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Abstract The Bicklund transformations and the
superposition formulas of the Riccati equation with
constant coefficients are constructed. Two fractional
type solutions of the Riccati equation are obtained from
its Béacklund transformations. The equivalence rela-
tions between fractional solutions and previous known
solutions are proved. A so-called unified Riccati equa-
tion expansion method for generating infinite number
of exact traveling wave solutions for nonlinear evolu-
tion equations is then developed on the basis of the
fractional solutions. With the method, infinitely many
exact traveling wave solutions of two new classes of
Benjamin—-Bona—Mahony equations are presented.

Keywords Riccati equation - Fractional solution -
Traveling wave solution - Periodic solution

1 Introduction

In recent years, many effective direct methods [1-18]
have been developed to solve nonlinear evolution equa-
tions (NLEEs) which describes the wave propagation
in fluid, plasma, optical fibers, elastic media, and so
on. In general, most of the direct methods are related to
an auxiliary ordinary differential equation (ODE) and
some known special solutions of the auxiliary equation.
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For example, the generalized Riccati equation mapping
method (GREMM) is an effective direct method to con-
struct the exact solitary wave solutions, the periodic
solutions and the rational solutions for NLEEs. This
method used the constant coefficients Riccati equation

F'(€) = co + 1 F(§) + caF2 (&), (1)

as the auxiliary equation and took its special solutions
as the following [19]

—;le—%tanh */TKE , A>0,
—%—%coth “/TKE , A>0,
F&) =1~ — arer A=0, 2)
—£L + A an (Y32), A <o,
—a - heot (Y5R), A <o,

where A = C% — 4cpcp and c is an arbitrary constant.
Although twenty-seven solutions of Eq. (1) were cited
in many studies [20-23], these solutions are equivalent
to the solutions (2) in the sense of wave translation or
just their forms are different in expressions. However,
no work is done to deal with the classification and prove
the equivalence relations for those solutions. On the
contrary, more and more repeated solutions for NLEEs
which induced by the solutions of Eq. (1) appear in
the recent works [24—28]. It is clear that the classifica-
tion of the solutions of Eq. (1) is very important to avoid
those repeated solutions and establish a systematic the-
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ory of GREMM. Therefore, it remains open problems
as how to prove the equivalence relations and look for
the independent solutions for Eq. (1) and how to give
an essential generalization of the GREMM. Obviously,
this problem cannot be solved by the usual detection
method and have to seek another systematic way. The
aim of this work is to give a method for solving these
problems. To serve the purpose, we shall first construct
new fractional type solutions of the Riccati Eq. (1)
through use of the technique named Bécklund transfor-
mation and superposition formula. And then we shall
prove the equivalence relations between new fractional
solutions and previous known solutions. Third, we shall
propose a novel generalization of the GREMM using
our obtained fractional type solutions. Finally, the pre-
sented unified Riccati equation expansion method will
be performed to construct infinite number of exact trav-
eling wave solutions of two new classes of Benjamin—
Bona-Mahony (BBM) equation. These two examples
will show that the previously known solutions can be
recovered by our method, and the GREMM is only a
special case of our method.

2 Backlund transformations and superposition
formulas

2.1 Bicklund transformations

Let F,, (&) and F,,—1 (&) be two solutions of the Riccati
Eq. (1), that is

FJ(§) = co + 1 Fy(8) + 2 F2(8), 3)
F)_ () = co+ c1Fym1(8) + c2F2_ (£). )

From (3) and (4), we can obtain

dF, dF,_4
2= 7 O
cotcabnt+aFy  co+ciFut +c2F;
Integrating (5) with respect to & yields
2¢ F, 2¢0F,—
a_rtanhczn—-i_cl — artanhczn—l-’_Cl
VA VA
= artanh(A), A >0, (6)
arctan —2can tea arctan —2c2 Faor+a
v —A v —A
= arctan(B), A <0, @)

where A and B are integration constants.
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To solve (6) and (7) for F, and setting A = o~ ! and
B = B!, we obtain the Bicklund transformations of
the Rlccatl Eq. (1) as

(«v/A = 1) Famr(®) = 20

F, = , A>0, (8
© 202 Fy1(8) + av/A + ¢ g ®)
Foe) = (BV—=A+c1) Fue1(8) + 2c0
" BV=A —c1 —2c2F_1(§)

)

2.2 Superposition formulas
2.2.1 The case A > 0

Take four solutions Fy = Fo(&), F1 = F1(&; ay),
=k, a), F3 = F12(8; ay, a2) = F21(§; a2, 1)
of the Riccati Eq. (1) and insert them into the Biacklund
transformation (8), we have

(051\/Z - 61) Fo —2c
= 2erFo +aiv/A +cp 1o
0[2\/_—61) Fy — 2¢o
2c2 Fy +0£2\/_+Cl

(
(arv/A = 1) Fy —200’
(

F =

(1)

Fs =

(12)
202 F1 4 aov/A + ¢

0[1\/_—01) Fr, — 2c¢o
F; = , (13)
200 F» +Ol1\/_+ ci

or equivalently

(1A + 1) Fi+ 202 RoFy

- (ala - c1> Fo — 2¢o. (14)
(az«/Z + c1> Fr + 262 Fo Fs

- (aza - c]) Fo — 2co, (15)
(az«/ZJr cl> Fs+2c2Fi F3

— (om/z — c1> F1 — 2¢q. (16)
(ozn/KJr 61) F3 + 2c, F> F3

- (owz_ cl) F> — 2cp. (17)



Unified Riccati equation expansion method and its application 335
Multiplying (14) by F>, (15) by Fj and subtracting = (,32«/—A + cl) F1 + 2c¢p, 27
yields
(,BW—A - Cl) F3 —2cF2 F3
VA (@) —a)) FIF, = VA (a1 Fy — oo F
(01 —a2) Fi1 P2 (01 F2 —anFY) _ (ﬁlM'FCl) Fy + 2co. 28)
+c1 (Fy — F2) Fo +2¢o (F1 — F2). (18)

Following the same procedure, multiplying (16) by F>,
(17) by F) and subtracting leads

VA (@F, — a1 Fi) F3 = VA (@2 —a)) Fi P>
+2co (F1 — F). (19)

Solving F3 from (18) and (19) yields the superposition
formula

ar b, —axFy 1

Fs = 0
arFi —ar Py VA

(F, — F)) Fyp, A>0.

(20)

2.2.2 The case A <0

In this case, taking the four solutions of the Ric-
cati Eq. (1) as Fyp = Fo(§), F1 = Fi(§; B1), Iz =
Fy&; B2), F3 = F12(&; B1, B2) = F21(§; B2, B1) and
insert them into the Backlund transformation (9), we
obtain

—A F{ 2
F— (ﬁw +c1) Fo + 607 21
Biv—A —c1 —2c2F)
—A F 2
o (Bov/—A +c1) Fo + o 22)
Bov/—A —c1 — 202K
Vv—=A+ Fi+2
Py 2 1) Fi + 20 (23)
Bo/—A —c1 —2c2F1
v—A+ Fr,+2
PG 1) P + 2y (24)
Biv—A—c1 —20F
or equivalently
(/31V—A - Cl) Fi =200 Fo Fy
= (,31\/—A + c1> Fo 4 2co, (25)
</32V—A - Cl) F, —200F0
- (,32«/_—A —|—c1) Fo + 2co. (26)

(/32\/ —A — Cl> F3 —2c,F1 F3

Proceeding as in the case of A > 0, we obtain the
following two expressions

N=APBL =) FiFr=v-AB1F2—BF)Fy

+c1 (F2 — F1) Fo+2co (F2 — Fy), (29)
N=A Bl —BiF) F3=~=-AB—B1) I
+2co (Fr, — F1). (30)

To solve this pair of equations for F3 gives the super-
position formula, that is

_BiR—BF o«

= 0 A<O
B1F1 — ol V—=A

F3 (F> — F) Fo,

€29

3 Fractional solutions
Choosing the initial solution as the first solution in (2)

and taking it into the Backlund transformation (8), we
get

VA —ac — (a«/z - C1> tanh (\/TZ"E)

T e e ()
_ Lo «/K(a tanh <‘/TK§) — 1). 32)
262 26 (o — tanh (%) )
If we set ri = «,ry = —1, then the expression (32)
can be rewritten as:
Foe) — Lo \/K (r] tanh (%S) + r2) 33

2¢) 2¢o <r1 + rp tanh (JTK%')) ’

where A > 0 and which is non-trivial and non-
degenerate if and only if

ry # +r1, 1t 413 #0. (34)
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Under condition (34), we can check that (33) is just
the solution of the Riccati Eq. (1). Therefore, (33)
expresses a two parametric fractional solutions of the
Riccati Eq. (1). We also can see that when r, = 0 and
r1 = 0 the solution (33) is reduced to the first solution
and the second solution in (2), respectively.

If we choose the third solution in (2) as the initial solu-
tion and take it into the Béicklund transformation (9),
then we obtain

V=A = Beci + (BV—=A +cp) tan (@é)

T i (SR))
c1 V=A (ﬂ tan (@5) + 1)
e a(pow(52))
By setting 3 = B, r4 = —1 we can obtain another two

parametric fractional solutions of the Riccati Eq. (1)

Cl M(Fg tan (@S) —r4)
2C2 * 2co (r3 + r4tan (@é)) ’
(36)

F_(§) =

where A < 0 and which is non-trivial and non-
degenerate if and only if

ri4ri#0. (37)

It is also easy to see that when r4 = 0 and r3 = 0, the
solution (36) is reduced to the third solution and the
fourth solution in (2), respectively.

4 Equivalence relations for solutions

Let us now turn to consider the equivalence relations
between our new fractional type solutions and the
twenty-seven previously known solutions of the Ric-
cati Eq. (1). For the sake of simplicity, we shall now
set the first, second, fourth and fifth solutions in (2) as
F1(&), F2(§), Fa(§) and F5(&). Following the notation
in [24], the twenty-seven previously known solutions
will be put as G;(§) (i = 1,2,...,27) in which the
coefficients w, u, v, n will be replaced by cp, c1, 2, &.
Under this assumption, we can see that
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G1(§) = ( ¢1 + +/Atanh (@g)

= F[(g) = F+(€)|r2:0,
Ga(6) = —5- <01 + /A coth (%5»

= F2() = F1 (&)l -0,

Gi3(§) = i (—cl + +/—Atan (Mé» ,
= F4(§) = F-(§)lry=0,

G = —2—; <c1 ++v/—Acot (Ms» ,
= F5(§) = F_(&)lr0,

Two waves are called equivalence in the sense of wave
translation if they have same waveform but their phase
difference is equal to a constant. In our work, this equiv-
alence relation will be expressed by the notation “=”.
Based on this definition and the following easily proved
identities

tanh n + isechn = tanh (4 + ZL),

tanh ) — isechn = coth (4 + Zt),

tanh 4 coth n = 2 coth(27), (38)
cothn + cschy = coth (1),

cothn — cschy = tanh (%)

and

tann +secn = tan (4 + F),

tann —secn = —cot (4 + §),

tann — cotn = —2cot(2n), 39)
cotn 4 cscn = cot (1),

cotn —cscn = —tan (%),

we can derive that

Ga(t) = —— (cl + \/_(tanh (\/_5)
=+ isech («/_5»)
g — A (tanh (VAE) + isech (VAE ).
(tanh (\/_5) — isech (‘/_S»
—t— B anh (L + H) = Fy®)lnmo,

202 2¢)

_ 2¢p 2¢)
—5 — 3 coth (e +F) = Fe®)lrmo.
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Ga(E) = —— (cl + \/_<coth (J—s)
=+ csch («/_E)»
- —5L - E/T: (coth (ﬂé) + csch (ﬂé)) ,
B —gL—yA (coth (ﬂs) — csch (ﬂé)) :
—267‘2 = ‘z/—fcoth g = FL (&)l o,
B —%—j—ftanh %Z = F(&)lr=0.
Gs(€) = —— [2¢1 + VA <tanh (@é)

A A
- £coth (§g> = Fy (&) =0-

Gi5(6) = i (—cl +V/=A (tan (MS)
=+ sec (m&)))
i LB (an (V=AE) + sec (V=AE))
262 + \/ZZ (tan (V=AE) — sec (vV—AE)),

B 2c; 2c2
- —f - ‘é;cot (“/?5 + %) & F_(8)lr;=0-
Gro(6) = ——— (Cl +M(cot (mg)
+ csc (ME)))

— AL */2? (cot (V=AE) + csc (vV—AE)),
A Jz? (cot (V=AE) — csc (vV—AE)),

Cl VA V—A
_202 - ) cot ( ) g) = F—(§)|r3:0,
|l a4 v=aA VA \
_E—i— 5 tan( 5 f) = F_(&)ln=o0-

Gir(€) = 75 (~201 + V=4 (1an (L55¢)

)

:—i— MCOt(M

2co 2co

,;) = F_(§)lrs0-

—f+ R an (GRe+ 3) = F®)lno.

It follows from the definitions of the hyperbolic func-
tions and trigonometric functions that

2¢( cosh (‘/TKE)
/A sinh (“/TK§> — ¢y cosh (%S) ’
. 2co
a /A tanh (*/TK§> — cl’
= F+($)|{r|:7r71 _Q}'

2cp 2= 29

Gs(§) =

—2cq sinh (%S)

c1 sinh (‘/TKS) — /A cosh (@S) ’
2co

B VA coth (*/—K§> —C ’

= Fe®ly, s, o)

20 == 2cp

Go(§) =

—2cp cos (@E)
V=A'sin (@s) + ¢ cos (@S) ’
_ —2cp
a /—A tan (@é) + ’
= F—(§)|{ o ﬂ}

3= 2y 4= 29

G (&) =

2¢ sin (@é)
—cy sin (@g) + /—Acos (@5) ’
_ 2co
a /—A cot (E§> - ’
=F_ (S)Ii o }

262 4= T 20y

G21(§) =

Using the definitions of the hyperbolic functions
together with the formulas (38), (39) and the identi-
ties

1
sinh? g = 3 (coshx — 1), (40)
5 X 1
cosh 5=3 (coshx + 1), 41)
1
sin® % =5 (1 —cosx), (42)
1
cos? % = 5 (I +cosx), 43)
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we can derive the following results ~2¢q cos (v/—A¥)
O2 ) = R in (V=28) + c1 cos (V—88) £ V-2
2¢p cosh (ﬂé) —2¢o
G = , = )
10(6) «/Ksinh (\/ZE) — ¢1 cosh («/KS) + iJZ \/j(tan (Hé) =+ sec (\/jé)) +c
2co —2¢ )
«/_ (tanh («/_.*E) =+ isech («/_.§>> - cl = VA (tan («/ZS)_ZCsec (Még)) ta
2¢o 0 ,
, V—A (tan (v/—AE) — sec (V—AE)) + ¢
| 3 (o (V) = e (V28)) = e e
= 2co ’ —Atan (Fé + ) +Cl
VA (tanh («/_f;‘) — isech («/Z?;‘)) —c1 = 2c0
V—Acot ( %) - c1
| VAunh (§ +5)—c @l 71,4:m],
= 20 ~ ey 26
F_ —A cr |-
VAcom (Pe+ ) e R P -
- F+(g)|[r1 —%,rz—g} G — 2¢p sin (MS)
T Ol ) BT elsin(V=AE) + V—Acos (V=AE) £ VA
e 20 26’0
2¢0 sinh (\/ZS) N V=A (cot (V=AE) £ csc (V=AE)) — c; )
Gu(§) = , 2¢0
—cisinh (VAg) + VA cosh (VAE) £ VA V=2 (ot (V—28) + s (V_AE) — 1’
_ 2co = 2¢o
- VA (coth <«/Z$> + csch (JZS)) —c1 ’ VA (COth (x/KS) —csc (x/KS)) —ci
2co 2c¢o
VA (coth (JZE) + csch (JZ&)) —c ’ V—Acot (@f) —c1 ’
= 2cq - —2co
\/Z(coth («/ZS) — csch (JZ&)) —cl’ —Atan(‘/is) 1
2co F—(S)I{m:g,m:i%},
VEcoth () — e T E® o)
= 2¢o {rg_m“_ e }
/A tanh (@S) — 1 ’ G 4co sm(‘/FE) cos(%é)
F+(§>I{r1=2@-,r2=—;*1]7 %= ZMCOSZ(fS) 2¢1 sm(’){zé) cos %AE)—H
= F+(‘§)|{r1=—2—1,r2=2—4]' 2¢p sin (%AE)
2 2 = _f - — 5
4cq smh(%’;‘) cosh(%’;‘) —Acos <TAE> —casm (TA%-)
G2 = —2¢y sinh( Y2 ) cosh( 2 € )+2v/A cosh? (26 ) —v/A = Z\C/O_T ,
2c¢q sinh (‘/—ZE —Acot (T$> —a
= s - F—( —A |-
—c1 sinh (‘/775) + /A cosh (‘/TK$> s)”rF%’”:*E}
2co .. . .
= =F &l _»x R From the definitions of the hyperbolic functions and
VA coth («/2_K§> —c1 ! {r|—202 T } the identities
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1 _ l ( | — tanh x ) ’ Unfortunately, we failed to derive the solutions
I14+e¥ 2 2 (44)
1 _ 1 (1 _ coth )_C) G . i«/(D2+E2)A—D\/Kcosh(\/KE)
I—et 2 2 6= |7t Dsinh(«/Ké)-&-E ’
we can prove that G o e - /(D2 ED) A+ Dv/A cosh (VA )
22 Dsinh(ﬁs)+5 ’
Gos(E) = —c1 fi Gis = 1 (—c; + +4/=(D?—E%)A—Dy/—A cos(v—Af)
2 (fi + cosh (c1&) — sinh (¢1€))° 2 2 Dszinw—AsHE ( ) ’
— — 1 A/ —(D*=E*)A+D+/—Acos(v/—A&
— cLfi - ‘i , Gio =55 |—c1— Dsin(v—2E)+E ’
2 (fl + e_clg) e (1 + flflefmé)
—Cl >0 from the fractional solutions F (&) and F_(&). In sum-
2 (14 e—ar=In(n)’ : ’ mary, if i # 6,7, 18, 19, then the solutions G; (£) are
= —c1 f<0 equivalent to the solutions Fy(§), F_(&) and Fy(§).
1 < 9

2 (] — e*clsfln(ffl)) ’

1
_2% (1 + tanh (15 —i—ln(fl))) . fi >0,
- 1
_20712 (1 + coth E(clg +ln(—f1))> , f1 >0,

F1 (8)11r=0,c0=0}»
F1(&)]r1=0,c0=0}-

R4

—ci (cosh (¢1§) + sinh (c1§))
2 (f1 + cosh (¢1€) + sinh (¢1§))’
_ —c1e1 —C
Co(fitet) o1+ fiead)

—el
ez (1 + e—ci&+in()’ fr=0,
.
¢ (] — 6*6'154“111(*][1)) ’

Ga(§) =

fi <0,

_a <l + tanh l(Clg;_ - 1H(f1))> . fi>0,

2co 2

_a <l + coth l(615 - 1H(-f1))> ., fi<O,
2¢o 2

Fy (8)1(r2=0.c0=0}

Fy (8)1{r1=0,c0=0}-

12

Let us now put the third solution in (2) as

Fo() = — !
S = e T mEtc

A= C% —4cpcr =0,

(45)

then it may easily found that

Fo®)ljey=0.c=11) = = = Gy(®).

26 + 1

Therefore, the solutions G;(§) (i # 6,7, 18, 19) can
be replaced by F (), F_(§) and Fyp(§).

In addition, if we allow ¢ = 0 in (1), then the Ric-
cati equation reduces to the first-order linear equation
which admits the following exponential solution

F, (&) = —z—? Fde€, ¢y =0, (46)

where d is an integration constant.

5 Method and application

According to the previous discussions and using the
fractional solutions (33) and (36), below we propose a
so-called unified Riccati equation expansion method.
The procedures of the method can be described by fol-
lowing four steps:

Step 1 Suppose that the wave transformation
u(x,t) =u(€), &€ = x —wt can change a given NLEE

H(uauxvul’uxx’ullvuxlv"')=O3 (47)
into the following ODE
G(u,ug, ugeg, ugge, ...) =0. (48)

Step 2 Seek solutions of Eq. (47) in the form

N
u@ =Yy aF &), (49)
i=0

witha; (i =0, 1,2,..., N) are constants to be deter-
mined, N is a positive integer which determined by
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balancing the highest order derivative terms with the
highest power nonlinear terms in Eq. (48) and F(§)
expresses the solutions of the Riccati Eq. (1) given by

Fi(§), A= cz% — 4cocy > 0,
Fo(§), A =cy—4coc2 =0,
F(§) = 50
®) F_(§), A=c]—4cocr <0, 0
Fe(§), c2=0.

where F(§), F_(§), Fo(§) and F,(&) are defined by
(33), (36), (45) and (46).

Step 3 Substitute (49) along with Eq. (1) into (48)
and equate the coefficients of each power of F(§) to
zero yields a set of algebraic equations for unknowns
co,c1,¢2,a; (i =0,1,...,N) and w.

Step 4 Solve the set of algebraic equations with the
aid of a computer algebraic system and substitute the
solutions obtained in this step back into (49) so as to
obtain the exact traveling wave solutions for Eq. (47).

To illustrate our suggested method, we now proceed
to solve a new class of BBM equation which is called
the Ostrovsky—Benjamin—Bona—Mahony (OS-BBM)
equation of the form

(e + 15 — @) = Bus) =y (u+u?). 6D

which describes the motion of ocean currents. Com-
pared with the standard BBM equation, this equation
is studied very little. Yang et al. [29] obtained six
types of traveling wave solutions for OS-BBM equa-
tion through the use of the G’/ G-expansion method.
Some exact solitary wave solutions for Eq. (51) are
obtained in [30,31]. Now we make the transformation

ulx,t) =u), £ =x — wt, (52)

so that (51) is changed to the following ODE

(1 —wu” -2« ((L/)2 + uu”) + Bou™
—yu+u*)=0. (53)

Balancing the highest order derivative term u® with

the highest power nonlinear term (u')>4-uu”, we obtain

N = 2. Therefore, Eq. (53) admits the solution of the
form

u(§) =ag+arF () + e F*(&), (54)
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where a; (i = 0, 1, 2) are constants to be determined.
Substituting (54) along with (1) into (53) and setting the
coefficients of F(£)/ (j =0, 1,...,6) to zero yield a
set of algebraic equations for a;, ¢; (i =0, 1,2) and @
as follows:

—12aaoagclco + 30,3a)agc%co - 4aa0a16200 —vyap
+16ﬂwa10260 + IZO,Ba)agclcch + 22,8a)a1c20260
—12aa1azco bwarcico — 6oza2clcg — 2aa0a1c%
—l—ﬂwalcl — 2wajcaco — 2yajag + barcico + alc%
+2ajicoco — a)alc% =0,

—30aasajcico — 16aaparcacy + 136;9(05126%62 - yal
—baagajcycy + ISﬂwalcgc? + 232Bwazcrcico
+60ﬂa)alc§clc0 —yap — Saaoazc% + 16,3a)azc‘l‘
—8waycyco — Saalzczco — Sa)alczcl — 2ya2a0
+8arcrco + 3ajcacy — 4a)azc1 12aa200
—4aalzc% + 4026% =0,

120az Bc5w — 20a3ac3 = 0,

24a1,Bc%a) + 336a2,301c%a) — 24a1a2ac%
—36ayacicr =0,

60a1ﬂclczw + 240a2ﬂc0c2w + 330112,361 cza)
—12a0a2ac2 — 6a£acc2 — 42a1a2ac1cz — 32a§acocz
—1641201c1 6acyw — azy + 6a2c2 =0,

8a1ﬁcoclcga) + alﬂcoc w+ l6a2ﬁcocza) + 14a25c0c1w
—2apajococ) — 4a0azatc0 —2a acg —ajcpciw
—Zazc(z)w — a%y + ajcocy + 2a2c3 —apy =0,

40a1ﬂcocgw + SOalﬁC%c%a) + 44Oa2ﬂcoclc%a)
+130a2ﬂc?czw — 4aoa1ac% — 20apazacica
—IOa%aclcz — 36ajazacocr — 18a1a2ac%
—28a§acocl — 2alc§w — 10azcic20 — 2a1azy
+2a1c% + 10ascicr = 0.

Solving this set of algebraic equations by use of Maple,
we obtain

_ 3B+ e} + By +«a _ 6B+ Deier

2(By +a) By +«a
b BBt )c3 _ Bla+ e+ By +a
2T By ta 4B(a + ez
w = M7 A= Brta (55)
By +a CBla+ 1)
b 3B+ D} =3By +@) 6B+ D
0= 2(By +a) VP
6B(a + 1)c3 Bla+ et — By —«a
a) = —————, ()= s
By +a 4B(a+ Do
:ot(a—i-l)’ _ ,3)/+(x. (56)
By +a Bla+1)
a =0, c =0,

ap 1
0=F——=, o=z /-,
2a1a,/—g o
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oo+ 1) 4

. =——, 57
By +4a 4a (57)
1 1
ay =0, co=:FM, C1=i§ —Z, =0,
2a1a‘/—§ o
4o (2 1
_M’ A=_L (58)

By + 4o da

Substituting (55) with F(§) and F_(§) into (54) and

using (52) gives the exact traveling wave solutions of
the OS—-BBM equation as follows:

1
wn =3 {(3r12 — r2) tanh? (1) + 4r17 tanh (1))

—r+ Sr%} / (1 + 2 tanh ()2

= Py +a (x—“(“H)t) (59)
n= ,B(a +1) By +a )’
where B(a + 1)(By +«) <O.
1
(1) = 3 {(3r32 + r2) tan® (52) — 4r3ry tan(y2)
+r2 4302}/ (s + ratan())?
m:%/ﬁy—i-oe (x a(a—i—l))’ 60)
Bla+1) By +«

where B(a + 1)(By +«) > 0.

In particular, when choosing the free parameters
rp = 0 and r; = 0, the solution (59) is reduced to
the solitary wave solutions

_ 2 2 ﬂ)/ —+ o l
Ul (x, 1) = 3 tanh ( [— BT 1)E> + X
3 2 By +uo
= 2s.ech < [— e 1)5> 1, (61
3 2 / /3)/ +a
up(x,t) = 2coth ( (a+ D )

Il

|

|
o
72}
o
=

321 _,3)/+04 1)
2 2 (a—i—l) ’

_ O((O(+l)
where £ = x — Byra b

Taking the parameters r4 = 0 and r3 = 0 and the
solution (60) is reduced to the singular trigonometric
solutions

_ 32 (L Prte 1
Mza(x,t)—ztan (2 ﬁ(a+1)$)+2’ (63)
3 L1 By+a 1
Mzb(X,f)—ECOt (E‘/m(?)-i-z, (64)

where £ = x — ‘j;‘;—ié)t. The solutions (61), (62) and
(64) are just the solutions (17), (18) and (19) in [29].
But the solution (63) is a new because which is not
obtained in [29].

Taking (56) with F;(§) and F_(§) into (54) and
using (52) yields the exact traveling wave solutions of
the OS-BBM equation as follows:

(rl2 — r22) tanhz(n3) + r22 — rlz
(r1 + ra tanh(n3))?
L By+a ([ al@+])
BT B+ <x By +a t)’ (©3)
33 +r)(1 + tan®(n4))

3
u3(x,t) = 5

ug(x,t) = _5 (r3 +ry4 tan(774))2
1 [ Brra _afe+ 1)
m-z%(x ﬁy+0‘t>’ o

where the parameters ¢, 8 and y in (65) and (66) satisfy
the condition B(a+1)(By +a) > Oand B(a+1)(By +
) < 0, respectively.

Setting r, = 0 and ri = 0 in (65), r4 = 0 and
r3 = 0 in (66), then they are reduced to the solitary
wave solutions and the singular trigonometric solutions

Usg(x, 1) = Zsech2 (; /%g) (67)
uzp(x, 1) = %cschz (; /%g) (68)
tag(x, 1) = —%secz< |- ;’;:T)g> (69)
wap(x, 1) = —%cot < [— ﬁﬂ(’;:‘f)g) % (70)

where £ = x — %t. The solutions (67), (68) and
(70) are just the solutions (20), (21) and (22) in [29],
but (69) is a new solution which is not obtained in [29].
And (67) is just the bright soliton solution given by
Alquran in [30].
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As shown above, our method can recover all previ-
ously known solutions, which is obtained by using the
GREMM. At the same time, we can also obtain four
sets of infinite number of exact traveling wave solu-
tions from (59), (60), (65) and (66) by choosing differ-
ent values of their free parameters r; (i = 1,2, 3,4).
Therefore, the GREMM is only a special case of our
unified Riccati equation expansion method.

Taking (57) and (58) into (54) and using (52), we
obtain the following exponential solutions:

1 /77, _ 4atat])

us(x,t) = Ae? “(x By +Hia Z), (71)
1 /—7 4a(a+1)

ug(x, 1) = Ae™? E (e i) _ 1, (72)

where A = a1d # 0 is an arbitrary constant.
Next we consider another new class of Benjamin—
Bona—Mahony equation

Uy +auy + by + (pe” + qe_”)x =0, (73)
with real constants a, b, p, g satisfying the conditions
ab # 0 and gp # 0 which recently reported by Reza
Abazariin [32] and obtained its exact solutions by using
the G’/ G-expansion method. By the transformation

u(x,t) =Inv(x,t), (74)

Eq. (73) becomes

(Vs + avy + buyyy) V2 — b (Vv 4 20505) v
+2bv)%v[ + (pv2 — q) vv, = 0. (75)

Inserting wave transformation
v(x,t) =v(§),§ =x — wt, (76)
into (75), we obtain
((a — w)v" — ban") V2 + bw (3vv” — 2(1/)2) v/
+ (pv2 - q) v’ = 0. 7

Balancing v>v"” term with v3v’ term gives N = 2, and

therefore, the solution of (77) can be taken as
() = ap + ar F (&) + a; F (), (78)

@ Springer

where a; (i = 0, 1, 2) are constants to be determined.
Substituting (78) along with (1) into (77) and setting
the coefficients of F/ &y =0,1,...,9) to zero,
we obtain a set of algebraic equations for unknowns
ap, ai, az, co, c1, c2 and w. One can easily check that
this set of algebraic equations has no nonzero solutions
for a, = 0, and for a; # 0, without loss of generality,
we can set ap = 1, and then, the algebraic equations
solve that

—q | P
=0, =0, co==x,/=—, ¢c1=0, = P
0 a «© 2ab ‘1 a2=% 2ab

w=a, (79)
—q 14
=0 =0, =4, /—, =0, =+ /—,
ao , al o 2ab 1 Cc2 2ab
o =a, (80)

Substituting (79), (80) into (78) and using the relations
(74) and (76), we obtain the exact solutions of Eq. (73)
as follows:

- 2
V=ap
— r1 tanh E4+nr
w0 =1n | Y212 2 :
p r1 + rp tanh 2;2175
E=x—at,ab>0,g<0,p >0, 81)
2
v=aqp [ tanhy/ — VZZZP E+r
uz(x,t) =In| — )
p r1 + rptanh ./ — 2;21)5
E=x—at,ab<0,q>0,p <0, (82)
- 2
~=ap
[ r3 tan E—ry
u3(x, 1) = In qp 2ab ;
p r3 + rq tan .Z_azp
E=x—at,ab>0,g<0,p>0, (83)
r 2
v=ar
— rytan./ — E—ry
ug(x, 1) =In | -¥2P 2 :
p r3 +rqtany/ — 2;2”5
E=x—at,ab<0,qg>0,p<0. (84)

It should be noted that there are another eight sets of
solutions for the algebraic equations, but the solutions
given by them are same as the solutions (81), (82), (83)
and (84), so these solutions are not listed here.

The solutions (81) and (82) with r» = 0 and with
r1 = 0 will give the solutions (3.9a) and (3.9b) in [32].
The solutions (83) and (84) withry4 = O and withr; = 0
will recover the solutions (3.11a) and (3.11b) in [32],
respectively. For other parameters r; i = 1,2,3,4)
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satisfying the conditions (34) and (37), we can obtain
infinite number of new exact traveling wave solutions
of Eq. (73) from (81), (82), (83) and (84).

6 Conclusion and discussion

As proved in Sect. 4, the twenty-two previously known
solutions of the Riccati Eq. (1) are equivalent to our
fractional solutions (33), (36), and the rational solu-
tion G27(&) is only a special case of the solution (45).
Therefore, the solution (51) not only can recover all
those twenty-three solutions but also can give infinitely
many new independent solutions with the variation of
their parameter »; (i = 1,2,3,4). Because of this
reason, our suggested method can effectively avoid
those repeated solutions, which may be caused by those
twenty-seven solutions previously used. And the com-
putational efficiency is greatly improved by using our
three solutions instead of twenty-three known solu-
tions. At the same time, for a given NLEE, our method
can catch infinite number of exact traveling wave solu-
tions unlike the previous direct methods just capable of
generating finite number of exact solutions.

More importantly, the general theoretical system
of the GREMM established in this work allows one
following the natural way to construct infinite num-
ber of new exact solutions of the Riccati Eq. (1) from
the Backlund transformation and the superposition for-
mula. We believe that the familiar theoretical system
can be built for other direct methods, which is under
consideration.

Both the one parametric solutions (32) and (35) have
been changed to the two parametric solutions (33) and
(36), respectively. The advantage of this choice is that
we can get tanh —, coth —, tan- and cot-type solutions
from (33) and (36) compared to the tanh- and tan-type
solutions obtained from (32) and (35). So we have to
construct another two one parametric fractional solu-
tions from the Backlund transformation so as to obtain
the coth- and cot-type solutions, and it is, of course,
not worth doing.

In the special case of co = b,c; = 0,¢cp = 1,
we find A = —b, and the Riccati Eq. (1) is reduced
to the simple Riccati equation F'(§) = b+ F 2(E),
which is used by Fan [3] in the extended tanh-function
method. Therefore, our method also established a gen-
eralization of the extended tanh-function method. Cor-
respondingly, the superposition formulas (20) and (31)

can be reduced into one expression. And the Bicklund

. . . _ 2
transformation (8) and (9) with setting « = P and

B = —ﬁ, respectively, can be combined into the
following expression:

Fuo1(6) —bu

A

where p is an arbitrary constant.

As noted in Sect. 4, we failed to derive the solutions
Go(&), G7(£), G13(&) and G9(&) from the fractional
solutions. In other words, the relations between these
four solutions and our two fractional solutions are not
clear and should be further study.

Another open problem is as how to solve discrete and
fractional nonlinear equations by using our suggested
method, and we hope that many new results to be appear
in this area.
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