Nonlinear Dyn (2017) 88:1257-1271
DOI 10.1007/s11071-016-3308-x

@ CrossMark

ORIGINAL PAPER

Darboux transformations for super-Schrodinger equation,
super-Dirac equation and their exact solutions

Fajun Yu . Lili Feng - Li Li

Received: 10 September 2016 / Accepted: 19 December 2016 / Published online: 4 January 2017

© Springer Science+Business Media Dordrecht 2017

Abstract The Darboux transformation (DT) for the
super-integrable hierarchy has an essential difference
from the general system. As we know, the super-
integrable soliton equation hierarchies with four poten-
tials are discussed. Starting from the spectral problems
of super-AKNS hierarchy and super-Dirac hierarchy, a
DT method for two super-integrable hierarchies is con-
structed, which is more complex than the general inte-
grable system. Soliton solutions of super-Schrodinger
equation and super-Dirac equation are presented by
using DT, which contain some bright, dark and breather
wave soliton solutions. Then, the properties of these
solutions in the inhomogeneous media are discussed
graphically to illustrate the influences of the variable
coefficients.
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1 Introduction

With the development of soliton theory, super-
integrable systems and their super-Hamiltonian struc-
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tures associated with Lie super algebras have been
receiving growing attention. The super-integrable hier-
archy is a significant model in nonlinear phenomena,
such as super-Jaulent-Miodek hierarchy [1], super-
NLS-MKGdV hierarchy [2], super-Yang—Mills hierar-
chy [3], [4-10], which describe such situations more
realistically than general integrable system in plasma
physics, arterial mechanics and long-distance optical
communications [11-14].

Supersymmetric extensions of the Schrodinger
group and its Lie algebra have also been discussed
in connection with various physical systems such as
fermionic oscillator [15,16], spinning particles [17],
nonrelativistic Chern—Simons matter [18-20], Dirac
monopole and magnetic vortex [19], many body quan-
tum systems [21]. It introduces a Z,-graded version
of the nonlinear Schrédinger equation that includes
one fermion and one boson at the same time, and
the solution exhibits a super-version form of the clas-
sical Rosales solution in [22]. In [23], the nonrela-
tivistic limits of the N = 3 Chern—Simons matter
system in 1 + 2 dimensions are investigated; then,
a family of super-Schrodinger-invariant field theories
produced from the parent relativistic theory is pre-
sented.

Soliton equations are nonlinear partial differen-
tial equations (PDEs) described by infinite dimen-
sional integrable systems and are important mod-
els describing nonlinear phenomena that occur in
nature. Some methods have been proposed to solve
the PDEs in Refs. [24-26], e.g., the Darboux trans-
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formation (DT) [27], inverse scattering transformation
[28], Béacklund transformation (BT) [29,30], Painleve
test [31], Hirota method [32] and Adomian decom-
position method [33,34]. In Ref. [35], Wazwaz et al.
present an extended higher-order modified KdV equa-
tion and derive the one-soliton, two-soliton and three-
soliton solutions by using simplified Hirota’s direct
method. Three variants of nonlinear diffusion—reaction
equations with derivative-type and algebraic-type non-
linearities, short-range and long-range diffusion terms
are studied through the auxiliary equation method in
[36]. Among those methods, the BT can also be used
to obtain a nontrivial solution from a seed solution in
Refs. [30,31]). The DT is a powerful method to con-
struct the soliton solution for the super-integrable equa-
tions. There are different methods to derive the DT, for
instance, operator decomposition method [37], gauge
transformation [27,38], loop group method [39] and
Riemann—Hilbert method [40]. The DT can be used for
constructing multisoliton and localized coherent struc-
ture solutions of nonlinear integrable equations in both
(1 + 1) and (2 + 1) dimensions [41-44]. The DT of
the integrable coupling system composed by triangular
system has been discussed [45].

The integrable nonlinear Schrodinger (NLS) equa-
tion is an important model for a variety of physical
problems [46,47]. It is used in nonlinear optics [46],
condensed matter physics and in particular in model-
ing Bose—Einstein condensate (BEC) [47-50], and so
on [51-54]. Bagnato et al. offer a general introduction
to the theme of BEC and briefly discuss the evolution
of a number of relevant research directions during the
last two decades in [52]. Multidimensional solitons and
their legacy in contemporary atomic, molecular and
optical physics are reported in [53]. An overview of
selected recent studies on the creation and the char-
acterization of localized optical structures in nonlinear
media is proved [54]. Optical solitons (bright and dark)
are created by a balance of group-velocity dispersion
(GVD) and self-phase modulation (SPM), whcih are
governed by the NLS equation in a fibers. There are
many works for the NLS equation with (time, space)-
modulated potential and nonlinearity [49,55]. For the
two-component coupled system with both focusing
cases, the coupled NLS equations admit bright—bright
solitons and bright—dark, breather, rogue wave, bright—
dark-breather and bright—dark—rogue wave solutions
[56,57].
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In fact, the DT for the super-integrable hierarchy
has an essential difference from the general cases. As
we know, the super-integrable soliton equation hierar-
chies with four potentials are discussed. Consequently,
in order to obtain the analytic soliton solutions of a
super-NLS equation and a super-Dirac equation, we
will employ the DT method, which is an effective com-
puterization procedure and has been widely used to
construct soliton-like solutions for a class of nonlin-
ear evolution equations. In this paper, we construct
explicit solutions and dark-bright solutions for two
super-integrable equations.

This paper is organized as follows: In Sect. 2, we
construct DT for super-AKNS soliton hierarchy and
proof the procedure of DT, and some soliton solutions
are obtained. In Sect. 3, we apply the DT for super-
Dirac soliton hierarchy and obtain some soliton solu-
tions. The evolutions of the intensity distribution of the
soliton solutions are illustrated in figures.

2 Darboux transformation and exact solutions for
super-Schrodinger equation

The Schrodinger symmetry can accommodate super-
symmetries, in which case it enhanced a super-
Schrodinger symmetry. Super-Schrédinger-invariant
field theories would be important like superconformal
field theories. The super-AKNS soliton hierarchy has
already aroused widespread attention in physics and
mathematical applications [58]. Ma presents the super-
AKNS soliton hierarchy in [59], which includes not
only even elements but also the odd elements.

2.1 Darboux transformation for super-Schrédinger
equation

In this section, we introduce a graded formalism
allowing us to deal with a classical field containing
one bosonic and one fermionic component. And the
super-Schrodinger equation can describe some parti-
cles according to their collective behavior in high or
low temperature. Furthermore, the super-Schrodinger
equation can describe the movement of microscopic
particles, each microscopic system has a correspond-
ing equation, and the specific form of wave function
and the corresponding energy can be obtained by solv-
ing equations, so as to understand the nature of the
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microsystem. The super-Schrédinger equation can be
reduced from the super-AKNS soliton hierarchy, which
is as follows

1
ri= -5l +r2s + 2raf — 2aay,
1
§t = 5% = rs® — 2saf — 2pBx.

1
oy = —Oyx — By — ErXﬁ + Ersa,

1 1
Br = By + 50ty + zsxa - er.B- (D

We first consider the Lax pairs (or the linear isospec-
tral problems) of Eq. (1) in the form

AT o
px=Up=1|s -2 B|o 2)
B —a O
and
o=V (3)
A2 — %rs —aff ri+ %rx aA+ oy
= s)»—%sx —A2+%VS+01,3 Br— B | @,
BA — By —aA — oy 0

here r(x, t), s(x, 1), a(x, ), B(x,t) are potentials, A
is a spectral parameter, ¢ = (@1, ¢2, (p3)T is a column
vector solution of Egs. (2) and (3) associated with an
eigenvalue A.

The aim of this section is to construct Darboux trans-
formation for super-Schrodinger equations (2) and (3),
which are satisfied with the 3 x 3 matrix transformation
of ¢, U and V. Now we recommend a gauge transfor-
mation T of the super-Schrodinger equations (2) and

3):

Ty Ty Tis
on=Tey, T= T T Tn|, “4)
T51 T3 T33
¢ =Up, U= (T, + TUT ", )
o=V, V=(T,+TV)T". (6)

If the U, V and U, V have the same types, Sys-
tem(4) is called Darboux transformation of the super-
Schrodinger equations.

Let = (Y1, ¥2.¥3)", ¢ = (¢1.¢2.93)", X =
(X1, X», X3)T are three basic solutions of systems (2)
and (3), then we give the following linear algebraic
systems:

(@) @) a1 ODas@Y i _ N
(A + A0M + MDY 20 = -,

O 4D 4D o 4D @) 5 Y
(A9 + ADMD + AQMP )3 = —m DY,

N-1
(@) @) 30D D as@Y i _ @4, N
<A31 T ARM; T+ Ay M; >)‘,li =M
i=0
(7
with

(1) (2)

M(l) _ w2+vj ¢2+Uj X2

1 Dy’

/ ¢1+v; )¢1+v](- 'X,
(n 2)

uo _ V3 +v; g3 +v,7 X3
1 2

/ ¢1+v§ )¢1+V§)X1

., 0<j=3N, ()

where A; and v](.k) I #k, A #4j, vl.(k) * v;.k), k #
1, 2) should choose appropriate parameters; thus, the
determinants of coefficients for Eq. (7) are nonzero.

Defining a 3 x 3 matrix 7, and 7 is of the form as
following

N—-1 N—-1
Ty ="+ 3 A, 1= A,
i=0 i=0

N-1 )
Tis= Y AN,
i=0
N-1 ) N—1 )
D=y A, Tp=2N+ 3 AD
i=0 i=0
N—1 )
Toz = Z A(2’3))\l,
i=0

N-1 N-1
Ty= Y A{M. Tp=Y AGN,
i=0 i=0

N-1
Ty =N+ ) Afn, )
i=0

where N is a natural number, and the A, (m,n =

1,2,3.m > 0) are the functions of x and ¢. Through
calculations, we can obtain AT as follows

3N
AT = H(x—,\j) (10)
j=1
which proves that A;(j = 1 < j < 3N,) are 3N
roots of AT. Based on these conditions, we will proof
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that the U and V have the same forms with U and v,
respectively.

Proposition 1 The matrix U defined by (5) has the
same type as U, that is,

AT o
U=|5 —-x B, (11D
B —a 0

in which the transformation formulas between old and
new potentials are shown as follows

r=r—2A,
S =s5+2A,
ad=a— A,
B =8+ A3 (12)

Transformations (12) are used to get a Darboux trans-
formation of the spectral problem (5).

Proof By assuming T~ = AT—; and
B1i(A) B(d)  Biz(d)
(Ty + TU)T* = | Ba1(A)  Bxn(A) B |,
B31(A)  Bn(d)  Bsi(d)

(13)
it is easy to verify that Bg;(1 < s,/ < 3) are 3N-order
or 3N + 1-order polynomials in A.

Through some accurate calculations, A;(1 < j <
3,) are the roots of By (1 < s,l < 3). Thus, Eq. (13)
has the following structure

(Ty + TU)T* = (AT)C (%) (14)
where
cyr+c) cff c?
cm=|cy cya+cyy c;g> :
AT e

5)

and C,(,{C,g (m,n = 1,2,k = 0, 1) satisfy the functions
without A. Equation (14) is obtained as follows

(Ty + TU) = CO)T. (16)

Through comparing the coefficients of A in Eq. (16),
we can obtain

cy=1,c9 =0 cY=r-24p=7
Y =a—-A;5=47,
CSY =5 +24y =75,
CY) =B+ Ay =5,
Cé(l)) =B+ A3 =5, C(O)
cy =0,cY =o. (17)

(M ©)
C22 = -1, CZZ -

—o— Az = —a,
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In the following section, we assume that the new
matrix U has the same type with U, which means that
they have the same structures only r, s, , 8 of U trans-
formed into 7,5, @, E of U. After careful calculation,
we compare the ranks of A"V, and get the objective equa-
tions as following:

r=r—2Ap,
S =s42A0,
d=oa— A,
B=pB+As. (18)

From Egs. (11) and (12), we know that U= C(X). The
proof is completed. O

Proposition 2 Under transformation (18), the matrix
V defined by (6) has the same form as V, that is,

-1 —ap FAtlin ar+dx
V=|5-1& — W2+ 3F+ap Br— B
B — By — A —d; 0
(19)

Proof We assume the new matrix V also has the same
form with V. If we obtain the similar relations between
r,s,o, fand 7,7, @, E in Eq. (12), we can prove that
the gauge transformations under 7" turn the Lax pairs
U, V into new Lax pairs U, V with the same types.

By assuming 7! = gT and

En() Ep() EizQ)
(T, +TV)T* = | Ex(x) Exn() Ex®)
E3 () Exn(h) EszzQ)

(20)

It is easy to verify that Eg (1 < s,/ < 3) are 3N + 1-
order or 3N + 2-order polynomials in A.

Through some calculations, A;(j = 1 < j < 3,)
are the roots of Eg(s,/ =1 < j < 3). Thus, Eq. (20)
has the following structure

(I + TV)T* = (AT)F (), ey

where
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FPR2+ FPA+FY  FRa+ FY FiPA+ FY
Foy=| Er+ EY FOW2 + P+ FY Fya+ Fyy , (22)

(1 0) (1) 0)
F37h + F5, Fy'h+ Fyy

2)42 (1 (0)
F33007 + Fy3'h + Fy3

and F,,(Q (m,n = 1,2,k = 0, 1) satisfy the functions
without A. According to Eq. (21), the following equa-
tion is obtained

(I, +TV) = F\)T. (23)
Through comparing the coefficients of A in Eq. (23),
we get the objective equations as follows:

F2=0,F] =0,
F) = —%rs —af+ Aps + Ai3f — A7 — Az
1. .~
= —Ers —up,
FY) =r—241p =7,

(0)
F12 -

Fl(é) =a— A =a,

1 - - 1.
37 +Anr —Apa— Apr — Apa = 57

FO =a, + Ana+ A — AnF — And = &,
Fz(ll) =5 +247 =75,

1 ~

0 ~

F2(1) =57% + Ans + AnB — Anis — Az1B
1

5%,
2 X

@ _ M _
Fyy' =—1, F,y =0,

1
z(g) = Ayr + 57 +af — Ay — ApS — Anf

1
=5rs+ab,
0 A=
=B+ Az =B,
F2(3) = Ay — By + ApB — A —5A1 = — B,
F3(11)—,3+A13=E
(0) = A3ps — By + A33B — A]1,3+A210{_ ,é;c’

F3(§) = A3ir — ax — Az — Af + And = —dy,
) _ I _ ) _
F5 =0, F3'=0,F5; =0. (24)
In the above section, we assume the new matrix V
has the same type with V, which means they have the
same structures only r, s, o, 8 of V transformed into

7,5, d, Eof V. From Eqgs. (12) and (19), we know that
V = F (). The proof is completed. O

2.2 Explicit solutions for super-Schrodinger equation

Propositions 1 and 2 show that the transformations
(4) and (12) are Darboux transformations connecting
super-Schrodinger equation. In what follows, we can
apply the above Darboux transformations (4) and (12)
to construct exact solutions of super-Schrédinger equa-
tion. Firstly, we give a set of seed solutions r = § =
o = B = 0 and substitute the solutions into Egs. (2)
and (3), and we will get three basic solutions for these
equations:

ehx 321 0
2
Yoy=10 . ooy = | e
0 0
0
Xun=10 (25)
1
Substituting Eq. (25) into Eq. (8), we obtain
(1) ,—rx—22
M(-l) _ v;,'¢e S —2()ij+kit+F;1))
J erx 4221 ’
2
v a2 @
M(z) i —(rjaade+Fy ) 26)
eAx+A t

. (i)
withv® =) (1 <i <21 < j <3m),
In order to calculate, we consider N = 1 in Eqgs. (9)
and (10), and obtain the matrix T

A+ AL A A1z
T=| Ay A+ Axn A , (27)
A3z Az A+ Ass
and

Aj+ A+ M;l)Alz + Mj(-z)AB =0,
Azl + M](-l)()»,,' + A2) + Mj(-z)A23 =0,

Azt + MJD (j + As) + MP (0 + Asy) = 0.
(28)
According to Eq. (28), we get

1 e—z(xleZerF,‘”) (M X‘FAII‘FFI(Z')

A= e—Z(Azx-%—)»%r-%—F:f”) ~(rax a3 |

T @
| 6—2(A31+A3r+1’3 ) (Mx+A +F?)
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—2(maraie+F)
e

1 — M
a2, (D
A =11 e 2(roxidr+FV) s
_ L2, ()
. 2(rax+idr ") s

Ty e—(k1x+xft+F,‘2’)
(s 2 2)

Ar=|1 —u e (ravrrde+ i) ||
_ 20 F@

1 s e (rax a3+ )

B 1 N 1 2;
_Mefz(mfoerF,‘ ) e—2(mx+k%t+ﬂ( ) e—(hxﬂ%wﬂ‘ )
2 (1) 2 (1) 2 (2)
Ay = 7k26—2<k2x+xzt+Fz ) eﬂ(xzxﬂszz ) e—(kszzHFz )l
713672(x3x+x§z+r§”) e—2<X3X+A§1+F3(])) e—(xgxﬂgwa‘z’)
7}L167(A1X+A%1+F:2)) e—Z(MHAfHF:“) e—()»|x+)»%t+F|(2))
_ 2 (2) _ 2 (1) _ 2 (2)
A3t = | _age (a3 E?) . 2(rax+33r+F{) . (vt r?) |
N ETC A 2 D) e
s (ravr+r?) . 2(rax+23r+F{) . (a3 i)

(29)

Based on Egs. (8) and (32), we can obtain the fol-
lowing systems

A = 9 = 9
12 A 13 A
Ajyq Az
21 A 31 A (30)

the analytic soliton solutions of super-Schrodinger
equation are obtained by the DT method as follows

A
Fo gl
A
A
T=222
A
~ A3
o=——,
A
~ Az
= 31
B A (31

To illustrate the wave propagations of the obtained
soliton solutions (31), we can choose these free param-
eters in the forms A, Ao, A3, F,flk)(m =1,2,3,k =
1,2, 3) and the intensity distributions for the soliton
solutions given by Eq. (31) are illustrated in Figs. 1
and 2.

It is shown that solitary waves in nonautonomous
nonlinear and dispersive systems can propagate in the
form of so-called nonautonomous solitons or soliton-
like similaritons. From the single soliton, we can find
that the amplitude of the bright-dark soliton grows
and decays with time depending on the parameters
Ao ha ERm = 1,2,3,k = 1,2,3). We can
also see that the soliton velocity is related to all the
parameters presented in the equation. For illustration,
the propagations and evolutions of |7, |s|, ||, | ,5 | are
shown in Figs. 1 and 2.

@ Springer

In Fig. 1, the soliton is central symmetric around
the peak point. The width experiences the process of
decreasing—increasing with time, while the amplitude
experiences increasing—decreasing with time. In Fig. 2,
the amplitude of the bright soliton also grows and
decays with time. But the velocities before and after the
peak time are different, which can be observed clearly
from the nonsymmetric contour plot. The collapsing
process after the largest amplitude is quicker, and it
vanishes rapidly.

3 Darboux transformation and exact solution for
super-Dirac soliton hierarchy

Super-Dirac soliton hierarchy has already aroused
widespread attention in physics and mathematical
applications [60]. Ma had presented the super-Dirac
soliton hierarchy in the theory of super-integrable sys-
tems, which include not only even elements but also
the odd elements [59,61-63].

3.1 Darboux transformation for super-Dirac soliton
hierarchy

We note that the super-Dirac equation is decomposed
into two equations in the nonrelativistic limit. We can
replace the first component of the nonrelativistic spinor;
then, the nonrelativistic equation for the second com-
ponent of the fermion is given by the Pauli equation.
In the same way, the Dirac equation can be given by
[20]. The super-Dirac equations can reduced from the
super-Dirac soliton hierarchy, which are as follows

1
It = Esxx—(r2—|—52)s—2S0l,3+05ax_,3:3x’
_ 1 2, .2 —
5 = 2rXx+r(S -|-r)+2rot/3x ﬂxﬁ»
1
o :,BXX _r/sx +Sax_§r/\’13

1 1(2+2)ﬁ
stoz 2r s9)B,

1
Br = —axy —ray —sBy — qu(x

1 1
—35B+ z(r2 +5))a. (32)
Considering the isospectral problem of super-Dirac
hierarchy, the Lax pairs of the system are given as fol-

lows
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(a)

Fig. 1 (Color online) Profiles of a the intensity distribution ||
of Eq. (31); b the intensity distribution |5| of Eq. (31) with
A o= 0.1i, Ay = 040, 43 = 030, " = 0.3i, F{¥ = 0.2i,
FY =010, FP =021, FP =0, £V = 051, F{Y =0,

004 = 4
0.06 6

F3(1) = 0.4i, F3(2) = 0, c the intensity distribution |&| of
Eq. (31); d the intensity distribution | 8| of Eq. (31) with A = 2i,
=302 =50 KV =i, B =2i, F® = 4i, F? = 3,
FP=0FR"=3F"=0F"=7.F"=0

r Ats o vector solution of Egs. (33) and (34) associated with
px=Up=|—-r+s —r Blo (33) an eigenvalue A.
B —a 0
o =Vo
rk—%sx A2+sk+%rx+%(r2+s2)+a/3 ak — By
=| A 4sr+in—L0r+sH —af  —ri+ s Br+ax | o, (34)
BA + oy — o)+ By 0

herer(x,1),s(x, ), a(x, t), B(x, t) are potentials, A
is a spectral parameter, ¢ = (¢, @2, ¢3)" is a column

The aim of this section is to construct Darboux trans-
formation for the super-Dirac hierarchy with Egs. (33)

@ Springer
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Fig. 2 (Color online) Profiles of a the intensity distribution ||
of Eq. (31); b the intensity distribution |5| of Eq. (31) with 1| =
0.240.1i, A2 = 0.3+ 0.2i, 13 = 0.5+ 0.4i, F{") = 0.1 +0.1i,
Fy? = 0.240.1i, Fy” = 0.4+0.3i, F” = 0.3+0.31, F{” = 0,
A" =03+0.1i, iV =0, F{” = 0.7 + 0.4i, F\” = 0, ¢ the

and (34), which is satisfied with the 3 x 3 matrix trans-
formation on ¢, U and V. Now we recommend a gauge
transformation 7" of the super-Dirac hierarchy(33) and
(34):

Thw T, Tis
on=Te,, T=|T1 T To3|, (35)
T3y T3 Ts3
o =Ugp, U= (T, +TU)T ", (36)
o=Ve, V=T, +TV)T". (37)

Ifthe U, V and U, V have the same types, system(35)
is called Darboux transformation of super-Dirac hier-
archy.

@ Springer

intensity distribution || of Eq. (31); d the intensity distribution
Bl of Eq. (31) with 41 = 0.1, 4o = 0.4, 23 = 0.2, F{" = 0.3,
AP =02, FY =04, F? =06, FP =05, F{" =0,
=04, K" =0 F? =0

Let = (Y1, ¥2,¥3)", ¢ = (¢1,¢2,¢3)", X =
(X1, Xo, X3)T are three basic solutions of the super-
Dirac hierarchy (33) and (34); thus, we give the fol-
lowing linear algebraic system:

N-1
(@) @) a0 O ar@\ i _ N
(A + QM + AQMP )25 = -,
i=0
N-1
(@) (@) a1 O ar@\ i _ My N
(AZI +ARM;+ Ay M; ))J] =—M;7Ay
i=0
N-1
(@) @) 47D O ar@D\ i _ 24N
(A3ll +ARM;T + AM; )k; =—M;7A5
i=0

(38)
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with S=s+A —Axn,
1 2 ~
M(l) ¢2+V( )¢2+V( )X o0 =oa— A,
e+ 0P X, B=p+An. 43)

Mi™ = Q) &)
' Vit ¢+ X

where 1 ; and v(k) G kodi a0k #
1,2) should choose some appropriate parameters, SO
that the determinants of coefficients for Eq. (38) are
nonzero.

Defining a 3 x 3 matrix 7', and the T is of the form

as following

. 0=j=3N, (39

N—1 N—1
Ty =N + Z Agl])?»i, T, = Z Ai’z)/\",
i—0 i=0
N—1 )
T3 = Z A%))\l,
i=0
N-—1 )
Ty = Z ASIN L T =N+ 3 AR
i=0
T23 — Z A(l))xl
N—1 )
T3 = Z AL T =) AR,
i=0
N—1
T ="+ AGN, (40)
i=0

where N is a natural number, and the Ai,m (m,n =
1,2,3.m > 0) are the functions of x and 7. Through
calculations, we find

3N
AT:H(A—AJ-) 1)
j=l1
whichprovesthat;(j =1 < j < 3N)are 3N roots of
AT. Based on these conditions, we will proof that the U
and V have the same forms with U and V, respectively.

Proposition 3 The matrix U defined by (36) has the
same type as U, that is,

7 A+S o
U=|-r2+5 -7 B, (42)
B —& 0

in which the transformation formulas between old and
new potentials are shown

T=r—Apn— Ay,

Transformation (43) is used to get a Darboux transfor-
mation of spectral problem (36).

Proof By assuming T~! = % and
Bii(A) Bpa(A) Biz(d)
(Ty + TU)T* = | B21(A) Bxn(h) B()
B31(A) Bz(A) Bsz(r)

(44)

It is easy to verify that By (1 < s,/ < 3) are 3N-order
or 3N + l-order polynomials in A.

Through some accurate calculations, A; (1 < j < 3)
are the roots of By (1 < s,l < 3). Then, Eq. (44) has
the following structure

(Ty + TU)T* = (detT)C (1) 45)
where
c\? cyr+cy o
Ck) = c;;u +cfy ) |
Cay Cs 0
(46)

and C,(,m(m n=1,2,k = 0, 1) satisfy the functions
without A. So the following equation is obtained

(Ty + TU) = CO)T. (47)

Through comparing the coefficients of A in Eq. (47),
we see

0 ~ (1
C{I) =r—Ap—Ay=r, C;Z) =1,
C{g)—s—Azg-i-Au =75, C13 =a—Apn =a,
Cg) = -1, Cé?) =5+ A1 —Apn =75,
Cy) = —r+ A+ Ay = —
0
C§3) =B+ A;3=
0
C;l) =p-An=
(48)
In the following section, we assume the new matrix
U has the same type with U, which means that they have
the same structures only 7, s, ¢, B of U transformed into
7,5, a, B of U. After careful calculation, we compare

the ranks of AV and get the objective equations as fol-
lows:

F=r—Apn— A,
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~ 1 -
s=s+An - An, F](?)=—ESX+A11r—I—A12S+A13,3—A11r

& = — A23’ 1

B =p+Ans. (49) —A2|5 — Aj1@ = —§S~x,

From Egs. (42) and (43), weknow that U = C(A). The ~ F? =1, F) =5+ A)) — Ap =75,

proof is completed. O

Proposition 4 Under transformation (49), the matrix
V defined by (37) has the same form as V, that is,

1 1
FY = et E(r2 +5%) +af+ Ans

—Apr — Ao — AF — AnS — Apa

(2 Wi+ i+ I+ + a8 ar— B
V=| -2+ +in 12+ -3 -7+ 15 B+ ay (50)
B+ @, — @A+ B 0
Proof We assume the new matrix V also has the same ] .
form with V. If we obtain the similar relations between =3 o+ 3 F +32) +aB,
r,s,a, B of Vand 7,5, @, B of V in Eq. (43), we can " _
prove the gauge transformation under 7' turns the Lax Fiy =a—Axn =a,
pairs U, V into new Laxpai;s*U, V with the same types. Ffé” = By + Ao+ App — AT
By assuming 7-! = -, and we can obtain the ~ ~ o~
. . AT —Axs — A3 = —fy,
following equation @ ) ~
Fp=—-1LF/ =s—An+An =5,
En@) En() Ei@®) 0 1 1
(T +TV)T* = | Exi(}) En()  Ex() By = Aoir + gre = 507 +5%) —ap
E31(d)  En(h)  Esz@) ~ ~ ~
- +Ans + A — Anis + Aoir — Az1B
Gy
It is easy to verify that Eg (1 < s,1 < 3) are 3N + 1- T E(r +57) —ap,
order or 3N + 2-order polynomi.als inA. Fz(;) = Ay —r 4+ Ap = —F,
Through an accurate calculation, A;(j =1 < j < 0 1
3,) are the roots of Ey(s,/ = 1 < j < 3). Then, F2(2) = Ays + 3%~ Apr — Apa — Ags
Eq. (51) has the following structure -1
Ax¥F — A3 = =5
(T, + TV)T* = (detT)F(}), (52) AR = Anf = 35y,
where
V) 0) 242 €9) 0 1) 0)
Fi'a+ Fpy FY'A "+ Fiy A+ Fy  Fi3'd+ Fi3
FOy=| B2+ BVr+ F) Fya+ FyY Fr+EY | (53)

) ) (1) )
F3'0 + F5y F3,'A + F3,

0

and F,ﬁ,];) (m,n = 1,2,k = 0, 1) satisfy the functions
without A. So the following equation is obtained
(I, +TV) =FWM)T. (54)

Through comparing the coefficients of A in Eq. (54),
we get the objective equations as follows:

F{) =r—Ap—Ay =7,

@ Springer

F2(31) =B+An3=5,

FYY = Asja — ay + Anf — Ais§
+Ax3T — BAz; = &,

Fy' =p—An =4,

F3((1)) = A31r + Azs — oy + A33f
—AnB — Anp = d,
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FO = —at Ay = -,
3((2)) = Az;s — Azppr + By — A3
—Af + And = B,
Al =—Axn, Ap=-A4Ay, A3 =Axn,
Az = —Az,
241, —2rAin + a Az — AxzAis
—Apf +2A% +25A1 =0. (55)

In the following section, we assume the new matrix
V has the same type with V, which means they have
the same structures about 7, s, o, B of V transformed
into7,s, o, E of V. From Egs. (43) and (50), we know
that V = F(1). The proof is completed. O

3.2 Exact solution for super-Dirac equation

Propositions 3 and 4 show that the transformations (35)
and (43) are Darboux transformation connecting super-
Dirac hierarchy. In what follows, we can apply the
above Darboux transformation (35) and (43) to con-
struct some exact solutions of super-Dirac equation.
Firstly, we give a set of seed solutions r = s = o =
B = 0 and substitute the solutions into Eqgs. (33) and
(34), and we will get three basic solutions for these
equations:

0 e—hx—271
Yoy = | e |, pay=1|0 ,
0 0
0
Xoy=10 (56)
1
Taking (56) into (39), we obtain
D) —rx—22
M(l) = vj © ’ t = 62<AJX+A%I+F1(I))
J ehx+221 ’
(2)
V' 2 (@)
M _ 1_2 _ (a3 r ) 57)
j ehx A2t
with v® = 3 (1 <i <21 < j <3N),

In order to calculate, we consider N = 1 in Egs. (40)
and (41), and obtain the T as follows

A+An A A3
T=| An A+ Axn Ax , (58)
A31 A32 A+ A33
and

Aj+ A+ Mj(-l)Alz + MJ(Z)A13 =0,

1 2
Ay + M]( )()»j + Ax) + MJ( )A23 =0,

Azt + MV + Asg) + MP (G + Asz) = 0. (59)
According to Eq. (59), we get

2(A|x+»\2r+F“’) (A]’H»A t+F(2))

1

A= ez(Az}cHgﬁ-Fz‘”) e()»zx+)\2t+F2(2)) )

ez(mwx%wa‘”) C(A3x+A§1+F§2>)

1

ez(mxﬂfHF‘”) e(Mx+kfr+F|(z))

—A

o 2 (1) 2 @
A=y, ez(Asz H—F,) (}nx-%—)» (+F} ) )

c132 () m)
i e2(A3,\+A3r+F3) (Azx+x3r+F3

_Me2<mx+x%r+Fl‘”) e(xlx+A$r+Fl‘z))

1

2(on+A2t+F“’) e(x2x+x§z+F§2)) ]

An =11 ),

e 2(raxtide ") e(k3x+kgt+F3(2))

ez(A|x+x%z+F1”>

1 — A
2 (1)
Az = 1 eZ(AszrA t+F, ) _)Lz ,
P
| e2(A3x+A3t+F3 ) s
2 (2)
T e(A|X+A|1+F1 )

— M+FP
Ap=|1 _1, <A2x+ + ) i

(As r+xzt+F(°’)

1 — A3
_)LleZ(MXJrAZHF“)) eZ<A|x+A2t+F“)> e(mwﬁwﬂ”)
Ao = 7A262(A2x+l t+/~"’) ez(A2x+A2t+l~(”) e(A +/\2r+ﬁ‘2>)
Z(M w3+ Fy) ez(k;.x+x§r+F3‘”) e(mﬂ +F)

rxtidee YY) 2(axeadeer) rxidrrr?)

€ €

—Xiie ( (
hortidt ) 2(hoxniderr) e(xzx+A§:+Fz‘2)) )
( (

o

(
A3zl = 7)\26(
(

rartidr ) 2(hxniderFY)  (raxiderr?)

—A3e e e
(60)
Depending on Egs. (38) and (39), we can obtain that
A11=ﬂ, 22=£, 12=&,
A A A
Az = % Ay = % Azl = %; (61)

the analytic soliton solutions of super-Dirac hierarchy
are obtained by the DT method as follows

~__An_ Ax
A A
s_ O An
A A
5o O
=——
~  Aq3
ﬁ_T' (62)

To illustrate the wave propagations of the obtained
soliton solutions (62), we can choose these free param-
eters A1, A2, A3, FO(m = 1,2,3,k = 1,2, 3) and the

@ Springer
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(a)

19

(¢)

19|

Fig. 3 (Color online) Profiles of a the intensity distribution |7 |
of Eq. (62); b the intensity distribution |5] of Eq. (62); ¢ the inten-
sity distribution || of Eq. (62); d the intensity distribution |3|

evolutions of the intensity distribution for the soliton
solutions given by Eq. (62) are illustrated in Figs. 3
and 4.

The DT of Eq. (32) gives the required solution, and
the explicit soliton solutions under different cases are
portrayed in Figs. 3 and 4. Some special soliton solu-
tions are localized both in space and time in Fig. 3.
They exhibit the similar features of the so-called rogue
waves, but they are based on zero background rather
than a plane wave background. Figure 4 exhibits the
similar features of the so-called breather waves; this
figure indicates a sharp compression and strong ampli-
fication of the nonautonomous soliton under the action
of inhomogeneity.

@ Springer

of Eq. (62) with A = 0.2i, &, = 0.3i, A3 = 0.8i, F{" = 0.1i,
AP =02i, FP = 04i, FP = 03i, P = 0.2i, F{"” = 0.3,
Y =0, F" =07, F® =0

4 Conclusions

In this paper, we have constructed DT for super-AKNS
hierarchy and super-Dirac hierarchy which have four
commuting variables, such that some soliton solu-
tions are found. The wave profiles of those solutions
have been discussed in detailed for distinct parame-
ters, which possess the bright and dark soliton struc-
tures. Moreover, we also study the dynamical behav-
iors of these solutions. These results might be helpful
for understanding physical phenomena described by
Egs. (1) and (32) and finding possible applications of
solitons. The method is also appropriate for more non-
linear soliton equations in physics and mathematics.
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Fig. 4 (Color online) Profiles of a the intensity distribution ||
of Eq. (62); b the intensity distribution |5| of Eq. (62) with 1| =
0.240.1i, A2 = 0.3+ 0.2i, 13 = 0.5+ 0.4i, F{") = 0.1 +0.1i,
Fy? = 0.240.1i, Fy” = 0.4+0.3i, F” = 0.3+0.31, F{” = 0,
A" =03+0.1i, iV =0, F{” = 0.7 + 0.4, F\” = 0, ¢ the
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