduced which is defined
as

Q=ps+e0 (46)
Again, solvability conditions for the first two equations
in (34) must be obtained through a system of equations

because of the existence of the gyroscopic coupling in
the equations. So one may assume

V3(To, T1, To) = Py (Ty, To)e'PrTo
+Pia(Ty, Tr)ePrTo
W3(To, Ti, To) = P2 (Ty, To)e'PrTo
+ Py (T4, Tr)e' ™ (47)

By substituting Egs. (39), (45)—(47) into (34) and equat-
ing the coefficients of ¢/#/70 and e’A770 from both side
of it one can obtain

[(ﬂ4D11 - ﬂjzv)Pll(Tl, 1)
+i I, QB Pai(Th, Tz)] e'frTo
4 9 3o =
=|Ann" | - §+§8 Fi (1) F,(Th) F (1)
? 202 Fm)? Funy)
—| -+ -«
1t3 1(T)"Fi(T»
3 _
+ZF1(T2)H1(T2)H1(T2))
. , . d
+i(=2Bf — Q) — Fi(T2)
d7»
1 . .
—icBrF1(T2) + 592(1'61 + ez)emTz} ePrTo

|*Di1 = B P(T1. T)

+i L, Q By Py (T, Tz)] ¢/PoTo

9 3 _
= [A117T4 (— (5 + Eaz) Fi(T2) F>(T2) Fy (T2)

9 3 _
_ (Z + 152> By (T2 Fa(T)
3 _
+ZF2(T2)H1(T2)H1(T2)> + i(=2Bp
+1ps2n28)in(Tz) - icﬂbFz(Tz)}eiﬂbTo
d7»

[_ilpgﬂzﬂfpl 1(Th, T)

+(r*Dit = B} Par (1, To) | P70
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9
— |:A11irr4 <— <—a82
2
3 -
+§ot) Fi(T) F2(Th) Fa(T2)
9 3 -
_ <Za3 N Z(x) Fi(Ty)*Fy (Ty)
3 —
+ZaF1(T2)H1(T2)H1(T2))
d
+QaBr + IpQNZ)EFI (T2) + cafy Fi(T2)
1 . .
+592(61 - iez)e”’Tz} ePrfo
[—ilpﬂﬂzﬁbl’n(ﬂ, 1)

+(r* D1y = B Po(T1, To) | P70

9 3
= |Anin* (- za?8+ =8
|:1117T<(205 +2>

Fi(T2) F2(To) F1 (T2)

9 3 =
_ <é_153 + Z(S) Fy(T2)* Fy(T»)

3 -
+Z(SF2(T2)H1 (T») Hy (T2)>

d
+(28B1 + [,Qn?) —— F(T»)
dT»

+c8Bp F2(Tr)] ePrT0 (48)

The solvability conditions are computed in the fol-
lowing form as

(74D — /3_%)

—iI,Qn% By

(w*D11 — BP)

—iL,Qn% By

which can be rewritten as

iT1 Fi(T2) Fa(T2) Fa(Ts) + i Ay Fi (T2)* Fi (T»)
+iW F(T2) Hi (T2) H\ (T») + & D2 Fi(T)
+(~*Diiap) + Blo — B, Q72) cFi(Ty)
+1/2 (=81 - x> 28,
+7T4D11) glol (—e1 +iep) Q*=0

iTy Fy(T2) F1(T2) F1 (T2) + i Ay Fa(T2)* Fa(To)
+iWy Fr(T2) Hi (T2) Hi (T2) + ®2 D2 Fr(T)
+ <—ﬁ§1p9n2 — 7*D118Bs
+636) cFa(T2) = 0 (50)

where T';, A;, ¥;, &;, (i = 1,2) are the coefficients
expressed in “Appendix 3” in more details. For the last
two equations of (34), again the solvability conditions
are obtained by substituting Eqgs. (39) and (45), and
eliminating the secular terms directly:
XF(T) Fa(T2) Hi(T) + AF(T) Fi (T) H(T»)
—ip3DrH1(T2) =0 —ifsD2G1(T2) =0 (51)
where
2\ 3 4 2\ 3 4
X=<1+3)§7TA11 A=(1+Ol>§7TA11
(52)
It is seen from the second equation of_ (51) that the
steady-state solution corresponding to G is zero. So,

complex-valued functions F(73), F2(T>) and Hi(T>)
are expressed in the polar form as

Anmt (= (5 + 38%) FI(T) F(To) F(T) — (§ + 2a?) Fi(T2)*Fi(T2)
+ 3 FI(T) Hi(T) Hi (T) + i (=287 — [,Qna) g5 Fi(T2) — icBr Fi(Ta) + Q% (iey + e2)e” T2
Anin® (= (38 + 3a) FI(T) Fa(Ty) Fa(Th) — (50 + 3a) FI(T2) Fi(T»)

=0

+ 32 FI(T) Hi(T) Hi (T2) + Qe + 1,Qr?) g5 Fi(T2) + ca Fi(T2)

An* (= (3 + 32) FI(T) Fa(T) Fi(Ta) — (3 + 38%) Fa(T2)? Fa(T2)

+ 3 F(T) Hi(T2) Hi (T2)) + i (=2Bp + [,Q7%8) g3 Fa(T2) — icBp Fa(T2) + 5 Q% (e — iex)e!” P2
Anin* (= (3?8 + 38) FI(T) Fa(T) Fi(T2) — (38° + 38) Fa(T2)* Fa(T>)

+ 38 P (T) Hi(To) Hi (T2)) + (2885 + 1,Qr?) g5 Fa(T2) + c3By Fa(T2)

=0

(49)
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1 .
Fi(T») = zafl(Tz)ele-“(T”,
1 .
P() = Ja 12(Ty)e'fr2(12)
1 .
H(D) = Eahl(me’@“(m (53)

where real-valued quantities a;(72) and 6;(7T2), (i =
f1, f2,kl) are amplitude and phase angle of the
responses, respectively. Substituting Eq. (53) into
Eq. (50) and the first equation in (51) and separating
real and imaginary parts, the modulation equations are
computed as

L (2D — prrn? — B3 LoD
3 1B — B pQew” — B Caf1+2 1Daa

1 .
= 39 (exsin (1) = cos () en) (4}
1
— pTL'ZQﬁl +7T4D11> §af1 (Fla%'z + \Illaﬁl
+4P0 —i—a%lA])
1, .
= EQ (e1 sin (y1)
+cos (y1) e2) (—512 — [ Qp + JT4D11)
1 2 1 3 1 2
Xgl—‘zafzafl + gAzan + g\yzafzahl
1
+§af2<I)26

1
= 05 d>2D2af2

1

+§caf2 (—7‘[4D11,32 + ,33 — ﬁ%Ianz) =0
1 1 1

X§Xa§czah1 + gAaiclam — 5,33ah1D29h1 =0
1

—5,33D2ah1 =0 (54)

where y; = 0112 — 6;, (i = 1,2). To investigate the
steady-state response, the time derivatives in (54) must
vanish, which results in a s> (7T2) = 0 and aj,1(T2) = 0
that means the unbalance force does not excite back-
ward whirling and extensional vibration mode; so they
vanish at this stage. By substituting a s2(72) = 0 and
ap1(T2) = 0 into equations of (54) and eliminating y
between the remaining equations finally, the following
modulation equation is obtained

1 2
= 9% (=B - *p +7D0) . 65)
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where
1
A= —A2
P et
1
Ay = gCD]O’Al

1 1
Ay = —czﬁlﬁaz — —02,3?0(2714D11
4 2
1 1
—Eczﬂfotlpﬂnz + ZcanD%Iazﬂ%
1 1 1
+§c2n6D11(x,8131p52+Zczﬂf1592n4+zd>%az

e = ,/e% + e% (56)

Equation (55) gives an analytical expression explain-
ing the amplitude variation versus different parameter
changes, such as detuning parameter, damping coeffi-
cient and other parameters.

3.2 Primary resonances with two-mode discretization

In this section, the method of multiple scales is applied
to the governing equations like the previous section,
but here the discretization is done using two modes, so
the main procedure is similar to the previous section.

Using Eqs. (24)—(25) and expanding for two modes,
it is obtained

u(x,t) = UL(t)v/2sin(rx) + U2(2)v/2 sin(27 x)
v(x, 1) = V1)V 2sin(rx) + V2()V/2 sin(2m x)
w(x, 1) = W1(t)v/2sin(rx) + W2(1)v/2 sin(rx)
B(x, 1) = @l()V2cos(mx) + ¢2(t)v/2 cos(2x)
(57)

Again using Eq. (57) and the orthogonality relation, the
discretized equations are obtained as

¢ Ul (@) 32B 2(1)
— - — big
a2 3 169

—An [JEVl 0 73V2 (1)

FV2WL () T3W2 (1) + U1 (1) 72
—8V1 O 7 V2 (1) U2 (1)
—8WIL (O T* W2 @) U2 () — 4 (V2 (1) n*U1 (1)

—; V107Ul @) —4W2(@0)>7*U1 (1)

—%(Wl(r))%“Ul(r)] =0
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2

d U2(t)+l6B P1()
— — b4
dr? 3 ~16

—An [AW1 @) 2*U2@)
—8WL () T*W2 @) UL (1)
—24(W2 ()2 7*U2 (1)

—4(V1))?7tU2 (1) + %«/E(Vl )23

—8VIM)7*V2() UL (1) + %fz(m )3

+4U2 () 7% =24 (V2(1))2 U2 (1)] = 0 (58)
Al [fzvz O 73U (@) +6V1@)x* (V2(1))?

V2V () 7302 (1) +2(W2(0)* 7*V1 ()

—8V2 () 7tUl () U2 () — %m O 7t U1 (1))?

—4v1()nt U2 1)* + % (V1) =*

+% (WL 7*VI1@) +4W1 @) 7*v2 () w2 (t):|

d
+1,Qr? (EWI (z)) + D V1@ ot
2

+ dv1(r)+ d V1)
“dr dr?

= Q2 [e2 cos (Q) — e sin ()]

An [12(W2 )2 7*V2 () — 24V2 (1) 7t (U2 (1))
HAWL (O T VIO W2(1) +6 (V1) 7*V2 (1)
—8V1()7*U2() UL (1) + 12(V2 (1) =*
+V2V1 () 72U (1) — 4V2 (1) n* (U1 (1))?
+2(W1 () 7*V2®)] + 16D V2 (1) o

2

d d
—V2@t)+——=V2(t
teg V2O +97V20)

+4L (%Wz (t)) =0 (59)
Al Bn“m (O (VI0)* + 62 W1 (1) (W2 (1))

12 WL(1) (V2 ()2 — %n“Wl () (U1 (1))?
—A7*W1 (1) (U2 ) +47* W2 () V1) V2 (1)
+V2T3W2 (1) U1 (1) + V213 W1 (1) U2 (1)
—8T*W2(HU2(1) UL (1) + %7‘[4 (W1 (z))3]

—ar? (v () ) + Dir*wi () +c5W1 ()
P dr dr
2
+@W1 (1) = Q2e cos (Q1) + e sin (1)
A [-4w2 ) 7 (UL (1)) + 6 (WL (1)) 7*W2 (1)

+12(W2 (1)} 7 + V2W1 (1) 72U 1 (1)

—8WIL () T*UL () U2 (1) — 24W2 (1) T* (U2 (1))?
HAWL () 7*V2 @) V@) +2W2 (1) 7 (V1 (1))?

4 2 d
+12W2 (1) 7t (V2 (1))*] + e W2
+16Dy W2 (1) 7

d d?
—4QIpp (EVZ (z)) 72+ 20 =0

(60)
Des [—87T5W2 O V1I@U2@)

—A7SW2 () V2 () UL (1)
ol ()72 — 7*V2V1 (1) W2 (1)
+2742V2 (1) W1 (1)
—%nSWl HVI@HUL (z)}
64 d?
+?ﬂ316U2 (1) + @(pl t)=0
Des [—48715W2 1) V2 (1) U2 (1)

—8TU2 (1) V1 (1) W1 (1) + 47292 (1)
+7* V2V () W ()
—167°U1 (1) V2 (1) W1 (t)]
& 2 8 e BIU1 (1) =0 61
+d7§0 (t)—gﬂ 16U (1) = (61)

Expanding the dependent variable in the following
form

Ui(Ty. T»)=¢eUi1(Ty, To)+&2Uir (Ty, T2)+&3 Uiz (Ty. Tr)

Vi(Ty, T)=¢Viy (Ty, Ty)+&>Vip(Ty, Ty)+&3Viz (To, T2)

Wi(Ty, T) =eWii (To, Ty)+£2Win(Ty, Ta)+&3 Wiz (Ty, T) (=12

@i(Ty, Tr)=¢piy (To, To)+&>piz(To, o) +&3¢i3(Ty. T)
(62)
Using chain rule [i.e., Eq. (31)] for Egs. (58)—-(61) and
equating coefficients of like power of ¢, the equations
are obtained in the following form
O(e)
82
—5 U1 (To, To) + AUl (To, T2)
0Ty
32
- ?316”9021 (To, ) =0
82
— U2 (To. Th) + 4A17* U2, (To. T»)
0Ty
16
+ ?3167{(/)11 (To, ) =0

2

a
— V11 (To, T2) + D V1 (To, To)
OT;
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d
+ IpQNZB—TOWh (To, T) =0

32
WV% (To, T2) + 16Dy 174V 2y (Ty, T»)
0

3
+4Ip§2n28—T0W21 (To, o) = 0

82
S Wi (To, To) + Dt Wiy (To, T2)
0

3
—Ianza—Tonl (To, T») = 0

82
572 W21 (To, To) + 161 W21 (To, T2)
0

9
—41pszn28—Tov2] (To, T») =0

82
S72%#1 (To, 1) + Des*¢11 (To, T2)
0

64
+ ?3167TU21 (To, T2) =0

2

Wﬁﬂl (To, T») 4 4Des 921 (To, T2)
0

8
- §Blé7TU]1 (T, 7)) =0
0%

2

a 32
——Ul2(To, T2) — — Bismg2a (To, T2)
oT; 3

+ AUl (Ty, T)
= —V2A1 73 (W1} (To, T2) W2 (To, T2)

+ V1 (To, T2) V21 (To, T)]
32 16
—— U2 (To, T2) + - Biemela (To, T2)
aT; 3

+4A117‘[2U22 (To, T2)
1
- —z«/iAu?TS [(Wh (To. Tr))*

+ (V1 (To, T2)?

2

9
5V (T, To) + DtV iy (Ty, T)
0

a
- Ipsznza—TOle (To, T2)

= V2417 (V1 (Ty, To) U2y (To, T»)

+ V2 (Ty, T2) Ul (T, T2)]
2

0
FV% (To, T2) + 16Dy 174V 2, (To, T»)
0
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9
+41,Qm? — W2, (Ty, T)
daTp

= V24173V 1 (T, T) ULy (Ty, T2)
2

d
S W2 (To. T + D*Wiy (To, Tr)
0

9
—Ipszyﬁﬁvh (To, T»)

= V24173 (W2 (To, T2) U1y (To, T)

+ W1, (To, T2) U2y (T, T2)]
82
——= W2, (To, T) + 16D 7* W2, (Ty, T»)

2
JT;
_an0n2-2 v2 (To, T»)
b o, V2 (T 12
= V2A1T W (Ty, T2) ULy (Ty, Ta)
92 64
——¢l2(To, T2) + - BienU22 (T, T2)
JT; 3
+Des 915 (To, To)
= V2Dgen* (W24 (To, T2) V11 (T, T2)

—2W1y (Ty, T») V21 (To, T2)]
92 8
(63) —5 P2 (Ty, T2) — 5 Bien U 12 (Ty, T2)
T 3
+4Dge> P25 (Ty, To)
= —V2Deern* W1y (To. T V11 (To, 7o) (64)
0(&)

82
SV 13 (To. T) + Anm?U13 (To, Tr)
0

32

—?BlsﬂP%(To,Tz)
—§A3 V1, (Ty, T2)> U1, (Ty, T
=ZAnm 7w | (V1 (Tp, T2)) 1 (To, T2)

+ % (W1 (To. T))* Uy (To, T»)

+4 (W2 (To. T2))* ULy (To. T2)

+8W1y (To, To) W2y (To, T2) U2y (To, T2)
+8V1 (To, T2) V21 (To, T2) U2y (To, T2)
+4(V21 (To, T)* U (To, T)]
—V2W1y (To. T2) W25 (To, T2)

—V2W1a (Ty, T2) W24 (To, T)
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— V2V 1, (Ty, T2) V21 (Ty, T2)

— V2V (T, T2) V22 (To, To) |
2

37207y
e 16
——5U23(To, T2) + - Biem P13 (To, T2)
T} 3

-2

Ul (To, T2)

+4ALT2U2;5 (Ty, Th)
=4Ap 10 [7T [(Wll (To, T2))> U21 (Ty, T>)

+24 (W2y (To, T2)* U2y (To, T2)
+8W1y (To, To) W2y (Tp, T2) U1y (To, T2)
+4 (V1 (To. T2)? U2y (To. T)
+24 (V24 (To, T2))* U2y (To, T»)
+8V 1 (To, T2) V21 (Tp, T2) U1y (To, T2)]
—V2V1; (Ty, T2) V12 (To, T2)
— VWL (To, To) W12 (To, 7))
2

0T»0Ty

-2

U2y (Ty, T2)

d
DtV (Ty, T) + lpsznzﬁwu (To, T)
0
32
+—=VI13(Ty, T:
o1 3 (To, T2)

= 6Aum? {7 [~ (V21 (o, T2 V1L (T, T)

3
+ 5V (To, To) (U1 (T, 7))?

3 3
~1 (V11 (To, T2))
+8V2 (To, T2) U2y (T, To) U1y (T, T2)

—4W2 (To, T2) V21 (To, T2) W1y (To, T2)
+4V 1 (To, T2) (U2 (To, T2))*
—2(W2y (Ty, T2))> V11 (To, T2)
3
-3 WL (T, 72))* V1; (To, Tz)}

—V2V2 (Ty, o) U (Ty, T2)
— V2V 1, (Ty, T2) U2 (Ty, T)
—V2V1 (Ty, Tr) U2> (Ty, T2)
—V2V2, (o, T) UL (T, T) |

+ Q2 [—e sin (QTp) + e cos (QTp)]

9 9
—c—V1,(Ty, Tr) — I, — W1, (Tp, T
CBTO 1 (To, o) — Qe 0T 1 (To, T2)

2

01,07y
— 16D117'[4V23 (T, T2)

-2 V1 (To, T2)

3
+41p§zn28—T0W23 (To, T»)

32
+—=V23(Tpy, T
T 3 (To, T2)

= 124,77 {n [— (V21 (To, To))?

+24V2y (To, T») (U24 (To, T))?

— 4w 1 (To, T») V11 (To, T2) W2y (Tp, 1)
—6(V1y (To, T2))* V21 (To, T2)

+8V 1 (To, T) Ul (Ty, T) U2y (Tp, T2)
—12(W2 (Ty, T2))* V21 (To, T»)

+4V2y (T, T») (U1} (To, To))?

—2 (W1 (Ty, T2)? V21 (To, )]

— V2V 1y (Ty, 1) Uy (Ty, T)
— VAV (To, T) UL (To, T) |

d
—4L,Qn? — W2, (Ty, T
pS2m oD 1 (To, T2)
8vz(T 75) —2 il V21 (Ty, T»)
_C_ 9 - P — b
ATy 1 (Lo, 12 aT,0T, 1 (Lo, 12
9
= L@’ V13 (To, To) + D' Wis (To, o)
0

82
+—WIi5(To. Th) = Ay >
8T02 3 (To, T2) 11

3 3
{JT [_Z (W1, (Ty, T2))
+ %Wll (To. T5) (U1 (T, T2))?
+8W2y (To, T») U1y (To, T2) U2 (To, T»)
—2W1y (To. T2) (V24 (Ty, T2))*
—4W2y (Ty, T2) V11 (To, T2) V21 (T, T2)
+4W 1y (To, o) (U2 (To, T2))?

3
= WL (To, 1) (V1 (To, T2))°
—6 (W21 (To, T2)* W1 (To, T5)]

—N2W2, (To, T2) U1 (To, T2)
—V2W1, (To, To) U2y (Tp, T2)
—V2W2y (To, T2) Ul, (Ty, T2)

— VAW (Ty, T2) U2 (To, T}
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0
—c—W1, (Ty, T
CaTo 1 (To, T2)

0
+ 1,27 — V1, (Ty, T
p2m oD 1 (To, T2)
82
—2——— W1 (Ty, T
0T29T 1 (To, T2)

+ 2 [e] cos (2Tp) + e2 sin (QTy)]
82
16D W23 (To, T) + 572 W2 (T, T)
0

3
— 41pszn28—TOv23 (To, T»)

= Aynd {n [—12 (W2, (To, Ty))?
—2W2y (T, T2) (V11 (To, T»))?
+4W2 (To, T2) (U1; (To, T2))>
+8W1 (To, T2) Uy (To, T2) U2y (Tp, 1)

+24W2y (To, T2) (U2 (To, Tr))?
—6(W1y (To, T2))* W21 (To, To)

—12W2y (To, To) (V24 (To. T2))*

—4W 1 (To, T») V21 (To, T2) V11 (T, T2)]
—V2W1a (To, T2) U1y (To, T2)

— VWL (To, To) ULz (To, 7))

9
+41pszn28—T2v21 (To, T)
2

dT,0Ty

d
—c—W21 (Ty, Tp) — 2 W21 (Ty, T)
aTy

64
?BmﬂU% (To, T2)
32
+ WPM (To, T2)
+ Derr> P13 (To, T»)

— Deer* {—2ﬁW11 (To, T2) V25 (Ty, T»)
+N2W2y (Ty, To) V1 (To, T2)
—2V2W 15 (To. To) V21 (To. T»)
+V2W2, (To, To) V1 (To, T»)

3
+7 |:§V11 (To, ) U1y (To, T) W1y (T, T2)
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+8V 1 (To, T2) U2y (Ty, T2) W2y (Tp, T2)

+4V2y (To, To) U1y (To, T2) W2y (To, T2)1}
2

0T>0Ty

-2

P1y (To, T2)

32
G2 P2 (To. 7o) + 4Derr* P23 (To, T2)
0
8
- 531677U13 (To, T7)

= Dot {—V2W11 (To, T2) V12 (To, T2)

—2W1s (To, T) V11 (To, T»)
+ 7 [48V2 (To, T2) U2y (To, Tr) W2y (Ty, T2)
+16V2 (To, To) U1y (To, To) W1, (To, 1)
+8V 1 (To, T2) U2y (To, T2) W11 (To, T2)1}
2
aT>0Ty
The general solution of (63) can be expressed as
V1i(To, Ta) = Fi(To)eP! ' + Fy(Ty)efr ™!
+F(Ty)e Privi 4 Fy (Ty)eFrTol
W11(Ty, Tr) = ai Fi (T2)ePrT! 4 §i Fy (Ty)ePrTo!
—ai Fy (Ty)e P10l — i Fy(Ty)ePrTof
V21(To, To) = Y1(Tr)e*Prol 4y, (Ty)e*PrTol
Y1 (To)e B0l 4 1) (Ty)e 4o Toi
W21 (T, Tr) = ai ¥y (T)ePrT0 4 5iY, (Ty)er ™ol
—ai V) (Ty)e 1Tl _ §i ¥y (Ty)e *Fe 70l
Ul(Ty, T») = ¢ Hy(Tr)eP 1™ 4 ¢ By (Ty)e PurTol
+AH (T2)ePe2 ol ) Hy (Ty)ePorTof
©21(Ty, Tr) = Hyi(T)eP 1ol 4 H,(Ty)e PurTol
+Hy (To)ePer ! 1, (Ty)e PerTof
U2\(Ty, T») = nG(Tr)eP2T! 4 nG i (Tp)e P20l
G (To)efo 0 4 G (Tr)e Pt Tof
ol (To, T2) = Gl(Tz)eﬁ"ZTOi + Gl(Tz)e—ﬂuzToi
+Go(Tr)ePr o 4 Gy (Ty)e Pl (66)

-2

P2y (To, T2) (65)

Note that the first mode’s solution of U is coupled
with the second mode’s solution of ¢ and vice versa.
Fi(T2), Yi(T2), Hi(T2) and G;i(T2), (i = 1,2) are
complex functions which will be determined at the third
order of approximation. 8y and B, are forward and
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backward natural frequencies, and B1, By1, Bu2 and
By2 are corresponding natural frequencies for the first
and second modes in u and ¢ directions. So

coefficients of 770 and ePoT0 on both sides, the
solvability conditions are computed in the following
form

I,
By = _zl\/-z\/n%%[gszz (11392 +4D11) + (—4D11 - 2113292) w4

1
By = —zi\/Z\/nSII%Qz (15522 T 4D11> T (—4011 — 21592) part

1 1024
Bul = —gi —6\/6\/<(A11 — 4D66)2 w2+ TBIZ()) 72 4+ (—=72Dgs — 18A411) 2
1, LN, 256 5\, )
ﬂuZz_gl —6+/144 AH—ZD% T +7B16 72+ (—18Dgs — T2A1)
N
1 Lo\, 256 5\, )
Byt :—gl 64144 AI—ZD()(, T +TBI6 -+ (—18D¢g — T2A11) T
\
1 1024
B2 = —gi 6«/5\/((A11 _4D66)2n2+T3126> 712+(—72D6(,— 18A11)T[2 67)

«,6,¢,A,n and p are coefficients presented in
“Appendix 4.” Substituting Eq. (66) into Eq. (64) and
solving for the inhomogeneous solution, one can obtain
U1 (To, T2), U2:(To, T2)V12(To, T2), V22(Ty, T2),
Wiy (T, T2), W23 (To, T2), ¢la(Tp, T2) and 92, (Tp,
T»); the general form of the solutions can be found
in “Appendix 5,” and the detailed expressions are pre-
sented in [39] for the sake of simplicity.

The solvability conditions are obtained in the same
manner as one mode, but here only the number of opera-
tions is doubled. Again, to express the nearness of exci-
tation frequency to the natural frequency, Eq. (46) is
used. The following form is assumed in order to obtain
a system of equation and compute the solvability con-
ditions for v and w, in both the first and second modes:

V13(To, Ty, To) = Py (T, Tr)efr™o
+Pyo (T}, Tr)e'PTo
W15(To, Ti, T2) = Pay(Ty, To)ePr 70
+Py(Ty, To)eP ™o (68)

Substituting Eqs. (46), (66), the found inhomoge-
neous solution and (68) into (65) and equating the

L) Fi (1) Hi (T2) H (T) + ®) F\(T2) Hy(T) Ha (T>)
+ALFI(T2)G(T2)G 1 (Th) + W, Fi (T2) G2 (T2) G (Ts)
+ALFU(T)Y(T)Y1(T2) + K} Fi (T2) Y2 (T2) Y2 (T2)
+ZLFI(T2) Fa(T2) Fa(T2) + O F1 (T2)* Fy (T»)

+X) D2 Fi (T2) + (/3130! — Dyrtap

1
—IanQﬂf) cFi(Ty) = (—ﬂf — L,r2p
+Dn7f4> (e1 —iex) Qi1

LY P2 (To) Hy (To) Hy (T2) + L Fr(T2) Ho(To) Ha (To)

+AL B(1)G (1) G 1(T2) + W) Fa(T2) Ga(T2) G2 (T2)
+AL ()Y (1) Y1(D) + KL Fa(T2) Yo (T2) Ya(To)
+ZL P (T2) FI (T2) FI(T2) + © F(T2)* Fa (T>)
+X}, D2 Fa () + (5,33 — Duntsp,

—IPQJTZ;B%) ¢Fy(Ty) =0 (69)

Through the same procedure, solvability conditions
corresponding to the second mode are computed as

T2Y)(T2) Hy (T2) Hi (T2) + ®2Y(T2) Hy(T2) Hy(T>)
+AYI(T)G (TG 1(T2)
+WY1(T2)Go(T2) G (T2)
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+ALY1(Ty) FI(T2) Fi (Ty)
+KLY1(T2) Fa(T2) F(T2)
+ZoY1(To) Yo (To) Yo (Th) + O3 Y1 (12)* Y (T2)

X2DyY((T2) + (—ﬂfa + Dytap
+1pszn2ﬂf) 64cY,(Ty) = 0

2 Yo (To) Hi(T2) Hi (T2) + ®L Y2 (To) Ho(To) Ho(To)
+ALY2(T2)G1(T2)G1(T)
+U2 Y2 (12) G2 (T2) G (Tn)
+AL Yo (D) Fi (To) i (T2)
+K Y2 (1) Fa(T2) Fa(To)
+Z2 Yo (D) Y1 (T)Y1(T2) + OL Yo (1) Yo (T2)

X2 DaYa (o) + (—,335 + Dyt
+1pszn2ﬁ22) 64cY>(Tr) =0 (70)

whererg, <I>§., A;, xp; A’j K; le @3., X;,(i=1, 2),
(j = v, w) are the coefficients presented in numeric
form for the special case studied in Sect. 4 because
unfortunately they are too large to be expressed in ana-
lytical form. For the two equations of motion corre-
sponding to the u and ¢, the solvability conditions
are obtained by substituting (66) and the second-order
solution into (65) and following the same procedure as
previous section to find for the first mode as

Dy Hy (T)Y1(T)Y1(T) + @) Hy (T2) Y2 (T2) Yo (Ts)
+A H (o) F\(T2) Fi (T»)
+K, H1(T2) Fo(T2) Fo(Ts) + X} Do Hi () = 0
o Hy(Ty) Y1(T)Y((T2) + @ Ha(T2) Y2 (T2) Yo (T2)
+AL Hy(Ty) Fi(T2) Fi (T2)
+K; Hy(T2) Fa(T) Fa(T2) + X} Dy Ho(Ty) = 0
(71)
and for the second mode as
F2G(T)Y1(T)Y1(T2) + 5 G1(T2) Ya(T2) Yo (Tn)
+ALG(T2) FI(T) Fi (T»)
+KG () Fa(T) Fa(T2) + X3 D2G1(T2) = 0
T Ga(T)Y1(T)Y1(T2) + ©,G2(T2) Y2(T2) Ya(T2)
+Ay,Ga(T2) Fi (T2) Fi (Ty)
+K G2 (T2) Fa(T2) Fa(Ty) + Xy, D2Go(Ty) = 0
(72)

where r; q>§., A’] K‘]X‘] (i = 1,2, = u,¢)
are the coefficients and are treated in the same way
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as before. Expressing the complex-valued functions
Fi(Tz), Hi(T2), Gi(T»), (i = 1, 2) in the polar form

FiTs) = Sapi(T)en (™),
B(Ty) = Jap D)),
Hi(T) = an (Ta)el 7

H>(Ty) = Jain(T)e 7
Gi(Ts) = Sagi (T 1),

1 .
G2(Tr) = Eagﬂz)e'@gz@ (73)

where real-valued quantities a;(72) and 6;(72), (i =
f1, f2,h1, h2, g1, g2) are the amplitudes and phase
angles of the response, respectively. Substituting
Eq. (73) into (69)—(72) and separating real and imagi-
nary parts, the modulation equations are computed for
the first mode as

X})Dgafl + cary [aﬂf — D11n4a,31
—IpSanﬂlz]
= @2 (sin (1) &2 + e1 cos (1) (— 7
—IpQﬂzﬂl + D117T4>
L [4aX1 — 4X' Doy + 71>
I fl v v 2V1 va 2
—I—Kéaiz + All)ail + \I'lfaéz,z
+Ayag, + Pyap,
+®La§1 + F;aﬁl]
—@? (—ﬂ% — pQrp
+D1i ) (e1 sin (1) = e2.c05 (1))
X}U Drayfr +caga [Sﬂg
—Dyrops — ,ar 83| =0

ap [4X}Ua —4X}, Days + @k,

+K]1Ua§2 + Alluail + w;agz
+Allua§,1 + @L)a}zlz
+Tla?, + z}ua;,] —0 (74)

1
1 2 1 2
I [Fuamayl + q)uah]ayz
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+Aiah1a%1 + K;ahlaiq:l — X,iathz@hl =0
X; Drap =0
1
1 [Féahzagl + CDéahgaiz
—I—Aéahza;] + Kéahzafcz] — Xéah2D29h2 =0
Xz;DZ(th =0 (75)

where y; = oT» —6;, (i = 1, 2). For the second mode
it is obtained as

1 2 3
EXuDﬂyl + 32cay [—aﬁl

+D11n4aﬁ1 + Ianzﬂlz] =

2 2 2 2
[\Ilvaylagz + Zyayiay,

FN

22 2 2 2
+Avay1af1 + Kvaylafz + Avaylagl
2 2 2.3
+djayiay, + Oyay,
2 2 2
+rvay1ah1] + X2ay1 Dyfy; = 0

1
S X2 Daayz — 32cayz |63

2

+Dy B + Ipsznz,s%] -
1
7 I:Ai)ayZCl?F] + \I'iaygaf,z

+72 aﬂ“?l + A? aygaf,] +K2 ayzafc2

+05,ay, + Thayay, + @ ay2‘1h2]

+X2 ayyDrfyy = 0 (76)
1
Zagl I:Fu ay) + cbu y2

2 2 2 —

+A; a 1 +K afz] — X ag1D20,1 =0
XﬁDzagl =0
1 1.2
Zagz [1" a +CI>¢ )

+Apaty +Kpah | = XjagDaber = 0

X(pDzagz =0 a7

For steady-state solution, the time derivatives in
(74)—(77) are set to zero which results in

agy =ay] =ay =dg] = dagy = ap = apy =0 (78)

Substituting Eq. (78) into Egs. (74)—(77) and eliminat-
ing y; between the remaining equations finally yield

_1 42 2
= (@ (=p1 - per’pi+ Dun') (79)

1 12
=0,

1 1 1
192 = ngO’®v

1

2
0y = 2B (—ﬁ%a + Dynta + Ianz,B])
1
+ X%’

e = ,/e% + e% (80)

Here an explanation about the effect of the second mode
in the solution is presented. It was assumed that the
excitation was tuned in the neighborhood of the first
mode. Consequently, the excitation does not actuate the
second mode directly; so the linear amplitudes (first-
order solution) of the second mode are all zero which
means there is no first-order solution for the second
mode (i.e., a2 = ay2 = agy = apz = 0), but, mean-
while, the second-order solution (i.e., the solution of
(71)) corresponding to the second mode which consists
of nonlinear terms are nonzero due to inhomogeneous
parts appearing in the right-hand side of the equations in
second order of the second mode. So, this fact explains
although linear solution to the second mode vanishes,
nonlinear solution remains, so its components must be
kept till the last steps of the calculations.

4 Numerical examples

In this section, numerical examples are studied to exam-
ine forced vibration of the composite shaft with the
following dimensionless parameters [10]

I, = 0.000657 I, = 0.000328 Dgs = 0.0224
Di; =0.101
A1 = 307.754 Big = —0.00105 ¢ = 0.05 81)
The layup is [90°/45°/—45°/0¢/90°] starting from
inside surface of the hollow shaft. By substituting

parameters (81) and Eq. (80) into Eq. (79), one can
obtain the equation for two-mode as

937446.506a5, — 786.524a},0
+(0.1640> +0.041c)a, = 0.413¢; (82)

and for one-mode discretization, the equation is
2109255.490a%, — 1179.786636a 0

+(0.1640% 4 0.041c)a}, = 0.413¢] (83)
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Fig. 4 Frequency response
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eccentricity and one-mode
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Fig. 5 Freq.uency response Stable =— — — — Unstable ¢  Numerical Solution
curves for different
eccentricity and two-mode 0.020
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0.018 1
0.016 1
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These expressions are amplitude—frequency relations
(bifurcation diagram) for one- and two-mode dis-
cretization methods. These relations clearly show the
differences between two methods of discretization.
Note that the amplitude presented here is total displace-
ment of the shaft cross section central point in y—z plane
(see Eqs. 45 and 53). In other words, the term amplitude
is used here for shaft whirl radius.

Figures 4 and 5 show the frequency response curves
of the composite shaft for one-mode and two-mode dis-
cretization, respectively. These figures are plotted for
different values of eccentricities. As Figs. 4 and 5 show
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the curves are bent to the right in regions near the peak
which means that the effective nonlinearity here is of
hardening type. For some ranges of o, there is one solu-
tion, and for some others, three solutions exist, includ-
ing one unstable; so jump and bifurcation phenomena
happen. In addition, it is observed that for small eccen-
tricity, all solution branches are stable. By increasing
the eccentricity, the amplitude grows up, and unstable
branches appear. The unstable regions were identified
using a Jacobian matrix constructed for this case. As
Figs. 4 and 5 show, the amplitude increases as exci-
tation frequency gets closer to the natural frequency
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Fig. 6 Comparison of
frequency response curves
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and decreases as excitation frequency goes upper than
natural frequency so a peak is formed in the curves.
It should be noted that in the linear analysis, the peak
must lead straight upward, while here in nonlinear anal-
ysis, the peak is bent to the right which shows that
maximum amplitude is achieved in a frequency more
than linear natural frequency which means that more
energy is needed to raise the amplitude to its maximum
amount and that is called hardening. It means that the
system is harder than what is estimated by linear meth-
ods; meanwhile, the two-mode discretization can esti-
mate the response with more accuracy which is a softer
system in result. To verify the perturbation solution
for both one-mode discretization and two-mode dis-
cretization, numerical simulations are applied in these
figures using the Runge—Kutta—Fehlberg method. It is
seen that the results agree well. So, it is concluded that
the perturbation results are valid.

Figure 6 compares frequency response curves for
one-mode and two-mode discretization which shows
a considerable difference especially near the peak. It
is obvious from the figure that peak values for both
cases are approximately equal. But this peak occurs in
different frequencies. These differences increase when
amplitude increases. This difference is important. For
example, for 0 = 0.2, one-mode response predicts two
stable solution branches, while two-mode response pre-
dicts one stable solution branch.

The figure shows that the one-mode discretization
has harder nonlinearity, while two-mode nonlinearity

is softer. The presented result is interesting. Although
the excitation (i.e., spin) is tuned in the neighborhood of
the first flexural mode and this mode does not involve in
an internal resonance with other modes, the presented
result shows that one-mode discretization is not suf-
ficient. This is in contrast to usual idea in nonlinear
vibration [37] that if the excitation is tuned in the neigh-
borhood of a mode and this mode does not involve in an
internal resonance, then other modes are decayed with
passing of time and one-mode discretization is suffi-
cient for steady-state analysis. Here, the reason is the
existence of the second-order nonlinear terms. In dis-
cretization procedure, when one-mode discretization
is employed, some second-order nonlinear terms exist-
ing in extensional and torsional equations of motion
(26 and 29) vanish. So, their effects are not observed
in the solution. On the other hand, with application of
two-mode discretization, the effects of these terms are
included in the solution.

Figures 7 and 8 show amplitude versus total eccen-
tricity for one-mode and two-mode discretization,
respectively, for various values of o. For some values
of o, jump phenomenon happens. For some values of o
and a certainrange of e, the curve consists of three parts
including one unstable. For example, in Fig. 8 when
o = 0.3 for ¢; < 0.00082, curve has three parts, and
for e; > 0.00082, the curve is one part. Figure 9 makes
a comparison between Figs. 7 and 8. The figure shows
that the differences between one-mode and two-mode
discretization increase with increasing eccentricity. All

@ Springer



676 H. Shaban Ali Nezhad et al.
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Fig. 10 Amplitude versus
external damping for
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the parameters are the same as introduced earlier in this
section.

Figures 10 and 11 show amplitude versus damp-
ing coefficient. Again for some values of o, the curve
becomes multi-valued. For example, in Fig. 11 when
o = —0.1 for every value of ¢ the curve is single
valued but when o = 0.3 for ¢ < 0.2, the curve
consists of three parts which one of them is unsta-
ble, and for ¢ > 0.2, the curve is again single val-
ued. All parameters used here are the same as before
except for the eccentricity which is assumed to be
0.0005, i.e., e; = e = 0.0005. It should be noted that
Figs. 10 and 11 are for the one-mode and two-mode

discretization, respectively, and Fig. 12 is the compar-
ison between these two results. Figure 12 shows again
that two methods of discretization for different damp-
ing coefficient values lead to large differences.
Because bifurcation phenomenon happens, it would
be useful to plot loci of bifurcation points versus damp-
ing coefficient and eccentricity. Here, the bifurcation
points are shown with opifyrcation Which denotes the
coordinate that a bifurcation occur (e.g., distance from
the origins of Figs. 4 and 5). The first bifurcation point
islower saddle point, and the second bifurcation point is
upper one. Saddle node bifurcation is one of three static
bifurcation points which occurs at the meeting point of
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Fig. 12 Comparison
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Gbifurcation

0.02 0.03

fixed points’ branches [40]. As Figs. 4 and 5 show,
when detuning parameter and consequently the spin-
ning speed increases (see Eq. 46), the solution becomes
multi-valued. Specifically, we consider Fig. 4. In the
left-hand side of point A, there is no fixed point. In
point A, there is one fixed point and in the right-hand
side of this point, there are two branches of fixed points:
one stable and the other unstable. So, in point A, there
are two branches of fixed points. This scenario is a sad-
dle node bifurcation [40]. Similarly, this bifurcation
occurs in the neighborhood of point B. To analytically
determine the type of bifurcation, Jacobian matrix of
modulation of Eq. (54) and its partial derivative with
respect to control parameter must be computed. In the
saddle node bifurcation, the vector of partial derivative
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does not belong to the range of Jacobian matrix. This
can be checked by the range of augmented matrix [40].

Figures 13 and 14 show loci of bifurcation points
versus damping coefficient for one-mode and two-
mode discretization. These figures show that the first
saddle node bifurcation point is approximately constant
with variation of damping. But the variation of second
one is large. Figure 15 shows a comparison between
these two results. Again, the difference between two
methods of discretization is considerable. It should be
noted that in Figs. 13 and 14, all the parameters are
the same as introduced earlier in this section and the
eccentricity has the value of 0.0003 in both one-mode
and two-mode discretization methods.
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Fig. 14 Obifurcation VEISus
damping coefficient;
two-mode discretization

Fig. 15 Comparison
between one- and two-mode
discretization for opifurcation
versus damping coefficient

Fig. 16 ovifurcation versus
total eccentricity; one-mode
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Figures 16 and 17 show the loci of bifurcation points
versus total eccentricity. In contrast to previous figures,
both the first and second bifurcation points vary with the
variation of eccentricity. However, the variation for the
second bifurcation point is larger which is confirmed
by Figs. 4 and 5. In addition, it is seen that opjfircarion
is ascending with increasing ¢;, in contrast to Figs. 13
and 14 which show descending trend upon increasing
c. The two points get farther from each other as the
eccentricity increases which is confirmed by Figs. 4
and 5. Figure 18 makes a comparison between Figs. 16
and 17. This figure shows a considerable error with use
of one-mode discretization. It should be noted that the
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more the eccentricity, the more error is produced, and
this confirms the undeniable role of nonlinear terms
which would be kept through two-mode discretization
method. All parameters are the same as before for the
diagrams presented in Figs. 16 and 17.

Figure 19 shows the frequency response curves for
a fixed value of eccentricity and different lamination
angles, for two-mode discretization. This figure shows
that for three present lamination patterns, the bifurca-
tion diagrams are not so different. If lamination angle
increases with respect to the longitudinal axis of the
shaft, system responses in a softer manner.
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One of the interesting aspects of this paper is that
the derived equations of motion are used in the anal-
ysis without any reduction (i.e., neglecting coupling
terms). They consist of extensional-flexural-flexural—
torsional coupling, while in some works such as [18],
coupling effects are neglected. Here, the effect of cou-
pling in the results is considered.

Actually, this coupling is associated with longitu-
dinal and torsional motions. Its effect is reflected in
the coefficient Byg. This coupling vanishes when the
fibers have an orientation angle equal to 0° and 90°
(i.e., cross-ply lamination). In angle-ply lamination, the
coefficient Bjg is nonzero. Now, in angle-ply lamina-
tion, according to the symmetry in stacking sequence
the problem divides into two cases: symmetric layup
and asymmetric layup.

It must be noted that symmetric layup here is defined
as a layup which consists of both 6 and —6 orientation
angle, while in asymmetric layup, any fiber orientation
angle can be considered without its negative counter-
part. So, the first layup mentioned in this paper is con-
sidered as symmetric according to the assumption made
in this paper, and the following layup is considered as
asymmetric.

In case 1 (symmetric layup), because the fibers are
plied with both 8 and —6 orientation and consider-
ing the small thickness nature of composite layers,
each pair of fibers with opposite angle approximately

neutralize each other’s effect; so in this case, cou-
pling coefficient (Bj6) does not vanish but has a small
value. In case 2 (asymmetric layup), the effect of cou-
pling is considerable due to the asymmetry in stack-
ing sequence. So, consider the coupling is necessary in
response analysis. The following explanation confirms
this claim.

In order to investigate the effect of the extensional—
torsional coupling, a numerical example considering
an asymmetric layup is studied with these equations.
Finally, the results are compared with those of a shaft
with previous data, but it is obtained using the firstly
derived equations in this paper. Omitting extensional—
torsional coupling in Egs. (19)—(22), the new equations
of motion become

U — A]](U’U” +ww”

_2_ _2_ -
VW —wu

—20'u'v" = 2w'u'w”) =0 (84)
v+ ¢v — Dy (—=oU")
—I,Qu" — Ay (wv'w”
+J/u_// + U_”l;/
325 Y- oes 52
+=v"v" 4+ —w v = 2v'u'u” —v"'u'")
2 2
= Q%(2y(¥) cos(Q1) — &,(¥) sin(Q1)) (85)

W+ éw — Dy (—oV)) — I,Q0”

_All(w/v/v// + w/u// + w//u/
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Fig. 20 Frequency curve
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I
+§w/2w// + Ev/zw” —2w'u'u — w//u/z)
= Q% (e,(X) cos(Q1) + &y (¥) sin(Q1)) (86)
I_pq_ﬁ _ 566(1)_//11;//
+¢_// + v_///u_)/ _ U;NIJ/M_” _ 3u_//v_//u_)/ _ ZLZ/U_HU;”

—2u'v"w' — wv'u”) =0 (87)

The solution procedure is the same as before. The
frequency response curve is obtained for the shaft in
Sect. 4 but with an asymmetric stacking sequence as
below
[900, 45°,45°,30°,60°,0°,0°,0°, 0°, 90°] (88)
So the new dimensionless parameters are

A1 =253.20, D11 =0.08359, Dgs = 0.03233,

I, =0.000328, I, = 0.000657, Bis = .937,

¢ =0.05 (89)
and the eccentricity is e = e; = 0.0003. As it
can be seen in (89), the extensional—-torsional coupling
obtained with asymmetric layup assumption is much

bigger than what was calculated before with symmet-
ric layup.
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Using the parameters obtained above, the final equa-
tion for one mode and without coupling is as follows

2109255.4945, — 1179.786a},0
+(0.1650% 4 0.0001)a%, = 0.412¢; (90)

and the equation for two-mode discretization and with-
out coupling becomes

523080.744a5, — 484.149a} 0
+(0.1120% 4 0.000065)aF, = 0.34¢; 1)

For one- and two-mode discretization including cou-
pling, the equation is, respectively,

1176931.6784%, — 726.224a},0

+(0.1120% 4+ 0.000066)a 7, = 0.34¢;
314961.871a%, — 375.685a},0

+(0.1120% + 0.000066)a7, = 0.34¢; 92)

Figures 20 and 21 show the frequency curve for
the composite shaft with aforementioned asymmetric
stacking sequence obtained with and without
extensional-torsional coupling for one-mode and two-
mode discretization. As it can be seen, inclusion of cou-
pling term results in more accurate frequency response
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Fig. 21 Frequency curve

— without coupling  ©

with coupling

obtained including and

excluding

extensional—torsional

coupling for two-mode 0.025]
discretization 1

0.020-

0.0154

Amplitude

0.010

0.005-

Fig. 22 A comparison
between one-mode and
two-mode discretization +

2 modes without coupling  ©
1 mode with coupling

2 modes with coupling
— — 1 mode without coupling

including and excluding
extensional—torsional

coupling ]
0.0254

0.020

0.0157

Amplitude

0.010

0.005

curves. The difference between two cases is consid-
erable in the resonance tip. A comparison between
response curves in Figs. 20 and 21 shows that the
coupling term has softening nonlinearity effect on the
response.

Figure 22 shows a comparison between one-mode
and two-mode discretization with and without inclu-
sion of extensional-torsional coupling. This figure
shows the combination effect of the linear coupling

and number of modes. It is observed that the effect of
linear coupling in one-mode discretization is negligi-
ble. The reason is that the coupling coefficient affects
the second-order nonlinear terms, and these terms van-
ish when one-mode discretization is employed. So, the
effect of coupling in one-mode discretization is small
and is completely due to the few remaining linear terms
associated with this coupling. On the other hand, in the
case of two-mode discretization, the second-order non-
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linear terms do not vanish and consequently coupling
coefficient has an important effect on the response. In
this case, the coupling can affect the response through
both the second-order nonlinear terms and few linear
terms associated with coupling so as it can be seen the
effect of coupling in two-mode discretization is more
than that of one mode. This figure clearly shows the
order of error induced in the case of one-mode dis-
cretization and neglecting of coupling terms.

5 Summary and conclusion

In this paper, nonlinear forced vibration of a rotating
composite shaft under the excitation due to the eccen-
tricity was studied. The flexural-flexural-extensional—
torsional equations of motion were derived via utiliz-
ing the three-dimensional constitutive relations of the
material and application of the Hamilton’s principle.
Rotary inertia and gyroscopic effects were included, but
the shear deformation was neglected due to the slender-
ness of the shaft. To analyze the equations, the method
of multiple scales was applied to the discrete equations
with inclusion of one and two modes. Although the
excitation was tuned in the neighborhood of the first
mode, one-mode discretization resulted in inaccurate
results, and at least two modes are necessary in the anal-
ysis. The effects of external damping, total eccentricity
and lamination angle were considered on the response
of the shaft. All the results were obtained for both one-
mode discretization and two-mode discretization, and
the results were compared. The nonlinearity effect due
to the large deformation of the shaft is of the hardening
type. There is jump phenomenon, and the bifurcation
points are affected by the external damping and the
eccentricity. Lamination angle does not affect bifurca-
tion point, while it can soften the system as lamination
angle increases with respect to the longitudinal axis
of the shaft. Finally, the effect of extensional—torsional
coupling on the frequency curves was investigated, and
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it was shown that when the stacking sequence is asym-
metric, the coupling should be considered in the anal-
ysis to obtain more accurate results.

Appendix 1
o1l (011012013 0 0 0 7 (en
loph) Q0120203 0 0 0 €2
o3| _ | Qi30x»3 03 0 0 0 €33
| | 0 0 0 Qs 0 O Y23
T3] 0 0 0 0 QOss O V31
12 L 0 0 0 0 0 Qe lyn
Oxx (011 212013 0 0 Q6| [ xx
000 Q1202 023 0 0 QO | | 69
Orr _ 013 023 033 _0 _0 036 Err
o [ | 0 0 0 Q44045 0 Yro
Txr _0 _0 _O O4s Oss _O Vxr
Tx6 L Q16 Q26 03¢ 0 0 Qged Va0

[0] =TT ' 1Q1IT1 ™"
where Q is the stiffness matrix of the layer in which

m2 n200 0 2mn
n> m>00 0 —2mn
0 0100 0
0 0 O0m—n 0
0 00n m 0

—mnmn00 0 m?—n?

[T]=

m = cosn,n =sinn

where 7 is shown in Fig. 1.

Eq Ejvip
1n= , 010 = —"—5—,
Q 1 — v122E2 Q 1 — v122E2
Eq Eq
E>
O»n = — V5" Qa4 = G23, 055 = G13,
1_ 12

E|
066 = G12, 013 =023 =033=0
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Appendix 2

Derivation of equations of motion
Kinetic energy

T = 11 9 t 2+ 0 t 2+ 0 t ’
- z 0 (&u(ss )> <§U(S, )> <a_w(ss ))

I ( %v(x,t) _ (asv(s t))(a,asu(s t)) )

J
I+g5u(s.n) (1+Eu(s,l)>

2 . (%v(x,t))z ’ - (%w(m)2
(1+%u(s,t))2 (1"’%“(&’))24‘(%”(&[))2
2
I ) _05(Fuen) (2 (14 drue.0) (i) +2(Frves.n ) (Fgveen))
2 ;
1 \/(1+%u(s,t))2+(%v(s,t)) \/(H%u(s,t)) +(§v(s,t))

2 - (%w(s,t))z g
<1+3iu(s,z))2+(3%v(s,z))2
1 (0 2 5
+55 <£¢(s, t)) + Ipsz< (s, t)) + -0
I (L¢(s. 1)) ( azj ey (Fe 0) (e t)))( w(s, 1))

1+ Su(s,r) (H'as”(s t)

+

(a%v(s,t))2 w(s‘ t))
e \/(1+W(s )’ + (Zv(s, 1)’ ;
(1+ & ue.0) (14 Fucs, z) +(Foe.n)
22 ot v(s t) u(s t)
1,9 ‘miv(s ) 3’3 asw(s t)
1+Bsu(‘v’t) l+ Su(s, t)
' (%v(s,t))z w(s z))
14— \/(1+—u(s t) v(s t) >
(l+z;%u(s,t)> 1+ s, t) v(s,t))
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1 1
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Potential energy

2

1
U=-Apn

2 2 2
3 \/<1 + E?—Su(s, z)) + (aa—sv(s, t)) + <88—Sw(s, t)) —1

9 2 9 2 9 2
+2Bi6 <1 + —u(s, t)) + <—v(s, t)) + (—w(s, t)) —1
as as as

02
22 v(s,1)
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9 (s, 1)+
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) 2
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(143 us.n)

1+

2) \/(1 + %u(s, t))2 + (%v(s, t))2 1+

(%w(s,z))z

<1+%u(s,t)>2+(%v(s,t))2

First the above kinetic and potential energies are
expanded in Taylor series up to order four and then

Hamilton’s principle
o]
/ [6(T)—6U]ldt =0
4]

is applied to obtain Eqgs. (14)—(17).
Appendix 3
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Appendix 4
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