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Abstract This paper considers a stochastic predator—
prey model with hyperbolic mortality and Holling type
Il response. Firstly, we show that there is a critical value
which can easily determine the extinction and persis-
tence in the mean of the predator population. Then by
constructing appropriate Lyapunov functions, we prove
that there is a stationary distribution to this model and it
has the ergodic property. Finally, a numerical example
is introduced to illustrate the results developed.
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1 Introduction

In the ecological sciences, the dynamical behavior of
predator and its prey has long been and will continue

X. Zhang - Y. Li

College of Science, China University of Petroleum

(East China), Qingdao 266555, People’s Republic of China
e-mail: zhxinhong@163.com

D. Jiang (B<)

College of Science, China University of Petroleum

(East China), Qingdao 266580, People’s Republic of China
e-mail: dagingjiang2010@hotmail.com

D. Jiang

Nonlinear Analysis and Applied Mathematics
(NAAM)-Research Group, Department of Mathematics,
King Abdulaziz University, Jeddah, Saudi Arabia

to be one of the dominant themes in both ecology and
mathematical ecology due to its universal existence and
importance [1]. Since Lotka Volterra’s pioneering work
on population dynamics, various predator—prey mod-
els have been presented and studied widely by both
applied mathematicians and ecologists [2-9]. There
are a number of different functional responses used to
model predator—prey interaction, such as Beddington—
DeAngelis type, Hassell-Varley type, Holling—Tanner
type and Holling IT, ITI, IV types. The general predator—
prey model with Holling type II response has the fol-
lowing form [7,8]:

[X(t):rx(l—%)—%, 0
V(1) = —h(y) + 522,

where x and y are the population densities of prey and
predator, respectively; r is the birth rate, K is the car-
rying capacity, and a is the maximum uptake rate of
the prey; b is the prey density at which predator has the
maximum kill rate; m is the birth rate and function i (y)
reflects the mortality rate of the predator. Mortality rate
of the predator is also essential in population dynamics.
Note that when /() is linear, model (1) is the classic
Holling type II predator—prey model. According to [7],
taking
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model (1) (after dropping the tildes) becomes

i(t) = u 1—u—%),

@)
b1 = —hw)+5H),

where h(v) = +Vv for hyperbolic mortality, which
dominates the mortality when population density is
large [10]. Model (2) has always three equilibria,
which consist of two boundary equilibria (0, 0) and
(1, 0), and a nontrivial stationary state (u*, v*) where

o Brs— ﬂzy)+\/4ﬂ3 2+ (By —s—B*y)? vt o= A

In this case of hyperbohc mortality, (u*, v*) always
exists, and it is locally asymptotically stable if 0 <
sv* — (B +u*)? < ap.

However, in the real life situations, population sys-
tems are always affected by environmental noise. May
[11] pointed out that due to continuous fluctuation in
the environment, the birth rates, death rates, carrying
capacity, competition coefficients and all other para-
meters involved with the model exhibit random fluc-
tuation to a great lesser extent. Up to now, stochastic
population systems have been studied by many authors
[12-20]. In this paper, we assume that environmental
white noises are directly proportional to u(¢) and v(z).
This approach has been used by many literature, see,
e.g., [12,21]. In this way, predator—prey model with
hyperbolic mortality in random environments will be
deduced to the form:

du(t) = u (1 ﬁ‘;vu) dt + oud B (1),

dv(t) = av (ﬂiu

where Bj(t), By(t) are mutually independent Brown-
ian motions defined on a complete probability space
(82, F, {Ft}i>0, P) with a o—field filtration {F;};>0
satisfying the usual conditions, and positive constants
012, 022 are intensities of the white noises.

The aim of this paper is to study the dynamical
behavior of model (3). In the study of a population
dynamics, global asymptotic stability of the positive
equilibrium is an important topic. However, stochastic
model (3) has no positive equilibrium. Therefore, it is
impossible for the solution of model (3) tending to a
fixed point. In this paper, we will show that model (3)
has an ergodic stationary distribution mainly according
to the theory of Has minskii [22], if the white noises
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are small. The stationary distribution can be consid-
ered as a weak stability. The method adopted here is
constructing new Lyapunov functions and rectangular
set, which do not depend on the equilibrium (u*, v*)
of the deterministic model (2). Furthermore, we try to
find the critical value between the extinction and per-
sistence of predator population and analyze how the
environmental noises affect the population dynamics.

2 Preliminaries

For simplicity, we introduce the following notations.
R :={x=(x1,x) eR?:x; >0,i=1,2}.
Fhe=1Jo fs)ds.
If g(¢) is a bounded function on [0, 00), define ¢ =
SUP;e[0,00) & (7)-

Lemma 1 [15] Suppose that Z(t) € C($2 x [0, 00),
R4).

(D) If there are two positive constants T and 8¢ such
that

InZ(t) < 8t — 50/ Z(s)ds + Za,B(t) a.s.

i=1
forallt > T, where a;, § are constants, then

if 6 > 0;

if § <O.

limsup,_, ., (Z); < % a.s.,
lim; 50 Z(t) =0a.s.,

(ID) If there exist three positive constants T, §, 8o such
that

InZ(1) > 8t — 30/ Z(s)ds + Za,B(r) a.s.
i=1
forallt > T, then liminf;_, 5 (Z); > % a.s..
Lemma 2 For any initial value (u(0), v(0)) € RZ,
there is a unique positive solution (u(t), v(t)) of model

(3) ont > 0, and the solution will remain in Rﬁ_ with
probability 1. Moreover, there is a constant K such that

Elu®)] =K, Elv()]l =K, t=0. “)

Proof Define a C>-function V : Ri — R, asfollows:

V(u v)—l(u—ﬂ—ﬂlnﬁ)
B B
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Applying Itd’s formula, we have

LV (u(t), v(1))

n s (auv ozyvz)
af \B+u 1+yv

au ayv o3
p+u 14+yv 2

1 1 2
5——u2+ﬁ+ u—i—iv—i vy + o —
B B B Bl+yv
2 2
9%
+2+2
1 +1 s v
___2+ﬂ_ + —
B B Bl+yv
2 2
+a—1+0—1+0—2
2 2
I, B+1 s 0‘12 022
< —— - J— —1 — =
=73 + 8 u+ +a +2+2
< Ko,

where Ky is a positive constant. Following the proof
of the remainder of Theorem 2.1 in [23], we obtain
that model (3) admits a unique global positive solution
(u(t), v(t)) € RZ for any initial value (u(0), v(0)) €
RZ.

Now we are in the position to prove (4). Define a
Lyapunov function

V(u,v) =u-+ iv.
o
Applying Itd’s formula, we obtain

E (e%tV(u, v))
= V(u(0), v(0))

4 a o
+E/ 78 [EV(M(S)’ v(s)) + LV (u(s), v(S))] ds,

e
0
where for (u, v) € R%r andt > 0,

ysv?
1+yv

LV@u,v):=u—u>—

Then we can deduce that there exists a constant K; > 0
such that

%V(u, V) + LV (u, v)

=g(u+iv)+u—u2— ysv?

2 o 1+ yv
<—u2+a+2u+ sv
- 2 2(1 4+ yv)
<Kj.

Hence

E (e%fwu, v)) < V(u(0), v(0))

+/ Kie3ds =V u(0), v(0))+ -~ (67t _ 1),
0 o

which yields the desired assertion (4). O

3 Discussion on the persistence and extinction

In this section, we will try to give the critical value
which determines the extinction and persistence of sto-
chastic predator—prey model (3) with hyperbolic mor-
tality. To this end, we quote some concepts and lemmas.

Definition 1 [15]

(1) If lim;—, v(f) = 0 a.s., then species v(¢) is said
to be extinctive almost surely.

(2) If liminf,_, oo (v); > 0 a.s., then model (3) is said
to be persistent in the mean.

Lemma 3 [16] Consider the following one-dimen-
sional stochastic system

dX(t) = X()(1 — X(1))dt + 1 X()dBi(t),  (5)
with X (0) = u(0).

2
o If1 — % <0, thenlimj—.oc X (1) = 0, a.s.
2
° Ifl—%‘>0,then
o1t 012
lim —/ X(@s)ds =1——, a.s. (6)
t—oo t Jo 2

2
Furthermore, if 1 — %‘ > 0, system (5) has a
unique ergodic stationary distribution v(-) with sta-

2
2—0o
L_1 _lx

tionary density u(x) = Cx e , where
C = (2/o2)& DIl |1 (2 — 02)/oB), and

2
M
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t
IP’[ lim l/ f(X(s))ds :/ f(x),u(x)dx]
t—o0 0 Ry
=1,

where f is a function integrable with respect to the
measure V.

Remark 1 From stochastic comparison theory it fol-
lows that u(t) < X(t),a.s..

2 2
Theorem 1 Assume that 1 — 071 > 0. Let )] = —%24—
o fooo ﬁLH/L(x)dx and u(t), v(t) be a positive solution
1 s el 2
of model (3) with initial value (u(0), v(0)) € Rf.
(i) If A1 < O, then the predator populations go to
extinction a.s..

(ii) If A1 > 0O, then model (3) will be persistent in the
mean.

Proof (i). An application of Itd’s formula to the second
equation of (3) shows that

2
1w Z(L@ o L”(”)dt

B+ u(t) 2 14+ yu()
+ 02d By (1)
aX(@®) 0_22
= (m > )dl + 02d By (1).

Integrating above inequality from O to 7 and dividing ¢
on both sides, we get

Inv(@®) —Inv(0) _ _0_22 1/ X .
t - 2 o B+ X(r)
Mzt(t)’ 7

where M, (t) = f(; o0pd B, (1) is a real-valued continu-
ous local martingale. By strong law of large numbers
[24], we have lim;_, o Mzt(t) = 0 a.s.. Taking the supe-
rior limit on both sides of inequality (7) and then using
Lemma 3 we obtain

i su v(t) 02+1ms LX)
im sup o —
l~>oop 2 t»oop ,B—G—X(r)
<——+ / —,u(x)dx
=)\

Obviously, the predator v(r) goes to extinction when
M < 0.

@ Springer

(i1). Applying Itd’s formula to the first equation of
(3) and (5), respectively, we have

Inu(t) —Inu@© 1 [ ol

1 [t sv(r) (t)
L LAY
0 Brum PO

and

¢ T

_% _x )a
-5~ (r) Jdr +

where M (t) =
M (1)
t

InX(1) —InX(0) l/t
0

M ()
.

Jo o1dB1(r) also has the property

lim; o
it follows that

_ @~ X0
t

= 0 a.s. From the above two equations

B . 1 /! _su(r)
=—- (’4(") (r) =7 ,B—I-u(r)

> /0 () = X = o /0 o(r)dr,
which implies that

1 [ s !
Z X(@r) — d — dr. 8
p /0( (r) —u(r))dr < ﬂt/o v(r)dr (®)

Applying Ito’s
again we have

formula to the second equation of (3)

dInv(t)
_(oen) _0F  ayv)
_(ﬂJ”‘(’) 2 1+7/v(t))dt+(’2d32(t)
_ (722+ aX (1) ( aX(t) 3 au(t) )
= B+X(t) BEX() Btulr)
ayv(r)
- 1+—yv(t)) dr + 02d By (1) N

o eX® epX ) —u()
“\ 2 T BHXO BEXO)B+u)

—ayv(t))dt + o2dBa (1)
> —0—22~|— aX(t) —g(X(t)—M(t))—Oé v(t)
“\ 27 x0 B g

dt + 0»dBo(1).
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Substituting (8) into (9) and combining Lemma 3, we
obtain that
Inv(t) — Inv(0)
t
2 t
X
> %, Ldr_a(im)
2 0o B+ X(r) B
I M (t
—/ v(r)dr + 2( )
tJo

>———8+ / —u(x)dx a(%—i—y)
t
l/ v(r)dr—i—Mz(t)
tJo
M> (1)

=)»1—6—0l<,32+)/)<>+ ;

for sufficiently large ¢. Applying (II) in Lemma 1 and
the arbitrariness of ¢, one can derive that

A
lim inf (v), > —1, a.s.
()
That is to say model (3) will be persistent in the mean
when A1 > 0. The proof is complete. O

Remark 2 From Theorem 1, we can see that A is the
critical value between persistence in the mean and
extinction for predator v(z). Furthermore, combining

Lemma 3, we obtain that lim; o (u);, = 1 — %‘,
lim; o v(t) = 0 a.s. when A1 < 0.

Remark 3 Lemma 3 and Theorem 1 show that the two
species will die out if 1 — %‘ < 0. That is to say, large
white noise intensity 012 can cause the species extinc-
tion. On the other hand, model (3) will be persistent
in the mean if the white noise disturbances are small
enough such that 1 — 071 > 0and A1 > 0.

4 Existence of ergodic stationary distribution

Using the theory of Has minskii [22] (see “Appendix’)
and the Lyapunov function method, in this section, we
prove that when the noises are small enough, model (3)
has a stationary distribution which is ergodic.

Theorem 2 Assume that

2
1
k::l—a—l—ﬂ+ 022>0,
2 200

then there exists a stationary distribution m(-) for
model (3) and it has the ergodic property:

t
79[ lim l/ u(r)dr:/ xm(dx, dy)]
t—oo t 0 RZ
P 1q lim —/ v(r)dr:/ ym(dx, dy)]
t—oo t 0

Proof In order to prove Theorem 2, it suffices to verify

Assumptions (B1) and (B2) in “Appendix.” To verify

(B2), it suffices to prove that there exist a neighborhood

U C ]Ri and a nonnegative C>-function V such that

for any (u, v) € R%r \ U, LV is negative (see [25]).
Define a C2-function

1
=M (—1nu—'3+

(u + Lv)f*!
6+ 1

(10)

h(u, v) lnv+ln(,8+u)+£v)
o

)

here 6 € (0, 1), K and M are constants satisfying the
following condition, respectively,

s 2
s (rB+D+5-)
K>—-+
p 4y
—~CM+ f+§<-2, (12)

; (1)

and positive constant C, functions f(x), g(x) will be
determined later. It is not difficult to see that there exists
a unique point (g, vo) which is the minimum point of
h(u, v). Define a nonnegative C2-Lyapunov function

Viu,vy=M (—lnu —

(u + Sv)ft!
0+1

1 K
Inv+In(B+u)+—v
o
— h(ug, vo).
Denote

1
V1=—lnu—ﬂ+

(M+ gv)9+1
0+1

K
Inv+In(8+u)+ —v,
o

V) =

@ Springer
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Direct calculations imply that

2
Lv, = (1—%)+u+ﬂT+(ﬂ+l)

2
u yv 0
( B+u 14+ypv 2ot)

Lt2 Suv

CB+u (Btu)?
2 u )2 Kyv2+Kuv
"\ B+ l4+yv B+u
2

ﬁ
1
2°
] — 2L Zo— -
( 2)+u+ﬂv ('B+])ﬂ+

L vB+Dv (B 1o}
1+ yv 2«

B+ K)/v2 Kuv
——u—
B+u I+yv B+u

2
oj B+1 , s y(B+ Do
=—(1—7 o 02)+ vt —/—

1+yv
Kyv2 Kuv
l+yv B+u
O o
—y (K—%)v +(yB+D+5-2y) v-2

14+yv

Kuv

B+u
F) Kuv

Cl4yv  B+u

where F(v) = y (K = $) v = (y(8+1)+5 —7)
2

v + L. Note that (y(ﬁ+1)+%—ky) — 4ay

(K — %) < 0 when condition (11) holds. This implies
that F(v) > O for all v € (0, 00). Therefore, define

a positive constant C = inf,¢(0,00) %, then one
derives
Kuv
LV < -C+ : (13)
B+u
Also

@ Springer

2
(012142 + (202) vz)
0 0
< 2%y (u9 + (iv) ) . ys (i)
o o
2+6 e 1460
v 4+ Y 012u1+9 ( )
1+yv 2
< 20,041 4 901 (ﬁ)e + 201 O+1 _ 246
o

4 01 (5)9 W2 Z 2 ( )9“ Lo+
o o

s\ 0 v9+2
RS (;) I+yv
=: f(u)+g), (14)

where

Flu) = 20ub+! 420! (i) W2l 02 O+1 _ 246
o
0 0 0+1
— -1 (i) 2 4 2( ) 0+1

g o v 2 %2 o v

(S)‘9 yv0+

—s(2
o/ 14+ yv

It is not difficult to obtain

fu) - —o0, asu — +oo.

2
Applying inequalities0 < 6 < 1 and ;_(21 < 1 we obtain

%U,g (2)9“ <s (2)6 20 <6+1, (15)

which implies
g(v) - —oo, asv— +oo.

Therefore

Kuv
£V§M(— )+f(u)+g(v),

B+u

where M satisfies
—-MC+f+§<-2. (16)

Now we are in the position to construct a bounded set
U C R% such that LV < —1, (u,v) € R} —U.
Consider the following bounded subset

[rsesg wseag]
U=je1=u=<—, easv=—¢,

&1 &2

where €1, &5 € (0, 1) are sufficiently small positive
constants satisfying the following inequalities



Dynamics of a stochastic Holling type II predator—prey model

2017

~MC+MKey + [ +§ < —1, (17)
MK .
—MC + 782 +f+8<-1, (18)
" py 1
—MC C— X —— <1, 19
+f+C Y+ 1607 = (19)

. 1
—MC +g1+C2—

EFS—L (20)
1

2
€1 = 82,

where inequalities (17) and (18) can be derived from
(16), and the constants p, Cy, C, and g; will be deter-
mined later. Then

RA\U =UfUU; UUS UUS,
with
Uf:{(u,u)eR2+|0<v<sz},

1
U; = (u,v)eRi|O<u<81, 82<v<—],
&2

US =1 u)e]R2|v>l
3 ) + e |

1
U; = (u,v)eRi|u>—].
€l

Case 11If (u, v) € Uy, (17) implies that

LV <—MC+ MKv+ f(u)+g) <
—~MC+MKey+ f+§ < —1.

Case 2 If (u, v) € U5, we obtain that

MK ¢ v
LV<-MC+=-Ly i
B &

Choosing €1 = s% and combining (18), we have

MK v .

Case 3 If (u, v) € U;, we have

y yuft?
LV <-MC+ f+Ci—p
1+yv
" oy 1
<-MC C,————<-1,
< +f+C Y+ 107 =

which follows from (19), where

6
Ci = sup {MKU+29_1 (i) v??
ve(0,00) o
0 2 (S 0+1 941

s\ 0 yv0+2
— s(—) —p < 00,
(@ )]

in which p is sufficiently small positive constant such
0 2 (5\0+1 s\0
that 505 (&) <s (—) - p.

o

Case 4 If (u, v) € Uy, it follows that

u2+o
LV <—MC+ MKv+gw)+Cy — -
. 1 1
<-MC+g +C— Eg%ﬁ’
where
6. 6+1 o—1 (S\? -
Cr= sup 2°u + 2 (—) u
ue(0,00) o
0 246
+§O’12L£9+1 — MT] < 00,
and
1= sup {MKv+g)},
ve(0,00)

which together with (20) imply that

LV < —1.

From the above discussion it follows that
LV <—1, (u,v) eRI\U.

On the other hand, in order to verify Assumption (B1),
we only need to show that (21) holds. The diffusion
matrix of model (3) is

- o2u®> 0
AX) = ( lO crzzvz) '

It is not difficult to see that there exists a ¢ > 0 such
that

2
> aij(X)EE) = ofu’E + 03078 > clg)
i,j=1
for (u,v) € U and £ € Ri. That is to say, Assumption
(B1) holds. Consequently, model (3) has a stationary
distribution m (-) and it is ergodic.

Following the proof of the remainder of Theorem
2.1 in [15] and (4), we can get the ergodic property
(10). The proof is complete. O
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Remark 4 There is no positive equilibrium for stochas-
tic model (3). Hence we cannot show the permanence
of the stochastic model by proving the stability of the
positive equilibrium as the deterministic model. Theo-
rem 2 shows that model (3) has an ergodic stationary
distribution if the white noise is small. The station-
ary distribution can be considered as a stability of the
model in weaksense, which appears as the solution is
fluctuating in a neighborhood of the equilibrium point
of the corresponding deterministic model. Theorem 2
also shows that small white noise can make model per-
manent.

Remark 5 According to the theory of Has’minskii, to
prove the existence of the stationary distribution, it is
critical to construct a bounded domain U and a non-
negative C2-function V such that £V is negative out-
side U. Here we construct a new Lyapunov function
and a rectangular set which do not depend on the equi-
librium (u*, v*) of the deterministic model (2). From
the ergodic property (10) it follows that the solution of
model (3) tends to a fixed positive point in the sense of
time average with probability one.

5 Numerical example

In this section, in order to illustrate the results devel-
oped, we introduce a numerical example. Using Mil-
stein’s higher-order method [26], we get the discretiza-
tion equation:

k41 _ k(1 _  k_ _svf
u =u"+u (1 u ﬁ+uk)At

2
+ ok At + TFuk(Atg — Av),

_ .k k uk o yvk
vk + 1 =v"4+av (m l+yvk)At

2
+ o v At + %vk(Atn,% — At),

where time increment At > 0, and &, ny are N (0, 1)-
distributed independent random variables.

Inmodel (3),lets = 0.5, =148, =04,y =2,
o1 =0.1,00 = 0.2, u(0) = 0.6, v(0) = 0.8. Then the
nontrivial stationary state of the corresponding deter-
ministic model (2) is (u*, v*) = (0.6306, 0.7907).
Notice that

012 B+1

A=1———
2 200

o3 =0.976 > 0.
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Fig. 1 Simulations of prey population u(¢) and its histogram to
the stochastic model (3)

x 10

!

—

0.8

predator population

0.6

0.4

0.2

o

50 100
Time T

Fig.2 Simulations of predator population v(¢) and its histogram
to the stochastic model (3)

Theorem 2 shows that model (3) has a stationary dis-
tribution. (see Figs. 1, 2).

6 Conclusions

This paper presents a stochastic Holling type II
response predator—prey model with hyperbolic mortal-
ity. The dynamical behavior of this model has been
studied. According to the ergodic property of stochas-
tic logistic model (5), we obtain the critical value A;
for the persistence in the mean and extinction of this
model. If 11 < 0, predator population tends to zero. If
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A1 > 0, predator population is persistent in the mean
which means model (3) is persistent. Furthermore, by
using the theory of Has minskii and constructing Lya-
punov function, we establish sufficient conditions for
the existence of ergodic stationary distribution, which
implies that the system is permanent. The theories and
numerical examples we have presented show that small
environmental noise can make the system persistent,
while large noise may make the species extinct.
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Appendix

In this section, we introduce some results concerning
the stationary distribution. For more details readers can
see [22].

Let X (r) be a homogeneous Markov process in E'
(E! denotes Euclidean /-space) satisfying the stochastic
equation

k
dX (1) = h(X)dt + D gn(X)dBy ().

m=1

The diffusion matrix is

k
A@) = @ (). @) = > g )g (x).
m=1
Assumption There is a bounded domain U C E' with
regular boundary I", which has the properties that

(B1) In the domain U and some neighborhood
thereof, the smallest eigenvalue of the diffusion
matrix A(x) is bounded away from zero.

B2) If x € E! \ U, the mean time 7 at which a path
issuing from x reaches the set U is finite, and
sup, g Ext < 400 for every compact subset
K e E.

Lemma 4 (see [24]). If Assumption 1 holds, then the
Markov process X (t) has a stationary distribution j4(-).
Let f(-) be a function integrable with respect to the
measure [u. Then

t
IP[ lim / F(X(s))ds = / f(xm(dx)] 1.
t—oo t 0 E!

In order to verify (B 1), we only need to show that F
is uniformly elliptical in U, where F(u) = h(x)u, +
0.5trace(A(x)uyy), that is to say, there is M > 0 such
that

k
> aij0EE > MIEP, xeU, £§eR. Q1)
i,j=1
(see Chapter 3 of [27] and Rayleigh’s principle in [28]).
To verify (B2), it suffices to prove that there exist a
neighborhood U and a nonnegative C>-function such
that for any x € E! \ U, LV is negative (see [25]).
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