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Abstract In this work, we develop some non-
commutative (NC) second-order integrable coupled
systems of weight 1 which possess a third-order sym-
metry. Two-component second-order NC Burgers-type
systems, with non-diagonal constant matrix of lead-
ing order terms, are classified for higher symmetries.
We obtain new symmetry integrable systems with their
master symmetries.

Keywords Integrable coupled systems -
Third-order symmetry - Two-component second-order
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1 Introduction

Integrable systems of equations, which possess suffi-
ciently large number of conservation laws and give rise
to multiple soliton solutions, play a major role in the-
oretical physics and in propagation of waves. An evo-
lution equation is defined to be integrable in symmetry
sense if it admits infinitely many symmetries. A par-
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tial differential equation is completely integrable if and
only if it possesses infinitely many generalized symme-
tries. The existence of a sufficiently large number of
conservation laws or symmetries guarantees complete
integrability for this equation. The connection between
conservation laws and symmetries from the geometric
point of view was investigated in [1-17].

Integrable systems are nonlinear differential equa-
tions which can be solved analytically. Exactly solvable
models and integrable evolution equations in nonlin-
ear science play an essential role in many branches
of science and engineering applications. The useful
findings in integrable systems of equations have stim-
ulated much research activities. We refer to the use-
ful papers [1-12,14] and the some of the references
therein, where useful researches were invested to make
further progress in this field. The extension of inte-
grable systems to non-commutative (NC) spaces is one
of hot topics in the recent study of integrable systems
[3,5,8,9]. NC extension in gauge theories corresponds
to the presence of background magnetic fields and
leads to the discovery of many new physical objects
and successful applications to string theories. Non-
commutative generalizations of the classical nonlinear
evolution equations in (1+1) dimensions were classi-
fied according to the symmetry-based integrability in
[15-21].

In this article, two-component non-commutative
versions of Burgers equation are observed to have
higher symmetry in a certain weighting scheme of sym-
metries. As a result, we present various NC equations
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which possess the higher symmetry. We mainly dis-
cuss the applications of master symmetry. The non-
commutative (NC) extension of Burgers equations is
quite interesting in order to explore their properties
which they possess on ordinary spaces. NC spaces
are characterized by the non-commutativity of the
spatial coordinates; if x* are the space coordinates,
then the non-commutativity is defined by [x*, x"], =
i0" where parameter 6"V is antisymmetric tensor and
Lorentz invariant and [x*, x"], is commutator under
the star product. NC field theories on flat spaces are
given by the replacement of ordinary products with the
Moyal products and realized as deformed theories from
the commutative ones.

Systematic classification of two-component inte-
grable systems of second-order differential equations
is considered by Olver and Sokolov [8] and the refer-
ences therein. One of their extensive results was the
fact that all the integrable cases of the class considered
were those systems that can be written by generalized

contact transformations in the form where the coeffi-
cient matrix of leading order terms J*! is the first of
the three constant matrices

41 (1 0 2 (11 3 (0 1
#=(o 5) =6 1)7=(0 o)
ey

No two-component NC system with non-diagonal
Jordan form J3, to our belief, has been discovered
so far. Here we classify (1, 1)-homogeneous systems
which are left unclassified in terms of the matrix of
leading J2 and J> admitting a certain type of higher
symmetry. We give master symmetries of the systems
determined to have only higher symmetries.

2 The class

The class of non-commutative two-component (1,1)-
homogeneous systems with undetermined constant
coefficients p; and g; has the form

u p1u + pav2 + pauuy + pauiv + psuiu + pevuy + p7uvy + pgviu
+vpov1 + proviv + priud + piav? + pi3u?v + prauvu + pisvu®
+ pieuv? + pr7vuv + pi7v’u

2

v qiuz + qa2v2 + q3uu1 + q4u1v + gsuiu + gevil + g7uvy + qgviu
+ qovvr + qroviv + quiu’ + qi2v? + qizutv + qrauvu + qisvu®

+ qi6uv? + gr7vuv + qi7v7u.

@ Springer

The class of non-commutative two-component (1,1)-
homogeneous systems with undetermined constant
coefficients k; and /; is



Some classification of non-commutative

1489

+l50uv2u + lslvu2v + Ispvuvu + Iszuvuv + 1541)4

v Lius + lhvsy + l3uuy + lyuru + lsurv + lgvus + lquvy + Igvou + lgvvs
+11ov2v + Liud + 1203 + Lizugvr + laviug + Lisu?uy + Leuyu?
+ lyquuiu + Liguuiv + Ligvuiu + bouivu + biujuv + lpvuuy + lhzuvuy
+lz4v2u1 + lzsulvz + hevuv + hyuviv + lzguzvl + lzgv1u2
+ l3yvviu + [3pvvu 4 [33vuv + [3gvuvy + lsuvvy + l36U2U1
+137v1 v? + l3gvviv + l39M4 + l4ol/l3v + 141 vl + l42uvu2 + l43u2vu
+ l44v3u + 145uv3 + 14(,qu2 + l47v2uv + 1481421)2 + l49v2u2

u kiuz + kovs + kzuuy + kquou + ksurv + kgvua + kquvy + kgvou
+ kovvy + kiovav + kiju? + kiov? + kizugvy + kigviug + kisu?ug
+ kiguiu? + kyquuiu + kiguugv 4 kjovuqu + kaouyvu + kojuquv
+ kopvuuy + kozuvuy + k24v2u1 + k25u1U2 + kygvuiv + koquviv + k28u2U1
+k29v1u2 + ksouviu + k3zjvviu + kzpvivu + kzzviuv + kagvuvy + kssuvvg
~|—k36v2v1 + k3701 v? + k3gvviv + k39u4 + k40u3v + kajvu® + kapuvu?
+ k43u2vu + k44v3u + k45uv3 + k46vuv2 + k47v2uv + k48u2v2 + k49v2u2
+ k50uv2u + k51vu2v + kspvuvu + kszuvuv + k54v4

3)

+ lzouviu

Imposing compatibility condition among the classes u
of systems (2) and their proposed class of symmetries
(3), we obtain a system of algebraic equations among
the undetermined constants. Each solution of the sys-
tem of constraints on the constants p;g;k; and /; deter-
mines a system and its higher symmetry. Among the
systems obtained to possess a higher symmetry, the
uncoupled ones and the triangular ones, i.e., those that

<

t

reduce to successive scalar equations, are discarded as u
they are trivial. The remaining systems are investigated
for master symmetry. Solutions of the algebraic con- v

ditions imposed on the undetermined coefficients by

Vix — 205t — 20, V420 vy + 00y + 2620 —1v

Upx + Uy — 2uxtt — 20U +UVy — Vity — uVUAVU>

2

—2uvu — viu+2vuv

“

Uyx +Vpx +UUx — 30 u+v 0+ 2uu, +2uv, — 20U,

compatibility condition among classes (2) and (3) with + u2v+uv? —3uvu+2vu? — vuv

the choice p; = p» = g2 = 1 and g1 = 0 give rise
only to the non-trivial system given in the following
section.

Theorem 1 Any(1,1)-homogeneous system of form (2)
with a non-degenerate constant coefficient matrix of t

Vex — 205U+ Uy 0+ 200y +uv? — 2uvu — v2u+2vu?

&)

. . ; . . 2
leading order terms having one- dimensional eigen- Uyx +Vxx — UxV+Vxu — 2wy — 2uv+u"v — uvu

space, possessing a (1,1)-homogeneous symmetry of
form (3), is equivalent, by a linear change of variables
u and v and rescaling of x and t, to one of the following
eight equations:

Uxx +Ux0 — 2MUX —uv2

(6)

At + 40y + i — 200y +dvgu+ 201, —uvu+vu®

4y +4veu—viu—2vv,

@)

@ Springer



1490

D. Talati, A.-M. Wazwaz

All of the systems given in the above theorem have
symmetry algebra of higher-order systems. All above
systems reduce to scalar second-order Burgers equation
by v = 0 reduction.

Uy = Uxy + UxU
and

U = Uxy + UlUy

2.1 System (4)

System (4) has the master symmetry

Xuy + 20y —u? + uv — 2vu

M = (8)

XU — Uy — %v2

So one can generate symmetries of arbitrarily high
orders by symmetry relation successively. Therefore,
system (4), obtained by acting M! on x-translation
symmetry, is symmetry integrable.

2.2 System (5)

System (5) is a symmetry integrable system having the
master symmetry

Xy + vy +u2+uv+%v2—2vu
M? = ©)
XV — Uy + %vz
Acted on x-translation symmetry, M? gives system

(5).

2.3 System (6)

Symmetry integrable system (6) is obtained by acting
M to x-translation symmetry where the master sym-
metry is
M =

xu; +uy —u? 4 20uv — 20v, + (=260 — Dou

xv; + (=20 — ?
(10)
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here 6 is arbitrary. So system (6) is divided into two
systems:

u — UV + VUyx + Vgt — 2uvy 4+ u?v — uvu
v/, VeV — uv?
(11)
and
u Uyy — 2UUy
= (12)
v Uyx — 2UVy

t

2.4 System (7)

Symmetry integrable system (7) is obtained by acting
M?* to x-translation symmetry where the master sym-
metry is related to Mastersymmetry :

M=
(2)\,)61/{, —dpuy + 2?4+ (0 +20)uv — 40v, — 20vu)

2axv; — davye + (A +20)v2 + (L + 2u — 2a)vu
(13)

Here X is arbitrary. So system (7) is divided into two
systems:

u Ay —2uvy +4vy i+ 20U, —uvu+vu?
v/, —v2u—2vvy
(14)
and
u Uxx T Uyl
= (15)
v Uyx +UxU

t

We may rewrite Eq. (14) with transformation u —>
2wyw and v —> zw in the following forms

u 27y
= (16)
v 0

t
which is trivial.
3 Some new classes with no member

Not every scalar integrable system has a non-
commutative counterpart. A key question is how many
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of the known commutative examples extend to non-
commutative integrable equations. In recent years,
studies on fifth-order systems of two-component non-
linear evolution equations have received considerable
attention [10,11,13,15]. Olver and Sokolove proved
[8] that in KdV weighting, there are no purely matrix
analogs of the fifth-order Sawada—Kotera and Kaup
Kupershmidt equations when the right-hand side of the
evolution equation only involves the field variable u
and its x derivatives.

The second interesting weighting is that associated
with both 1-homogeneous Kupershmidt equation, So
here we aim to complete the solving of classification
problem for non-commutative scalar fifth- order equa-
tions.

The class of non-commutative scalar 1-homogeneous
systems with undetermined constant coefficients «; has
the form

Uy = Us + axuug + a3uqu + c4u U3 + dsu3u
+a6u% + a7u2u3 + Olgbt3u2
+ oouuzu + djouU U + o uUU] + XU TUUY
+o3uiuru + ajauru U

+ o5uruuy + a16u% + a17u3u2

+a13u2u3 + a19uu2u2

+a20u2u2u + azluzu%
—i—azzufuz + ozuiuuiu + apquuUU

+a25uu%u + a26u1u2u1 + 0127u4u1

3

+ooguuiu + a29u2u1u2 + a3ou1u4

+a31uu1u3 +a32u6 17

With arbitrary «.The class of non-commutative 1-
homogeneous of weight 7 systems contains about 130
terms in each component. Therefore, we omit writing
this class explicitly. Solutions of the algebraic con-
ditions imposed on the undetermined coefficients by
compatibility condition among classes 17 and related
higher- order symmetry give rise no any non-trivial sys-
tem given in the following Theorem .

Theorem 2 For the scalar 1-homogeneous systems,
every non-degenerate polynomial equation of weight
5 over a non-commutative associative algebra having
a weight 7 symmetry is either linear or equivalent to
the fifth-order NC mkdv or NC Burgers equation.

We have done also a classification of 2-homogeneous
non-diagonal second-order system

w\ _ (uz+ v+ Bru® + Bouv + Byvu + Pav?
v ), \va+ Bsu® + Beuv + Brou + gv? '

(18)

With arbitrary 8.

Solutions of the algebraic conditions imposed on the
undetermined coefficients by compatibility condition
among classes 18 and related higher-order symmetry
give rise no any non-trivial system given in the follow-
ing Theorem .

Theorem 3 No non-trivial (2,2)-homogeneous system
of form (18) with a non-degenerate constant coefficient
matrix of leading order terms having one-dimensional
eigenspace, possessing a (2,2)-homogeneous third-
order symmetry, is existed.
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