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Abstract This paper proposes a novel adaptive robust
controller for the position and attitude tracking of
quadrotor unmanned aerial vehicles subjected to addi-
tive disturbances and parameter uncertainties. The non-
linear dynamic equations of the quadrotor are obtained
by using the Newton–Euler formalism. An emendatory
tracking error is introduced to the modified controller
to prevent the system and adaption law from degra-
dation or even instability due to control input satura-
tion caused by actuator constraints. The stability of the
closed-loop aircraft system under the proposed con-
trol law is guaranteed via Lyapunov theory despite the
sustained disturbances and actuator saturation. Simula-
tion results are presented to demonstrate the effective-
ness of the proposed controlmethod, and the robustness
against unknown nonlinear dynamics caused by para-
metric uncertainties.
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1 Introduction

Quadrotor UAVs are versatile flying robots and are
of importance for surveillance, building exploration,
and information collection, primarily enabled by their
autonomous flight, low-cost, vertical takeoff/landing
ability [1,2]. Therefore, autonomous control systems
for quadrotor aircrafts have remained attractive in
recent years.

In the last decade, many efforts have been made
to investigate the automatic flight control of the
quadrotor aircrafts. Classic feedback control includ-
ing proportional–integral–derivative (PID) control and
proportional–derivative (PD) control were presented
by [3,4] to achieve trajectory tracking of quadrotors.
Advanced nonlinear control approaches such as back-
stepping control [5], output feedback control [6],model
predictive control [7], sliding mode control [8], adap-
tive robust control [9], and nonlinear H∞ control [10]
were proposed for quadrotors. However, from the prac-
tical point of view, the control input signals of four
rotors’ velocity computed by the above-mentioned
approaches cannot be implemented to real aircrafts due
to the saturation nonlinearity caused by physical con-
straints on the rotors [11]. Furthermore, actuator sat-
uration appears frequently in engineering systems and
has immense effect on performance degradation as the
control laws would act unexpectedly with saturation
[12].
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Significant amount of research has been done to
address the control problem with input saturation, but
very few methods are proposed to cope with actu-
ator limitation problem in quadrotor systems where
disturbances and uncertain dynamics exist simultane-
ously. In the works [13,14], modified backstepping
controllerswith a static rescalingmethod and an inverse
optimal approach were designed respectively to sta-
bilize the quadrotors with actuator saturations. How-
ever, these kinds of control methods were very conser-
vative when the model parameters cannot be exactly
obtained. The global asymptotic stability of a quadrotor
helicopter subject to actuator magnitude saturation was
considered in [15], and the proposed nested-saturation-
based nonlinear controller ensured the performance of
the closed-loop system. However, this controller was
based on a simplified model of the rotorcraft with-
out considering the aerodynamic effects. Reference
[16] investigated the formation control of quadrotors
with bounded inputs and gained a quick state conver-
gence from saturation zone to the linear zone in the
case of separated saturations. Based on a priori input
bound [17] employed the nested saturation approach
and quaternion-based feedback control to generate a
very simple controller suitable for attitude stabilization
experiments. When the actuator fault occurred, recon-
figurable fault-tolerant control synthesized a modi-
fied trajectory by using parameter-estimation-based
unscentedKalmanfilter [18].As shown in [19], amixed
robust feedback method based on linear GH∞ con-
trol was proposed and applied to a nonlinear quadrotor
UAV in the presence of actuator constraints. Experi-
ment results on tracking control of UAVs have been
obtained by using LQR controller with an integrator
anti-windup scheme to avoid actuator saturation in the
real system [20].

In above-mentioned works, it was assumed that the
systems of concern were linear, exactly known or with-
out external disturbances. However, the real quadrotors
have rich kinematics and dynamics, as well as input
saturation and disturbances [11,21]. They should be
explicitly considered in controller design; otherwise,
the affected control inputs possibly lead to degraded
performance and even instability of the closed loop.
Therefore it claims for a simple, anti-disturbance,
robust and anti-saturation control law for path follow-
ing problems of small quadrotor aircrafts. Adaptive
robust control with input saturation has been inves-
tigated in the past decades. For example, in [22], an

adaptive control method was proposed for time-variant
plants subject to input constraints with a new track-
ing error introduced to the adaptation laws. To account
for input saturation in nonlinear discrete-time systems,
a nonlinear feedback controller with quick response
and small overshoot was designed in [23]. Gao et al.
[24] addressed a neural networks based adaptive robust
method and [25] proposed an adaptive coordinated con-
troller both for automatic train systems in the presence
of input saturation and dynamic uncertainties. An adap-
tive nonlinear control was proposed in [26]with a novel
additional term to prevent the trolley from running out
of the permitted range.

This paper presents an adaptive and robust control
design for quadrotor aircraft systems with input satu-
ration nonlinearity. On the whole, the design process
can be divided into two stages: First, an adaptive con-
troller is designed for the dynamic uncertainties and
external disturbances, to keep good tracking perfor-
mance when the saturation does not occur. Then, an
emendatory tracking error used in adaptation laws is
introduced, which is the key preventing the adaptation
law from being destroyed in the presence of satura-
tion. Compared with the existing control algorithms
in many publications, the main contributions of our
proposed control algorithm are as follows: (i) a sim-
ple methodology is designed to assign the trajectory
tracking problem of quadrotors by means of an adap-
tive robust control strategy, while tracking errors can
decay to zero despite the general uncertainties and dis-
turbances; (ii) when the saturation occurs, the emenda-
tory tracking error can ensure the overall stabilization
of the aircraft systems in the sense of Lyapunov and
good tracking performance regardless of the unknown
systematic parameters and control input saturation; (iii)
thismethod has larger control domain than that of linear
approaches, and continuous control signals promote the
possibilities of this technique in real-time application.

The rest of this paper is organized as follows. In
Sect. 2, the tracking control problem of quadrotor air-
crafts modeled by Newton–Euler formalism is pre-
sented. Section 3 presents an adaptive control strategy
for quadrotor systems without input saturation, where
stability of the flight system is proved using Lyapunov
stability theory. In Sect. 4, a novel adaptive and robust
control scheme is proposed to cope with input satu-
ration and parameter uncertainties. In Sect. 5, simula-
tion results are provided to demonstrate the effective-
ness and robustness of the proposed methods for sys-
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Fig. 1 Quadrotor aircraft concept

tems with input saturation and sustained disturbances.
Finally, the conclusions of this paper are drawn in
Sect. 6.

2 Problem formulation

In this section, position coordinate is selected to
describe the motion situations of the quadrotor model.
This kind of aircraft system can be modeled by Euler
formalism. As depicted in Fig. 1, a quadrotor is a cross
rigid frame with four rotors to generate the driving
forces, where Ωi denotes the angle velocity of the i th
propeller. Based on the simplified rotor model, we can
use rotational speed vector Ω ∈ R4 to obtain a mapped
control inputs uT , uφ , uθ and uψ , defined as [27]
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

uT = b
4∑

i=1
Ω2

i

uφ = lb(Ω2
1 − Ω2

3 )

uθ = lb(Ω2
2 − Ω2

4 )

uψ = κ(−Ω2
1 + Ω2

2 − Ω2
3 + Ω2

4 ),

(1)

where uT ∈ R is thrustmagnitude, uφ , uθ and uψ repre-
sent roll, pitch and yawmoments, l denotes the distance
from the mass center to each rotor, κ > 0 and b > 0
are thrust and drag coefficients, respectively. Finally,
the thrust magnitude uT and three rotational moments
uφ , uθ and uψ are considered as the real control inputs
to the dynamical system.

Let B = [Bx , By, Bz] be the body fixed frame
shown in Fig. 1, and denote E = [Ex , Ey, Ez] an
earth fixed inertial frame.Define the vector [p, q, r ]T to
represent the quadrotor’s angular velocity in the body

frame. A quadrotor system has six state variables, three
translational motions ξ = [x, y, z]T and three rota-
tional motions η = [φ, θ, ψ]T. The orientation of the
quadrotor from the inertial frame to the body fixed
frame can be obtained via three successive rotations
about the three axes, and the transformation matrix
from [p, q, r ]T to [φ, θ, ψ]T is given by [28]
⎡

⎣
φ̇

θ̇

ψ̇

⎤

⎦ =
⎡

⎣
1 sinφtanθ cosφtanθ

0 cosφ −sinφ
0 sinφsecθ cosφsecθ

⎤

⎦

⎡

⎣
p
q
r

⎤

⎦ . (2)

In view of the above discussion and [29–31], the
dynamical model of the quadrotor can be described by
the following equations:
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

mẍ = (cosφsinθcosψ+sinφsinψ)uT−kx ẋ − Ax

m ÿ = (cosφsinθsinψ−sinφcosψ)uT−ky ẏ − Ay

mz̈ = (cosφcosθ)uT − mg − kz ż − Az

Iφφ̈ = θ̇ ψ̇(Iθ − Iψ) + luφ − kφlφ̇ − Aφ

Iθ θ̈ = ψ̇φ̇(Iψ − Iφ) + luθ − kθ l θ̇ − Aθ

Iψψ̈ = φ̇θ̇ (Iφ − Iθ ) + uψ − kψψ̇ − Aψ

(3)

where ki is the drag coefficient and a positive constant,
Iφ , Iθ and Iψ represent the inertias of the aircrafts, m
stands for the mass, g is the gravitational acceleration,
and Ai is the disturbance force or disturbance moment.
This model is presented and is tested experimentally in
[30].

Remark 1 It should be noted that the model (3) con-
siders the parametric uncertainties of the quadrotor
aircraft, and external disturbances on the six degrees
of freedom as Ai (i = x, y, z, φ, θ, ψ) when main-
tained winds disturb the whole system. In practice,
the external disturbances like wind-gust for aircrafts
are extremely difficult to obtain accurately, and thus
we adopt the sustained disturbance signal model for
quadrotor aircrafts which was presented in reference
[10]. Therefore, following adaptive control will be
designed to compensate disturbance influence by adap-
tively identifying this unknown sustained disturbance
vector where its derivative is regarded as zero. Some
recent literatures also handle the quadrotor aircraft dis-
turbance in the same way where persistent light gusts
of wind are considered as external disturbances on the
aerodynamic forces and moments [32].

The overall control objective is to design a nonlinear
adaptive controller for the quadrotor such that theUAVs
are able to track a desired trajectory ξr = [xr , yr , zr ]T
and a desired yaw angleψr . In translational subsystem,
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an adaptive controller is designed so as to obtain uT , φr

and θr , which enables the aircraft to track the desired
trajectory ξr . This adaptive law helps to compensate
the uncertain systemparameters aswell as eliminate the
effects caused by wind-gust disturbances. Based on the
derived desired angles ηr , another adaptive controller
is utilized in rotational subsystem to obtain proper rotor
moment values [uφ, uθ , uψ ]T to keep the aircraft track-
ing the desired attitude angles ηr . Finally, stability anal-
ysis is proved by using Lyapunov theory. To streamline
the technical proof of the main results, the following
lemma is needed, where Lemma 1 is brought from [33].

Lemma 1 For any uniformlly continuous function
f (t), if limt→∞

∫ t
0 f (τ )dτ exists and is finite, then

limt→∞ f (t) = 0.

3 Adaptive control without input saturation

In this section, an attitude controller and a position con-
troller are designed, respectively, based on the adap-
tive control approach. Then, a novel adaptive and
robust controller is presented with an emendatory com-
pensation introduced to attenuate the saturation influ-
ence involved in translational dynamics and rotational
dynamics.

Translational dynamic equations of quadrotors can
be obtained from (3). To begin, define new control
inputs ux , uy and uz , satisfying
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ux (t) = (cosφ(t)sinθ(t)cosψ(t)
+ sinφ(t)sinψ(t))uT

uy(t) = (cosφ(t)sinθ(t)sinψ(t)
− sinφ(t)cosψ(t))uT

uz(t) = (cosφ(t)cosθ(t))uT .

(4)

The translational and rotational tracking errors and
velocity tracking errors can be defined as follows

eξ i = ξi − ξir , ėξ i = ξ̇i − ξ̇ir , i = x, y, z (5)

eηi = ηi − ηir , ėηi = η̇i − η̇ir , i = φ, θ, ψ (6)

where the ξir and ξ̇ir are the desired translational tra-
jectory and the corresponding velocity. The following
auxiliary state error γξ i is introduced to facilitate the
control formulation and stability analysis:

γξ i = ėξ i + αi eξ i , i = x, y, z (7)

γηi = ėηi + αi eηi , i = φ, θ, ψ (8)

where αi > 0 is an arbitrarily chosen constant to weigh
the two terms.

For the translational subsystem, differentiating (5)
with respect to time, one obtains

γ̇ξ i = ëξ i + αi ėξ i = ξ̈i − (ξ̈ir − αi ėξ i ). (9)

Using (3) and (9), the height model in z direction can
be considered as

mγ̇ξ z = uz − mg − kz ż − Az − m(ξ̈zr − αz ėξ z). (10)

For technical simplicity, (10) can be written in the fol-
lowing compact form:

mγ̇ξ z = uz − Hzρz, (11)

with the known regression matrix Hz ∈ �1×3 given by

Hz = [ż, 1, ξ̈zr − αz ėξ z + g], (12)

and the unknown parameter vector ρz ∈ �3×1 given by

ρz = [kz, Az,m]T. (13)

Similarly, according to (3) and (9), regression matrix
and parameter vector for x and y channels are defined
as

Hi = [ξ̇i , 1, ξ̈ir − αi ėξ i ], i = x, y (14)

ρi = [ki , Ai ,m]T, i = x, y (15)

Therefore, the translational subsystemmodelwith error
signals can be described as follows

mγ̇ξ i = ui − Hiρi , i = x, y, z (16)

As for the rotational subsystem, substituting the
derivative of (8) into (3) leads to

Ii γ̇ηi = fi (φ̇, θ̇ , ψ̇) Ĩi + li ui − ki li η̇i

−Ai − Ii (η̈ir − αi ėηi ), i = φ, θ, ψ (17)

where fφ = θ̇ ψ̇, fθ = ψ̇φ̇, fψ = φ̇θ̇ , Ĩφ = Iθ −
Iψ, Ĩθ = Iψ − Iφ, Ĩψ = Iφ − Iθ , lφ = l, lθ = l, lψ = 1.
For technical simplicity, (17) can also be written in the
following compact form:

Ii γ̇ηi = li ui − Hiρi , i = φ, θ, ψ (18)

where the regression matrix and corresponding
unknown parameter vector are defined as

Hi = [− fi (φ̇, θ̇ , ψ̇), li η̇i , 1, η̈ir − αi ėηi ], i = φ, θ, ψ

(19)

ρi = [ Ĩi , ki , Ai , Ii ]T, i = φ, θ, ψ (20)
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Theorem 1 Consider the position subsystem in (16)
and rotation subsystem in (18). If the adaptive control
laws are defined by

ui = Hi ρ̂i −μiγξ i , ˙̂
iρ =−Γi H

T
i γξ i , i = x, y, z (21)

ui = (Hi ρ̂i −μiγηi )/ li , ˙̂
iρ =−Γi H

T
i γηi , i=φ, θ, ψ

(22)

where ρ̂i represents the estimated value of the unknown
parameter vector, then the position tracking error, atti-
tude tracking error and their speed tracking error will
decay to zero regardless of unknown system dynamics,
and all closed-loop signals are bounded.

Proof At first, consider the following Lyapunov can-
didate for position subsystem

V = 1

2
γξ imγξ i + 1

2
ρ̃T
i Γ −1

i ρ̃i , i = x, y, z (23)

where ρ̃i = ρi − ρ̂i denotes the estimated error. As
stated in Remark 1, the sustained disturbance is an
unknown constant vector that needs to be estimated
in an adaption process. In fact, even if it varies slightly
with time, the disturbance term Ai can still be regarded
as a constant vector in a short time. And the tracking
error bound regarding disturbance can be made arbi-
trarily small by selecting appropriate adaptive gains.
Using this notation, the adaptation law in (21) yields

˙̃ρi = Γi H
T
i γξ i , i = x, y, z (24)

Then, substituting (21) and (24) into (16), one obtains

mγ̇ξ i = −Hi ρ̃i − μiγξ i , i = x, y, z (25)

Differentiating (23) by using (24) and (25), the deriva-
tive of (23) is then obtained by

V̇ = γξ i (−Hi ρ̃i − μiγξ i ) + ρ̃T
i Γ −1

i Γi H
T
i γξ i

= −μiγ
2
ξ i , i = x, y, z (26)

Similarly, if the Lyapunov function adopted for rotation
subsystem is given as follows

V = 1

2
γηi Iiγηi + 1

2
ρ̃T
i Γ −1

i ρ̃i , i = φ, θ, ψ (27)

And considering ρ̃i = ρi − ρ̂i , (18) and (22), the dif-
ferential form of (27) satisfies that

V̇ = −μiγ
2
ηi , i = φ, θ, ψ (28)

Since V̇ is semi-negative definite,V has anupper bound
V (0), which guarantees the boundedness of γξ i , γηi ,
ρ̃i and ui . According to (7) and (8), one can obtain

that e, ė, ξi , ξ̇i , ηi and η̇i are all bounded based on
standard linear control arguments. Then, from (25) one
can get that γ̇ is bounded, which further ensures V̈
obtained by differentiating (26) and (28) to be bounded.
Thus V̇ is uniformly continuous. Overall, V is positive
definite and bounded, and V̇ is semi-negative definite
and uniformly continuous, so Lemma 1 implies that

lim
t→∞ V̇ (t) = 0. (29)

In view of (26), (28) and (29), the limitation of γ is

lim
t→∞ γ (t) = 0. (30)

Recall (7) and (8) and suppose that the initial error
value is e(0) = e0, and then the error can be solved as
follows

e(t) = e(0)e−αt + γ (t)

α
(1 − e−αt ), (31)

which further implies that e(t) and ė(t)will converge to
zero as t → ∞ based on (30) and (31). Therefore, the
position tracking error, attitude tracking error, and their
velocity errors of the quadrotor aircrafts will decay to
zero even in the presence of the external disturbances
and unknown dynamic parameters. ��
Remark 2 If the adaptive parameter Γi is sufficiently
large, one can conclude that ρ̂i will approximate the
unknown parameter vector ρi , and thereby the effects
caused by the external disturbances and unknown
dynamic parameters can be attenuated.

4 Adaptive robust control with input saturation

The control functions uz , uφ , uθ and uψ cannot be put
into use due to the rotational speed limitations in (1). In
fact, four control inputs are influenced by the following
saturation function

ui = sat(uiL , ui , uiU ) =
⎧
⎨

⎩

uiL ui < uiL
ui ui L < ui < uiU
uiU ui > uiU

(32)

where uiL and uiU (i = z, φ, θ, ψ) are the lower/uper
limit bounds of the four control inputs respectively.
Once the saturation occurs, the tracking errors of e and
ė will increase such that the filtered error signal γ will
be increased, which also leads to a oscillation in the
adaptive laws. Thus the control performance under law
(21) and (22) will be ruined. The basic idea underlying
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the anti-windup designs with input saturating actua-
tors is to introduce modifications and compensations
in order to reduce the influence of saturation nonlin-
earity.

In translational subsystem with actuator saturation
uzL < uz < uzU , define a new auxiliary error γ ξ i =
γξ i − χξ i which satisfies

mγ̇ ξ i = mγ̇ξ i − mχ̇ξ i

= ui − Hiρi − mχ̇ξ i , i = x, y, z (33)

with the regressionmatrix H and the unknown parame-
ter vector ρ defined as same as those in Sect. 3. And the
newly introduced signal of χξ i can change adaptively
to attenuate the influence from actuator saturation, and
its adaptive law will be discussed later.

When the saturation is considered, the adaptive con-
trol law given by (21) can be modified and the new
control law is designed in the following form:

ui = sat(uiL , ui , uiU ), i = x, y, z (34)

ui = Hi ρ̂i − μiγ ξ i−βiχξ i−δi sgn(γ ξ i ), i = x, y, z

(35)

with the unknown parameter vector and auxiliary error
being updated as follows

˙̂ρi = −Γi H
T
i γ ξ i , i = x, y, z (36)

χ̇ξ i = −βi

m̂
χξ i + ui − ui

m̂
, i = x, y, z (37)

where the function sat() is defined in (32),μi andβi rep-
resent freely chosen positive constants, and the robust
signal term δi sgn(γ ξ i ) will be discussed later.

Consider that the precise physical parameters of
quadrotorUAVscannot beenobtained inpractical envi-
ronment, for example, the massm and inertia moments
Iφ , Iθ and Iψ . Based on the invariance of these parame-
ters and bounds of the inputs, the following definitions
are made.

Definition 1 The difference proportion εm of aircraft
mass is defined as m/m̂ = 1 + εm , and the known
bound values ε∗

m guarantees ε∗
m > |εm | = |m/m̂ − 1|.

And according to (37), there exists bound u∗
i such that

u∗
i > |βiχξ i − ui + ui | where i = x, y, z. βiχξ i varies

with the change of ui − ui until the adaptation error
becomes zero, thus the upper bound of their subtraction
will exist as u∗

i .

Following a similar procedure, the robust adaptive
control function for attitude motion of the vehicle body

under torque saturations of (32) can be designed as
follows:

ui = (Hi ρ̂i − μiγ ηi − βiχηi − δi sgn(γ ηi ))/ li ,

i = φ, θ, ψ (38)

with the unknown parameter vector and auxiliary error
being updated as follows

˙̂ρi = −Γi H
T
i γ ηi , i = φ, θ, ψ (39)

χ̇ηi = −βi

Îi
χηi + ui − ui

Îi
, i = φ, θ, ψ (40)

To cope with the inertial parameter uncertainty in air-
craft body and the input torque saturation, some defi-
nitions are expressed as follows.

Definition 2 The difference proportion of inertial val-
ues in three axis can be written as εi (i = φ, θ, ψ),
which is further defined as Ii/ Îi = 1 + εi , and the
known bound value ε∗

i guarantees ε∗
i > |εi | = |Ii/ Îi −

1|. And according to (40), there exists bound u∗
i such

that u∗
i > |βχηi − ui + ui |.

The following theorem will provide our main results
on the adaptive robust control for quadrotor aircraft
movements with input saturation.

Theorem 2 Consider the position subsystemwith con-
trol signals in (16) and rotation subsystem in (18) both
in the presence of finite-time saturation (32) under def-
inition 1 and definition 2. If the modified control inputs
are designed as (34–37) and (38–40) with the robust
term satisfying δi ≥ ε∗

i u
∗
i , then the stability of the posi-

tion tracking and attitude tracking can be guaranteed
even in the presence of input saturation, and the control
laws are robust to the parameter uncertainties includ-
ing m and I . Also, all the signals in the closed-loop
systems are bounded.

Proof For position subsystem, select the quadratic
Lyapunov function candidate as

V = 1

2
γ ξ imγ ξ i + 1

2
ρ̃T
i Γ −1

i ρ̃i , i = x, y, z (41)

Consider (33) and (36), the derivative of (41) can be
rewritten as

V̇ = γ ξ imγ̇ ξ i + ρ̃T
i Γ −1

i
˙̃ρT
i

= γ ξ i (ui − Hiρi − mχ̇ξ i ) + ρ̃T
i Γ −1

i Γi H
T
i γ ξ i

= γ ξ i (ui − Hi ρ̂i − mχ̇ξ i ). (42)
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Adaptive and robust control of quadrotor aircrafts 261

Arranging (37) and (35) together obtains the further
derivative of (41) as follows

V̇ = γ ξ i (ui − Hi ρ̂i + m

m̂
(βiχξ i − (ui − ui )))

= γ ξ i (ui − Hi ρ̂i + (1 + εm)(βiχξ i − (ui − ui )))

= γ ξ i (ui − Hi ρ̂i + βiχξ i + εm(βiχξ i − ui + ui ))

= −μiγ
2
ξ i − γ ξ iδi sgn(γ ξ i )

+γ ξ iεm(βiχξ i − ui + ui ))

≤ −μiγ
2
ξ i − |γ ξ i |δi + |γ ξ i |ε∗

mu
∗
i

≤ −μiγ
2
ξ i ≤ 0, i = x, y, z (43)

As for the rotational subsystem, define the following
Lyapunov function:

V = 1

2
γ ηi Iiγ ηi + 1

2
ρ̃T
i Γ −1

i ρ̃i , i = φ, θ, ψ (44)

Substituting (38–40) to the derivative of (44), the sim-
ilar result can obtained as follows

V̇ ≤ −μiγ
2
ηi − |γ ηi |δi + |γ ηi |ε∗

i u
∗
i

≤ 0, i = φ, θ, ψ (45)

Therefore, the proof of this theorem can be completed
byusing the sameprocedures in the proof ofTheorem1.

��
Remark 3 When the saturation occurs, the overall
closed-loop quadrotor systems are stable in the sense
of Lyapunov due to the modified adaptive robust con-
troller. And the signal χ helps attenuate the windup
influence caused by input saturation. Specifically, sig-
nal value χ will increase along with error γ increasing,
which in turn guarantees that there is no sudden rise in
the modified tracking error γ , and all the signals are
bounded despite of the parametric uncertainties.

Remark 4 Whenno input saturation limits are exceeded,
ui − ui will be zero such that the signal of χ will con-
verge to zero and remain zero in view of Eqs. (37) and
(40), where the control law is as same as that of Sect. 3.
In this case, the control laws proposed in Sect. 4 will
degenerate into those in Sect. 3 with same adaptive
laws, and all the solutions in Sect. 3 still hold automat-
ically here.

5 Simulation Results

In this section, several simulation examples are given
to illustrate the effectiveness of the proposed control

Table 1 Parameters of the quadrotor aircraft

Symbol m g l Iφ Iθ Iψ

Value 0.74 9.81 0.2 0.004 0.004 0.0084

Unit kg m/s2 m kgm2 kgm2 kgm2

strategy for path following problem. The parameters of
the quadrotor aircraft used in the simulations are given
in Table 1, which are chosen from the test [10]. All
simulations have been executed considering external
disturbances on the six DOFs, and uncertain system
parameters in order to indicate the robustness of the
control method.

The desired reference path used is a circle evolv-
ing in the R3 Cartesian space, where the yaw angle is
required to be stabilized at zero. The circle is defined
by xr = 1

2 cos(
π t
20 ) m, yr = 1

2 sin(
π t
20 ) m, zr =

3 − 2cos(π t
20 ) m, ψr = 0 rad. Suppose that the initial

state values of the aircraft are ξ0 = [0.45, 0.05, 0.45]T
m, η0 = [−0.02, 0.05, 0]T rad, and initial velocities
are assumed as zeros. Here, in this simulation, it is
assumed that the external disturbances on the aerody-
namic forces and moments are given as: Ax = 1 N at
t = 5 s; Ay = 1 N at t = 15 s; Az = 1 N at t = 25 s;
Aφ = 1 Nm at t = 10 s; Aθ = 1 Nm at t = 20 s and
Aψ = 1 Nm at t = 30 s.

In order to evaluate the flight characters with respect
to actuator saturation of quadrotor aircrafts, the input
limitations are taken into account. For example, in z
direction, the control input ranges from 0 to 21 N,
while torque inputs u2 and u3 range from −10–10
Nm. Based on the above assumed magnitude, the anti-
windup performance can be validated in the following
experiments. Alternatively, the sign function in robust
term can be chosen as sigmoid function, and thus the
control inputs avoid the chattering problem so that the
obtained input control signals are acceptable and phys-
ically realizable.

Simulation results using adaptive control without
actuator saturation are shown in Figs. 2, 3, 4 and 5, and
performance is noticeable in these figures especially
at the time when disturbances of forces and moments
occur. Figures 2, 4 present position tracking responses
in 3-D space and tracking errors, from which it can
be seen how, starting from an initial position far from
the reference, the proposed control strategy is able to
make the vehicle follow the reference trajectory in a
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Fig. 2 Adaptive path following without saturation
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Fig. 3 Adaptive attitude tracking without saturation
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Fig. 4 Adaptive position tracking error without saturation

small delay. Besides, the adaptive law helps eliminate
the effects caused by sustained disturbances, and three
positions successfully track the desired position refer-
ences with different phases simultaneously.
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Fig. 5 Adaptive attitude tracking error without saturation

Figures 3, 5 show attitude angles tracking curves and
the error results, respectively. It can be observed that
the inner adaptive controller makes the vehicle track its
rotational reference trajectory even when each degree
of freedom is affected by the moment disturbances.
And the estimated values of unknown system dynam-
ics and disturbances are well tuned by the adaptive law.
Furthermore, the desired attitude angles φr and θr cal-
culated by the translational controller varies with time,
but the adaptive controller achieves null steady-state
error. From these figures, the designed controller suc-
ceeds in reaching the desired attitude trajectory while
disturbances and model parameter uncertainty are well
compensated.

Figures 6, 7 are plotted to show the tracking errors
of the adaptive control under control laws (21) and (22)
with input saturations.At t = 25s, it is noticeable to see
the position tracking error of z direction in Fig. 6 and
control signal uT in Fig. 8 suffers from a drastic oscil-
lation caused by the limitations of control input value,
and it takes a longer time before convergence. From
thesefigures, one canobserve thatwindupphenomenon
caused by actuator saturation leads to a delay in con-
vergence time of the close-loop system control, which
may cause physical accident to the real-time flight of
quadrotor aircrafts.

In contrast, simulation results using the proposed
adaptive robust control (35) and (38) under the same
saturation are presented in Figs. 9, 10, with Fig. 9
showing the position tracking errors and Fig. 10 show-
ing the tracking errors of attitude angles, respectively.
In these figures, it is worthy to mention that the pro-
posed approach can obtain the less tracking errors com-
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Fig. 6 Adaptive position tracking error with saturation
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Fig. 7 Adaptive attitude tracking error with saturation
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Fig. 8 Control inputs of adaptive control with saturation
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Fig. 9 Adaptive robust position tracking error with saturation
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Fig. 10 Adaptive robust attitude tracking error with saturation

pared with the saturated system under adaptive con-
troller without introducing the anti-windup term, and
our proposed controller reduces the convergence time
in the presence of actuator saturation and disturbances.
Figure 11 shows the corresponding control inputs, and
it can be observed that the control signals return to nor-
mal states quickly after saturation vanishes especially
in z direction, while those under adaptive control law
face several oscillation. Moreover, the adaptive gain
Γi and robust gain βi decide the convergence rate of
its robustness performance. Thus, the proposed law is
able to cover many kinds of unknown system parame-
ters and six degree sustained disturbances. This further
confirms the highly robustness of the proposed adaptive
robust anti-windup control approach.
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Fig. 11 Control input of adaptive robust control with saturation

6 Concluding remarks

In this paper, an adaptive robust saturated control
strategy has been proposed for a nonlinear uncer-
tain quadrotor system with actuator saturation. After
designing an adaptive controller for the quadrotor
tracking problem with external disturbances acting on
all degrees of freedom, an emendatory tracking error
is proposed to adjust the control strategy and to reduce
the control input influence on the system stability and
tracking performance. Finally, simulations show that
the proposed controller has achieved a good and smooth
performance in tracking the desired trajectory, and all
signals in the close-loop system are bounded. Besides,
this controller is validated to be robust to unknown
dynamic parameters and external disturbances. Com-
pared to existing algorithms, the proposed scheme
tends to bemore practical since it obtains robust conver-
gence, disturbance attenuation and anti-windup prop-
erty simultaneously. Future research is to apply and
validate this novel control method in real applications.
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