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Abstract This paper solves the problem of attitude
consensus for flexible spacecraft formation under actu-
ator failures and saturation constraints. Three insight-
ful distributed consensus control laws are designed
based on the Lyapunov’s stability theory and graph the-
ory. The induced oscillations of the spacecraft’s flexi-
ble appendages are compensated online with adaptive
update parameters. Attitude consensus for the multiple
spacecraft system can be achieved with limited infor-
mation transfer. The modal variables of the flexible
appendages are avoided in the distributed controllers
in order to reduce the payload of the spacecraft. In
addition, the issue of actuator saturation is rejected by
applying a switching control scheme. Numerical simu-
lations are performed to demonstrate that the proposed
controller can guarantee attitude consensus despite the
presence of modeling uncertainties, external distur-
bances, and simultaneous loss of actuator effectiveness
faults and additive faults.
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1 Introduction

Spacecraft cooperative control has drawn extensive
attention recently because of potential advantages over
a single spacecraft, including lower cost and greater
flexibility [1,2]. It has broad potential applications in
a wide range of fields, including interferometry, syn-
thetic aperture imaging, autonomous in-orbit assembly
of large real structures, etc. Spacecraft attitude consen-
sus, which aims to drive multiple spacecraft to achieve
prescribed consensus on their states, is one of the most
intensively studied topics within the realm of space-
craft cooperative control. The design of a distributed
controller for attitude consensus is a challenging task
because of the highly nonlinear dynamics of spacecraft
[3-6].

Several results have been given on attitude consen-
sus for a group of rigid spacecraft. Following a decen-
tralized coordination architecture, Ren and Beard [7]
introduced decentralized formation control strategies
by using the virtual structure approach. Yu et al. [8]
developed distributed adaptive controllers for synchro-
nization which adaptively tune the coupling weights
of the network, and Yang et al. [9] further studied
the adaptive synchronization problem by using the
Lagrangian formulations of the dynamics of space-
craft. Despite the presence of unknown disturbances,
distributed attitude coordinated control techniques for
spacecraft formation were proposed by applying adap-
tive control [10] and sliding mode control [11-13].
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For the circumstance that angular velocity measure-
ment is unavailable, Abdessameud and Tayebi [14]
presented a velocity-free attitude coordination control
law for a group of spacecraft. To achieve faster con-
vergence rate, authors in Refs. [15-20] analyzed the
finite-time attitude tracking control problem for a rigid
body with external disturbances and inertia uncertain-
ties. Du et al., Zhou et al., and Meng et al. [21-23]
proposed a finite-time attitude synchronization algo-
rithm for a group of spacecraft. The relative position
and relative attitude control are also studied in the
spacecraft rendezvous and docking. In addition, con-
sensus algorithms which are proposed in [24] have
applications in rendezvous. Many insightful control
techniques [25,26] have been investigated to deal with
the position tracking and attitude synchronization prob-
lem for spacecraft rendezvous. Recently, flexible space-
craft, which carry some flexible appendages, such as
solar arrays and manipulators, have received consid-
erable attention. The vibration induced by the flexi-
ble appendages makes the dynamics of the spacecraft
more complicated. Based on the backstepping design,
Du and Li [27] presented a distributed attitude synchro-
nization control law for a group of flexible spacecraft.
Du and Li [28] extended the result to the case with
communication delay. When the spacecraft formation
is assumed to contain two different kinds of spacecraft,
Du et al. [29] proposed a distributed attitude control
algorithm to achieve attitude synchronization.

One common assumption in the aforementioned ref-
erences is that there are no failures in the actuators. For
a multiple spacecraft system in a practical situation,
the actuator in every spacecraft may not work in the
ideal way due to the presence of unexpected failures. In
such circumstances, actuator failures cannot be ignored
in achieving attitude consensus of multiple spacecraft
since a single undetected failure in one spacecraft
can cause a severe impact on the overall system per-
formance, such as performance degradation or even
system divergence. Realizing this, researchers began
to take the actuator failures problems into considera-
tion during the consensus controller design procedure.
Based on the adaptive control law, Zou and Kumar [30]
presented a distributed attitude coordination controller
for spacecraft formation under actuator failures. Wu
et al. [31] analyzed a similar problem and proposed a
distributed control law without using angular accelera-
tions. Zhou and Xia [32] investigated distributed fault-
tolerant control design for spacecraft finite-time atti-
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tude synchronization. Note that the above results are
mainly concerned with rigid spacecraft. To the best
knowledge of the authors, there are no results about
flexible spacecraft consensus under actuator failures.
Another important problem encountered in practical
situation is that of actuator saturation. It is known that
the available torque amplitude is limited in the actual
spacecraft. If the command input signals exceed the
input bounds of the actuators, the desired performance
of the closed-loop system cannot be reached. Besides,
it may also lead to instability of the closed-loop sys-
tem. In this paper, the problem of attitude consensus
for flexible spacecraft formation under actuator failures
and saturation constraints is investigated. The desired
attitude is allowed to be available to only a small sub-
set of the spacecraft. Based on the Lyapunov’s stability
theory and graph theory, a distributed consensus con-
trol law for flexible spacecraft in the presence of loss of
actuator effectiveness is presented. An adaptive param-
eter is utilized to damp out the induced oscillations of
the spacecraft’s flexible appendages. In practical situ-
ations, the mass, damping, and stiffness properties of
the flexible spacecraft may be uncertain and external
disturbances always exist. Thus, the case with model
uncertainties, external disturbances, and simultaneous
loss of actuator effectiveness faults as well as additive
faults is also considered. Finally, a switching control
scheme is established to reject the issue of actuator
saturation. In contrast with the available literature on
attitude consensus control for spacecraft formation, the
contributions of this paper are as follows:

1. A new kind of distributed attitude consensus con-
trollers for multiple flexible spacecraft formation
under actuator failures and saturation constraints
is proposed for the first time, while the existing
results [13,19] either consider rigid spacecraft or
lack analysis of actuator failures and saturation
affecting the model.

2. The proposed first controller (6) only needs the
states of its neighbors and modal variables of
its own, thus less information is needed to be
exchanged and the communication burden is light-
ened compared with the methods in [27-29]. An
adaptive parameter is utilized to deal with the oscil-
lations induced by modal variables. In addition,
controller (6) is more effective although less com-
munication load is required, which can be verified
in the simulations.
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3. The second controller (16) considers the case where
the inertia matrix is not exactly known, and damp-
ing stiffness matrices are completely unknown.
The designed controller is robust against modeling
uncertainties, external disturbances, and actuator
failures. Moreover, the modal variables are avoided
in the controller, which reduces the burden of mea-
surement and the payload of the spacecraft.

4. In order to overcome the defect that the control
torques are overlarge at the beginning of the con-
trol task by using controllers (6) and (16), a sim-
ple switching control scheme (21) is presented to
reject the issue of actuator saturation which will be
encountered in practical situation.

The rest of the paper is organized as follows. In
Sect. 2, the flexible spacecraft attitude dynamics and
algebraic graph theory are briefly described. In Sect. 3,
distributed consensus control laws for flexible space-
craft under actuator failures and saturation constraints
are presented. Section 4 gives the simulation examples,
and concluding remarks are finally given in Sect. 5.

The following notations will be used through-
out this paper. For a matrix A, symbol AT denotes
its transpose and A~! represents its inverse if it
exists. Suppose that A is a square matrix with real
eigenvalues, Amax(A) denotes the largest eigenvalue
of matrix A and Apin(A) represents the smallest
eigenvalue accordingly. 1 denotes the column vec-
tor with all entries equal to one. A ® B denotes the
Kronecker product of matrices A and B. For any
given n—dimensional real vector x = [xy, ..., ],
let sgn(x) = [sgn(xy),...,sgn(x,)]T where sgn(-)
denotes the sign function.

2 Preliminaries and problem formulation

2.1 Kinematics and dynamics of flexible spacecraft
attitude

The attitude of flexible spacecraft can be described by
two sets of equations: the kinematic equation and the
dynamic equation. Adopting the unit quaternion, then
the kinematic equation of the i th flexible spacecraft can
be given by Shuster [33]

X 1
qi = 5(_5(%‘) +gi,0l3)w;,

. I r .
Qi,0=—§qiwi’ ie2=1,...,n, ()

where g; = [gi0.4i1,Gi2.9i3. 17 = [gi0. ¢ 1" is
the unit quaternion which satisfies q%o + ql.T qi = 1,
and w; = [w;1, w2, a),-,g]T is the angular veloc-
ity. The matrix s(x) for a vector x = [x], X2, x3]T
is used to denote the skew-symmetric matrix s(x) =
0 x3 —x2
—x3 0 xg
xp —x1 O
flexible spacecraft can be given by Gennaro [34]

. The dynamic equation of the ith

T + 8] iii = s(wi) (Jiw; + 81 0i) + Diti + dj,
i+ Cini + Kini = —djwi, i€ 2, )

where J; = Jl.T is the positive definite inertia matrix,
i = [ti1, T2, r,;g]T is the control torque, §; is
the coupling matrix between the rigid body and
the flexible attachments, 7; is the modal coordi-
nate vector, d; is the external disturbance, C; =
diag(2&; jw;nj, j = 1,..., N;}is the damping matrix,
K; = diag{w;,j,j = 1,...,N;} is the stiffness
matrix, N; is the number of flexible attachments for ith
spacecraft, w; ,; is the natural frequencies, &; ; is the
associated damping, D; = diag{D; ;, j =1,..., m}
is the control actuator distribution matrix, m is the num-
ber of actuators.

Consider the situation in which each of the actuators
partially loses its actuation effectiveness, and additive
faults also exist. Denote ¥; = n;+8;w; and J,,; = J;i—
8?8,-. The spacecraft attitude kinematic and dynamic
equations can be rewritten as

X 1
qi = 5(—S(qz‘) +gi,0l3)w;,
1

gio = —EqiTa),-,
ni =i — i,
Vi = —(Cii + Kimi — Cidijw;), i €82, 3)

and

I i@ = $(0;) (Im.joi + 85 07)
+81(Ciri + Kini — Cisiw;) + DiTii
+D;fi+d;, i€, 4)

where I = diag{l; ;,j = 1,..., m} is the time-
varying and uncertain bounded actuation effectiveness
matrix with O < I ; < 1. The case in which I ; =1
denotes that the actuator is healthy, 0 < I3 ; < 11is
the case in which the jth actuator partially loses its
actuating power. f; denotes the additive faults term of
the ith spacecraft.
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The following assumptions are made about the
above systems:

Assumption 1 Let J; = J; + AJ;, where J;, AJ; are
the nominal and uncertain part of the inertia matrix. The
uncertain inertia matrix AJ; satisfies |AJ; || < ;.

Assumption 2 The additive faults term f; satisfies
Ifill < peyi-

Assumption 3 The disturbances term d; satisfies that
ldill < pa.i-

In the above assumptions, (ty,;, (f,i, Md,i, | € §2 are
unknown nonnegative constants.

2.2 Algebraic graph theory

The topology of the information flow among n flexi-
ble spacecraft is described by an undirected graph G =
V, &) consists of aset of nodes V = {vy, va, ..., vy}
and a set of edges £ C V x V, in which an edge is rep-
resented by a pair of distinct nodes. N; = {j € V :
{i, j} € &} is the neighborhood set of i. In the undi-
rected graph, (v;, v;) € & means (v;, v;) € &, and
the node v; (v;) is called the neighbor of v (v;). A path
from node v;; to node v; 5 is a sequence of ordered
edges of the form (vj,, vi ), k=1, ..., j. Anundi-
rected graph is connected if there exists a path between
every pair of distinct nodes. Otherwise, it is discon-
nected. The associated adjacency matrix of G = (V, &)
isdenotedby A = (a;;) € RV*N q;; = 0,anda;; > 0
if (v;, vj) € &. The Laplacian matrix of G = (V, &),
associated with the adjacency matrix A4, is denoted by
L= (l,'j) € RNXN,Wherelii = Z?’zl a,‘j, l,‘j = —a,‘j
fori # j. For an undirected graph, both its adjacency
matrix and its Laplacian matrix are symmetric. The
desired attitude is represented by a virtual leader. The
connection weight between the leader and the space-
craft is denoted by B = diag{b1, ..., b,}. If the ith
spacecraft can obtain the information of the virtual
leader, b; > 0; otherwise, b; = 0.

Assumption 4 The communication topology graph
for n flexible spacecraft is connected, and there is at
least one spacecraft that can directly access to the infor-
mation of the virtual leader.

Lemma 1 IfAssumption4 holds, the matrix L+ B > 0.
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2.3 Control objective

The goal of this paper is to design a distributed atti-
tude control law t; for n flexible spacecraft such that
all the attitudes can reach consensus and the induced
oscillations of the spacecraft’s flexible appendages are
damped out, which can be expressed as

lim ¢; = g4, lim w; =0, lim n; =0, lim 7; =0,
—00 —>0o0 —00 —00

where g4 is a constant reference attitude.

3 Attitude consensus control law design

3.1 Consensus control law design for spacecraft under
loss of actuator effectiveness

In order to make the design process clear, a simple
case with f; = 0,d; = 0, AJ; = 0 is first considered.
That is to say, in this case, additive faults, disturbances
and inertia matrix uncertainty are not considered in the
dynamic equation of the spacecraft, which can be writ-
ten as

Ii@i = $(@;) (. iw; + 8] )
+85(Civi + Kini — Cidiwi) + Dility, i € £2,
(5)

Assumethat§;, C;, K; are known, the following the-
orem can be established to achieve attitude consensus.

Theorem 1 For the multiple flexible spacecraft sys-
tems (3) and (5), if Assumption 4 holds and the control
torque T; is designed as

1 _ . _
T = =Dl 07 {ki i = v+ [ 101w+,

Ti

(@) Upn.iw; + 85y + 00 LT (Cipi + K

m,i~i
2 A *
= Cision | + KA + Ini D6, | senco; — v
i€, (6)

where Qi = 5 (=s(qi) +qi.013), vi = Qiw;, and v} =
—ka[3 jen, @ij(qi — q;) + bi(gi — qa)], the parame-
ters Ay, k1, ko satisfy 0 < Ay, < Amin{DiI'}DiT}, ki >
K310.5Gu + npa + 1) + 25w + npa) + ksl and
ky > 0.540.5(u; + npug) + k3, where k3 > 0, u; =
max;e{lii + bi}, ha = Maxijeq jen;{aij}, and the
adaptive law for parameter 6; is set as

. 3
O = —kg 0 + kg, (Wil + il Y Jviw — v, |,

w=1

(N
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where kg, > 0,k; > 0, w subscript denotes the n . T
wth element of the Correspondmg vector, i.e., Vjy, vlw + Z Z aij(qi —q;) +bi(gi —qa)
denote the wth elements of vectors v;, v}, respectively. i=1| jeN;
Then, attitude consensus can be achieved asymptoti- x (vi — v)
cally and the induced oscillations of the spacecraft’s N 3
flexible appendages are damped out. <k2 _ _> Z Z aij (qiw — qjw)
Proof Consider the following candidate Lyapunov i=tw=l]jeN
function
n +bi (qiw — 6]dw)] + = Z Z(vzw - z*w ,

V="+ Z(Wi,l + Wiz + Wi3), (®) ==l ©)

i=1
with where ¢;y, ¢jw and g4, denote the wth element of

L vectors g;, g and qq.
5 . L .
Vo = i 21: %\; aij(qi — q;) The time derivative of W; | is
i=1 jeN;

1 n
+ 5 Zb'(qz' —qa)’,

Ulw
Wii =5 Z/ — % ))ds,

2 w=1
= Elﬂ?wi +n} Kin;
1
+o Wi+ Cin))* (i + Cimy),

1 A2
Wiz =-—0 —0)".

2kg,
Since ¢; = Q;w; and v; = Q;w;, it can be obtained
that
d I:er'lzl > jen; 4ij(qi — 611')2]
dr
n
= 22 Z aij(gi —q;)" (vi — v;))
i=1 jeN;
n
=23 > [aij(qz‘ —q)) vi +aij(q; — qz‘)ij]
i=1 jeN;
n
= 42 Z aij(qi — q;) " vi.
i=1 jeN;

Then the time derivative of V is

n

Vo= | Y aijlqi —

i=1 | jeN;

n
=> | Do aiilgi—an" +bilgi —qa)" | v}
i

=1 | jeN;

a)" +bi(gi —q)" | v

Viw
/ 1ds

iw

ov;
v?@)—’a”t“’} - (10)

According to the definition of v

Z aij (Viw —

JEN;

n
<k (Ml|viw| + a Z |Umw|> )

m=1

k22|:

+ (Viw —

> ONe can obtain

vt
— = Vjw) + biviw

and
U;'kw| < (lvpw — anw| + |U:1w|)

X | Vi — vt*w|
1

ko 1
=< (E + ?) |Viw — U;kw|2 + §|vmw - U:;,w

[Vmw ! [Viw —

2
|

> amjGmw = @jw) + b (@mw — qaw)
JENm

Then, Eq. (10) can be rewritten as

3
. wr [ 1+ko 5 1 5
Wi,l 5371 k> |: D) |viw_v;<w| +§|in_v;kw|

2

Z aij(qiw - qu) + bi(qiw - qdw)
JEN;

k
)

l—l—kz 1
+ Z Ha Z|: ; vi*w|2+5|vmw

w=1 ml

|2 Z am_i(‘]mw - qu) + b (@mw
JENm

mw
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Bv'
—qdw>|2] + Z 2(v,w — V),
w= 1
31 ot !,
2
SZIE[ B 2i||vzw_v?<w|
w=1
2
122
+ S5 Z aij (qiw — qjw) + bi(qiw — gaw)
JEN;
1 0Vjy
k2 (Viw — U,w allu Z |Umw - mw
m=

2

n
Ha
+5 2

m=1

Z QApmj (Gmw _qu)"f‘bm (Gmw —qdw)
jEN]W

(11)
The time derivative of W; 7 is
Wio = vl i +2n Kini+ i + Cin;i
=~y Cii — ] CiKini
+(W Cid; — 20 Kida;
=~y Civyi — 0} CiKimi

) (i +Ciniy)

3
+ > @ Cisi - 2]
w=1

Wiw
w
<~y Civi — nlCiKin;
3
+ (B0, 19 1L+ B0, 10 l1) D il
w=1
—ylCivi — 0] CiKim;i
3
+ 00 (1l + i) Y lwiwl, (12)

w=1
where 0 ;, 0o,y , o, are positive constants that sat-
denotes the wth

isfy 6p,; = max{6p y,, 00, }, and (-)‘

w
element of vector (-). On the other hand, based on the
definition of v;,,, vl?kw, and g;,, < 1, one can get

3 3
6 ) viw = viyl =6 ) |(Qiwp)| ko Y aij(giu
w=1 w=1

JEN;
—qjw) + bi(Giw — 9dw)|

3
> 0; Z 01,iwl @iyl

w=1

3
> 0i01; Y lojwl,
w=1

where 6;, 601, and 0;;, are positive time-varying
parameters since Q;, giw, qjw are time varying, 6 ;
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satisfy 61, = minye(1,2,3){01,iw}. Let 6;01; > 6o,
then

Wis < —1/f,'TCiWi - niTCiKim

3
+9i(||1ﬁi||+||ni||)Z|viw—vf‘w|~ (13)
w=1
From the definition of (-)‘ , it can be obtained that
w

(~)‘ < ||(-)|| for a given vector (-). Substituting the
conlf)rol torque (6), one has

aviw
(Viw — U?W)W

-

= (Viw — V) (Qiw; + Qi) .

= (i = V(G| + (i = U7
Aot [s@)Union+8Tvo + o
-(Civi + Kimj — Cidjw;) + D; It ]} ’w

< viw — V] H(Qi@') + QiJ,,_l}
[s(@i) (m,ioi + 87 9) + 87

(Civi + Kimi — Cidjwi)]ll

+ i = v, (i D)

*

k31 |+ 10 1D6i i — 7,
— k1 (Vi — V7)), (14)

.
|

where {~}’ also denotes the wth element of vector {-}.

Applying lé}he adaptive law (7), the time derivative of
Lyapunov function V is

n
Vo+ Y (Wit + Wip + Wis)
i=1

n 3
—(kz— % - %)ZZ |:Z aij(Giw

i=1 w=1| jeN;

14

IA

2
_qu> + bi (in - de)i|
1
+ [5(’“ +npg + 1)+ —(m +nua>] > Z(v,w
i=1 w=1
81)
_Utw) + QZZ(UIW_ Vi) -

2llwl
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n n
= > @G+l CiKim) + Y6l + lmil)
i=1 i=1

n

1 A A
Z Jvi = vl = 3 6 = 06,
Ny 0;
w=I i=1
n 3 2
=< _k3ZZ Zai_i(qiw = qjw) + bi(qiv — qdw)
i=1 w=1| jen;
n 3
o33 e — )
i=1 w=l1
- Zw Civii +nf CiKim; — )6
i=1
(15)

where the parameter k3 satisfies the following inequal-
ities simultaneously

kq 1
k3 = = = 0.5(u1 +npa + 1) — — (i + npa),
k3 ka
ks <ky —0.5—0.5(u; +npy).

Note that

1
Vo=3@-1,® qa)" (L + B)(q — 1, ® q4)

ZALBZZ Zaij(%'w—q]'w)

i=1 w=1| jeN;
2

+bi(qiw _qdw) s

ZWII_ 222(”111)_ lw s

2tlwl

Z Wiz < Ack Z(%TCMM +n; CiKiny)

i=l1 i=1

n
+ Y i Clyn,

i=1

n kA
Z Wis < —6: — 0)é;
= 2A —~ | ke

%) N
Zbig, (9 9-) ,
- ke; l ]
where A p = ?»min{/l + B}, A, = minjeq{ky }. g =

lgf,....q11", an

1 max; e {Amax{Ci}}
minje@ {Amin{Ci}}  2min;e {Amin{Ki}}

ACk =

Then, 1% < —AyV + ey, where

1
Av = min {2A1 k3, k3k3, ——, 2h |
ACK ¢

and
n 1 k
= —nict L0;(6; — 6;
ev ;[AC n; 1//Z+kl ( >}
Hence,

T
V() < e 0y (1) + f eV g ds,

0]

where #y denotes the initial time. Applying Gronwall—
Bellman inequality [35], V < eye *v(~) Then, one
can obtain V < 0if V > (v s || As a result, it can
be concluded that the states (ql — 44, wi, N, 1n;) are
globally bounded. That is to say, attitude consensus is
achieved asymptotically and the induced oscillations
are damped out. O

Remark 1 The above theorem proposes the control
technique for attitude consensus of flexible spacecraft
under loss of actuator effectiveness. The idea of con-
structing the candidate Lyapunov function is partly bor-
rowed from the results of [22]. In the work of [22], all
the spacecraft are assumed to be rigid. A more compli-
cated issue with flexible spacecraft is considered in the
above theorem. In addition, this paper analyzes flexi-
ble spacecraft with faults and adopts an adaptive law
to deal with the oscillations induced by the flexible
appendages.

Remark 2 In the work of [29], the controller not only
depends on the states g, @ of its neighbors but also
requires the modal variables 7, ¢ of its neighbors.
However, the proposed controller in this paper only
needs the states of its neighbors and modal informa-
tion of its own, so less information is needed to be
exchanged. In this sense, the proposed control tech-
nique can reduce the communication burden. From a
theoretical point of view, it is only required to stabilize
the modal variables. Therefore, the proposed controller
in this paper is more reasonable. Moreover, compared
with the method in [29], controller (6) can achieve bet-
ter performance while requiring less communication
load. This is verified in the simulations mentioned after-
ward.

@ Springer



536

D. Huang et al.

3.2 Consensus control law design for spacecraft
under modeling uncertainties, disturbances
and actuator failures

Note that during operation the mass, damping and
stiffness properties of the flexible spacecraft may be
uncertain or may change due to onboard payload
motion, rotation and fuel consumption. This makes
Ji, &i, Ci, K; time varying and uncertain. On the other
hand, it is of theoretical and practical importance to
consider the factors of additive faults and disturbances.

In such circumstances, itis assumed that A J;, §;, C;,
K; are unknown. Then, the following theorem can be
established to achieve attitude consensus for spacecraft
with modeling uncertainties, disturbances and actuator
failures.

Theorem 2 For the multiple flexible spacecraft sys-
tems (3) and (4), if Assumptions 1-4 hold and the con-
trol torque t; is designed as

___] T7 -1 Lk -1
T = )»_Di JzQi ki(vi—v;)+ ”Qla)l+Ql‘]l‘
T
: s(wi).]_ia)i||~|—k%éi)sgn(vi —v;‘)], icQ.
(16)

Parameters L+, , k1, kp satisfy0 < A, Skmin{Dil'}D;r},
ki = K310.5Gu + npa + 1) 4 2 Gu + nia) + k3l
and ky > 0.5 + 0.5(w; + npg) + k3, where k3 >
0, wp = max;ee{lii + bi}, na = maxjen jen;{aij},
and the adaptive law for parameter é; is set as

3
¢ = =k, + ke, ) viw — vy, (17)
w=1

where ke, > 0,k; > 0O, then the attitude consen-
sus can be achieved asymptotically and the induced
oscillations of the spacecraft’s flexible appendages are
damped out.

Proof The candidate Lyapunov function is constructed
as the same as Theorem 1 except for

A2
Wis = (e; —e)”.

2ke,
From (13), one can further obtain

3
Wio <=y Civi—n] CiKini+e1 Z [Viw — vy,
w=1

(18)
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where ej; is a positive time-varying parameter that
depends on 6;, V¥, n;. From Assumptions 1-3,

| 0T [s@ A =6 s +s(@)8T v +6T (Civ

where ey ; is a positive time-varying parameter that
depends on w;, w;, ¥, n;. Substituting the control
torque (16), one has

+ Kini = Cidi) — (A =876+ D fi + d;

2
S k2€2,1 )

* 3in * ° 7—1
(Viw — viw)T < |viw — vl Qiwi + Qi s(wi)
T w; ey v — vF
jo;i || + 262,1|U1w in|

+ (Viw — v;ku) (Qijl'_lDinTi> ‘w
< k3(e2.i — é)viw — v}, | — ki (Vi — v5,)% (19)

Denote e; = ej ;+e2 ;. Applying the adaptive law (17),
the time derivative of Lyapunov function V is

14

n
Vo+ Y (Wit + Wia+ Wi3)
i=1

n 3
—k3 Y Y aii(giv — qjw)
i=1 w=1| jeN;
2

n 3
+bi(qiw — qaw) | —k3 DY (Vi — V},)?

i=1 w=1

IA

n
— > @ Civi +nf CiKin)

i=1

- kéi . PAYR 20
+Zk_e.(el_el)el' (20)

i=1 !

Following the same line of Theorem 1, it can be con-
cluded that the states (g; — qq, i, ni, 1;) are globally
bounded. Thus, the attitude consensus is achieved and
the induced oscillations are damped out, which com-
pletes the proof. O

Remark 3 The above theorem proposes the control
technique for attitude consensus of flexible spacecraft
with uncertainty, disturbances and faults. Since infor-
mation on AJ;, 8;, C;, K; is not used in the control
torque, the proposed method does not highly depend
on the accuracy of the system model which cannot
usually be guaranteed in practice. In this sense, the
proposed method has the advantage over the method
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in [29] which needs the precise information of the sys-
tem model.

Remark 4 The modal variables n;, ¥;, which are impl-
ied in w; and w;, are not directly used in the feedback
controller. They are damped out along with the conver-
gence of w; and w; indirectly. Hence, it is not necessary
to add extra sensors to measure the modal variables,
which can lighten the payload of the spacecraft.

Remark 5 Compared with controller (6), less informa-
tion is used in the control law (16) since the information
of modal variables is excluded. In addition, the adap-
tive parameter ¢; in controller (16) is utilized for han-
dling the modal variables, modeling uncertainties, dis-
turbances and additive faults, while the adaptive param-
eter in controller (6) is only used to deal with the oscil-
lations induced by modal variables. However, the sys-
tem performance under controller (6) is better than that
under control law (16). More specifically, by apply-
ing controller (6), the convergence time of the adaptive
parameter is shorter, and the control torque is smaller.
The numerical simulations in Sect. 4 will illustrate this
Statement.

3.3 Consensus control law design for spacecraft under
actuator failures and saturations

Itcan be seen from the control laws (6) and (16) that the
terms ol Ini Q; ey (v — vY) and JlQ 1k](v,—v*)
will lead to large control torques at the beginning of the
control task which can be verified by the simulations.
Hence, it is urgently necessary that the consensus con-
trol law can reject the issue of actuator saturation.

The switching control scheme ensuring attitude con-
sensus for spacecraft under the conditions as mentioned
in Sect. 3.2 and actuator saturation is given by

prjo!
T = ———————sat(r;, v, vj), i€ (2l
I D: 1111 J: Q; |l
with
sat(T;, vi, )
Nsgn(v; — v}), if i > 7™

f’
1 R

I [kl(v, v?)+k§Eisgn(vi—v§*)],
T

i

where 7; = 1= (ki v — vfll + v/3k3¢é), and 7" =
mln{rma", rlmzax, R lmni‘x} where TmaX(J e {1,.
m}) denotes the maximum allowable torque of the ]th

actuator of the ith spacecraft.

ifr; < rimax’

Theorem 3 For the multiple flexible spacecraft sys-
tems (3) and (4) under thrust limits 7; j < rmax(l c

2,j e€f{l,...,m}), if Assumptions 1-4 hold and
ki 6{lal;(%}{lvzw —vf, )+ ek D17 Q77|
AT
< Tt (22)

f— ﬁ 9
and the control scheme (21) is applied, the parameters
b ki ko satisfy O < g < dmin{Di DY) ki =
K311 D 1145 @7 1051 +1pta + 1)+ 5 G +npra) +
k3l, and ko > 0.5 + 0.5(u; + nug) + k3, where k3 >
0, w1 = maxjee{lii + bi}, pa = maxieq, jen;{aij},
and the adaptive law for parameter €; is set as

3
€ = —kgéi+ ke Y v — Vi, . (23)
w=1
where ke, > 0, kéi > 0, then the attitude consen-

sus can be achieved asymptotically and the induced
oscillations of the spacecraft’s flexible appendages are
damped out.

Proof To prove the theorem, two cases are addressed.
Case A: If —(k1 lvi — v}l + V/3k3é) > T for
i €$2,the control torques are
Dl o;!
T = —’— Zsgn(v; — v).
1D; I11; @ ||f’ ’

The candidate Lyapunov function is constructed as

n
V=Vo+ Y (Wi + Win). (24)
i=1
where Vo, W; 1, W, are defined as the same as The-
orems 1 and 2.
Under the Assumptions 1-3, it can be verified that

Z (Viw—

2wl

+0i 7 st Ui = 8780w + sl vi + 87 (Civi

Wi Ci8 —2nT K;8)w; + vi) 1O

+Kin; — Cidjop) — (AJ; — 81 6))ivj + D f; +di:|}

3
%
<6 Y Iviw — v,
w=1
where ¢; is a positive time-varying parameter that

depends on w;, w;, ¥;, n;. The time derivative of Lya-
punov function V is
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n
V= Vo+ Y (Wii+ Wia)
i=1

2
n 3
< —k3 Z Z Z aij(Giw — qjw) + bi(qiw — qaw)
i=1 w=1| jeN;
1 1
+ |3+ npa+ D+ 7(1“ +npa)

n 3
X Z Z(in U”U)z + 7 Z Z(Ulu - z*w avlw

i=1 w=1 2llwl

n
- Z(%TCHZG +nrCiKin)

i=1
n
+ > (W Cisi = 2n] K)o,
where k3 satisfies

k3 <ky—0.5—0.5(u; +nug).

Substituting the aforementioned control torque, one has

2
n 3
V < —k3 Z Z |:Z aij (qiw — qjw) + bi (qiw — de):|

i=1w=l| jeN;

1 1
+ | s +npg + 1) + — (i +npg)
2 ko
n 3 n
X )Y @i =5t = D W Civi 4 1] CiKimy)
i=1 w=l1 i=1
) Zl Viw — Vi |-

(25)

n AnT
+ é
;( NI

According to inequality (22), it can be obtained that
ki maxye(1,2,3) [Viw — v}, |
k%IIDIIIIJ_-Q*III
g T

«/_kZIID 17 0771
then

)\11’1 de
€ [Viw — V;
(‘ V33 D:N|11; 0! ||>Z ot

3
ki maxye(1,2,3) [viw — v}, | .
BT T Z [vin = v,
k3 11Di |1 J; Q;

Z( Viw — U zw

k2||D ||||JlQ
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Hence,

n 3
V< —k32 Z Z aij(qiv — qjw)

i=1 w=1| jen;

+bi(qiw — qaw)* — k3 Z Z(v,w — )

i=1 w=1
n
= > @ Civi +nf CiKini) <0, (26)
i=1
where k3 also satisfies the following inequality

ki
=3 e
kx| DilllIJ; Q7 |l

1
- [O-S(Ml +npg +1) + E(Ml + nua)] .

If )\lr(kl lvi — v Il + \/gkg&) > /"™, one has V<
0. Thust, the states of the systems (3) and (4) will con-
verge to the region %(kl lvi — v}l +«/_k%€,-) < M
Case B: If +— 1 (k1||v, — v + \/_kze,) < /" for
i € £2,the control torques are
prjio 1

7=l [k - o))
1D 111; 071l 2

+k%€,~sgn(vi - v;")] .

The candidate Lyapunov function is constructed as
the same as Theorem 1 except for
2
& -
1 1
I )

Following the same steps in Case A and applying
the adaptive law (23), the time derivative of Lyapunov
function V is

b !
L5 — o 1.0~
2ke 1D:1117; ©;

14

n
Vo + Z(Wi,l + Wia + Wis)
i=1

n 3
_k3ZZ Zaij(in_Cij)
i=1 w=1| jeN;
2

_k3Z Z(vtw - ,w

i=1 w=1

IA

+ bi(Giw — Gaw)
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n
— Y W Ciyi + 0l CiKimy)

i=1

1

+ - ———————&)éi 27
Zkel 1Dz o

The result is established using the same argument as
in Theorem 1. It can be concluded that the states
(gi —qa, wi,n;, n;) are globally bounded. Therefore,
the attitude consensus is achieved and the induced
oscillations are damped out, which completes the proof.

O

Remark 6 Inequality (22) implies that the actuators can
produce torques sufficient to allow the multiple flexi-
ble spacecraft to achieve the attitude consensus under
actuator failures. Similar assumptions were proposed
in [31] and references therein.

Remark 7 The comparisons of the proposed three con-
trol laws are given in this remark. Firstly, controller
(6) can only deal with the situation where an actuator
partially loses its actuation effectiveness, while con-
trollers (16) and (21) can handle the conditions under
modeling uncertainties, disturbances and actuator fail-
ures. Besides, controller (6) needs the modal informa-
tion and has the most complex form, while controllers
(16) and (21) do not require the modal information.
Thus, using controllers (16) and (21) can lighten the
payload of the spacecraft and reduce the computation
burden. However, the system performance under con-
troller (6) is better than that under control laws (16)
and (21), since more information and more complex
schemes are utilized in controller (6). The adaptive
parameters in controllers (16) and (21) are utilized
for handling the modal variables, modeling uncertain-
ties, disturbances and additive faults, while the adaptive
parameter in controller (6) is only used to deal with the
oscillations induced by modal variables. Thus, the con-
vergence time of the adaptive parameter is shortened
by applying controller (6). Finally, only controller (21)
has the anti-saturation ability, while controllers (6) and
(16) cannot reject the issue of actuator saturation.

4 Simulations

Simulation results are presented in this section to
illustrate the effectiveness of the proposed consen-
sus control law. Consider a scenario with four flex-
ible spacecraft described by (1) and (2). The com-
munication topology graph is described by Fig. 1,

Virtual Leader Spacecraft

® O &9
) Q

||.. -

S

I Follower Spacecraft
8
-4

Fig. 1 Communication topology graph

where ajp = ax1 = a;3 = a31 = a4 = an =
0.5. Assume that only the first follower spacecraft
can obtain the information of the virtual leader, i.e.,
by = 0.5,bp = by = by = 0. The leader’s atti-
tude is g4 = [sin(w/12)/+/2, sin(w/12)/+/2, 0T,
which implies that the reference attitude is a 30° rota-
tion around the axis [ﬁ/Z, ﬁ/Z, O]T.
The nominal part of the inertia matrix of each space—
craft is chosen as [29]: J; = d1ag(18 12, 10) kgm
= diag(22, 16, 12)kgm 5= diag(17, 14, 12)
kgm , and parameter I = diag(19, 13, 15) kgm .
The coupling matrix, the natural frequency, the damp-
ing for flexible attachments are given as

13523 12784 2.153
| -1.1519 1.0176 —1.2724 )
%=1 122167 15801 —0.8324 | &™/S"

1.23637 —1.6537 0.2251

and parameters w; 41 = 1.0973, w; 420 = 1.2761, w; 43
= 1.6538,wj 44 = 2.2893,&,1 = 0.056,&. =
0.086,&3 = 0.08,&4 = 0.025,i € $£2. The
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Fig. 3 Consensus
procedure
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The initial conditions of each spacecraft are chosen
as ¢1(0) = [0.4,—0.1,0.15]T, ¢2(0) = [-0.2,0.1,
0.4]T, and ¢3(0) = [0.1, —0.5,0.3]T, g4(0) = [—0.4,
—0.2,0.3]T, and w;(0) = [0.1, —0.3,0.5]T, w,(0) =
[0,0.1, —11T,and w3(0) = [—0.2,0.3,0]T, w4(0) =
[0.3,0, —0.5]T, #;(0) = [0,0,0,01T, ¥; (0) = 8;w;
0),i € 2.

4.1 Loss of actuator effectiveness

The attitude consensus controller proposed in Theo-
rem 1 is applied in this subsection without consider-
ing additive faults, disturbances and modeling uncer-
tainties. Let the control gains of control law (6) be
k1 = 20,k = 2.5 and the gains of adaptive law (7)
be kg, =1, ké,- = 1. The control torques are limited to
within 50Nm via saturation blocks in Simulink since
the controller (6) has no anti-saturation ability. The
response curves of the closed-loop system are given in
Fig. 2. From Fig. 2a, b, it can be seen that the attitudes
of each spacecraft can reach consensus within 20s and
the final attitude is identical with the reference attitude.
Meanwhile, the modal variables (7;, ;) for each flex-
ible spacecraft converge to zero as shown in Fig. 2c, d,
which means that the vibrations of flexible appendages
are damped out asymptotically. The control torques and
the adaptive parameters are recorded in Fig. 2e, f from
which it follows that the control torques are limited and
the adaptive parameters are converged. Moreover, the
changing process of the spacecraft attitudes is shown in
Fig. 3, where the consensus procedure can be observed
clearly.

For the purpose of comparison, the attitude coopera-
tive control strategy proposed in [27] is also simulated
under the same scenario. Based on the principles for
the parameter selection, the control gains are chosen
as ki = 0.5 and k, = 15. Particularly, the actuation
effectiveness matrix is assumed as I; = diag(l, 1, 1)
since actuator failure is not considered in [27]. The
response curves of the closed-loop system are shown
in Fig. 4. It can be found in Fig. 4a that the attitudes
of spacecraft reach consensus over 100s, while the
consensus time under the controller presented in this
paper is about 20s. Hence, the control law (6) is more
effective although less communication load is required.
Comparing Fig. 4b with Fig. 2c, it can be observed that
there is little difference between control law proposed
in [27] and that proposed in (6) when considering the
convergence rate of vibrations.

@ Springer

4.2 Modeling uncertainties, disturbances, actuator
faults and saturations

In order to study the effectiveness of the consen-
sus control law proposed in Theorems 2 and 3, the
flexible spacecraft are assumed to suffer from iner-
tia matrix uncertainties, additive faults and distur-
bances. For brevity, identical uncertain part of iner-
tia matrices, disturbances and additive faults are added
to each spacecraft as AJ; = diag(5, 5, 5) kg m?, and
di =[0.05 4 0.06sin(t), —0.04 4 0.06 cos(¢), 0.01 —
0.03 sin(2)]T Nm, and

fi = [=0.07 + 0.05 cos(0.41), 0.05 — 0.03 cos(0.6¢), 0.09
+0.065in(0.5¢)), —0.06 + 0.045in(0.51)]" Nm, i € £2.

Let the control gains of control law (16) be k| =
20, ko = 2.5 and the gains of adaptive law (17) be k.,
1, ks, = 1. The response curves of the closed-loop sys-
tem are given in Fig. 5. Clearly, it can be observed
that attitude consensus and tracking is achieved despite
the presence of uncertainties, faults and disturbances.
In addition, the vibrations of flexible appendages are
damped out and the adaptive parameters are converged,
as shown in Fig. 5¢c, d, f.

However, it can be observed from Fig. Se that
the control torques become overlarge when satura-
tion blocks are not applied. This is a serious defect
since the available control torque amplitude is lim-
ited in practical situations, so the investigation of anti-
saturation control is crucial. Let the control gains be
k1 = 600, kp = 2.5,kgl. = 1,k = 1 in control law
(21). The response curves of the closed-loop system
are given in Fig. 6. From Fig. 6e, it can be seen that
the control torques are limited to within 20 Nm during
the consensus process under the anti-saturation con-
troller. In the meantime, the attitudes of each spacecraft
can reach consensus with slower convergence rates as
shown in Fig. 6a, b. Similarly, it can be found in Fig. 6¢,
d that the vibrations of flexible appendages are damped
out with longer settling times.

5 Conclusions

The problem of attitude consensus for flexible space-
craft formation under actuator failures and saturation
constraints has been investigated in this paper. A dis-
tributed consensus control law for flexible spacecraft
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with loss of actuator effectiveness faults has been pre-
sented by using combined tools from the Lyapunov
stability theory and graph theory. In order to handle
more complicated situations, a distributed control law
for multiple spacecraft systems with modeling uncer-
tainties, external disturbances, and simultaneous loss
of actuator effectiveness faults and additive faults has
also been proposed. An anti-saturation control scheme
has been established by further extending the proposed
controllers. The performance of the proposed methods
has been discussed through numerical studies. Future
work includes achieving a group of flexible spacecraft
simultaneously tracking a common time-varying ref-
erence attitude with actuator failures, and considering
the related topics on semi-Markov jump systems [36],
Takagi—Sugeno fuzzy systems [37] in order to achieve
more industrial oriented results.
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