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Abstract A (3+1)-dimensional nonlinear Schrodinger
equation with variable-coefficient dispersion/diffraction
and cubic-quintic-septimal nonlinearities is studied,

two families of analytical light bullet solutions with

two types of P7 -symmetric potentials are obtained.

The coefficient of the septimal nonlinear term strongly

influences the form of light bullet. The direct numerical

simulation indicates that light bullet solutions in dif-

ferent cubic-quintic-septimal nonlinear media exhibit

different property of stability, and under different P7 -

symmetric potentials they also show different stability

against white noise. These stabilities of evolution orig-

inate from subtle interplay among dispersion, diffrac-

tion, nonlinearity and P7 -symmetric potential. More-

over, compression and expansion of light bullets in the

hyperbolic dispersion/diffraction system and periodic

modulation system are investigated numerically. The

evolution of light bullet in periodic modulation sys-

tem is more stable than that in the hyperbolic disper-

sion/diffraction system.
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1 Introduction

The exact balance between dispersion/diffraction and
nonlinearity can induce solitons characterized by fas-
cinating shape-preserving wave phenomena in nonlin-
ear media [1-10]. In optics, nonlinearities exhibit rich
and complex phenomena. Kerr nonlinearity (one kind
of common role) compensates dispersion/diffraction to
form self-trapped soliton. Focusing Kerr-type media
support the stable propagation of bright solitons [11].
However, in focusing quintic nonlinear media, the dif-
fraction effect is not sufficient to balance the self-
focusing, and consequently the beam undergoes crit-
ical collapse [12]. In this case, higher-order dissipative
terms need to introduce to suppress the collapse [13].

Higher-order nonlinearities play an important role to
stabilize the propagation of spatial solitons. The com-
petition between focusing third-order and defocusing
fifth-order nonlinearities supports stable soliton solu-
tion [14]. Besides the cubic and quintic terms, septimal
nonlinearity may come into play to produce spatial
solitons. Recently, (2 + 1)-dimensional bright spatial
solitons were studied in metal colloids with focusing
quintic and defocusing septimal nonlinearities and dis-
sipative terms [15].

From above, dissipative terms are important to sup-
press the collapse [13,15]. In recent investigation, the
parity-time (P7") symmetric potential has a good effect
to stabilize spatial and spatiotemporal solitons [18—
20]. The P7T-symmetry is firstly proposed in quan-
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tum mechanics [16] and then introduced into optics
[17]. Stable two-dimensional localized modes were
studied in anisotropic media with harmonic and P7 -
symmetric potentials [18]. Sech-type and Gaussian-
type light bullet solutions of the generalized (3 +1)-
dimensional cubic-quintic nonlinear Schrédinger equa-
tion (NLSE) in P7 -symmetric potentials have also
been discussed [19]. Stable localized spatial solitons in
PT -symmetric potentials with power-law nonlinearity
have also been discussed [20].

More recently, solitons in cubic-quintic-septimal
nonlinear media without considering P7 -symmetric
potentials have been studied [22]. However, whether
light bullets (spatiotemporal solitons) stably evolve
is not reported under the coaction of cubic-quintic-
septimal nonlinearity, dispersion, diffraction and P7 -
symmetric potentials although hidden features of three-
dimensional nonautonomous soliton bullets have been
studied [21]. In this paper, we investigate a (3+1)-
dimensional NLSE with variable-coefficient disper-
sion/diffraction and cubic-quintic-septimal nonlinear-
ities and obtain two families of analytical light bullet
solutions with two types of P7 -symmetric potentials.
Based on these solutions, we use direct simulation to
analyze the stability of light bullet solutions. Moreover,
the compression and expansion of light bullets in the
hyperbolic dispersion/diffraction system and periodic
modulation system are investigated numerically.

2 Analytical light bullet solutions

The dynamics of light bullet in cubic-quintic-septimal
nonlinear media with P7 -symmetric potentials can be
described by the following NLSE

;4 B(2) (ax + ttyy + un) + v3(2)|ul*u
+ys@ul*u + y7(2)ulbu
+[v(z,r) +iw(z, r)]u = 0, (D)

where complex envelope of the electrical field u(z, r)
with r = {x, y, t} and transverse spatial coordinates
x, y and the retarded time 7. Function B(z) is the coef-
ficient of the diffraction/dispersion, y3(z), ys(z) and
y7(z) are the cubic, quintic and septimal nonlinear
coefficients. The real component v(z, r) and imagi-
nary component w(z, r) of the complex P7 -symmetric
potential denote the index guiding and the gain/loss dis-
tribution, respectively, and are odd and even functions,
respectively.
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Under the condition

m+1

Vomt1(2) = Ame 20" (@), (m=1,2,3)
(2)
and
B(2)
v(z,x,y,1) = Bo?(0) V(X,Y, T),
w(z, x, y, 1) = B’ZEZ()Z)W(X, Y. T), 3)

we can use the one-to-one correspondence between u
in Eq.(1) and U in Eq.(5)
u(z, x,y, 1) = p(QUIZ(2), X(z,x), Y(z,y), T(z,1)]
explip(z, x, y, 1)], (4)
where the amplitude p(z) = ,oog_% (z), effective prop-
agation distance Z(z) = % foz B(s)ds, casted vari-
_ _ _
ables X(z,x) = ﬁ, Y(z,y) = Q(Z), T(z 1) = 6]
and phase ¢(z, x, y, t) = 2@(2) (x2 4+ y% + 1?) with
width ¢(z) = 1 — 50 [y B(s)ds, initial amplitude po,

and arbitrary chirp parameter sg, Eq.(1) is reduced into
a (3+1)-dimensional NLSE

1
iUz + EB(Uxx + Uyy + Urr) + I3|UPU

+I5|U YU + 4|U U

+[VX, Y, T)+iW(X,Y, T)]U =0, ®)
with four constants B, I3, I'5 and 5.

Considering exact solutions of Eq. (5) can be written
asU(Z, X, Y, T)=o(X,Y, T)explif2(Z, X, Y, T)]
= @(X,Y, T)exp[inZ +iO®(X, Y, T)], we separate
Eq. (5) into two equations about real and imaginary
parts as

32 30 \> 32 30\ >
Bl— —o(—) |+B|— -
ax2 X aY2 Y
B 32 o (2© 2
aT? aT

+IVX,Y, T) — u]® + 303
+I59° + o7 =0, (6)
B (@82—@ +2 Pl a()) +B ((Daz_@ﬂaﬁ@)
X2 " TaX 0X aY2 ' T3y ay
+B(<p32—"+ i aO)—i—W(X Y, T)® = 0.
aT2 ' ~9T T

)
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In this paper, we present two families of sech-type
soliton solutions of Eq.(5) with two different P7 -
symmetric potentials.

2.1 Family 1

If the P7 -symmetric potential has the form

V(X,Y,T) = 2B[sech?(X) + sech?(Y)
W 2
W[Sech (X)

+sech?”(Y) + sech®”(T)]

1

V 3
S (_Fl) sech?(X)sech?(Y)sech?(T)
7

+ sech®(T)] +

2

Vi3
— T (_Fl) sech*(X)sech* (Y)sech*(T)
7

+ Vi sech6(X)sechﬁ(Y)sech6(T),
W(X,Y, T) = Wy[sech” (X)tanh(X)
+ sech? (Y)tanh(Y) + sech? (T)tanh(T)], (8)
with arbitrary constants V| and W), the localization

condition ® — O as (X, Y, T) — Zoo yields solution
of Eq. (5) as

1
3
Uuz,X,Y,T) = (—%) sech(X)sech(Y)sech(T)
7
exp{i[3BZ+O(X,Y,T)]}, 9)
where
W sinh(X
OKX,Y,T) = Wo sinh(X)
(p+2)B
1 1
Fy ,i,é —sinh?(X)
27 2 2
Wy sinh(Y 1 1 3
Wo sinh(Y) SF | =, &, Z —sinh2(Y)
(p+2)B 27 2 2
W sinh(T 1 13
Mz = i =, —sinh®(T) (10)
(p+2)B 27 2 2

with the Hypergeometric function » F) (a, b, c, 0) [23].
The P7-symmetric potential (8) is a higher dimen-
sional generalization of the corresponding P7-
symmetric potential in [20]. Parameter p strongly
influences the nature of the gain and loss profile
W(X,Y,T) and phase of soliton. The properties
of asymptotical non-vanishing or vanishing (local-
ization) of W(X, Y, T) are determined by the zero
or nonzero value of p, respectively. If p = 0,

OX, Y, T) =W (X+Y+T).Ifp=10(X,Y,T)
:;V—g{arctan[smh(X)] + arctan[sinh(Y)] + arctan
[sinh(D)]}. If p = 2, O(X, ¥, T) = y%[tanh(X) +
tanh(Y) + tanh(T)]. If p = 3, ()(X Y, T)=1ms.
{arctan[sinh(X)] + tanh(X)sech(X) + arctan[sinh(Y)]
+ tanh(Y)sech(Y) + arctan[sinh(7T)] + tanh(T)
sech(T)}.

2.2 Family 2

If the P7 -symmetric potential has the form

VX,Y, T) =
W2
W
+sech?”(T)] + Vasech?(X)sech?(Y)sech?(T)

4B 2 2 2
T[sech (X) 4+ sech“(Y) + sech”(T)]

[sech®” (X) + sech®” (Y)

xsech? (X)sech3 (Y)sech? (T)

V2 3 4 4 4
—TI5 (_F) sech3 (X)sech3 (Y)sech3 (T),
7
W(X,Y, T) = Wy[sech? (X)tanh(X)
+ sech” (Y)tanh(Y) + sech? (T)tanh(T)], (11)

with arbitrary constants V> and Wy, the localization
condition @ — 0 as (x, y) — oo yields solution of
Eq. (5) as

3
u(Z,X,Y, T) = |: /—%sech(X)sech(Y)sech(T)]
7

B
exp [i [gz Lo, Y, T)“ , (12)
where
OX,Y,T)
3Wy sinh(X 1 1
ZMZ : —,i,—,—sinhz(X)
Gp+2)B 22 2
3Wp sinh(Y 1 1 3
Mgﬂ —,i,—,—snhz(Y)
Bp+2)B 2 2 2
3Wy sinh(T 1 1 3
3Wo sinh(T) F —,i,—,—snhz(T)
Gp+2)B 2’2 2
(13)

The P7T-symmetric potential (11) is another high
dimensional extension of the corresponding P7-
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Fig.1 (Color online) a and
b v and w of the

‘PT -symmetric potential (3)
with (8); ¢ Comparison of v
with different p at
z=10,t =5,y =0inthe
diffraction/dispersion
medium with hyperbolic
profile. Parameters are
chosenas p =1, pp =

0.6, Wo =0.08, V| =
—12,B=05,13=
—1,I5=0517=1,C =
2, L =50,50=0.02

symmetric potential in [20]. If p = 0, O(x,y) =
PUX+Y +T).1f p = 1, O(x,y) = P2 {arctan
[sinh(X)] + arctan[sinh(Y)] + arctan[sinh(7)]}. If

p = 2, O(,y) = FPtanh(X) + tanh(Y) +
tanh(7)]. If p = 3, O(x, y) = 398 {arctan[sinh(X)]+

tanh(X)sech(X)+arctan[sinh(Y)]+tanh(Y)sech(Y)+
arctan[sinh(7")] 4 tanh(T)sech(T)}.

From the expression (4) and solutions (9), (12), exact
solutions of Eq. (1) read

N =poo 3t (-2 :
M(Z»xsys )_IOOQ Z) F7
sech(X)sech(Y)sech(T)

exp{i[¥(z,x,y,0]}, (14)

with ¥ (z,x,y,1) = 2(Z, X, Y, T) + ¢z, x,y,t) =
3BZ+O(X,Y,T)+¢(z,x,y,t) and

_3
u(z,x,y, 1) = poo 2(z)

@ Springer

(b)

——sech(X)sech(Y)sech(T)
\ Iy

exp{i[¥(z, x,y, D1}, (15)

Wherew(zaxv y’ t) = 9(25 Xa Y5 T)+(p(z’ X, y’ t) =
2Z + OX. Y, T) + ¢(z,x,y,0, Z,X,Y,T and
¢(z,x,y,t) are expressed below (4), and O (X, Y, T)
is given by (10) and (13).

3 Dynamics of light bullets

In soliton solutions (14) and (15), coefficient y; of the
septimal term strongly influences the amplitude. The
requirement of real property for amplitude of these
solutions indicates that V1y7 < 0 or V27 < 0, namely
these solutions can exist in defocusing septimal media
with negative nonlinearity (y; < 0) as Vi > 0 or
V2 > 0 and in focusing septimal media with posi-
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tive nonlinearity (y7 > 0) as V; < O or V» < O.
Moreover, form factor of solitons (14) and (15) includ-
ing amplitude, width, phase and velocity are related
to the diffraction/dispersion function B(z). Therefore,
we study dynamics of light bullets in different diffrac-
tion/dispersion media:

(i) Hyperbolic profile [24-26], given by:

B(2) = C Dl
where L is length of the waveguide, and the inverse of
C describes the compression ratio parameter (value of
dispersion parameter f(z) at distance z = L) with the
natural logarithm e. In these normalized profiles, dif-
fraction coefficient 8(z) monotonically decreases from
1 to a final value of 1/ after a length L.

and

(ii) Periodic modulation profile [27], given by:

B(z) = Bocos(kz), (17)

where fo is initial diffraction/dispersion, and « is
related to the period of diffraction/dispersion.

The symmetric and anti-symmetric properties of
v and w of the P7 -symmetric potential (3) with (8
around the center x = 0, y = 0,7 = 0 in the diffrac-
tion/dispersion medium with hyperbolic profile (16)
are shown in Fig. la and b, respectively. Compari-
son of v with different p at z = 10,t = 5,y = 0
in the diffraction/dispersion medium with hyperbolic
profile is shown in Fig. 1c. From it, we find that the dip
adds obviously when the higher-order term alters from
p = 1to p = 2. However, the shape of v has a small
change when the higher-order term alters from p = 2
top =3.

In real applications, usually analytical solutions are
not exactly satisfied; thus, it is valuable to study the
stability of solutions against finite perturbations with a
5 % white noise by the split-step Fourier method.

Asreported in [28], when p = 0, the P7 -symmetric
potential is an extended Rosen—Morse potential. Soli-
ton is unstable in this potential with asymptotical non-
vanishing of W(x, y). Here we do not discuss this
case. When p = 1, the P7 -symmetric potential is an
extended Scarf II potential. Under this P7 -symmetric
potential, the stable and unstable evolution of light bul-
let (14) in the media with different nonlinearities is dis-
played in Fig. 2.

After the evolution of z = 100 in the diffrac-
tion/dispersion medium with hyperbolic profile, light
bullet (14) exhibits unstable behaviors in the media

(16)

(a)

0.5

(e ®
20 20
-~ 0 ~ 0
-20 -ZOL ;
. il i i
e 20y 0 P
y X y X

Fig. 2 (Color online) a Initial shape of light bullet (14) in the
diffraction/dispersion medium with hyperbolic profile; unstable
light bullet (14) at distance z = 100 in the media of b focusing
quintic and septimal nonlinearities with defocusing cubic nonlin-
earity, d focusing cubic, quintic and septimal nonlinearities and
f focusing cubic and quintic nonlinearities with defocusing septi-
mal nonlinearity; stable light bullet (14) at distance z = 100 in the
media of ¢ focusing septimal and defocusing cubic nonlinearities
with disappearing quintic nonlinearity and e focusing cubic and
septimal nonlinearities with disappearing quintic nonlinearity
under the P7 -symmetric potential (3), (8) with p = 1. Parame-
ters are chosenasa, bV, = —12, I3 =—1,I5=05,17 =1,
cVi=—-12,I3=—-1,I5=0,I=1,dV, = —-12, I3 =
I5=1I7=1,eV, = —12,I5 = 1,5 = 0,5 = 1 and
fV,=12,I3 =1,I5 = 0.5, I = —1. Other parameters are
chosen as those in Fig. 1

of focusing quintic and septimal nonlinearities with
defocusing cubic nonlinearity (Fig. 2b), focusing cubic,
quintic and septimal nonlinearities (Fig. 2d) and focus-
ing cubic and quintic nonlinearities with defocusing
septimal nonlinearity (Fig. 2f). In these media, light
bullet (14) can not maintain their original shapes, then
are collapse, and finally decay into noise. Comparing
Fig. 2d with Fig. 2b, f, the degree of collapse is rela-
tively weakest in the medium of focusing cubic, quin-
tic and septimal nonlinearities (Fig. 2d); however, the
degree of collapse is strongest in the medium of focus-

@ Springer
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Fig. 3 (Color online) a The (a) (b)
part $2(Z, X, Y, T) of phase -168.44
in solution (14) with p = 1, -168.46
b Comparison of _168.48
? f(fZ : Xt, Y, {) with g -1685
ifferent p a =
z=10,t =5,y =0,and ¢ & -168.52
phase ¥ (z, x, y,t) in -168.54
solution (14) with p = 1 in -168.56
the diffraction/dispersion -168.58
medium with hyperbolic

profile. Parameters are
chosen as those in Fig. 1

ing cubic and quintic nonlinearities with defocusing
septimal nonlinearity (Fig. 2f).

However, light bullet (14) stably evolves from z = 0
to z = 100 and sustains its original shape in the media
of focusing septimal and defocusing cubic nonlinear-
ities with disappearing quintic nonlinearity (Fig. 2c)
and focusing cubic and septimal nonlinearities with
disappearing quintic nonlinearity (Fig. 2e). Comparing
Fig. 2c with Fig. 2e, more small oscillations around sta-
ble light bullet appear in Fig. 2c; thus, light bullet (14)
evolves more stable in the medium of focusing septimal
and defocusing cubic nonlinearities with disappearing
quintic nonlinearity than in the medium of focusing
septimal and defocusing cubic nonlinearities with dis-
appearing quintic nonlinearity under the extended Scarf
II potential.

For solution (9), the phase exhibits the phenomenon
of transition at the center in Fig. 3a. From Fig. 3b, the
range of transition decreases with the add of the value
p describing higher-order terms of the P7 -symmetric
potential. For solution (14), the phase is made up of the
harmonic term and the phase £2(Z, X, Y, T) in solution
(9). The shape of the phase ¥ (z, x, y, t) in solution (14)
under the extended Scarf Il potential is shown in Fig. 3c.
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Under the P7 complex potential (3), (8) with
higher-order terms of p = 2 and p = 3, the stabil-
ity of light bullet in nonlinear media appears differ-
ent cases. Different from under the Scarf II potential,
light bullet (14) appears the unstable behavior in the
media of focusing quintic and septimal nonlinearities
with disappearing cubic nonlinearity in Fig. 4b, d, it
is distorted evolving after several diffraction lengths,
and its original shape is not preserved, then spreads to
the background, and next decays into noise. However,
in the media of focusing quintic and septimal nonlin-
earities with defocusing cubic nonlinearity, light bul-
let (14) does not appear any visible instability except
for some small oscillations originating from the white
noise, which only influences the background of light
bullet and produces some small oscillations around the
light bullet in Fig. 4a, c. Compared with the shallow dip
of the Scarf II potential (red circle in Fig. 1c), the dip
of the P7 complex potential (3), (8) with higher-order
terms of p = 2 and p = 3 (black box and blue line in
Fig. 1¢) is uncommonly deep. Therefore, this stability
of light bullet in Fig. 4a, ¢ can be understood that the
dip of the P7 complex potential (3), (8) with higher-
order terms of p = 2 and p = 3 counteracts with
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(b)
20
)
20
(c) (d)
20 20
- 0 ~ 0
20 20
e e ~ T 4
20 20 20 ;20
050 200 020 200
y X y X

Fig.4 (Coloronline) Stable light bullet (14) at distance z = 100
in the media of hyperbolic diffraction/dispersion and focusing
quintic and septimal nonlinearities with defocusing cubic non-
linearity under the P7 -symmetric potential (3), (8§) witha p = 2
and ¢ p = 3, and unstable light bullet (14) at distance z = 100
in the media of focusing quintic and septimal nonlinearities with
disappearing cubic nonlinearity under the P7 -symmetric poten-
tial (3), (8) with b p = 2 and d p = 3. Parameters are cho-
senasa, ¢V, = —12,I3 = —1,I5 = 05,17 = 1, b, d
Vi = —12,I3 = —1,I5 = 0, I'; = 1. Other parameters are
chosen as those in Fig. 1

the effect of dispersion, diffraction and focusing quin-
tic and septimal nonlinearities with defocusing cubic
nonlinearity. This subtle interplay among dispersion,
diffraction, nonlinearity and P7 -symmetric potential
leads to a stable evolution of light bullet in Fig. 4a, c.

When light bullet (15) evolves in various nonlin-
ear media, it is unstable regardless of focusing or
defocusing cubic, quintic and septimal nonlinearities
under the P7 -symmetric potentials (3) and (11) with
p = 1,2, 3. Figure 5 displays three examples of unsta-
ble evolution in the hyperbolic diffraction/dispersion
medium.

When light bullet (14) evolves in periodic modula-
tion system (17), compression and expansion of light
bullets are shown in Fig. 6. Here we exhibit the com-
pression and expansion of light bullets in stable case,
i.e., focusing septimal and defocusing cubic nonlin-
earities with disappearing quintic nonlinearity under
the Scarf II potential and focusing quintic and septi-
mal nonlinearities with defocusing cubic nonlinearity
under the P7 -symmetric potentials (3) and (8) with

Fig. 5 (Color online) Unstable light bullet (15) at distance
z = 100 in the media of hyperbolic diffraction/dispersion and
focusing quintic and septimal nonlinearities with defocusing
cubic nonlinearity under the P7 -symmetric potential (3), (11)
witha p = 1,b p = 2 and ¢ p = 3. Other parameters are chosen
as those in Fig. 1

p = 2. Comparing Fig. 6 with Figs. 2e, 4a, c, we
find the evolution of light bullet in periodic modula-
tion system is more stable than that in the hyperbolic
dispersion/diffraction system because there are smaller
oscillations around light bullet in periodic modulation
system. Itis a good agreement with results in Ref. [29],
where it is reported that periodic sign-changing disper-
sion/diffraction and nonlinearity add the probability for
an eventual stability of solutions.

4 Conclusions

In this paper, we study dynamics of light bullets
in inhomogeneous cubic-quintic-septimal nonlinear
media with P7 -symmetric potentials, and the related
results are concluded as follows.

(1) Analytical light bullets are obtained.

A (3+1)-dimensional NLSE with variable-
coefficient dispersion/diffraction and cubic-quintic-
septimal nonlinearities is studied, and two families of
analytical light bullet solutions with two types of P7 -
symmetric potentials are obtained. In these solutions,
the coefficient of the septimal nonlinear term strongly
influences the form of light bullet.

(i) Dynamics and stability of light bullets in the
hyperbolic dispersion/diffraction medium are studied.
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~ 1 R 1
0\\ — 0 e g

1-1 011
y 77 x y 7

Fig. 6 (Color online) Stable light bullet (14) in the media of
periodic diffraction/dispersion and a—c focusing septimal and
defocusing cubic nonlinearities with disappearing quintic non-
linearity and d—f focusing quintic and septimal nonlinearities
with defocusing cubic nonlinearity at distances a, d z = 7, b,
ez = 55 and ¢, f z = 100 under the P7 -symmetric potential
(3), (8) with a—¢ p = 1 and d—f p = 2. Parameters are chosen
as o = 0.6, k = 0.2. Other parameters are chosen as those in
Fig. 1

Light bullet solution (14) is stable in the media
of focusing septimal and defocusing cubic nonlineari-
ties with disappearing quintic nonlinearity and focus-
ing cubic and septimal nonlinearities with disappearing
quintic nonlinearity under the Scarf II potential; how-
ever, it is unstable in the media above under the P7 -
symmetric potential with higher-order terms (p = 2
and p = 3), where light bullet solution (14) is sta-
ble in the media of focusing quintic and septimal non-
linearities with defocusing cubic nonlinearity. These
stabilities originate from subtle interplay among dis-
persion, diffraction, nonlinearity and P7 -symmetric
potential. Moreover, light bullet (15) is unstable regard-
less of focusing or defocusing cubic, quintic and septi-

@ Springer

mal nonlinearities under the P7 -symmetric potentials
with p =1, 2, 3.

(iii) Compression and expansion of light bullets in
periodic modulation system are investigated.

Compression and expansion of light bullets in the
periodic modulation system are investigated numer-
ically. The result indicates that evolution of light
bullet in periodic modulation system is more sta-
ble than that in the hyperbolic dispersion/diffraction
system because there are smaller oscillations around
light bullet in periodic modulation system. Periodic
sign-changing dispersion/diffraction and nonlinearity
add the probability for an eventual stability of solu-
tions.
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