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Abstract This paper is focused on the dynamic char-
acteristics of a flexible rotor with squeeze film damper
excited by two frequencies. The multiple harmonic bal-
ance method and Runge—Kutta method are combined to
analyze the periodic solution and quasi-periodic solu-
tion of the system. The nonlinear characteristics dis-
cussed are fastened on the resonance region corre-
sponding, respectively, to the rigid body translation
mode and first bending mode. In the former region,
the motion of disk center shows the ‘hard spring’ char-
acteristic, and the combination frequencies are domi-
nated by the difference between double low excitation
frequency and high excitation frequency and the dif-
ference between double high excitation frequency and
low excitation frequency. In the latter region, however,
the combination frequencies are dominated by the dif-
ference between high excitation frequency and double
low excitation frequency and the difference between
triple low excitation frequency and double high exci-
tation frequency. Moreover, the motion of disk center
shows a kind of ‘cross’, ‘soft spring’ or ‘hard spring’
characteristics with the variation of the ratio of the two
excitation frequencies. Besides, the independent quasi-
periodic solution coexists with the periodic solution
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in these cases. The system is sensitive to the ratio of
excitation frequencies, and it could have two indepen-
dent quasi-periodic solutions in some conditions. The
results in this paper provide a reveal of nonlinear char-
acteristics in this type of double excitation nonlinear
rotor system.

Keywords Two-frequency excitation - Squeeze film
damper - Nonlinear characteristic - Jump phenomenon -
Unstable solution - Quasi-periodic motion

1 Introduction

Squeeze film dampers (SFDs) are simple configura-
tions mounted on aircraft engines to suppress vibra-
tions of rotors and promote system stability. The sys-
tem with SFDs is nonlinear, which means the nonlinear
forces caused by oil film will lead to undesired unbal-
ance responses in some operation conditions. These
nonlinear characteristics of squeeze film damper have
provided plenty of material for research since Cooper’s
work in 1963 [1], and many researchers reported jump
phenomenon and non-synchronous motion in SFD-
rotor system by theoretical analysis [2—4] and exper-
imental validation [5,6]. Furthermore, sub-harmonic
motions, which contain fractional frequency compo-
nents in system responses, were observed by Holmes
et al. [7-9] in their experimental works.

With the appearance of more detailed research work
based on different computational methods, more non-
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linear characters alternating with parameters varia-
tion are revealed. Zhao [10,11] used the trigonomet-
ric collocation method embedding arc-length continu-
ation algorithm to investigate the stability and bifur-
cation of an eccentric SFD-rotor system, in which
the period motion, sub-harmonic motion and quasi-
periodic motion transforming into each other with the
variation of rotor speed were observed, and these results
were compared with those of a concentric system. Zhu
[12] compared the slow acceleration method with syn-
chronous circular centered-orbit motion solution and
numerical integration method in the study of a flex-
ible rotor supported by SFDs, in which three forms
of the multiple-solution responses due to saddle-node
bifurcation were obtained. Sundararajan [13] presented
a shooting scheme along with arc-length continuation
algorithm for periodically forced rotor systems, as an
example, an eccentric SFD system was solved by this
method. Besides, the similar results to Zhao’s work
[11], this system exists another multiple-solution range,
in which a stable period-3 solution coexists with a
period-1 solution. Furthermore, the system has the evo-
lution route: period-3, period-6, chaos, period-3, with
rotor speed running up. Based on a numerical contin-
uation method, Inayat-Hussain [14,15] also obtained a
period-3 motion which coexists with a chaotic motion
due to period-doubling bifurcation in a rigid rotor sup-
ported by SFDs without centering springs. This period-
3 motion has two evolution routes to chaos: period-
doubling bifurcation and boundary crisis. Comparing
with the preceding results in SFDs without centering
springs, the system supported by centering springs has
the following two routes to chaos: period-doubling
cascades and type 3 intermittency. Bonello [16] pre-
sented an integrated approach containing receptance
harmonic balance method and time marching tech-
niques to analyze the period solution and aperiodic
solution of a multiple SFDs system, in which the sub-
harmonic motion and quasi-period motion were ver-
ified by simulations and experiments. In conclusion,
since each single method has its advantage and draw-
back, the development of hybrid method is a general
tendency applied to reveal more detailed characteris-
tics of nonlinear system.

Similar to the research works of SFDs with simple
structure, complex nonlinear dynamic behaviors also
have been found in some other SFDs with sophisticated
structure. In the study of a porous squeeze film damper
system lubricated by micropolar fluid, Cai-Wan [17]
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showed the wide ranges of quasi-period motion and
chaotic motion with varying rotor speed. In rotor sys-
tems with full-floating ring bearings, containing two
serial SFDs separated by a rotatable floating ring, the
undesired symmetry-breaking effect and total insta-
bility phenomenon caused by self-excited vibrations
were reported by Schweizer [18]. Further, the sub-
synchronous oscillations and the critical limit cycle
were reported in the semi-floating ring bearings [19],
the floating ring of which is not rotatable. Zhou [20]
analyzed the nonlinear responses of rotor with ball
bearing and floating ring squeeze film dampers by
discussing the effects of out-ring mass, bearing stiff-
ness and supports stiffness on the non-synchronous
response, and it was concluded that the floating ring
SFD can effectively prevent bistable responses of the
system.

All these research works mentioned above focus
on the responses with a single-frequency excitation.
However, there remains a need for the studies of
responses caused by two-frequency excitations which
comes from dual-rotor systems such as aircraft engines.
To simulate on a twin-spool aero-engine system with
a real size, Bonello and Pham [21,22] introduced the
impulsive receptance method (IRM) and compared it
with reformulation of the Newmark-beta method and
receptance harmonic balance method (RHBM) in order
to choose proper methods for analyzing large-order
nonlinear systems. Furthermore, these selected meth-
ods [23] were used to achieve an insight into the
effect of the ratio between two rotor’s speeds on the
vibration response. It was shown that the responses
are particularly sensitive to the initial phase angle
between the rotors, especially when the speed ratio
was a ratio of two low integers. Obviously, affected
by two unbalanced excitations of different frequen-
cies, a nonlinear system shows some interesting com-
plex characteristics which need to be investigated in
detail.

The motivation of this paper is to detect the non-
linear characteristics of a flexible rotor supported by
squeeze film damper excited by two different frequen-
cies. By using harmonic balance method matching
fourth Runge—Kutta method and Hsu method, the peri-
odic solutions containing combined frequencies and
quasi-period solutions are obtained, and stability of the
periodic solutions affected by parameters, such as ratio
of excitation frequencies, oil viscosity and clearance,
are also analyzed.
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2 Model of SFD-rotor system

As outlined in Fig. 1, the low-pressure rotor of aircraft
engine is simplified as an asymmetric, linear-elastic
rotor, the left end is supported by a SFD in parallel with
linear spring, and the right end is supported by a lin-
ear spring. The dotted line disk represents a simplified
high-pressure rotor, which provides a high-frequency
excitation to the system. The rotor model is comprised
of a disk of mass m,, left journal of mass m,, right
journal of mass my and massless flexible shaft. The
left journal is supported by a linear spring of stiffness
k, and a SFD of clearance c. The right journal is sup-
ported by a linear spring of stiffness k. Hence, consid-
ering the short bearing approximation of oil film [12],
the motion equations of the rotor system can be written
as:

moi + ¢ (& — i1) — c2 (By — Oy1) + kir (x — x1)

— kg (By — Oy1) = 81 Q3cosQf + 5,23 cos Qat
mo¥ + 1 (5 = ¥1) + €2 (b — Ox1) + ke (v — y1)

+ ke (6x — Ox1) = 81Q23sinQt + 8,23 sin Qot
Jabx + JpQ16y + 3 (5 — 1) + c4 (65 — 6x1)

Fhor (y = 1) + koo (O — 6x1) = 829313 sin Qa1
Jaby — JyQ16x — 3 (& — %) + ¢4 (fy — by1)

—kor (x — x1) + kg (By — Oy1) = —82Q313 cos ot
ma¥a — yac1 (& — 1) + y2c2 (By — by1) — yoker (x—x1)
+ yakeo (Gy - eyl) + ¢sXa + kaxa + Fex =0
Ma¥a — y2c1 (3 — $1) — yaca (6x — 6x1) — vakee (Y —y1)
— V2kro (Ox — Ox1) + 52 + kaya + Foy = 0
muip — yic1 (& — %1) + yicz (By — 0y1) — yike (x—x1)

+ yikeo (By — 6y1) + coxp + kpxp =0
mpyp — yicr (Y — 1) — Y12 (5‘x - éx]) — Yike (y—1)
— Y1k (Ox — Ox1) + c6Ybo + kpyp =0

6]

in which, [ = I; + 1, y1 = [1/] and y, = [/] are
used to define the length and ratio parameters, x; =
Y2Xa + V1Xb, Y1 = Y2Ya + V1Dbs Ox1 = (Ya — yb) /1
and 6y; = (xp — x,) /! are rigid body displacements
of disk center, k., k¢ and ke¢ represent stiffness para-
meters of the shaft, c; ~ cg represent damper para-
meters, Jp and Jg represent polar moment of iner-
tia and equatorial moment of inertia, §; and §, are
equivalent unbalance values, w1 and w, are rotational
speeds of low-pressure rotor and high-pressure rotor,
Fex = Fyxa/r — Frya/r and Foy = Frya /1 + Frxa /7
are components of oil film force in x-coordinate and y-

coordinate, F; = /LRL3/C3 (1302;" + I;lrlﬁ) and F; =
uRL3/c3 (I3llf + 1320r1'ﬁ) are the oil film forces of
radial direction and tangential direction, r = \/xZ + y2
and Y = arctan (y,/x,) are the displacements of radial
direction and tangential direction, p is the viscosity
coefficient of oil, R is the radius of journal, L is the

length of SFD, and the integral parameters are defined

Im _ (02 sin 6 cos™ 66
as In _ 01 (.H—r cosf/c)" [24]' .
The dimensionless parameters are introduced as fol-

lows:

by y Oxl
T=Qt, 1==, ==, ¢3=—,
c c c
le Xa Ya Xb Vb
g4 = —,45=—, q6=—, q1=—, (gg=—.
c c c c c

Thus, the motion equation (1) can be rewritten as:

q{ + 6191 — g4 — (L2 +L1v2) g5
+ (&2 = 718D g5 +k1q1 — K294 — (k2 +K172) G5
+ (k3 — y1k1) g7 = Ujcost +$2U2 cosét
ay +81a5 + a5 — (2 + §1v2) g4
+ (&2 = 7181 a3 + k192 + K293 — (k2 + K172) 96
+ (k3 — y1k1) g8 = Ujsint +$2U2 sinét
aoqy +aonqy + 03g5 + Caqy — (G4 + 53v2) g
+ (L4 — v183) g3 +K3q2+K493 — (Ka+k372) g6
+ (k4 — y1k3) g3=£ U3 sinét
@0qy — aongsy — £3q) + Laqy + (G4 + 83v2) 45
— (84 — ¥183) @5 —K3q1 +K4q4+ (k4 + K312) G5
— (k4 — y1Kk3) g7 = —£>U3 cos €T
@195 — 2819) + v200q4 + v2 (&2 + v281) 45
=2 (&2 = v181) 47 + {505 — v2K191 + vakaqa
+y2 (k2 + y2x1) g5 — v2 (K2 — Y1K1) 97 + K595
+BFex =0
a1qg — 28195 — V28295 + v2 (&2 + v281) g6
— 2 (&2 — 181 45 + £596 — v2K192 — V2K243
+y2 (k2 + v2k1) g6 — 2 (k2 — Y1K1) 8 + k546
+BFey =0
@2q7 — v1819] + v1&2q; + v1 (&2 + v281) g5
—v1 (&2 — &1y 45 + L6495 — Y1K191 + V1K244
+v1 (k2 +y2k1) g5 — y1 (k2 — K1v1) 47
+keq7 =0
a2qg — 18195 — V16293 + v1 (&2 + v281) g
—y1 (&2 — &1v1) 45 + L6495 — Y1K192 — V1K243
+y1 (k2+y2K1) g6 —v1 (kK2 —K1Y1) g8 +K648 =0

(2)

in which, the other dimensionless parameters are
. _ el _ _a _ _c

defined as: ¢ = TR L = TNEOTE L3 = TNEOTE
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Fig. 1 Simplified model of
low-pressure rotor

F cos (1)

G o= e & = ek 66 = ko K1 = i
k2= moyglf’ k3 = ;(45)22’ K4 = mk;g(pgz%, K5 m]:"gz%’
K6=ﬁ’n_%’“°_ml2’ 1=t e =t
B= L Fo= G- F% Fy=RE+ RS,

Fr=1+ ey, F = 1'e' + 3%y

3 Method of solution and stability analysis
3.1 Multiple harmonic balance method

Equation (2) describes a nonlinear system with exter-
nal two-frequency excitations, in which the responses
may contain two incommensurable frequencies and a
series of combination frequencies of them. To analyze
the system with multiple-frequency excitation, a multi-
ple harmonic balance method proposed by Kim [25] in
a study on internal resonance problem of incommensu-
rable frequencies is chosen. The discrete time solution
of Eq. (2) can be assumed as:

M M o7
qj(m,n) = Z Z aj k,i COs N (mk + nl)
k=—MI[=—M
. 2m
+bj i, sin m (mk + nl)

M M

- Z Z ajk,cos (kty 4 I12)

k=—MI=—M
+bj i sin (kT 4 [12) 3)
The substitution variables 71 = 7, 70 = &1 repre-

sent independent time dimension, both of them vary
from O to 2, and m, n varying from O to N — 1.

@ Springer

el L .
)
;;;;} 777777777777777777777777 ni m, kb
Fsin (ta)
L d |
l, I8 |

Correspondingly, the nonlinear forces are expressed
as:

FCX (QS, 516’ qu (Ié) (ms n) = Z]ﬁw:fM ZlﬁifM
X (05,/5,1 cos ZWn (mk + nl)4+ds j ; sin ZW” (mk—i—nl))

FCy (CIS» 467 CI;’ Qé) (mv n) = zll{‘i—M ZIAi—M
(c6.k,1 cos %’T (mk + nl)+de ;. sin 27” (mk+nl))
(€]

X

Substituting Egs. (3) and (4) into Eq. (2), and con-
sidering the differential operator % = 3371 + 53372’
rearranging the terms with the same trigonometric ele-

ments leads to the following equations:

gkt = [ = k+ 18] ai + &1 (k+18) by
— k2aarl — 2 (k + 18) bagy — (k2 + yak1) sk
— (&2 +y281) (k + 18) bspi + (k2 — yik1) a7k
+ (2=1181) (C+1E) by — U1 —E° Uz =0
824t = =1 (k +18) a + [r1 — (k +18)*] biu
+ &2 (k +18) aapy — w2bag + (52 + v281)
(k +1&) asp — (12 + yar1) bsp — (&2 — v181)
(k+1&) aru + (k2 — yik1) b = 0

815.k1 = =161 (k +1&) baxs — yik2a3u
— 182 (k 4+ 1&) b3y + 1 (k2 + yak1) dsk
+ 71 (G2 + v281) (k + 18) bert — vik1a2u
+ [(xk6 — yik2 + yix1) — a2 (k +18)*] asu
+ [ 181 — &) + 6| (k +18) by = 0
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816,k,1 = V1 (k2 + y2K1) bep Equation (6) contains a series of algebraic equations
+ [(x6 — yire2 + y12,q) —a (k+ 15)2] bski about unknown coefficients P and Q. The coefficients
_ [)/1 (¢ — &) + Cﬁ] (k + 1£) agy QO can be expressed by using the coefficients P by

Eq. (3) and the relationships as follows:
v161 (k+18) aopr —yik1Doki +y182 (kK+1E) azp a-G) P

—yik2bsp — y1 (&2 + v281) (k +18) agry = 0

N—IN-IT 7 7
5) |:C5’k,[i|_i z Z ch (615,616,6]§,€1é) (m, n)
C6,k,l N m=0 n Fcy (4]57 CI67 Q§, Clé) (mv n) |
. . 1 (k=1,1=0) 1 (k=0,1=1) o
in which, ¢ = ’ S = ’ ,
4 0 others ¢ 0 others X €08~ (mk + nl)
the other terms are shown in Appendix 2. Equation (5) 5 NZINZIT f . -
can be expressed as: |:d5,k»l ] —= Z ox (g5 g6 45> 4g) (m. m)
doki] N> = | Fey(gs. g6, 45 q5) (m,n) |
— 2
G(P, Q)= [gl,k,l (P, Q). gk1 (P, Q), % sin W (mk + nl) 8)
T
816kl (P, Q)] =0 (6)
T T . . .
P |aiki biis arki bogg ... ag i bs i, Finally, Eq. (6) only contains unknown coefficients
0 Clkl ikt €2k A2kl - €8k d8 k.l P which can be solved by iterative method such as
@) Newton-Rapson algorithm:
Table 1 Parameters of rotor and squeeze film damper system
Mass (kg) Stiffness (N/m) Damping (Ns/m) SFD parameters Other parameters
mo = 120 ke = 2.66 x 107 c] = 266 ¢ =0.20 mm 1 =0.8 m
=12 kro = ker = 9.96 x 10° c2=c3=99.6 L =15 mm Lh=125m
mp = 18 ke =221 x 107 cq = 221 R =39.5 mm I3=0.5m
ky = 3.6 x 10° cs =36 u=1.562 x 1072 Ns/m? Jg = 2.5 kgm?
ky = 7.2 x 10° co =12 Jp = 5.0 kgm?
81 =170 x 107 kgm
8 = 140 x 107> kgm
1.2 ‘ ‘ ‘ ‘ ‘ : : §
1.2} — HB HB
o R-K ] o R-K

(a) (b)

Fig. 2 Frequency—Amplitude results of two numerical algorithms (§ = 1.30). a center of disk g1, b journal of SFD g5
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Jo (P(i+1> _ p(i>) +6H =0 9)

The Jacobian matrix is expressed as:

_dG(P,Q) 3G (P,Q)  dG(P,0Q) dQ
T 4P 4P 30  dP
(10)

J

Based on the relationships of P and Q which
revealed in Egs. (3) and (8), term fjl—g can be derived.
Therefore, by giving an proper initial value P, the

convergence solution can be obtained.

3.2 Pseudo-arc-length continuation

Generally, the convergence of Newton-Rapson algo-
rithm depends on the selection of initial value, the
improper initial value will lead to faults of the algo-
rithm, especially at the neighborhood of some bifurca-
tion points such as saddle-node bifurcation points [26].
To overcome the limitation of the algorithm, a pseudo-
arc-length continuation is embedded in the Newton-
Rapson algorithm as follows:

[o3)
~ ‘UlQ

(1)

o o

in which, A = g—é is a variable of frequency, ¢ is a
constant selected for convenience. The new initial value
can be estimated by:

[PO) X(D]T =[pP© MO)]T +8[ 4 %]T (12)

where
% = (=1) C (P, %) - det[DH{_; (P, 1)]
4 = (=DM C (P, 2) - det [DH(v+1) (P, 2)]
(13)

DH (P, ») =[5 3¢ ] (14)

06}
0.4}

0.2t

3.95 4 405 41 415 42 425 43
A

'
—

Fig. 4 Bifurcation diagram of center of disk g1

10 20 30 40 50 60 70 80 90

Fig. 3 Time responses of ¢ in different resonance region. a A = 0.762, b A = 4.013
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(=D¥ 1 sgn [Gp (PO, 2]

C(P,)) =
M (et [DH))

5)

in which, the operator notation D H|_;} means matrix
DH subtract by the i throw.

According to the new initial value [ P A(D]
the solution can be obtained by the iterative formula
derived from Eq. (11) as follows:

T
s

[P(”” ] 3 |:P(i)i| [GP (p(i),)h(i)) G, (P(i), A(i)) :|1

G (P, 20
' % (PO — pO) 4 & (1) _ ) |
(16)

3.3 Floquet stability analysis and Hsu’s method

The Floquet multipliers are useful indexes to reflect the
stability of the system. If all the Floquet multipliers are
within the unit circle in the complex plane, the period
solution is stable, or else the period solution is unsta-
ble. There are three ways that a periodic solution loses

@+1) (@) dapr’ d) B .
A A ra e stability [13]:
0.08 o 0.1 o 0.8
) ° kel
E O = 2 o
= 0.06 5 0.08 S 06f P
£ g 30,20, £
& o, . 0.06 <
@ 0.04f 30,20, 8 @ 8 04
o S 0.04 c
= o o
3 0.02 2 ] D @, 2 o
g 0170 g 0.02 A g o ®
a £ £ 1 2
0 4N J\_)‘ o ol ploa ) A a 0 A 1 |
0 0.5 1 1.5 2 0 0.5 1 1.5 0 0.5 1 1.5
Dimensionless Frequency Dimensionless Frequency Dimensionless Frequency
(a-1) (b-1) (c-1)
0.2
0.1 1 01
0.1
0.08 0.08
= 006 . {008 \ = 0
0.04 0.04
-0.1
0.02 0.02
0 : 0 - 0.2 : :
0.5 0 0.5 05 0 05 -1 0.5 0 0.5
9 9 9
(a-2) (b-2) (c-2)
0.2 0.2 0.4
0.1 0.1
- 0 = 0
0.1 0.1
0.2 ‘ ‘ ‘ 0.2 ‘ 0.4 ‘ ‘
02 0.1 0 0.1 0.2 02 -01 0 0.1 0.2 -1 0.5 0 0.5 1
q, q, 4,
(a-3) (b-3) (c-3)

Fig.5 Frequency spectrogram, Poincare section and phase diagram of three different frequencies.aA = 4.01,bA = 4.053,c A = 4.147
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(1) One of the multipliers cross the unit circle through
(+1, 0), the period solution loses stability by
saddle-node bifurcation, or pitchfork bifurcation
or symmetry-breaking bifurcation.

(2) One of the multipliers cross the unit circle through
(=1, 0), the period solution loses stability by
period-doubling bifurcation.

(3) A pair of conjugate multipliers cross the unit cir-
cle, the period solution loses stability by secondary
Hopf bifurcation.

Hsu [27] proposed a numerical scheme to obtain
Floquet multipliers, which is carried out by discretizing
one period into a number of intervals and multiplying
constant coefficient matrices over each interval one by
one. This scheme is used here, and its procedures are
list as follows:

Firstly, rewrite the motion Eq. (2) into the state equa-
tion:

U=[qiq) a5 ;] (17)
U' () =F ) (18)
Then, deduce the perturbation equation about AU :
(U* (t) + AU) = F (£, U* (£) + AU) (19)
Ay OF (t, UA(f))
oU (%) |, _ym

AU =A(2,U* (7)) AU (20)
where U* (1) is the period solution, thus matrix A is a
period matrix.

Finally, compute monodromy matrix D:
1

D= []exp(AT-A(U*(2). %))

n=N
1 Nj . * (2 A\ J
~T1 [+ (AT - A (U‘ () . Tn)) e
j!
n=N j

in which AT = T/N represents the time interval, 7,
represents the end time of » th interval.

The eigenvalues of monodromy matrix D are the
Floquet multipliers of the corresponding periodic solu-
tion.

4 Results and discussions

The numerical analysis is carried out by using both har-
monic balance method and fourth order Runge-Kutta
method. The physical parameters of the system are
listed in Table 1.

@ Springer

4.1 Period solution and quasi-periodic solution

Choosing the maximal harmonic parameter M = 5 and
constant frequency £2p = 300 rad/s, the relationships
between dimensionless amplitude and dimensionless

1.3F ‘ .
HB(stable)

12y HB(unstable) | |

1.1} o RK g

11
091
0.8t
0.7
0.6

Dimensionless Amplitude

0.5}
0.4

0.5 0.55 0.6 0.65 0.7 0.75 0.8

A

Fig. 6 Frequency—Amplitude curves of resonance region of the
rigid body translation

Table 2 Floquet multipliers nearby bifurcation point

Point A Floquet multiplier
A 0.7690 — 0.7691 0.9564 — 1.0476
B 0.7508 — 0.7509 1.0683 — 0.7311
C 0.5728 — 0.5729 0.9404 — 1.0162
D 0.5690 — 0.5691 1.1690 — 0.9805

0.9 ‘ ;
08| 2 1 1
[0}
5 07} 1
<
= 05| 0.04 , |
9 0.02 @2
5 o0af : 1
[72)
c
3 03 055 0.6 065 07 075 T
8 o2} .
01} : 1
0 A ‘ ‘
06 0.8 1 12 14 16 1.8
A

Fig. 7 Amplitude curves for different response frequency com-
ponents
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frequency are shown in Fig. 2. It is clear that there are
three pairs of resonant peaks in Fig. 2b from low fre-
quency to high frequency, which are, respectively, cor-

0.2

0.15¢

0.1f

0.05

Dimensionless Amplitude

Fig. 8 Amplitude curves for different response frequency com-
ponents

responding to the vibration modes of rigid body transla-
tion and rigid body rotation, and the first bending mode.
Each pair of peaks represents the resonant peaks excited
by low-frequency w; and high-frequency w,. The influ-
ence on the rigid body rotation is not obvious in Fig. 2a.
Thus, the nonlinear characteristics of system are con-
centrated on the rigid body translation mode and the
first bending mode. Moreover, the solutions from the
harmonic balance method agree well with that from the
Runge-Kutta method in most of the frequency region.
The displacement responses of g1 on two frequencies of
resonant peaks A = 0.762 and A = 4.013 are shown in
Fig. 3, which means the choice of harmonic parameter
is applicable.

Besides, there is a region that two results are not fit
nearby A = 4.2. To explain the difference, the bifur-
cation diagram between A = 3.95 and A = 4.30 is
shown in Fig. 4. Since there are two periods 27 and
27 /€ in this two-frequency excited system, the period
2vrr is chosen as the period of Poincare mapping to
ensure the correctness of calculation. The integer v

Fig. 9 Frequency- 1 T T : : : T T T T T
. . Pertrrgs
amplitude curves of E Hrre, HB (stable)
e S ageo
’ 08 e, o R-K(periodic)
' l F +  R-K(quasi-periodic)
)
3 077 0.19 |
G
£ 06r 0.185 DL\N_
<
[}
E 051 0.18 Ct b
5 0.175
‘s 04} ' N
c
2 0.17
5 03} 4.175 4.18 4.185 |
! '
A++++"“H“
0.1 losocoeceepeoe™¥ L L L L L L L L
3.95 4 4.05 41 415 42 425 43 435 44 445
A
Table 3 .Floqufet m‘”?‘p fiers Point A Floquet multiplier
nearby bifurcation point
A 4.0386 — 4.0476 0.0743£0.9944 i — 0.0638+£1.0031 i
B 4.1470 — 4.1512 —0.3296 £0.9475 1 — —0.3662 £+ 0.9253 i
C 4.1823 — 4.1821 0.9827 — 1.0414
D 4.1776 — 4.1775 1.0633 — 0.9779
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should satisfy the condition that £v is an integer, thus
the period 2vsr can be a common period of the two
excitations. Based on this definition, the meaning of
Poincare section needs to be redefined: a single point
means the periodic solutions contain all kw; + lwn
frequencies, some independent points mean the solu-
tions contain fractional ratio of kw; + lw; frequen-
cies, and a closed circle means that there is a quasi-
periodic solution which belongs to neither kw; + [w;
nor their fractional ratio. It is clear to see the system
gets into aperiodic motion at A = 4.02, and the ampli-
tude of the motion increase dramatically at & = 4.089,
finally at A = 4.27, the motion returns back to peri-
odic solution. The frequency spectrogram, Poincare
section and phase diagram corresponding to the three
motions are given in Fig. 5. In the case of A = 4.01,
the motion of the system is periodic, and the major
response frequencies are dimensionless excitation fre-
quencies w1 = 1.00, w» = 1.30 and their combined
frequencies 2w; — wy = 0.70, 3w; — 2wy = 0.40. In
the case of A = 4.053, besides the frequencies w1, w>
and their combined frequencies, there is a frequency
w, = 0.275, which cannot be expressed as integral

multiple combination of w; and w,. The amplitude
of w, is lower than that of w; and w,, and the sys-
tem motion is quasi-periodic motion with a low ampli-
tude. Different from the former two, in the case of
A = 4.147, the dominating frequencies are no longer
w1 and wy, but a new frequency w, = 0.195, which
differs from w, and also cannot be expressed as inte-
gral multiple combination of excitation frequencies.
And, the motion of system is a quasi-periodic motion
with high amplitude, and a jump phenomenon, harm-
ful to the safety of the system, occurs when the fre-
quency A increases. The difference of results obtained
by harmonic balance method and Runge—Kutta method
reflects the limitation of the harmonic balance method:
since the frequency of quasi-periodic solution cannot
be expressed by the assumptive frequencies kw; + w3,
the difference of magnitude is caused by the ampli-
tude value of quasi-periodic frequency component w,
in Fig. 5(b-1) and wy, in Fig. 5(c-1). More discussions
about the relationship between periodic solution and
quasi-periodic solution will be given in Sect. 4.3 in this

paper.
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Fig. 10 Poincare sections and phase diagrams of two periodic solutions and a quasi-periodic solution at A = 4.179 (§ = 1.3)
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4.2 Resonance region of rigid body translation mode

As mentioned before, the resonance of the rigid body
translation is a region where the response amplitude is
large and the nonlinear characteristic is outstanding. In
Fig. 6, the two resonant peaks from left to right are cor-
responding to the primary resonant peaks caused by
the high excitation frequency w; and the low excita-
tion frequency w; respectively. The dotted line repre-
sents the unstable solution, and points A, B, C, D are
saddle—node bifurcation points judged by Floquet mul-
tiplier, as listed in Table 2. The jump phenomenon will
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Fig. 11 Frequency—amplitude curves of resonance region with
different frequency ratios. a &£ = 1.25,b & = 1.28, ¢ £ = 1.30,
d & = 1.33. Straight line Harmonic balance (stable solution),

occur when the rotor speed goes up through point A,
C or goes down through point B, D. The result is sim-
ilar to that of rotor-SFD system with single excitation
frequency [12]. Besides this nonlinear characteristic,
the responses of the system also contain components
of the two excitation frequencies and their combined
frequencies, as shown in Fig. 7. It is clear to see that
there are two dominating frequencies w; and w», corre-
sponding to the two resonant peaks. When A runs near
0.55, the resonant peak is aroused by the excitation of
higher-frequency w», and with the increase in the fre-
quency wj, the amplitude of frequency component w;
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solution)
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decreases; meanwhile, the amplitude of combined fre-
quency 2wy — wi ascends sharply to reach the magni-
tude of amplitude of frequency w;. When A goes near
0.75, the resonant peak is motivated by excitation of
lower-frequency wi, and with the increase in the fre-
quency i, the amplitude of fundamental frequencies
w1, w2 and combined frequency 2w; — w; all increase.
Out of the resonance region, the combined frequencies
are all inconspicuous.

4.3 Resonance region of first bending mode

According to Fig. 2, the resonance region of first bend-
ing mode is another region which is worth analyzing
the nonlinear characteristic. The response frequencies
are shown in Fig. 8, it is obvious that the fundamental
frequencies w; and w; are dominated and others com-
bined frequencies are inconspicuous except frequen-
cies 2w; — wy and 3w — 2ws.

As mentioned in Sect. 4.1, there exists quasi-
periodic solutions in the resonance region, and Fig. 9
shows the solutions obtained by harmonic balance
method and Runge-Kutta method. The points A, B are
second Hopf bifurcation points, and the points C, D are
saddle-node bifurcation points which are judged by the
Floquet multipliers listed in Table 3, thus there are two
unstable regions A-B and C-D on the periodic solu-
tion branch. The independent quasi-periodic solution

E-F exists in region from A = 4.040 to A = 4.265,
coexisting with periodic solution, while quasi-periodic
solution A-G comes from the unstable periodic solu-
tion. In the region between point C and point D, there
are three solutions corresponded to one value of A, for
instance, Fig. 10 shows the comparison of the three
solutions at & = 4.179, ordered by amplitude from low
to high, the first two solutions are periodic solutions,
but the third one is a quasi-periodic solution.

The unstable solutions may lead to three different
kinds of jump phenomena with the rotor speed going
up or going down: between one quasi-periodic solution
and another quasi-periodic solution, between quasi-
periodic solution and periodic solution, and between
two periodic solutions. When the rotor speed goes up
through point A, the periodic solution loses stabil-
ity entering the quasi-periodic motion, and with the
increasing speed, the quasi-periodic motion on sec-
tion A-G will jump up to the quasi-periodic section
E-F, then jump down to the periodic solution. If the
rotor speed goes up from point B, the periodic motion
will go from point B to point C, and then jump up to
another stable periodic solution with a small ampli-
tude. When the rotor speed goes down, the periodic
motion will jump down form point D and lose stabil-
ity on point B resulting into periodic section E-F, the
amplitude will become higher and higher until the com-
putational divergence as the speed goes down. In this
system, the resonant peak has the ‘soft stiffness’ char-
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acteristic, moreover, the multiple stable state solutions
cause the large amplitude jump. The unstable section
A-B is a main reason for the jump phenomenon, and
the quasi-periodic solution E-F is an essential condi-
tion.

The unstable solution near the resonant peak of first
bending mode was early reported by McLean and Hahn
[28] in their study about a symmetry flexible rotor sup-
ported by squeeze film dampers under single excita-
tion, and then Zhao [10] explained that the periodic
solution loses stability through second Hopf bifurca-
tion. In the study of single excitation system, Hussain
[29] and Zhu [12], respectively, obtained the low ampli-
tude quasi-periodic solution and the high amplitude
quasi-periodic solution near the resonant peak of first
bending mode, which are corresponding to the section
AG and the section EF in this paper. Moreover, in this
paper the resonant peak in the local figure of Fig. 9
forms a cross structure, and this characteristic was also
reported in Zhu’s work [12], thus it is a basic character-
istic of nonlinear system consisted of SFD and flexible
rotor.

The nonlinear characteristic such as second Hopf
bifurcation, quasi-periodic solution and cross structure
in this paper also can be obtained in flexible rotor-
squeeze film dampers system with single excitation
system, and the bifurcation mechanism and the region
of quasi-periodic solution are agreed with the other
researchers’ results mentioned above.

4.4 Effect of parameters

The amplitude jump is a harmful effect on the system,
and the unstable solution is an important factor of this
phenomenon, so the effect of parameters on the unsta-
ble region should be analyzed.

Figure 11 shows the effect of ratio of excitation
frequencies on unstable region and resonant peak. It
is obvious that the quasi-periodic solution and unsta-
ble region are not distinct with the increase of the
frequency ratio &, but the resonant peak shows the
irregular change between ‘soft spring characteristic’
(& =1.25,& = 1.30,& = 1.33) and a kind of ‘cross
characteristic’ (§ = 1.28).

Moreover, as shown in Fig. 12, when & = 1.36,
besides the unstable region A-B and quasi-periodic
solution G-H mentioned above, there is another unsta-
ble region E-F with quasi-periodic solution J-K. The
points A, B, E, F are secondary Hopf bifurcation points,
and points C, D are saddle-node bifurcation points. The
jump phenomenon can occur from periodic solution to
quasi-periodic solution or from quasi-periodic solution
to quasi-periodic solution. Figure 13 shows the com-
parison of the two kinds of quasi-periodic solutions
at A = 4.25, it is clear to see the differences in the
frequency spectrograms (wy, = 0.195, w, = 0.177),
Poincare sections and phase diagrams.

Figure 14 shows an interesting result in the case of
& = 1.37, there are still two kinds of quasi-periodic
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solutions, but unlike the results for & = 1.36, there
are only two secondary Hopf bifurcation points C and
D, and the unstable region at the left of resonant peak
vanish. The resonant peak has the ‘hard spring charac-
teristic’, but the periodic solution will jump from point
A to the quasi-periodic solution E-F when the rotor
speed goes up. Since the jump point A is beyond the
unstable region C-D, the points B, C are saddle-node
bifurcation points

The effects of the different ratios of excitation fre-
quencies show abundant nonlinear phenomenon and
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Fig. 15 Frequency—amplitude curves of resonance region with
different parameters combination. ac¢ = 0.19 mm, u = 1.562 x
1072 Ns/m?, b ¢ = 0.18 mm, o = 1.562 x 1072 Ns/m?, ¢
¢ =020 mm, w = 1.708 x 102 Ns/m2, d ¢ = 0.20 mm,

multiple-solution conditions, and the system nonlinear
characteristics are sensitive to the frequency ratio. The
unstable solution caused by saddle-node bifurcation
makes the cross structure of solution express the ‘soft’
or ‘cross’ characteristic: If the cross point is crossed
by a unstable solution and a stable solution, the res-
onant peak has ‘soft’ characteristic; if the cross point
is crossed by two stable solutions, the resonant peak
has ‘cross’ characteristic. Moreover, the system also
can express ‘hard’ characteristic in some other condi-
tions.
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tion), opencircle Runge-Kutta (periodic solution), +Runge-
Kutta (quasi-periodic solution)
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The effects of clearance ¢ and kinetic viscosity coef-
ficient u under the same ratio & = 1.3 are shown in
Fig. 15. Compared with Figs. 9 and 15a, b describe
the effects of varying clearances on the system. The
decrease of the clearance makes the cross structure van-
ish, makes the unstable region gradually disappear and
leads to the periodic solutions of the region all be sta-
ble. Meanwhile, the quasi-periodic motions still exist,
which may cause the jump phenomenon when the sys-
tem receives some disturbance. Similarly, the increase
in the viscosity can also attenuate the nonlinear char-
acteristic as shown in Fig. 15c¢, d.

Summing up the above analysis, the basic nonlinear
characteristic of flexible rotor combined with squeeze
film damper under two-frequency excitations is sim-
ilar to the system under single-frequency excitation,
for instance, the jump phenomena and hard stiffness
effect on the resonant peak of rigid body translation
mode caused by saddle-node bifurcation, the jump phe-
nomena nearby the resonant peak of the first bending
mode caused by second Hopf bifurcation and indepen-
dent quasi-periodic solution, and the cross structure on
the resonant peak of the first bending mode caused by
saddle-node bifurcation. The influence of SFD para-
meter is also similar to the single-frequency excitation
system. However, the system with two-frequency exci-
tations has its particular characteristic: The jump phe-
nomena can exhibit different stiffness characteristics,
i.e., ‘soft’, ‘cross’ and ‘hard’ due to different frequency
ratio, and another unstable region and quasi-periodic
solution could appear in certain frequency ratios; there-
fore, the frequency ratio is an important parameter in
a two-frequency excited nonlinear system. Finally, the
response of the combination frequencies is also a char-
acteristic of two-frequency excited nonlinear system.

5 Conclusions

In this paper, the nonlinear characteristics of a flex-
ible rotor with squeeze film damper excited by two-
frequency excitation have been investigated via har-
monic balance method and Runge-Kutta method. The
nonlinear characteristics have been focused mainly
on two resonance regions corresponding to the rigid
body translation and first bending mode, respectively.
It has been concluded that the responses in resonance
region of rigid body translation perform jump phenom-
enon and show ‘hard spring’ nonlinear characteristic.

@ Springer

Besides the excitation frequencies, the response con-
tains primary combination frequencies of 2wy — wj
and 2w; — wy. The response in resonance region of
first bending mode has abundant nonlinear character-
istic, for instance, jump phenomena caused by saddle-
node bifurcation, second Hopf bifurcation and quasi-
periodic solution, and the response contains primary
combination frequencies of 2w; — wy and 3w — 2w;.
The unstable solution caused by saddle-node bifurca-
tion on the cross structure makes the resonant peak
show ‘soft’ or ‘cross’ characteristics under different
ratios of frequencies; moreover, the resonant peak
also shows ‘hard’ characteristic in the case of & =
1.37. The unstable solution caused by secondary Hopf
bifurcation makes the system perform quasi-periodic
motions and jump up to other independent quasi-
periodic motions with large amplitudes. In some con-
ditions (§ = 1.36,& = 1.37), there are two indepen-
dent quasi-periodic solutions, the system shows more
complex jump phenomenon. The number of unstable
regions and the nonlinear characteristics are sensitive
to the ratio of excitation frequencies. The decrease in
clearance or increase in viscosity could attenuate the
nonlinear characteristics of resonant peak. The results
in the paper will contribute to a better understanding
of the nonlinear dynamic behaviors of the SFD-rotor
systems with two excitations and provide a theoretical
foundation for optimization of the system parameters.
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Appendix 1: List of symbols

ajkil,bjr;  Harmonic coefficients of dimensionless
displacements, dimensionless

A Periodic matrix, dimensionless

B Dimensionless bearing parameter of
squeeze film damper, dimensionless

c Clearance of squeeze film damper, m

Cjkisdjr;  Harmonic coefficients of dimensionless
nonlinear forces, dimensionless

c1 Damping coefficient corresponding to
transverse deformation of the shaft, N
s/m
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C2 9 C3
c4

Cs5, C6

kr% k((Jr

koo

ka, kb

Iy
I

I3

no
Na
np

Damping coefficients corresponding to
coupling deformation of the shaft, N s
Damping coefficient corresponding to
angular deformation of the shaft, N m s
Damping coefficients of the supports, N
s/m

Monodromy matrix, dimensionless

Oil film forces in the Cartesian coordi-
nate system, N

Dimensionless oil film forces in the
Cartesian coordinate system, dimen-
sionless

Oil film forces in the polar coordinate
system, N

Dimensionless oil film forces in the
polar coordinate system, dimensionless
Vector of harmonic balance terms, di-
mensionless

Jacobi matrix, dimensionless
Equivalent equatorial moment of inertia
of the disk, kg m2

Equivalent polar moment of inertia of
the disk, kg m?

Harmonic parameters, dimensionless
Stiffness coefficient corresponding to
transverse deformation of the shaft,
N/m

Stiffness coefficients corresponding to
coupling deformation of the shaft, N
Stiffness coefficient corresponding to
angular deformation of the shaft, N m
Stiffness coefficient of the supports,
N/m

Length of the shaft, m

Distance from the disk to the left sup-
port, m

Distance from the disk to the right sup-
port, m

Distance from the disk to the intershaft
bearing, m

Length of squeeze film damper, m
Parameters of discrete points in time
domain, dimensionless

Equivalent mass of the rotor, kg
Equivalent mass of the left journal, kg
Equivalent mass of the right journal, kg
Maximal harmonic parameter, dimen-
sionless

9j

t
U
Ui, Us, Us

X,y
Xa, Ya

Xb> Vb

a0, o], 02
Vi, V2

81, 62
£

g

01, 02

Oy, Oy

Kj

nem o>

7,71, 72

Number of discrete points in time do-
main, dimensionless

Vector of harmonic coefficients of di-
mensionless displacements, dimension-
less

Dimensionless displacement (j=1~8),
dimensionless

Vector of harmonic coefficients of di-
mensionless nonlinear forces, dimen-
sionless

Radial displacement of journal, m
Radius of the journal, m
Dimensionless arc length, dimension-
less

Time, s

Vector of state variables, dimensionless
Dimensionless unbalance value, dimen-
sionless

Displacements of center of disk, m
Displacements of center of left journal,
m

Displacements of center of right jour-
nal, m

Dimensionless mass, dimensionless
Ratio of distance [;, [» to length [,
dimensionless

Unbalance value, kg m

Dimensionless radial displacement of
journal, dimensionless

Dimensionless damping coefficients
(j=1~6), dimensionless

Ratio of moment of inertia J, to moment
of inertia Jq, dimensionless

Journal position angle measured from
line of journal centers, dimensionless
Angles from line of journal centers to
start and end of positive pressure region,
dimensionless

Angles of disk rotate along x axis and y
axis, dimensionless

Dimensionless stiffness coefficients
(j=1~6), dimensionless

Bifurcation parameter, dimensionless
Viscosity coefficient of oil, N s/m?
Ratio of high excitation frequency 2,
to low excitation frequency £21, dimen-
sionless

Dimensionless time, dimensionless
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v angular displacement of journal, dimen-
sionless

w1, W2 Dimensionless low excitation frequency

and dimensionless high excitation fre-
quency, dimensionless
20 Reference rotational speed

21, §2o Low-pressure rotor rotational speed and
high-pressure rotor rotational speed,
rad/s

Appendix 2

83.k1 = [Kl —(k+ 15)2] azpr + &1 (k+18) Doy
+Koazg + §2 (k +18) b3y — (k2 + yaK1) a6kl
— (&2 + 7281) (k +18) bepy + (k2 — y1K1) agki
+ (&2 —vi5) (k+18) by =0
g4k = —C1 (k+1&) axy + [Kl —(k+ 15)2] bk
=8 (k +18) a3gy + k2b3ky + (82 + v281) (k + 18) agp
— (k2 + yax1) beki — (52 — v161) (k + 1) agk;
+ (k2 — y1&1) by — Uy — £2Uz¢p = 0
85.k,1 =K3a2k1 +¢3 (k +1&) b2k1+[/<4 —ag (k+ 15)2] azkl
+¢4 (k4 18) b3gy + aon (k + 18) bajy
— (k4 + y2K3) aski
— (84 + 7283) (k +18) Dot + (k4 — y1K3) as
+ (4 —v183) (k+18) by =0
86,k = =83 (k +18) apky + k3bogs — $a (k +18) a3y
+ [K4 —ap (k+ 15)2] b3k — aon (k +18) aagg
+ (G4 +v283) (k + 1) agps — (k4 + v2k3) bk
— (G4 —v183) (k + 1) aggy + (k4 — y1k3) bgki
—£2U3¢p = 0
87.k1 = —k3a1k — &3 (k +18) bigy — aon (k +18) b3y
- [rea = G+ 16)? | aars + 64 Gk +18) bagy
+ (k4 + y2x3) asgr + (Sa + v283) (k + 18) bsyy
— (kg — v163) azpr — (&4 — v183) (k + 1) by
+£2U3¢p = 0
88,k,1 = ¢3 (k+1&) ajpr — k3bigg + aon (k +18) azyg
¢ (k +18) agiq + [ka = (k +1?] bags
— (G4 +1283) (k + 1&) asp + (k4 + y2k3) bsyy
+ (84 — v183) (k +18) agps — (kg — y163) byg = 0
89.k,1 = —vaK1a1k —v261 (k +18) big +yakoaar + 202
(k+18) b4kl+[(K5+V2K2+V22K1) —o (k+ 15)2] asgg
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+[¢5 4+ v2 Q2 + 1201 | (k +1&) bsgy — v (k2 — yik1)
agrr — v2 (&2 — v181) (k +18) byg + Besgy =0
810.k.1=7281 (k + &) aip —y2r1bik — v282 (k + 18) agp
+yak2bars — [v2 (G2 + v281) + &5 ] (k +18) asy
+ [(Ks + 212 + )/22K1) —ay (k+ lé)z] bski
—v2 (k2 — yik1) brgr + v2 (G2 — v161) (k +1§) azpy
+ Bdsi =0
811,k = —VoK1a2k] — V281 (k + 1§) by
—yakaa3kl — Y262 (k + 1) b3u
+ [(Ks + vaKo + V22K1) —ay (k+ 15)2] acki

+ 25 + v2 G2 + v281) | (k + 18) bek
—y2 (k2 — yik1) askr — v2 (&2 — v161) (k + 1§) bsu
+Bceri =0
812,k = V281 (k + 1§) axxr — yar1bop
+ 7282 (k + 1§) azi
—yamabzis — [v2 (G2 + v2t1) + 5| (k + 1€) agu
+ [(Ks + vako + V22K1) —o (k+ 15)2] beki
+y2 (&2 — v161) (k + 18) agit — y2 (k2 — vik1) bsu
+Bder =0
g3kl = —vikiaik — Y161 (k +18) biu
+yiaaar +v182 (k +18) bag+yi1 (k2 + yak1) asu
+y1 (&2 + v281) (k +18) bsi
+ [(K6 —Yik2 + V12K1) —o(k+ 15)2] arki

+[y1 (=02 + v151) + &6 (k +18) by =0
giakl =161 (k+18) ai — yikibix
=118 (k + 1§) asu
+yik2baks — v1 (&2 + v281) (k + 1&) asy
+y1 (k2 + yak1) bsig
+ [<K6 —Yik2 + )/12K1) —o(k+ 15)2] bk

— [ (24 v18) + C6) (k +1§) azy =0
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