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Abstract Hierarchies of Peregrine solution and
breather solution are derived in a (2+1)-dimensional
variable-coefficient nonlinear Schrodinger equation
with partial nonlocality. Based on these solutions, we
study the control of the excitation of Peregrine solu-
tion and breather solution in different planes. In par-
ticular, the localized Peregrine solution and breather
solution are firstly reported in two-dimensional space.
Itis expected that our analysis and results may give new
insight into higher-dimensional localized rogue waves
in nonlocal media.

Keywords Localized Peregrine solution and breather
solution - Nonlinear Schrodinger equation - Partial
nonlocality

1 Introduction

Localized structures based on different nonlinear evo-
lution equations were intensively studied [1-6]. Pere-
grine solution and breather solution based on the
nonlinear Schrodinger equation (NLSE) have become
important prototypes to describe rogue wave motions
in different fields of physics and ocean engineering
[10-13]. Localized structures based on quintic and
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cubic-quintic NLSEs were extensively discussed [7-9].
Rogue waves are also called as freak waves, monster
waves, killer waves. One of important characteristics of
rogue waves is their unpredictability that “waves that
appear from nowhere and disappear without a trace”
[14].

In ocean, rogue waves exhibit harmful aspects,
and they destroy ships and marine structures [15,16].
Many mainstream media such as Nature News, BBC
News, Reuters, ScienceDaily, Physicsworld, Financial
Express. have reported their extreme hazards in differ-
ent sea areas. However, rogue waves can occur in other
media than water. In particular, optical rogue waves
allow study of the phenomenon in the laboratory. In
optics, scientists excite rogue waves in the useful fields,
e.g., harnessing and control of optical rogue waves in
supercontinuum generation [17,18].

Relative to a reference frame co-moving with the
optical pulse, the basic nonlinear model describing the
rogue wave phenomenon is the focusing NLSE

iUt + Uxx + 2|U*U = 0. (1)

Based on this model, the theoretical study for rogue
wave began with the pioneering work of Akhmediev’s
group [14,19-22]. By means of the Darboux transfor-
mation, hierarchies of Peregrine solution and breather
solution for NLSE have been reported to describe rogue
waves [14,19-22].

Considering the concept of nonautonomous solitons
[23], nonautonomous Peregrine solution and breather
solution and the related control of excitation have
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been discussed [24-26]. Moreover, nonautonomous
Peregrine solution and breather solution in higher-
dimensional case have also been studied [27-29]. How-
ever, all higher-dimensional Peregrine solution and
breather structures in previous literatures [27-29] are
not completely localized in space (such as x-y space).
In this paper, we consider the propagation of local-
ized Peregrine solution and breather structures in a
medium with partially nonlocal inhomogeneous non-
linearities by the following (2+1)-dimensional NLSE

+00

iy + B(Duxx + X(I)M/ lul*dy =0, 2)

—0o0

with the normalized complex field envelope u(t, x, y),
diffraction coefficient B(¢) and nonlinear coefficient
x (t). Here the subscripts denote the derivation to the
corresponding variables. In this case, x-direction is
localized, however, y-direction is nonlocal because the
quantity at point y is related to other vicinal points.
Equation (2) is a nonlinear differential-integral equa-
tion, and it is a variable-coefficient extension of the
(2+1)-dimensional equation [30,31]. As reported in
[30], Eq. (2) can be considered as the vector NLSE
with infinitely many components. When § and y are
both constant, the Gram-type determinant solution and
localized soliton interactions were studied [30]. More
physical interpretation of Eq. (2) can also be found in
Refs. [30,31].

2 Similarity reduction between nonlocal equation
(2) and local equation (1)

Inserting the transformation
ut,x,y) = p(y,HU[X(x,1), T(1)]
x exp [ip (¢, x, y)], (3)

into Eq. (2), when function U[X (x, t), T'(¢)] satisfies
Eq. (1), we obtain the following set of equation

pr + Bpdxx =0, X + BX ¢y =0,

¢+ B2 =0,T, —2BX2 =0, Xyx = 0, (4)
+o0 5

/ pdy =2T;/x. o)
—00

After some algebra from Egs. (4) and (5), we obtain
the result: If B(¢) and x (¢) satisfy the relation

2
x () = ——BMOI(1), (6)
Wy
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then the amplitude, accumulated time, similarity vari-
able and phase read

QNI
P00 = AR, T() = T,
0

X o X
(x, 1) = m,
Q
Bt x,y) = — 4(”x2+¢<y), (7)

and function A(y) satisfies

—+o00
/ IA()dy = 1, (8)

—00

with the width w(r) = %, the accumulated diffrac-
tion I1(t) = [, B(z)dr, chirp function Q(#) = [1 —
soI7(+)]~" and initial constants wg, so and free function
o(y).

The normalization condition (8) for A(y) hints that
many types of function A(y) can be selected. Function
A(y) can be the hyperbolic secant function as A(y) =
sech(y)/m. Moreover, function A(y) can also be the
Hermite—Gaussian function

1 2.2
A(y) = ———H, —07y7/2, 9
» NG (wy)e )

with the Hermite polynomial H, (wy) and nonnegative
integer n.

Therefore, if B(¢) and x (¢) satisfy the relation (6),
via the transformation (3) with (7), nonlocal equation
(2) is reduced to the local equation (1).

3 Hierarchy of Peregrine solution

According to the modified Darboux transformation
(DT) technique in Ref. [19] and choosing the plane-
wave solution ug = exp(2iT) as seed solution, from
the one-to-one correspondence (3), we have the first-
order rational solution (Peregrine solution)

Q)

u(t,x,y) = ————~H,
Jnngm

G| +iK;
s e
[ - D ]

X exp [i[(z — T, +vX

(wy)e™ /2

$082(1)

- w(y)]} : (10)
where G| = 4, Ky = 16T,, D; = 1 +4X2 + 16T?
with Ty, =T — Topand Xy, = X — vT;,and T and X
are given in the expression (7).
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Using solution (10) as the seed solution in DT tech-
nique, we obtain the second-order rational solution

Q
u(t,x,y) = \/ﬁ;)ﬁ

G iK
|:1+ 241 2]

Hy(wy)e™ ">/

D,
X exp {i[(Z — v2)TS +vX
- @aﬂ +<p(y)]}, (1n

where
Gy = 36 — 153607 — 345672 — 192X*
—288X2 — 4608T> X2,
Ky = T,(720 — 12288T* — 1536T> — 768X %
+1152X2 — 6144T2X2),
Dy =94 4096T° 4 6912T 4 1584T?2 4 64X°
+48X% 4+ 108X2 + 307277 X2
+768T2 XY — 115272 X?
with Ty, =T — Topand Xy = X — vT;,and T and X
are given in the expression (7).

Similarly, using solution (11) as the seed solution in
DT technique, we obtain the third-order rational solu-
tion

Q1)

u(t,x,y) = —n!Z"ﬁ

G 1K
[_Hﬁ]

Hy(wy)e /2

D3
X exp {i[(2 — vz)Ts +vX

%09 ,
4

where G3 = 24576 X, '0+(92160 + 1474560 7,?) X,®
+ (—1474560 T2 + 322560 +19660800 T,*)X,° +
(—172800 + 2764800 T,2 — 14745600 T,* + 1101
00480 7,%) X ,* + (—64800 — 20736000 T3> + 16588
8000 7y* + 165150720 T,° + 283115520 7,%) X2 +
276824064 T, '0 + 778567680 T8 + 215285760 T,° —
47001600 T,* — 777600 T, + 16200, K3 = 98
304 X, 107, + (—368640 T, + 1966080 7,°) X,® +
(—921600 Ty, — 13762560 T,> +15728640 T,7) X© +
(=2073600 Ty — 11059200 T3 — 82575360 T;> + 6291
4560 T, 7) X* + (1814400 T, — 38707200 T + 16809
98407,° — 943718407, + 125829120 7,°)X,> +
100663296 T, ' + 157286400 T,,° — 342097920 T, " —

+<p(y)]}, (12)

236666880 T> — 3801600 7,3 + 453600 T, D3 =
4096 X2 + (6144 + 98304 T,%) X,'0 + (34560 —
368640 ;> + 983040 T,H)X,® + (149760 + 552
960 Ty2 —2949120 T,* + 5242880 T,%) X ;6 + (54000 +
3456000 T2 — 5529600 T;* + 3932160 7,° + 1572
8640 T, %) X 4+ (48600—2332800 7, 2+80179200 T, *+
221184000 T,°470778880 T,8+25165824 T,'0) X, >+
16777216 T, '2 4 132120576 T, '© 4 244776960 T8 +
62668800 T,° + 36806400 T,* + 1490400 T, + 2025
with Ty =T — Ty and Xy = X — vTy,and T and X
are given in the expression (7).

Therefore, along this procedure, for any m-order, we
can write the solution of Eq. (2) as follows

Q(1)

u(t,x,y) = —n'Z”ﬁ
X [(—1)'" +

Hy(wy)e™ "/

Gy +iKy
Dy,

X exp {i[(Z — )Ty +vX
5092(1) 5
-
4

where G, K;, and D, are polynomials in the two
variables T and X. For the limit of length, we do not
list these expressions here.

+<ﬂ(y)]}, (13)

4 Hierarchy of breather solution

According to the modified DT technique in Ref. [22]
and choosing the plane-wave solution 1o = exp(2i7’)
as seed solution, from the one-to-one correspondence
(3), we derive the first-order breather solution

Q)

u(t,x,y) = —nzznﬁ
L iM
8 [_1 N &}
Ny

X exp {i[(z — V)T +vX

H,(wy)e™ 12

_ 5020 5

1 + w(y)]} ) (14)

where L = 2/<12 coshé1(T — Ty), M| = 4kyvq sinh
81(T — Ty), Ny = 4[cosh81(T — T1) — vicoski(X —
X1)] with vi = Im(X;) and §; = vik;. Here T and
X are given in the expression (7). When 0 < vy < 1,
this solution (14) describe breather, and when v; >
1 (k1 is imaginary), this solution (14) describes KM
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soliton. Specifically, if v — 1, this solution (14) can
degenerate into the first-order rational solution (11) via
the I’Hopital’s rule.

When we consider the second-order solution, two
independent frequencies of modulation, x1 and «3, are
combined in the solution via the next step of the DT.
Along the procedure in Ref. [22], we derive the second-
order breather solution

Q1)

Y TN

L iM
x[1+ 2 +i 2}
N

Hy(wy)e™ @12

X exp {i[(Z — vz)Ts +vX

5082(1) 2
-——x
4

where L, = —K12[K1282 cosh(81Ts1) cos(ka X2) /Ko —
k381 cosh(82Ty2) cos(k1 Xs1)/k1  — k12 cosh(81Ty1)
COSh(aszz)], M2 = —2K12[8152 Sinh(51TS1)COS(K2
X52)/Kka — 8281 sinh(82T2) cos(k1 Xs1) /K1 — &1
sinh(81Ts1) cosh(82T52)+62 cosh(81Ts1) sinh(62752)],
Ny = 2(k74k3)8182 cos (k1 Xs1) cos(k2 Xs2) / (k1k2) —
2k} — kK3 + 2k3) cosh(81 Ty1) cosh(82Ty2) + 48182
[sin(x1 Xs1) sin(kp X2) + sinh(81T1) sinh(62T50)] —2
12[81 cos(k1 Xy1) cosh(82T2) /k1 — 82 cos(ka Xs2)
cosh(81Ty1) /2] with T; = 2(T — T;), Xgj = X —

Xj,(Sj = kj /4—/(]2-/2,1(12 = K12 — K22,Kj =
2./1+ A?,j = 1, 2. Here « is the modulation fre-

quency, T; and X ; determine the center of solution in
t-x coordinates, and 7" and X are given in the expres-
sion (7).

When the values of Im(X;) and Im(X;) are both
between O and 1, this solution (15) describes two
breathers. When the values of Im(X;) and Im(A;) are
both bigger than 1, this solution (15) describes two
Kuznetsov-Ma solitons. For the values of Im(A{) and
Im(X,), if one of them is bigger than 1, and another
is between 0 and 1, a breather and a Kuznetsov-Ma
soliton can be constructed together.

Especially, if x; # 0 and xk» — 0, solution (15)
describes a breather or a Kuznetsov-Ma soliton with a
Peregrine solution. In this case, expressions of Ly, M>
and N3 in solution (15) has the form

Ly = ic{k[k*(4T3 +4X2%, 4+ 1) — 8]
x cosh(8Ty1) + 868 cos(k X51)}/8,
My = k{8T»[8 cos(k Xg1) — k cosh(8Ty1)]

+<p(y)]}, (15)

@ Springer

+8Kc(AT3 + 4X% + 1) sinh(8Ty1)} /4,
Ny = —{8[K>(4T3 4+ 4X% + 1) — 16]

x cos(k Xy1) + k([K2(4TS + 4X% — 3) + 16]

x cosh(67T51)

— 168[ Ty sinh(8Ty1)

+ X5 sin(k X51)1}/ (4k) (16)
with Tsj = 2T - Tj), ij = X — Xj, 5 =
kA —K2)2, 6 = 2, /1 +22,j = 1,2. When 0 <
Im(A;) < 1 and Im(A;) > 1 in solution (16), we can
obtain the Peregrine solution combined by a breather
and Kuznetsov-Ma soliton, respectively.

Similarly, along the procedure in Ref. [22], we derive

m-order solution
(1)

ut, x,y) = ————=
Vni2n/m
m +iMm:|

( l)m L
X [ — + N,

H,(wy)e @12

X eXp {i[(2 — )T +vX

5082(1)
——x
4
where L,,, M,, and N,, are polynomials in the two vari-
ables T and X. For the limit of length, we do not list
these expressions here.

+ <P(y)]} . A7)

5 Controllable behaviors of localized structures

The controllable behaviors of localized structures are
studied in the following soliton control system [32,33]

B(1) = Poexp(—o1), (18)
which is the exponentially modulated control system.
Parameter B\ describes the initial diffraction. This sys-
tem is a typical diffraction decreasing system (DDS)
for o > 0. Moreover, if o = 0, Eq.(18) is a constant
diffraction system.

At first, we reconsider the excitation of Peregrine
solution (10) in the framework of the focusing NLSE
(1). Asreported in Ref. [19], Peregrine solution reaches
its maximum at center point (Xo = 0, Tp). Along T-
axis, Peregrine solution is excited from a continuous-
wave background (emerging at T =~ Tj) and disappears
soon.

Note that the accumulated time 7 and similarity
variable X are not real time ¢ and real spatial vari-
able x in our study, respectively. From the expression
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Fig. 1 Complete excitation (a)
of Peregrine solution in
DDS at a x-t plane with

y = 3 and b—f x-y space 0.081
withb,en =0,t =8,

dn=0,t =100, 0.067
en=1,1t=38,and [ul
fn=21=100. 0.041

Parameters are chosen as
wo =0.5,6=0.1,0 =
0.05,50 =0.02,v =
02, Th=5w=1

0.02 1

(b)

(d)

%
%

X direction|

%,  direction

T(@) = % in Eq. (7), we know that the value of
0

T (t) isnot free, and it is limited to a certain range. In the
Boll—exp(=o1)]

DDS, T(t) = 2o —soBoll—oxp(—a D]} which indicates
that T(t) —> Ty = 20— 1 time 7 .
at T(t) — T E—— as real time t — 00

Therefore, the relation between Ty and Ty, is crucial
to determine the degree of excitation. As reported in
our previous study [24,25,27], if T,, > Ty, Peregrine
solution is completely and quickly excited; if 7,,, = Ty,
Peregrine solution is excited to peak and maintain this
shape a long time; if 7,, < Tp, Peregrine solution is

only excited to initial shape. Note that here we dis-
cuss the control for the excitation of two-dimensional
localized Peregrine solution, which is hardly studied
to the best of our knowledge, and different from two-
dimensional line rogue waves reported in [27-29].
Figure 1 shows the complete excitation of Peregrine
solution with 7;,, = 16.67 > Ty = 5. Figure l1aexhibits
the complete excitation of Peregrine solution at the
range of 5 < ¢ < 11 in the x-¢ plane. In x-y space,
the combined structure is made up of the Hermite—
Gaussian structure in y-component and Peregrine solu-

@ Springer
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Fig. 2 Peak excitation of
Peregrine solution in DDS
at a x-t plane with y = 3
and b—f x-y space with

bn=0,r=10,
cn=0,t=100,
dn=1,1r=10,
en =2,t =100, and
fn=3,t=100.

Parameters are chosen as
wo =0.5,6=0.1,0 =
0.162, 50 = 0.02, v =
02, Thv=5w=1

tion. During the stage of complete excitation, the com-
bined structure in x-y space appear a localized struc-
ture at the range of —0.5 < x < 0.5 in Fig. 1b when
n = 0. Corresponding to Fig. 1b, the detailed structures
in x-direction (when y = 0) and y-direction (when
x = 0) are shown in Fig. lc. When ¢ > 11, there is
a constant plane in the x-f plane, and thus only the
Gaussian structure is shown in x-y space in Fig. 1d.
For n = 1, when ¢t = 8§, two localized wave packets
[like structures in Fig. 1c] appear in the x-¢ plane in
Fig. le. When ¢t = 100, there is a constant plane in the
x-t plane, and thus only the Hermite—Gaussian struc-
ture is shown in x-y space. For other values of n, if

@ Springer

t > 11, there are only the Hermite—Gaussian struc-
tures in x-y space. Figure 1f is another example of the
Hermite—Gaussian structure in x-y space when n = 2.

If T,, = Ty = 5, the peak excitation of Peregrine
solution can maintain a long time with a self-similar
propagating behavior in Fig.2a, where its amplitude
and width self-similarly change after a short propaga-
tion time from the initial condition. Corresponding to
the initial stage of excitation in Fig.2a, a wave packet
is embedded in a line Gaussian structure in x-y space
in Fig.2b at t+ = 10 when n = 0. Corresponding to
the peak stage of excitation in Fig.2a, the combined
structure in x-y space appear localized structure [like
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Fig. 3 Initial excitation of (a)

Peregrine solution in DDS
at a x-t plane with y = 3
and b—f x — y space with

bn=0,r=10,
cn=0,t=100,
dn=1,1=10,
en =2,t =100, and
fn=41=100.

Parameters are chosen as
wo =0.5,6=0.1,0 =
04,50 =0.02,v =
02, Th=5w=1

structure in Fig. Ic] at the range of —0.5 < x < 0.5
in Fig.2c when ¢t = 100. Similarly, for other values
of n, if t > 11, there are all localized structures [like
structures in Fig. Ic] in x-y space, and the number of
localized structures is decided by n + 1 for n-th order
of Hermite polynomial. Figure 2d—f demonstrates these
localized structures [like structures in Fig. 1c] for dif-
ferent n.

If T, = 2.01 < Ty = 5, the excitation of Pere-
grine solution is restrained and only excited to ini-
tial shape in Fig.3a because the threshold of excit-

(b)

ing Peregrine solution is never reached. This struc-
ture looks like a bright optical similariton and sep-
arated bright similariton pairs [34] with very small
amplitudes propagating stably on a non-zero back-
ground. In x-y space, no localized structures appear.
From Fig.3b (+ = 10) to Fig.3c (t+ = 100), only a
small packet is superimposed on a line Gaussian struc-
ture when n = 0. For other values of n, only small
packets are also superimposed on the line Hermite—
Gaussian structures. Some examples are shown in
Fig. 3d-f.

@ Springer
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-2
24T

Fig. 4 Complete excitation of superposed breather in DDS at
a x-t plane with y = 3 and x-y space withbn = 0,7 =7, ¢
n =0, = 100; peak excitation of superposed breather in DDS
at d x-f plane with y = 3 and x-y space withe n = 0, r = 100,
f n = 5t = 100; initial excitation of superposed breather

For other order rational solutions, when 7, > Ty,
T = Ty and T;, < Ty, complete excitation, peak exci-
tation and initial excitation will happen. These cases
are similar to Peregrine solution in Figs. 1-3. For the
limit of length, we omit the related plots.

In the following, we consider the control of the
excitation of superposed breather. Solution (15) can

describe two arrays of separated breathers. Each breathers

are composed of Peregrine solution-like structures. In

@ Springer

in DDS at g x-t plane with y = 3 and x-y space with h
n=20,t =100,in = 6,r = 100. Parameters are chosen as
k1 =04, k0 = 1.4, wy = 0.5, B9 = 0.1,590 = 0.02,v = 0.2,
Ti =T, =5 o =1witha-co = 0.05,df o = 0.162 and
gioc=04

each arrays, the numbers of Peregrine solution-like
structures are decided by the ratio of x| and x>. When
two arrays of separated breathers share the same ori-
gin, we can construct superposed breathers. Similarly
to these excitations of Peregrine solution in Figs. 1—
3, when T, > T = T», T, = T1 = T, and
T, < T\ = T,, complete excitation, peak excita-
tion and initial excitation of superposed breather will
occur.
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Fig. 5 Numerical rerun of Peregrine solution (10) in Figs. Ic, 2d and 3e at time t = 100. An added 5% white noise is added to the
initial values. The parameters are the same as those in the corresponding analytical plots

Here we choose k1 = 0.2 and k» = 1.4, namely,
the number of Peregrine solution-like structures in two
array is 1 : 7. When they share the same origin,
two Peregrine solution-like structures with the same
value of x form a parallel Peregrine solution-like pair,
and three Peregrine solution-like structures triangu-
larly laying out become a second-order rational solu-
tion.

If T,, is remarkably bigger than 77 = T, the
full superposed breather is excited completely. Fig-
ure4a shows the complete excitation at the range of
0 <t < 17inthe x-¢ plane. In x-y space, the combined
structure is made up of the Hermite—Gaussian struc-
ture in y-direction and breather in x-direction. Dur-
ing the stage of complete excitation, in x-y space, the
combined structure appears a breather in x-direction

@ Springer
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with Gaussian structures in y-direction in Fig. 4b when
n = 0. When ¢ > 17, there is a constant plane in the x-
t plane, and thus only the Gaussian structure is shown
in x-y space in Fig. 4c. For other values of n, (n + 1)-
arrays of breathers appear at the range of 0 < ¢ < 17,
and the Hermite—Gaussian structure appears at t > 17
in x-y space.

If T,, = T1 = T, in x-t plane, the peak excita-
tion of superposed breather can maintain a long time
with self-similar propagating behaviors (see Fig. 4d).
The amplitude and width of sustained breather self-
similarly change after a short propagation time from
the initial condition. Corresponding to the initial stage
of excitation in Fig.4d, the combined structure in x-
y space appears a breather in Fig.4e when ¢t = 100.
Similarly, for other values of n, if t > 11, there are
(n + 1)-arrays of breathers in x-y space. For exam-
ple, Fig. 4f displays six arrays of breathers in x-y space
when n = 5.

If T,, < T = T, the threshold of exciting
superposed breather is never reached, its excitation is
restrained an d only initial part is excited in the x-7
plane (see Fig.4g), which looks like a periodic wave
with very small amplitudes propagating stably with the
time. In x-y space, only some small packets are super-
imposed on the line Hermite—Gaussian structures. Fig-
ure4h, demonstrate two examples when n = 0 and
n = 6, respectively.

At last, we discuss the stability of these Peregrine
solutions with different controllable excitations. We
study analytical solutions evolving with time when
they are disturbed from their analytically given forms.
We perform the direct numerical simulation (the split-
step Fourier technique) with initial white noise for
Eq. (2) with initial fields coming from solution (10)
in some cases. Figure5 displays the numerical rerun
of Peregrine solution (10) in Figs. Ic, 2d and 3e at
time + = 100. From Fig.5a, one can find that Pere-
grine solution with complete excitation for n = 1
stably evolves with time in both x and y directions,
and the white noise hardly influences the evolution
of Peregrine solution. In Fig.5b, the white noise has
a stronger influence on Peregrine solution with peak
excitation for n = 2, especially two sides of Pere-
grine solution in x-direction. From Fig. 5c, Peregrine
solution with initial excitation for n = 3 is unstable
and broken down the initial shape after evolving time
t = 100, and at last turns into noise especially for its
shape in x-direction. Compared these Peregrine solu-
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tions in Fig. Sa—c, the stability attenuates with the add
of n.

6 Conclusions

In conclusion, we obtain hierarchies of Peregrine
solution and breather solution excited in a (2+1)-
dimensional variable-coefficient NLSE with partial
nonlocality. Based on these solutions, we study the con-
trol of the excitation of Peregrine solution and breather
solution in different planes. If 7, > Tp(orT] = 1),
Peregrine solution or breather solution is completely
and quickly excited; if T,, = Top(orT} = T»), Pere-
grine solution or breather solution is excited to peak
and maintain this shape along time; if 7;,, < To(orT} =
T»), Peregrine solution or breather solution is only
excited to initial shape. In particular, we report firstly
the localized Peregrine solution and breather solution in
two-dimensional space. Numerical rerun for analytical
solution indicates that the stability of Peregrine solu-
tion attenuates with the add of n. It is expected that our
analysis and results may give new insight into higher-
dimensional localized rogue waves in nonlocal media.
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