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Abstract The approximate partial Noether theorem
proposed earlier for the ordinary differential equa-
tions (ODEs) (Naeem and Mahomed in Nonlinear
Dyn 57(1-2):303-311, 2009) is generalized in phase
space for the perturbed Hamiltonian-type systems. The
notion of approximate partial Hamiltonian is devel-
oped. An approximate partial Hamiltonian gives rise to
an approximate Hamiltonian-type perturbed dynamical
system of first-order ODEs. An approximate Legendre-
type transformation connects the approximate partial
Lagrangian and what we term as approximate par-
tial Hamiltonian. The formulas for approximate partial
Hamiltonian operators determining equations and first
integrals are provided explicitly. We have explained our
approach with the help of simple illustrative example.
Then, it is applied to establish the approximate first
integrals, reductions and exact solutions of two per-
turbed cubically coupled Duffing—Van der Pol oscilla-
tors. Both resonant and nonresonant cases are consid-
ered.
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1 Introduction

Many differential equations arising in mathematical
physics, fluid mechanics, economic growth theory, epi-
demics, physics, engineering and many other fields of
applied mathematics do not admit nontrivial exact Lie
symmetries. The Lie’s integration theorems (see, e.g.,
[1]) cannot be applied to establish the group-invariant
solutions. Noether’s theorem [2] is also not applica-
ble for these models as no nontrivial exact symmetries
exist. These types of differential equations can be ana-
lyzed by decomposing them into the unperturbed and
perturbed parts provided the former admits exact sym-
metries.

Baikov et al [3,4] developed perturbation methods in
group analysis for differential equations which do not
admit nontrivial exact Lie symmetries. The approxi-
mate Lie’s theorems were proposed by Baikov et al
[3,4]. Baikov et al [5] investigated the approximate
symmetries of closed orbit problems. Govinder et al
[6] proposed the approximate version of Noether’s the-
orem to derive the first integrals of ODEs. Later on,
Feroze and Kara [7] provided group theoretic methods
for approximate invariants and Lagrangian of a spe-
cial class of second-order perturbed ODEs. The partial
Lagrangian approach [8] was developed to construct
first integrals for unperturbed ODEs which do not have
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standard Lagrangian. Naeem and Mahomed [9, 10] pro-
vided notions of the approximate partial Lagrangians
and approximate Euler-Lagrange equations for per-
turbed ODEs. Naz [11] utilized the approximate par-
tial Lagrangian approach to study the approximate first
integrals for cubically coupled nonlinear Duffing oscil-
lators subject to a periodically driven force.

A separate strand of literature looked at the approx-
imate symmetries and conservation laws of perturbed
partial differential equations (PDEs) [12—15]. The vari-
ational formulation of approximate symmetries and
conservation laws was provided by Johnpillai and Kara
[13]. Johnpillai and Kara [15] also extended the notions
of Noether-type symmetries and conservation laws via
partial Lagrangian developed for the PDEs [16] for
the perturbed case. All different approaches to con-
struct first integrals/conservation laws for the unper-
turbed differential equations are presented in [17,18].
Wang [19] studied the perturbation to symmetry and
adiabatic invariants of discrete nonholonomic noncon-
servative mechanical system.

A dynamic optimization problem involves the deter-
mination of the extremal of the functional involv-
ing time, dependent, independent variables and their
derivatives up to a finite order. The calculus of variation
provides a set of equations known as Euler-Lagrange
equations [20,21] for a standard Lagrangian. The opti-
mal control theory which is an extension of calculus
of variation utilizes Hamiltonian systems and is devel-
oped by Lev Semyonovich Pontryagin [22]. The Leg-
endre transformation [23,24] connects the Hamiltonian
and Lagrangian. This connection between Hamiltonian
and Lagrangian motivated Dorodnitsyn and Kozlov
[25] to reformulate the celebrated Noether’s theorem
in terms of Hamiltonian. Naz et al [26] provided a par-
tial Legendre transformation which connects the cur-
rent value Hamiltonian and discount-free Lagrangian
arising in economic growth theory. Naz et al [27,28]
developed current value Hamiltonian approach for eco-
nomic growth models, and this elegant approach pro-
vides a foundation of connection between Lie group
theory and economic growth theory. The approximate
version of Noether’s theorem was formulated in terms
of the approximate Hamiltonian function and approxi-
mate symmetry operators by Unal [29]. It was success-
fully applied to construct the approximate first integrals
of weakly nonlinear, damped-driven oscillators [30]
and galaxy model [31]. A natural question arises can we
generalize the approximate partial Noether approach
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[9] to the phase space in terms of an approximate
Hamiltonian which we call as an approximate par-
tial Hamiltonian. According to the best of our knowl-
edge the approximate first integrals of a mechanical or
dynamical approximate Hamiltonian-type systems via
approximate partial Hamiltonian are not studied before.
We will analyze these in this paper.

The generalization of approximate partial Noether
theorem in phase space is presented here. The notion
of the approximate partial Hamiltonian is developed. A
relation which connects approximate partial Lagrangian
to approximate partial Hamiltonian is proposed, and
it is termed as ’approximate Legendre-type transfor-
mation.” The approximate partial Hamiltonian opera-
tors determining equation is deduced from the formulas
of approximate partial Lagrangian operator determin-
ing equation. Also formulas are provided to construct
approximate first integrals. We explain our approach
by simple illustrative example. The utility of method
is explained by applying it to establish the approxi-
mate first integrals, reductions and exact solutions of
two perturbed cubically coupled Duffing—Van der Pol
oscillators.

The layout of the paper is as follows. In Sect. 2, the
overview of approximate partial Lagrangian approach
is given. The generalization of approximate partial
Noether theorem in phase space is presented in Sect. 3.
An approximate Legendre-type transformation is intro-
duced which connects approximate partial Lagrangian
and approximate partial Hamiltonian. The formulas are
provided to find the approximate partial Hamiltonian
operators and approximate first integrals. In Sect. 4,
the approximate first integral of perturbed orbit equa-
tion is derived to explain how our approach works. In
Sect. 5, the approximate first integrals of two perturbed
cubically coupled Duffing—Van der Pol oscillators are
established to show effectiveness of approach proposed
here. The reductions and exact solutions for the model
understudy are provided in Sect. 6. Finally, conclusions
are presented in Sect. 7.

2 Approximate partial Lagrangian approach

An overview of the approximate partial Lagrangian
approach as proposed in [9] is provided here for the
second-order ODEs. Also we have provided formu-
las for the modified approximate partial Lagrangian
approach.
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2.1 Overview of approximate partial Lagrangian
approach

Consider a second-order perturbed system of ODEs
involving a small parameter €

Eo(t,q.q.j:€) = 0(€?), a=1,2,...n (1)

where 7 is the independent variable and ¢ = (¢', ¢2,
.., q™) is the vector of dependent variables. The total

derivative operator D, with respect to ¢ is defined by
.; 0 .i 0

Di= =+ =+ +. 2)
q g’

The following definitions are adopted from [9].

Definition 1 The first-order approximate Lie-Backlund
symmetry operator is given by

X =Xo+€Xi (3)
where
Xo = 505 + an—qi +[D; () — g Dt(SO)]B_q'i’ 4)

X1 = 61+ 0! (D, = ¢ Dy (5)

iy niaq,’ () — q Pis1 31
Definition 2 A differential function / is an approxi-
mate first integral of system (1) if

DI = 0(e?), (©)

holds for every solution of system (1) where

I =1y+¢el. (7N
Suppose that Eq. (1) can be expressed as

Ey = EX +¢E]

o’

a=1,2...n. (8)

Definition 3 Suppose that L = L(z, ¢°, ¢') is a differ-
ential function and there exists nonzero functions ff
such that (8) can be expressed as

SL/6q" = € fLES. a=p=1.2, ©

or more generally §L/§q* = —I"“. Then L is said

to be an approximate partial Lagrangian of system (8).

Equation (9) is termed as an approximate partial Euler—

Lagrange equation. In (9) §/8g“ is defined by
8 d 0 5 0

2 -2 pZyp
5q° 9q r— +

10
9g "ag (10)

and is known as the Euler—Lagrange operators.

Definition 4 The approximate Lie-Bécklund operator
X defined in (3) is said to be an approximate partial
Noether operator corresponding to an approximate par-
tial Lagrangian L if it satisfies

i i 6L
X(L) + LD:(§) = (n' —élé)s—qurDz(B), (1)

with respect to a suitable function B. Notice thatin (11)
B =By+eBy, & =£ +ekr, n' =nh+enj. (12)

Theorem 1 If X is an approximate partial Noether
operator associated with an approximate partial
Lagrangian L = L(t, q, q), then the formula for the
approximate first integrals is

i .ig L 2
I=B—§L—-(n —615)5—621-4-0(6)- 13)

2.2 Modified approximate partial Lagrangian
approach

One can modify the approximate partial Lagrangian as
L(t,q", 4"; €). We have provided the modified defini-
tions of approximate partial Lagrangian, approximate
partial Euler—Lagrange equations, approximate partial
Noether operators determining equations and approxi-
mate first integral.

Definition 5 Suppose that L(z, ¢, ¢'; €) = Lo(t, ¢,
g')+e€eLi(t,q", ¢") is a differential function and there
exists nonzero functions I'' such that (8) can be
expressed as

SL/8q% = —T, (14)

where I'' = T (; +€l’ li. Then L is said to be an approx-
imate partial Lagrangian of system (8). Equation (14)
is termed as an approximate partial Euler—Lagrange
equation. The approximate Euler-Lagrange equation
(14) for €Y and ¢!, results in

S§Lo :
8qt =1 (15)
8Ly ;
S_Qi =—T7. (16)

Definition 6 The approximate Lie-Bdacklund operator
X defined in (3) is said to be an approximate par-
tial Noether operator corresponding to an approximate
partial Lagrangian L(t,q',¢';€) = Lo(t,q',4") +
eL(t,q", ¢") if it satisfies

i ;. 0L
X(L)+ LDi(§) = (n' — élé‘)s—qi + Di(B),  (17)
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with respect to a suitable function B. Then the formula
for the approximate first integrals is

i_ .ig 9L 2
I'=B—-§L— —CIS)S—T-WLO(G)- (18)

The approximate partial Euler—Lagrange Eq. (17)
for € and ¢!, yields
8L

Xo(Lo)+LoDz(§o)=(716—4i€0)8—qi+Dz(Bo), (19)
X1(Lo) + XoL1 + LoD;(&1) + L1 D (%)

i aig OL1 i i ‘SLODB
—(no—qéo)é—qur(m—qSl)é—qur ((B1).

(20)

The approximate first integrals formula (18) for € and

€! results in the following form:

i ig9Lo
lo = Bo—&oLo— (ny— ¢ 50)6—6],., 21
i i OL1
Iy =By — &L —&Lo—(nyp—¢ 50)874.1.

i _ iz 9L0
-y —q SI)F- (22)
q

Remark 1 1t is worthy to mention here that by setting
Ly = 0, the approximate partial Noether operators
determining equations and approximate first integrals
formulas (19)—(22) reduce to the ones given by Naeem
and Mahomed [9].

3 Generalization of approximate partial Noether
theorem in phase space

In this section first, we present the notions of approxi-
mate partial Hamiltonian function, approximate
Legendre-type transformation and approximate
Hamiltonian-type system. Then, we generalize the
approximate partial Noether theorem proposed by
Naeem and Mahomed [9] and its modified form pre-
sented in previous section in phase space for an approx-
imate partial Hamiltonian.

3.1 Notion of an approximate partial Hamiltonian

Let ¢ be the independent variable which is usually time
and (¢, p) = (¢',...,q", p',..., p") the phase space
coordinates. The Euler operator §/8¢" and the varia-
tional operator § /Spi are defined as (see, e.g., [25,27])

) d 0
= _D—.,i=12.....n, (23)
8q'  9q' aq'
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and
) 0 a .
_‘:_._Df’l:l,z,...,n, (24)
spt op ap'
where
9 | ]
D= — L y— 25
8t+q8q’+p3p’+ (25)

is the total derivative operator with respect to the time 7.
The summation convention applies for repeated indices
here and in the sequel.

The variables ¢, p' satisfy the differential relations

p=Dp), ¢ =D, i=1,2,...,n. (26)

Definition 7 (Approximate Legendre-type transforma-
tion) Consider a perturbed system of second-order
ODEs

§'=fit.q". 4" €). 7)

IfL(t,q", ¢'; €) = Lo(t, q', ¢")+€Li(t, g', ¢") be the
approximate partial Lagrangian for system (27) satis-
fying g_qL,- = —TI'', then there exists an approximate
partial Hamiltonian H (¢, ¢', p'; €) = Hy(t,q", p') +
eHi(t,q', p') satisfying

H(t.q' . p'se)=p'q" = L(t.q' . ¢ ; e), (28)
where pi = g—; and I = Foi + eFf. The relation

(28) is termed as an approximate Legendre-type trans-
formation.

Remark 2 1t is important to mention here that the vari-
ables p and g are related as p’ = g—qL, So perturbations
in p will arise as a consequence. Also in solution we
will in general have perturbation in p.

Proposition 1 Consider a perturbed system of second-
order ODEs (27) and L(t, q;, q;; €) be the approxi-
mate partial Lagrangian satisfying (% = —TI'! Ifthere
exists a function H(t, p;,q'; €) satisfying Legendre-
type transformation (28), then the second-order per-
turbed system (27) can be re-cast as a first-order per-
turbed dynamical system

PR
op;i’
L 0H .
p:—a—ql+F, l:l,,,.,l’l, (29)

where I'' = Fé—}—eFlj is a nonzero function of t, p', q'.
The function H is termed as an approximate par-
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tial Hamiltonian for the perturbed system of second-
order ODEs (27). The system (29) is the perturbed
Hamiltonian-type system.

Proof The action of variational operator §/8p; on
approximate Legendre-type transformation (28) yields

SH SL

— =i (30)
dpi dpi

as % = 0, and this provides the first equation of system
(29). Applying the variational operator §/8g; to (28)
results in

SH . 3L

i —Dpi — 50 (€29
and this yields second equation of system (29) as g_qL,- =
—I"". This completes proof. O

Remark 3 It is important to mention here whether a
model has an approximate standard Hamiltonian for-
mulations. The approximate partial Hamiltonian too
exists that results in the approximate first integrals. Also
the partial Hamiltonian is not unique.

Now some examples are provided to explain how to
write an approximate partial Hamiltonian.

1. Consider following perturbed system of first-order
ODE:s.

41 = pi1,
4> = p2,

p1 = —wlq + e<d1c}1(1 —q}) —a1q} — 5q16122>,

P2 = —wiqy + e<d2q'2(1 —q3) —aag3 — 36112612)-
(32)

An approximate partial Hamiltonian for system
(32) is

1 2 2 2
H= 5(171 + p3 + 0iqi + wiq3

1 4 4 155
+46(011q1 +a2q5) +e82q1q2, (33)

and the functions I'? are
' =edipi(1—qi).
I'? =edypr(1 —g3). (34)

Another approximate partial Hamiltonian for sys-
tem (32) is

1
H=3 (p% +p3 +olql + w%qzz), (35)

and now the functions I"! are

r'= 6(d1p1(1 —q}) —a1q} —5611q§>,

rr= 6<d2192(1 —q3) — a3 — Sqfcn). (36)

Note that the approximate partial Hamiltonian (33)
is of the form H = Hy + € H;, whereas the approx-
imate partial Hamiltonian (35) is of simple form
H = Hj. Also, it is worthy to mention here that
function I are defined according to approximate
partial Hamiltonian.

. The equations of motion in a mechanical system

are

q1 = p1,

42 = p2,

P1 = —p1 — €t,

p2=—€ep1(2—1). (37)

A partial Hamiltonian for system (37) is

1
H = (pi +pd), (38)

and the functions I'y = —p| —¢€t, [ = —ep1(2—
t). Note that here I, I are nonpotential gener-
alized forces or generalized constrained forces of
mechanical system.

. The Hamiltonian dynamical system for the galaxy

model reads as (see e.g., [29])

41 = p1,

42 = p2,

p1 = —wiq1 +€q3,

P2 = —w3q2 +2€q192. (39)

The approximate standard Hamiltonian for system
(39) is given by

1
H = S(pi + 13+ olq} +03g3) — €qig3. (40)

A partial Hamiltonian for system (39) exists too
and is given by

1
H = 3(pi + p3 + oidf +©343), @1

with I'] = eq% and I = 2eq1q».

Next, we deduce the approximate partial Hamilto-
nian operators determining equation from the for-
mulas of approximate partial Lagrangian operator
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determining equation. Also formulas are provided
to construct approximate first integrals upto o(€).

3.2 Generalization of approximate Noether-like
theorem

The generators of point symmetries (see, e.g., [25,27,
28]) in the space (¢, g, p) are operators of the form
X = Xo + €X1 where

a : a
Xo = 1, qg, a. : 1, qg, N
0=¢&q p)at+"°( q p)aq,

. 9
+§(l)(t7 q, p)_v (42)
opi
X1 =4&1(@,q, p) +m(r q, p)
+¢{(t.q. ”)a_' 43)
pi

Proposition 2 An operator X = Xy + €Xy is said
to be an approximate partial Hamiltonian operator
corresponding to an approximate partial Hamiltonian

H(t,q'.p'ie) = Ho(t.q", p') + eHi(t,q', p') , if
there exists a function B(t, q', p'; €) = Bo(t, q", p')+
eBl(t,qi,pi) such that
Co Pt p 'D(nfy) — Xo(Ho) — HoD (%)
= D(By) + < 50 ) (= Fo) (44)
-0 Hy -0 Hy
[ opi +— op + p'D(n}) — Xo(H1) — X1 (Ho)

—HyD(1) — H1D(§0)

=D(Bo)+< Eo )( )

( El > (=T, (45)
hold.

Proof The partial Lagrangian operator determining Eq.
(17) with the aid of approximate Legendre-type trans-
formation (28) yields

X[p'q' — H(t. p'. g1+ [p'd’
—H(, p',q")1D(§)=Dy(B)+(n' —§4")(—=1}).
(46)
On expanding Eq. (46) and utilizing the first equation
of system (29), we have
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oH ;0H
p'ID:(n") — ¢ Df(é)]—é— -7 37
q'
+PI‘1[Dt(§) — HD;(§)
. oH
=D;(B)+ (' —Eﬁ)(—ﬂ), (47)
P

and this on separation with respect to € yields Eqgs. (44)
and (45). This completes the proof. O

The following theorem is essential for the construc-
tion of approximate first integrals for system (29) and
is analogous to one presented in [25,27].

Proposition 3 The approximate first integral I =
Iy + €11 corresponding to system (29) associated with
an approximate partial Hamiltonian operator X =
Xo + €X1 of the approximate partial Hamiltonian
H(t,q, p; €) is determined from

Io = p'n} — &Ho — Bo. (48)
I = p'n} —&H, — & Ho — Bi, (49)

where B(t, qi, pi; €) =
is a gauge-like function.

Bo(t,q', p') + €Bi(t,q', p')

Proof The formula for first integral (18) with the aid
of approximate Legendre-type transformation (28) and
i

p= g—; yields

I1=¢&[p'¢'~H(, p',q"; 1+ —£¢" ) p'— B, (50)

and this after separation with respect to € provides for-
mulas (48) and (49). This completes the proof. |

4 Tllustrative example: perturbed orbit equation

In this section, we explain our approach with the help
of a simple example of perturbed orbit equation. An
approximate standard Hamiltonian also exists for this
model. Consider the following perturbed orbit equation
(6]

N A
q—i-q:e;. 51)

In [6], the approximate Noether symmetries and
first integrals were established for Eq. (51). A stan-
dard Hamiltonian also exists for this equation. We apply
our newly developed approximate partial Hamiltonian
approach to derive approximate first integrals of Eq.
(51).
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An approximate partial Lagrangian for Eq. (51) is

22

Lt q,§) = "7 (52)

An approximate partial Hamiltonian with the aid of
an approximate Legendre-type transformation (28) is

(53)

where p = g—qL.. With the aid of approximate partial
Hamiltonian (53), the second-order ODE (51) can be
re-cast into following first-order system:

q=r,

) A

p=€5—q, (54)
q

with I" = € 4 —g. Now we apply our newly developed

approximate partial Hamiltonian approach to construct

first integrals of system (54). The approximate par-

tial Hamiltonian operators determining Eqgs. (44) and

(45) yield the following determining equations corre-

sponding to zeroth- and first-order approximations of

€, respectively:

2
€ pOnor + PNog) — %(éo, + péog)
= Bor + pBog + q(n0 — &op), (55)

2
€:p(e+ pnig) — %(51; + péig)

A
=Bn+pqu+q(m—é-‘lp)—?(no—éop), (56)
in which (., q), &1t q), not q), m, q),
Bo(t,q) and Bi(t,q). Separating (55), (56), after
expansion, with respect to the different combinations

of derivatives of p, we obtain the following systems:
Zeroth-order approximation:

p3:$0q =0,
2 1
P iNog — §§0t =0,

p: Bog — nor — &0q =0,
p%: Bo +gno = 0. (57)

First-order approximation:

p3:%‘1q =0,

2. 1&- =0
P Mg 2lt— ,

A
p:Big — i —&14 + q—3$0 =0,

O A
p IBlz-HIm—;Uo:Q (58)

The solution of systems (57) and (58) yields following
approximate partial Hamiltonian operators and gauge
terms:

9 2 A
X'== B'=L 1

ot 2 2q2
X2 =

d ad
in(2t) — + 2t)—,
sin(2t) a7 q cos(2t) 0

B> = _q_Z sin(2¢) + ei sin(2t),
2 2g2

o
I

a a
2t)— — g sin(2t) —,
cos( )8t q sin(2t) 0

B3 = _q_2 cos(2t) + 6i cos(2t),
2 2¢?

9 2
X4 = €—, B* = eq—
at 2
X’ =e¢ sin(2t) 9 + g cos(2t) 9
- ar 4 9 )
2

B> = —eq? sin(2t),

D
[*))
I

e(cos(ZI)% —q sin(ZI)%),

pe
BS = —67 cos(2t),

a
X" =ecost—, B’ = —e€q sin(t),
dq
8 . 8
X :esmta—, B® = €qcost. 59)
q

In [6], the same Hamiltonian operators were derived for
the standard Hamiltonian by the approximate Noether’s
theorem in phase space.

Next, we utilize formulas (48) and (49), to establish
the approximate first integrals I = Iy + €l associ-
ated with the approximate partial Hamiltonian opera-
tors (59). The approximate first integrals are

PPt A
I = T + € E ,
2 2
1> = pq cos(2t) — % sin(2t) + q? sin(2t)

A
—€— sin(2t),
2q
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- _ »? PL
I° = pgsin(2t) + > cos(2t) — 5 cos(2t)

+ A (21)
€ — cos(21),
2q*

1
14 = Ee(p2 +¢%),

P’ q>
P = e<pq cos(2t) — 5 sin(21) + 5 sin(2t)>,
P’ q
10 = e( — pgsin(2t) — > cos(2t) + = cos(Zt)),
1" = e<pcost +qsint>,
18=6<psint—qcost>. (60)

The approximate partial Hamiltonian approach pro-
vided three stable and five unstable approximate first
integrals. It is important to mention here that the
approximate first integrals ', 7> and I° are stable,
whereas I - - - I® are unstable.

4.1 Exact solutions of perturbed orbit equation

We compute the exact solutions of perturbed orbit equa-
tion by utilizing the stable approximate first integrals
I, I and I3 given in (60). Setting I} = ¢y, we have
2 2
p-+q A
—_— €E— = , 61
>t 2 (61)

which results in

2¢1g2 —g* — € A
V24’ —q .

(62)
q
The substitution of (62) in Eq. (54) yields
1 2
+ — arctan d ‘l =t+cy. (63)
2 V2cig? — gt —€A

Equations (62) and (63) form solution of system (54).

Next we utilize /1 and /5 to construct the exact solu-
tion. Setting /1 = c1, we arrive at (62). Setting I = ¢;
gives

1 1
pq cos(2t) — 3 p2 sin (2¢) + qu sin (21)

1eAsin(2¢)

g (64)

Equations (61) and (64) finally give rise to
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0.2

t

Fig. 1 Graphical behavior of perturbed system (54) for ¢ =
1LA=2,a=1

p()? = —c; — 2cpsintcost — (1—2cos? 1)v/e12—€eA — c22+2¢)
(65)
€A
_Cl +2¢ssint cost+(1—2cos2 1)y/c12—eA—cy2
(66)

q(t) = \/Cl +2cpsintcost4+(1—2cos2 1)y c12—e A—cy2. (67)
Using the initial conditions ¢(0) = a and c}(O) =0
in system (54) provides p(0) = 0 and p(0) = <5 —a.

Solutions (66) and (67) with the help of initial COl’ldl-
€ A+a

tions resultin c; = 0 and ¢p, =
The solutions in (66) and (67) ﬁnally give rise to

sin cost (€A — a*)

p(t) = , (68)
ave A+ a*cos?t —eAcos?t

and
VeA+a*cos?t —eAcos?t

q(t) = . (69)

a
The exact solutions (68) and (69) are graphically

represented in Fig. 1.

Remark 4 Note that the combination of /1 and I3 pro-
vides the same solutions as in Egs. (68) and (69).

5 Approximate first integrals of two perturbed
cubically coupled Duffing—Van der Pol oscillators

In this section, approximate partial Hamiltonian
approach is utilized for the construction of approxi-
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mate first integrals of two perturbed cubically coupled
Duffing—Van der Pol oscillators given in (32). Both res-
onant and nonresonant cases were investigated in detail.
We obtain stable and unstable approximate first inte-
grals for both resonant and nonresonant cases. System
(32) can be alternatively expressed as a system of two
second-order ODEs which represents two perturbed
cubically coupled Duffing—Van der Pol oscillators [32].
The parameter w; denotes the natural frequency, d; is
damping coefficient, o; > Ois stiffness term,andé > 0
represents the coupling strength between the oscilla-
tors. It is important to mention here that the damping
coefficients d; > 0 and d» > 0.

We consider the approximate partial Hamiltonian
given in (35), and functions I are given in (36). The
approximate partial Hamiltonian operators determin-
ing Egs. (44) and (45) for the partial Hamiltonian (35)
yield the following determining equations correspond-
ing to zeroth-order and first-order approximations of
€:

1IN, +nbg, 4110y, 4214 P2lnd, +0dy, 41 +0d,,421,
1 )
—nowiq — njwsqr — 5601 + &g,
+60 21T + P3 + 0lq} + w3g3]
= By + B()qlql + Boqqu (70)

and

pilnt, +nly, 41+l a2l + palnt, +nly, 1 +01, 420,
1 . .
—moiqr = meigs = S1& +éig,d1 + E1g,d]
x[pT + p3 + old] + w3q3]
= B + Big g1 + B,rd2 + [ng — €op1]
x[—dyp1(1 = ¢7) + 14} + 84145]
+ng — &opall—dapa(1 — g3) + a2q3 + 8472
(71)
in which §(1,q1,42), 11, q1,92), 15(t, 41, 2,
Nt q1, ), 3t q1,q2), nit,q1,92), Bo(t, qi,
q2) and Bi(t, q1, gq2). Separating Eqgs. (70) and (71),
after expansion, with respect to the different combina-
tions of derivatives of p; and p», we obtain the follow-
ing systems:
Zeroth-order approximation:

P%i SOql =0,
p%: SOqz = 07
1
Py, — 60 =0,

1
2..2
pz: '7()(12 - 5%‘0[ = 07
1 2
P1P2: Mog, + Nog, = 0,
p1:n, = Bog,»

P23 r’(z)t = Boqz»

. 1.2 2.2

- %fm (@iqf +w3q3) = Bor. (72)
First-order approximation:
piiéig =0,
P3:éig, =0,
Piinig, — %sn =d&(1 - q7).

1
P3Ny, — S5 =dago(1 - ),
PPNy, + iy, =0,
P10l = Big, —0(@143 +89193) —di (1—gHn,
P23 = Bigy —0(02g3 +8¢7q2) —da(1—g2)n3,
1
rest: —njwiq — niwiqy — Eflz(a’%‘hz + 3q3)

= Bi+nf(@1q; +8q193) +nd(@2g3 +8q7q2).
(73)

The solution of systems (72) and (73) is established for
two cases (i) w1 = wy and (ii) w1 # wy. For the sake of
brevity the details of long calculation will not be repro-
duced here, and we will only give approximate partial
Hamiltonian operators, gauge terms and first integrals
for both cases.

5.1 Resonant case: w; = w»

For the resonant case w1 = w;, following four subcases
arise.

Subcase 1: di # 0, d» # 0.
Subcase 2: Whend; =0, d» =0,8 = o1 = 3.
Subcase 3: When d; # 0, d, = 0.

Subcase 4: When d; =0, d» # 0.

Next, we provide the approximate partial Hamilto-
nian operators and gauge terms for all these subcases.
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Subcase 1: di #0, dy # 0.
The partial Hamiltonian operators and gauge terms for

this case are given as follows:
0

x!' = €—, B! = 0,
ot

ad d
X2 =¢ sin 2w1t — + q1w1 cos 2wt —
at aq1

0
+grw1 cos Zwlt—>,
992

B? = —e(q} + ¢3)?} sin 2011,
d 0
X3 =€ cos2wit— — g1 Sin 2wt —
ot 0q1
. 0 )
—qow sin 2wt — |,
g2
B = —e(q12 + qzz)w% cos2wit,

4 d J 4
X' =elgp— —qg1— |, B" =0,
9q1 g2

. 0
X = 651nw1ta—, B’ = €w1q1 COS w1t,
q1

6 9 6 :
X’ = ecoswit—, B’ = —ewiq; sinwt,
9q1
7 . 9 7
X' =esinwit—, B’ = ew1q2 coswit,
992

3
X8 = €coswitz—, B = —ewiqrsinw; 1. (74)
7

Subcase 2: When d; =0, d» =0,6 = a; = as.
The approximate partial Hamiltonian approach for
this case yields the following two stable partial Hamil-
tonian operators and gauge terms in addition to the
unstable ones given in (74):
a o ) o
X0 = B e (%at+ Sa + Fat).
L . L) as)
9q1 9q>
Subcase 3: When d| # 0, d» = 0.
For this case, we obtain only unstable approximate par-
tial Hamiltonian operators (74).
Subcase 4: When d; = 0, dp # 0.
For this case, in addition to the unstable partial Hamil-
tonian operators given in (74), we also obtain one stable
approximate partial Hamiltonian operator

x! 0 . ( iyt =2
= — —q1— |\ —qraxlt—
q1 dgx 2 9q1

0 €
+d2q1t8—qz>, B! = —Edquqz- (76)

@ Springer

5.1.1 Approximate first integrals

Next, we utilize formulas (48) and (49), to establish the
approximate firstintegrals I = Ip-+e€1; associated with
the approximate partial Hamiltonian operators (74)-
(76) for different cases.

Subcase 1: d; # 0, dy # 0.

With the aid of formulas (48) and (49), we obtain the
following eight approximate first integrals I = Ip+€1;
associated with the approximate partial Hamiltonian
operators (74):

€

I'= Jﬁ+ﬁ+ﬁw+éﬁ

12 = e|:a)1 cos2wit(p1g1 + p2q92)
1,
-5 sin 2w1t(p% + p% - a)%(ql2 + q%))],
P =—c [an sin2w11(p1q1 + p2q2)

1
+§ cos 2a)1t(p% + p% — w%(qlz + QQZ))]

~
S

|

m

Di1q2 — P2611i|»

~
W

|

m

D1 sinwit — wiqi coswit |,

~
(=)

[

m

p1coswit + wiqg sinwit |,

~
~

|

m

p2sinwit — w1qr cos wit |,

18 =¢ p2coswit + wiqga Sinwit |. 77

Note that all of these approximate first integrals are
multiplied by € and thus all are unstable.
Subcase 2 Whend| =0, d» =0, = a] = ap.
For this case in addition to unstable approximate first
integrals ', ... I8, following two stable approximate
first integrals are derived:

1
= —[pf + 3+ 0} (g + ¢2) + ea

2
4 4
94, 22, N
10 _ _
I = p1g2 — p2q1. (78)

Subcase 3 When d| # 0, d» = 0.
For this case, we obtain only unstable approximate first
integrals I, ... I® given in Eq. (77).
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Subcase 4 When d| =0, d» # 0.
For this case, in addition to the unstable approximate
first integrals [ L8 given in (77), we obtain the
following stable approximate first integral:

11 )
I =P1q2—17241+7 — P12t +p2qit+4q192 |
(79

For the resonant case, the approximate partial
Hamiltonian approach yields eight unstable approxi-
mate first integrals for d; # 0, d» 7# 0 and for the case
di #0, d»b =0.Whend; =0, d» =0, § =a1 = a2
then in addition to eight unstable approximate first inte-
grals, we have derived two stable approximate first inte-
grals 12 and I'°. For the case dy =0, dy # 0, one
stable approximate first integral /'! is attained in addi-
tion to eight unstable approximate first integrals.

5.2 Nonresonant case: w| # w>

For the nonresonant case w; # wy, following three
subcases arise.
Subcase 1: dy # 0, dp # 0.

Subcase 2: d; =0, dp = 0.

Subcase 3: d| #0, d» = 0.

Now, we provide the approximate partial Hamilto-
nian operators and gauge terms for these three subcases.
Subcase 1: d; #0, dy # 0.
The partial Hamiltonian operators and gauge terms for
this case are given as follows:

0
x' = €—, B! =0,
ot
2 . 9 2
X° =esinwit—, B = ew1q) cos wt,
g1
3 d 3 .
X’ = ecoswit—, B’ = —ewiq; sinwt,
9q1

. 0
Xt =€ sma)zta—, B* = €wyqn COS wyt,
q2

0
X° = ecos a)zta—, B = —€ewyq sin wyt. (80)
q92

Subcase 2: d| =0, d» = 0.

Whend; =0, d, = 0, the approximate partial Hamil-
tonian approach yields the following one stable approx-
imate partial Hamiltonian operator and gauge term in

addition to the unstable ones provided in (80) :

Xo= o B = a4 Skl + Tad. @D
Subcase 3: d; #0, d» = 0.
For the case, when d; # 0, d» = 0 then we obtain
only unstable approximate partial Hamiltonian opera-
tors (80).
It is worthy to mention here that the subcase d; =
0, dy # 0 does not arise for nonresonant case.

5.2.1 Approximate first integrals

With the aid of formulas (48) and (49), we establish
approximate first integrals I = Iy + €l; associated
with the approximate partial Hamiltonian operators and
gauge terms given in Egs. (80) and (81).
Subcase 1: d; # 0, dy # 0.

The approximate first integrals I = I+ € associated
with the approximate partial Hamiltonian operators and
gauge terms given in Eq. (80) are given by

1 €l 2 2 22 2 2
I = —§|:P1 + py +wiq; +‘02Q2:|v
12 = €| p1 sinwlt—a)lql coswit |,

P =¢ p1coswit + wiq) sinwit |,

~
S

|

m

P2 sin wyt — w2 COS wt |,

P =

m

P2 CoS wat + wyqa Sin wat |. (82)

Note that all of these approximate first integrals are
multiplied by € and thus all are unstable.

Subcase 2: d| =0, d» = 0.

The approximate first integral associated with the
approximate partial Hamiltonian operator and gauge
term (81) is given by

1
14 = 3| v} + 4 oda} + oded

4 4
+e<o”q1 +8q%q3 + %)} (83)
2 2
Subcase 3: d; #0, dy = 0.
The approximate first integrals are the same as for the
subcase 1 and are given in Eq. (82).
The approximate partial Hamiltonian approach pro-
vided five unstable approximate first integrals for d| #
0, do # 0 and for di # 0, d» = 0. For the case
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dy =0, dr» = 0, one stable first integral / 6 is attained
in addition to five unstable first integrals.

The approximate partial Hamiltonian approach is
utilized for the construction of approximate first inte-
grals of two perturbed cubically coupled Duffing—
Van der Pol oscillators. Both resonant and nonreso-
nant cases are investigated in detail. For the resonant
case approximate partial Hamiltonian approach pro-
vided three stable and eight unstable approximate par-
tial Hamiltonian operators. We established two sta-
ble approximate first integrals for the resonant case
when the damping coefficients d; = 0,d> = 0 and
o] = ap = 8. The condition oy = ap = § means that
the coefficient of Duffing term and coefficients of cou-
pling terms of both the oscillators are the same. Another
stable approximate first integral for the resonant case
is derived for the case di = 0, dy # 0. We obtained
one stable and five unstable approximate first integrals

given in Eq. (77) and two stable approximate first inte-
grals I°, I'0 provided in Eq. (78). The stable approxi-
mate first integrals 12 and 7'0 are utilized to derive the
solution of first-order system of ODEs given in (32).

Setting 710 — c1, we have
P1g2 — p2q1 = C| (34)
and this yields
c1
q1(t) = qz/ q—zdt + g, (85)
2

where ¢ and ¢ are arbitrary constants. Setting 1° = c3
, we have

1
5 |:611 +QQ +0)1(Q1 +42)+ (6]1 +QQ) ] = c3. (86)

Equations (85) and (86) give following exact solution
provided c; =0

2Jacob1SN<[ a)l—i— 0)1+4C3(¥]€t+04,\/

2ec30 «/_
c3
ec3a+ot+w? \/wf+4ec3oz )

q(t) = , (87)
\/ (€3 + Dot + (3 + 1),/ o +decs

for the nonresonant case. The stable first integral for and

the nonresonant case arises when the damping coeffi- 21(0) = crqn (1), (88)

cients are zero, i.e., d; = 0,d> = 0. It is important to
mention here that these parameter restrictions naturally
arise in process of construction of approximate partial
Hamiltonian operators.

6 Reductions and exact solutions of two perturbed
cubically coupled Duffing—Van der Pol oscillators

In this section, we provide the reductions and exact
solutions of two perturbed cubically coupled Duffing—
Van der Pol oscillators governed by first-order system
of ODEs given in (32) with the aid of the stable first
integrals derived in the preceding section. We only con-
sider those cases for which stable first integrals have
been established.

6.1 Exact solutions for the resonant case when
di=0,d=0,=01 =

The approximate partial Hamiltonian approach pro-
vided eight unstable approximate firstintegrals 1! - - - I8

@ Springer

From the first two equations of (32), we have ¢; = p;
and ¢g» = ps. Thus, we have provided exact solution
for the first-order system of perturbed ODEs given in
(32) for the resonant case under parameter restriction
di =0, dp =0,5 = a; = ay. This solution is new in
the literature and not reported before.

6.2 Reduction for the resonant case when
di=0,dy #0

The approximate partial Hamiltonian approach pro-
vided eight unstable approximate first integrals listed in
Eq. (77) and one stable given in Eq. (79) approximate
first integrals for this case. The stable approximate first
integral ' is utilized to provide a reduction to the first-
order system of ODEs given in (32). Setting I'! = ¢y,
we have

edr
P192—Pp2q1 +7[ — p1Q2t+pqut+41qz} =cq,
(89)
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where ¢ is arbitrary constant. Equation (89) yields

—2c
q(t) = (/ mdt + Cz) (edat — 2)q,
(90)

where ¢ is arbitrary constant.

6.3 Exact solutions for the nonresonant case when
d=0,d,=0

The approximate partial Hamiltonian approach pro-
vided five unstable approximate first integrals pre-
sented in Eq. (82) and one stable given in Eq. (83)
approximate first integrals for this case. Setting /® =
c1, we have

1
3|71+ 8+ oda} +odad

2
4 4
o o
+e< 191 +5q12q§+2—qz>:| =c, 1)

2 2

and this provides reduction of first-order system of
ODEs given in (32).

7 Conclusions

The approximate partial Noether theorem proposed
earlier for ODEs is generalized in phase space, and
notion of approximate partial Hamiltonian is devel-
oped. An approximate Legendre-type transformation

connects the approximate partial Lagrangian and approx-

imate partial Hamiltonian. The formulas for approxi-
mate partial Hamiltonian operators determining equa-
tions and first integrals are provided explicitly.

First, it is applied to derive approximate first inte-
grals of perturbed orbit equation as an illustrative exam-
ple. The approximate partial Hamiltonian approach
provides three stable and five unstable approximate first
integrals. It is worthy to mention here that for the per-
turbed orbit equation approximate Noether’s theorem
also provided three stable and five unstable approxi-
mate first integrals corresponding to an approximate
standard Lagrangian.

In order to show effectiveness of approach devel-
oped here, it is applied to derive approximate first
integrals, reductions and exact solutions of two per-
turbed cubically coupled Duffing—Van der Pol oscilla-
tors. Both resonant and nonresonant cases were inves-
tigated in detail. For the resonant case, four subcases

arise. The approximate partial Hamiltonian approach
provided eight unstable approximate first integrals for
all cases. Two stable approximate first integrals are
derived provided the coefficient of Duffing term and
coupling terms of both the oscillators are the same.
Moreover, the effects of damping term are neglected.
The third stable approximate first integral exists for the
case when the effect of damping term is neglected for
the first oscillator, but it is taken into account for the sec-
ond oscillator. For the nonresonant case three subcases
arise. We obtained five unstable approximate first inte-
grals for all cases. For the nonresonant case, the stable
approximate first integral is obtained when the effects
of damping term are neglected. The parameter restric-
tion for both resonant and nonresonant cases naturally
arises in process of construction of approximate par-
tial Hamiltonian operators. Then reductions and exact
solutions for two perturbed cubically coupled Duffing—
Van der Pol oscillators are constructed with the help of
these derived approximate first integrals. We have con-
sidered only those cases for which stable approximate
first integrals are established.
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