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Abstract Tuning of linear frequency and nonlinear
frequency response of microelectromechanical sys-
tems is important in order to obtain high operating
bandwidth. Linear frequency tuning can be achieved
through various mechanisms such as heating and soft-
ening due toDCvoltage. Nonlinear frequency response
is influenced by nonlinear stiffness, quality factor and
forcing. In this paper, we present the influence of
nonlinear coupling in tuning the nonlinear frequency
response of two transverse modes of a fixed–fixed
microbeam under the influence of direct and paramet-
ric forces near and below the coupling regions. To
do the analysis, we use nonlinear equation govern-
ing the motion along in-plane and out-of-plane direc-
tions. For a given DC and AC forcing, we obtain static
and dynamic equations using the Galerkin’s method
based on first-mode approximation under the two dif-
ferent resonant conditions. First, we consider one-to-
one internal resonance condition in which the linear
frequencies of two transverse modes show coupling.
Second, we consider the case in which the linear fre-
quencies of two transverse modes are uncoupled. To
obtain the nonlinear frequency response under both the
conditions, we solve the dynamic equation with the
method of multiple scale (MMS). After validating the
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results obtained usingMMSwith the numerical simula-
tion of modal equation, we discuss the influence of lin-
ear and nonlinear coupling on the frequency response
of the in-plane and out-of-plane motion of fixed–fixed
beam. We also analyzed the influence of quality fac-
tor on the frequency response of the beams near the
coupling region. We found that the nonlinear response
shows single curve near the coupling region with wider
width for low value of quality factor, and it shows two
different curves when the quality factor is high. Conse-
quently, we can effectively tune the quality factor and
forcing to obtain different types of coupled response of
two modes of a fixed–fixed microbeam.

Keywords Nonlinear coupling ·Multimode coupling ·
Internal resonance · MEMS · Parametric response

1 Introduction

Microelectromechanical systems (MEMS) have been
the subject of intense research in the design of sensi-
tive sensors and actuators. The performance ofMEMS-
based sensors and actuators is mainly dependent on
their resonance frequencies. Hence, it is important to
study the linear and nonlinear frequency tuning of
such devices. While the linear frequency tuning can
be achieved through various mechanisms such as hard-
ening due to residual stresses, softening due to heating
and DC voltage, and their combined effect, the non-
linear frequency response can be tuned due to nonlin-
ear stiffness, quality factor and forcing [1–5]. In this
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paper, we discuss about the tuning of nonlinear fre-
quency response of a fixed–fixed microbeam under the
direct and parametric excitation by controlling the lin-
ear and nonlinear stiffness through the coupling of two
transverse modes and their quality factors at different
excitation force.

Many researchers have analyzed the linear and non-
linear frequency response of in-plane or out-of-plane
motion of a fixed–fixed or cantilever beam using one
degree of freedom model. Younis and Nayfey [6],
and Nayfeh et al. [7] studied the linear and nonlin-
ear response of out-of-plane motion of a fixed–fixed
beam subjected to direct forcing. Dumitru et al. [8] ana-
lyzed the nonlinear behavior of out-of-plane motion of
a cantilever beam subjected to the fringing and direct
forces. Linzon et al. [9] studied the parametric response
of a cantilever beam in out-of-plane direction under
the influence of fringing forces from two symmetri-
cally placed side electrodes. Gutschmidt and Gottlieb
[10,11] studied the in-plane motion of an array of
fixed–fixed beams under the parametric excitation. Lif-
shitz et al. [12] analyzed the parametric response of
an array of fixed–fixed beams along in-plane direction
and compared the results with experiments conducted
by Buks and Roukes [13]. Kambali and Pandey [14]
studied nonlinear response of out-of-plane motion of a
fixed–fixed beam under the combined effect of direct
and fringing forces. While the direct force leads to the
nonlinear Duffing response, the fringing force induces
parametric response. The combined effect of direct and
fringing force results in the nonlinear Duffing response
with enhanced amplitude as well as frequency width.
To analyze the influence of the coupling of two or
more modes, Nayfeh et al. [15] analyzed the nonlin-
ear response of longitudinal and transverse motion of
a taut string subjected to end excitation. Daqaq et al.
[16] studied the linear and nonlinear coupled behavior
of torsional micromirror when its torsional and trans-
verse modes show 2:1 internal resonance condition.
Isacsson et al. [17] presented numerical and analyti-
cal study of the linear and nonlinear coupled behavior
of longitudinal and transverse motion of an array of
carbon nanotube with fixed-free condition under para-
metric excitation. Samanta et al. [18] studied nonlinear
coupling between various transverse modes of a MoS2
nanomechanical beam under 1:1, 1:2 and 1:3 internal
resonance conditions. Recently, Ramini et al. [19] pre-
sented experimental studies of primary and parametric
resonances of a MEMS arch resonator. Wie et al. [20]

investigated the weak and strong coupling in a period-
ically driven Duffing resonator elastically coupled to
a van der Pol oscillator under 1:1 internal resonance
condition. Matheny et al. [21] studied intra- and inter-
modal nonlinear coupling of a doubly clamped piezo-
electric beam. Westra et al. [22] presented theoretical
and experimental studies of nonlinear intermodal cou-
pling between the flexural vibration modes of a single
clamped–clamped beam. Conley et al. [23] analyzed
the nonlinear dynamics of fixed–fixed nanowire and
found the transition from a planer motion to whirling
motion on increasing excitation amplitude. Mahboob
et al. [24] analyzed the nonlinear coupling of nanome-
chanical resonators by the coupledVander Pol–Duffing
equations. In this paper, wemodel and analyze the non-
linear couplingof two transversemodes of afixed–fixed
beam under the condition of 1:1 internal resonance.

To do nonlinear coupled analysis of in-plane and
out-of-plane modes near and away from the coupling
region, we consider the dimensions and properties of a
fixed–fixed beam separated by two side electrodes and
a bottom electrode as described by Kambali et al. [2].
The electrostatic force along the out-of-plane direction
is based on direct forcing between the bottom elec-
trode and the beam, and the parametric forcing between
the beam and side electrodes. The force along in-plane
direction is pure parametric forcing between the beam
and the symmetrically placed side electrodes. Under
the electrostatic forcing, we apply Galerkin’s method
to governing equations along two directions and obtain
the reduced-order form of corresponding static and
dynamics equations. To obtain the condition of cou-
pling,we take appropriate value ofDCvoltage such that
the linear frequencies of in-plane mode, ω1, and out-
of-plane mode, ω1, show coupling. To obtain the non-
linear coupled response, we solve the modal dynamic
equation using the method of multiple scales under the
condition of ω1 ≈ ω2. After validating the multiple-
scale solution with numerical results obtained by solv-
ingmodal dynamic equations, we analyze the influence
of quality factor on nonlinear frequency response near
the coupling region.

2 Governing equations

To present the partial differential equations governing
the in-plane and out-of-plane motions of a fixed–fixed
microbeam, we consider a beam of length L , width B
and thickness H , which is separated from the two side
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Fig. 1 a A fixed–fixed beam of width B, thickness H separated
from the side electrodes, E1 and E2, by g0, g1 and the ground
electrode Eg by distance d is subjected to direct force, Qz , and

fringing field force, Qy ; b top view of a fixed–fixed beam of
length L separated from the side electrodes, E1 and E2, by g0,
g1, respectively

electrodes E1 and E2 by gaps of g0 and g1, respec-
tively, and the bottom electrode Eg by a gap of d as
shown in Fig. 1a, b. Taking the deflection of the beam
along in-plane and out-of-plane as y(x, t) and z(x, t),
respectively, as shown in Fig. 1a, the governing equa-
tion of motion along in-plane and out-of-plane direc-
tions considering damping, residual tension and mid-
plane stretching [1] can be written as:

E Iz̄ ȳ
′′′′ + ρA ¨̄y + C1 ˙̄y
−

[
N0 + E A

2L

∫ L

0

(
z̄′2 + ȳ′2)dx̄

]
ȳ′′
n

= Qȳ(ȳ, z̄, t̄) (2.1)

E Iȳ z̄
′′′′ + ρA ¨̄z + C3 ˙̄z
−

[
N0 + E A

2L

∫ L

0

(
z̄′2 + ȳ′2)dx̄

]
z̄′′n

= Qz̄(ȳ, z̄, t̄) (2.2)

where the subscripts prime and dot represent differ-
entiation with respect to x and t , respectively, N0 is
the initial tension induced in the beam by fabrication
processes and heating [2], E is the Young’s modulus
of the beam, E I is the bending rigidity, Iz = HB3/12,
Iy = BH3/12 are area moment of inertia about z and
y-axes, and ρ is the material density. The boundary
conditions for the fixed–fixed beam are taken as

ȳ(0, t) = ȳ(L , t) = 0, z̄(0, t) = z̄(L , t) = 0,

ȳ′(0, t) = ȳ′(L , t) = 0

z̄′(0, t) = z̄′(L , t) = 0. (2.3)

The forcing Qy and Qz are the effective electrostatic
forces per unit length along y and z directions for the
beam under the direct and fringing field effect as shown

in Fig. 1a. The expressions for the forcing are given by
[2]

Qȳ(ȳ, z̄, t̄) = 1

2
k1ε0H

×
[
(V10 + v(t))2

(g0 − ȳ)2
− (V12 + v(t))2

(g1 + ȳ)2

]

(2.4)

Qz̄(ȳ, z̄, t̄) = 1

2

V1g2ε0
B2 (d − z̄)2

× [
4.32 B3 + 0.0182 B

(
d − z̄

)2
− k20.00068 (d − z̄)3

]
− 1

2

ε0H

g0B2

(
k30.156z̄ + 0.0049B

)

× [
(V10 + v(t))2 + (V12 + v(t))2

]
(2.5)

where ε0 = 8.85 × 10−12 F/m is the vacuum permit-
tivity. Here, k1 contributes for the net effect of fring-
ing and direct fields in y direction, k2 and k3 represent
the strength of the fringing field effects from the bot-
tom electrode and two side electrodes in the z direc-
tion deflection. Further details regarding the extraction
of electrostatic force parameters can be found in [25].
Vi j = Vi − Vj is the voltage difference between the
beam and electrodes and v(t) = Vac cos(Ωt).

2.1 Non-dimensionalization

To obtain the non-dimensional form of the governing
equations, we define the ratio of the beam and side
electrode gaps as r0 = (g0/g0), r1 = (g1/g0) and
use the variables x = x̄/L , y = ȳ/g0, z = z̄/d,
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t = t̄/T , where T = √
ρAL4/E Iz . Finally, the non-

dimensional nonlinear dynamic equations along the in-
plane and out-of-plane directions for fixed–fixed beam
under direct and parametric excitation can be written
as:

y′′′′ + ÿ + c1 ẏ

−[N + α1Γ (y, y) + α2Γ (z, z)]y′′

= βs

[
(V10 + v(t))2

(1 − y)2
− (V12 + v(t))2

(r1 + y)2

]

(2.6)

z′′′′ + α3 z̈ + c3 ż − α3[N + α1Γ (y, y) + α2Γ (z, z)]z′′
=

(
βg + β2g(1 − z)2 − β3g(1 − z)3

)

× (V1g + v(t))2

(1 − z)2
− (αg + α2gz)

×
[
(V10 + v(t))2 + (V12 + v(t))2

]
. (2.7)

The correspondingnon-dimensional formof thebound-
ary conditions can be written as

y(0, t) = y(1, t) = 0, z(0, t) = z(1, t) = 0,

y′(0, t) = y′(1, t) = 0,

z′(0, t) = z′(1, t) = 0. (2.8)

The various non-dimensionalized parameters as men-
tioned in above equations are defined as

Γ (p(x, t), q(x, t)) =
∫ 1

0

∂p

∂x

∂q

∂x
dx,

N = N0L2

E Iz
, α1 = 6g20

B2 ,

α2 = 6d2

B2 , α3 =
(
Iz
Iy

)
,

βs = 6k1σ1
B3g30

, βg = 25.92σ1
H3d3

,

β2g = 0.1092σ1
B2H3d

,

β3g = k24.08 × 10−3σ1

H3B3 ,

σ1 = ε0L4

E
, αg = 0.0294σ1

g0B2H2d
,

α2g = k39.36 × 10−1σ1

g0B3H2 ,

c1 = C1L4

EIz T
, c3 = C3L4

EIy Tα3
. (2.9)

Since the beam deflection is based on its static compo-
nent due to DC voltage and dynamic component due

to AC voltage, the deflection along y and z directions
can be written as [1]

y(x, t) = us(x)+ u(x, t), z(x, t) = ws(x)+ w(x, t).

(2.10)

where us(x) and ws(x) are static deflections. By sub-
stituting Eq. (2.10) in Eqs. (2.6) and (2.7), and subse-
quently setting the time derivatives and dynamic forc-
ing terms equal to zero, we get the static equations as:

u′′′′
s − [N + α1Γ (us, us) + α2Γ (ws, ws)] u

′′
s

= βs

[
(V10)2

(1 − us)2
− (V12)2

(r1 + us)2

]
(2.11)

w′′′′
s − α3 [N + α1Γ (us, us) + α2Γ (ws, ws)]w

′′
s

=
(
βg + β2g(1 − ws)

2 − β3g(1 − ws)
3
)

× (V1g)2

(1 − ws)2
− αg

[
(V10)

2 + (V12)
2
]

−α2g

[
(V10)

2ws + (V12)
2ws

]
. (2.12)

Similarly, substitutingEq. (2.10) inEqs. (2.6) and (2.7),
expanding the forcing terms about un = 0 and wn = 0
up to the first order and subtracting the contribution
of the nonlinear static terms given by Eqs. (2.11) and
(2.12), we get the nonlinear dynamic equations for
beam as:

u′′′′ + utt + c1ut − [α1Γ (u, u) + 2α1Γ (us, u)

+α2Γ (w,w) + 2α2Γ (ws, w)]u′′
s

−[N + α1Γ (us, us) + α1Γ (u, u)

+ 2α1Γ (us, u) + α2Γ (ws, ws) + α2Γ (w,w)

+ 2α2Γ (ws, w)]u′′ = 2βs

[ (V10)2u

(1 − us)3

+ (V12)2u

(r1 + us)3

]
+ βs

2V10v(t) + v(t)2

(1 − us)2

×
[
1 + 2u

(1 − us)

]
− βs

2V12v(t) + v(t)2

(r1 + us)2

×
[
1 − 2u

(r1 + us)

]
(2.13)

w′′′′ + α3wt t + c3wt − α3[α1Γ (u, u) + 2α1Γ (us, u)

+α2Γ (w,w) + 2α2Γ (ws, w)]w′′
s

−α3[N + α1Γ (us, us) + α1Γ (u, u)

+2α1Γ (us, u) + α2Γ (ws, ws) + α2Γ (w,w)

+ 2α2Γ (ws, w)]w′′ =
(
2βg + β3g(1 − ws)

3
)

w

× (V1g)2

(1 − ws)3
+ βg

2V1gv(t) + v(t)2

(1 − ws)2
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×
[
1 + 2w

(1 − ws)

]
− β2g

(
2V1gv(t) + v(t)2

)

−β3g

(
2V1gv(t) + v(t)2

)
(1 − ws − w)

−α2gw
[
(V10)

2 + (V12)
2
]

−
(
2V10v(t) + v(t)2

)
× (αg − α2gws − α2gw)

−
(
2V12v(t) + v(t)2

)
(αg − α2gws − α2gw)

(2.14)

2.2 Reduced-order model

To obtain the static and dynamic equations to perform
coupled analysis under 1:1 internal resonance condition
near the coupling region which is much below the pull-
in voltage [3], we use Galerkin method based on first-
mode approximation of the in-plane and out-of-plane
displacements with negligible error [26]. Assuming the
static and dynamic displacements subjected to the first
transverse mode φ(x), the displacement along in-plane
and out-of-plane directions can be written as [2,3]:

us(x) = q1(y, z)φ(x), ws(x) = q2(y, z)φ(x),

(2.15)

u(x, t) = P1(t)φ(x), w(x, t) = P2(t)φ(x), (2.16)

where q1 and q2 are static deflections, and P1(t) and
P2(t) are non-dimensional modal variables. φ(x) is
undamped exact mode shape [2] which is taken as
φ(x) = cosh(ζ x)− cos(ζ x)− ν(sinh(ζ x)− sin(ζ x)),
where for the first mode ζ = 4.73, and ν = 0.9825
such that

∫ 1
0 (φ1(x))2dx = 1. After premultiplying the

denominator terms on either side of the Eqs. (2.11),
(2.12), substituting the assumed solution given by
Eq. (2.15) and applying Galerkin’s method, we obtain
the nonlinear static equations in both the directions
which are given in “Appendix 1.”

Similarly, by premultiplying the denominator terms
on either side of Eqs. (2.13) and (2.14), substituting the
assumed static and dynamic solutions given by Eqs.
(2.15) and (2.16), and applying Galerkin’s method, we
obtain the nonlinear modal dynamic equations in both
the directions as:

P1t t (t) + λ21P1(t) + t1P1(t)
3 + t2P1(t)

2

+ [
t3P2(t)

2 + t4P2(t) + t5(2V10v(t) + v(t)2)

+ t6(2V12v(t) + v(t)2)
]
P1(t)

+ t11P1t (t) + t7P2(t)
2 + t8P2(t)

+ t9(2V10v(t) + v(t)2)

+ t10(2V12v(t) + v(t)2) = 0 (2.17)

P2t t (t) + λ22P2(t) + s1P2(t)
3 + s2P2(t)

2

+ [
s3P2(t)

2 + s4P2(t) + s5(2V1gv(t)

+ v(t)2) + s6(2V10v(t) + 2V12v(t) + 2v(t)2)
]
P1(t)

+ s11P2t (t) + s7P1(t)
2 + s8P1(t)

+ s9(2V1gv(t) + v(t)2) + s10(2V10v(t)

+ 2V12v(t) + 2v(t)2) = 0 (2.18)

where all coefficients of each term in above Eqs. (2.17)
and (2.18) are given in “Appendix 1.” Neglecting the
damping term, nonlinear terms and the dynamic forcing
terms from above Eqs. (2.17) and (2.18), we get linear
modal dynamic equations as:

P1t t (t) + λ21P1(t) + t8P2(t) = 0 (2.19)

P2t t (t) + λ22P2(t) + s8P1(t) = 0. (2.20)

To obtain the linear frequency from the above equation,
we assume the solution of Eqs. (2.19) and (2.20) as

P1(t) = βeiωt , P2(t) = γ eiωt .

Substituting the assumed solutions in the modal Eqs.
(2.19) and (2.20), we get

(λ21 − ω2)β + t8γ = 0

(λ22 − ω2)γ + s8β = 0

For non-trivial solution, the determinant of these sys-
tem of equations should be zero. After solving the
resulting equation, we get two values of ω correspond-
ing to two directions as

ω1,2 =

√√√√1

2

[(
λ21 + λ22

)
±

√(
λ21 − λ22

)2

+ 4t8s8

]

(2.21)

where λ1, λ2, t8 and s8 are given in “Appendix 1.”

3 Method of multiple scale

In this section, we apply the method of multiple scales
(MMS) in solving Eqs. (2.17) and (2.18) assuming the
modal displacements as functions multiple time scales,
T0 = t , T1 = εt and T2 = ε2t as

P1(t) = εx11(T0, T1, T2) + ε2x12(T0, T1, T2)

+ ε3x13(T0, T1, T2) + O(ε4)

P2(t) = εx21(T0, T1, T2) + ε2x22(T0, T1, T2)

123



1276 P. N. Kambali, A. K. Pandey

+ ε3x23(T0, T1, T2) + O(ε4), (3.1)

where ε is a dimensionless small positive number. Sub-
sequently, the derivative terms with respect to t can be
defined in terms of new time scales as:
d

dt
= ∂

∂T0

dT0
dt

+ ∂

∂T1

dT1
dt

+ ∂

∂T2

dT2
dt

=
(
D0 + εD1 + ε2D2

)

d2

dt2
=

(
d

dt

)2

=
(
D0 + εD1 + ε2D2

)2

=
(
D2
0 + 2εD0D1 + ε2D2

1 + 2ε2D0D2

)
+ H.O.T (3.2)

Rescaling the damping and forcing termswith different
powers of ε as

t11 = εt11, s11 = εs11, v(t) = ε2Vac cos(Ωt),

(3.3)

substituting the assumed solution from Eqs. (3.1) to
(3.3) in Eqs. (2.17) and (2.18), and by comparing dif-
ferent powers of ε up to third order,we get the following
three sets of equations as

O(ε1)

→ D2
0x11 + λ21x11 + t8x21 = 0

D2
0x21 + λ22x21 + s8x11 = 0 (3.4)

O(ε2)

→ D2
0x12 + λ21x12 + t8x22 = −2D0D1x11

−t11D0x11 − t2x
2
11 − t4x11x21

−t7x
2
21 − t9η11 cos(ωact) − t10η12 cos(ωact)

D2
0x22 + λ22x22 + s8x12 = −2D0D1x21

−s11D0x21 − s2x
2
21 − s4x11x21

−s7x
2
11 − s9η21 cos(ωact)

−s10(η11 + η12) cos(ωact) (3.5)

O(ε3)

→ D2
0x13 + λ21x13 + t8x23 = −t11(D0x12 + D1x11)

−(2D0D1x12 + D2
1x11 + 2D0D2x11)

−t1x
3
11 − 2t2x11x12 − t3x11x

2
21

−t4(x11x22 + x12x21)

−t5η11 cos(ωact)x11 − t6η12 cos(ωact)x11

−2t7x21x22
D2
0x23 + λ22x23 + s8x13 = −s11(D0x22 + D1x21)

−(2D0D1x22 + D2
1x21 + 2D0D2x21)

−s1x
3
21 − 2s2x21x22 − s3x21x

2
11

−s4(x11x22 + x12x21)

−s5η21 cos(ωact)x21

−s6(η11 + η12) cos(ωact)x21

−2s7x11x12 (3.6)

where η11 = 2V10Vac, η12 = 2V12Vac and η21 =
2V1gVac.

3.1 Solution of 1st-order equation

Solutions x11 and x21 for the two homogeneous second-
order coupled equations given by Eq. (3.4) can be writ-
ten as

x11 = A1(T1, T2)e
iω1T0 + A2(T1, T2)e

iω2T0

+ Ā1(T1, T2)e
−iω1T0 + Ā2(T1, T2)e

−iω2T0

x21 = k1A1(T1, T2)e
iω1T0 + k2A2(T1, T2)e

iω2T0

+ k1 Ā1(T1, T2)e
−iω1T0 + k2 Ā2(T1, T2)e

−iω2T0

(3.7)

whereω1 andω2 are the coupled natural frequencies of
the system in two orthogonal directions obtained from
linear analysis. Substituting the assumed form of the
solution from Eq. (3.7) into Eq. (3.4), we get[(

λ21 − ω2
1

)
+ t8k1

]
A1e

iω1T0

+
[(

λ21 − ω2
2

)
+ t8k2

]
A2e

iω2T0 = 0[(
λ22 − ω2

1

)
k1 + s8

]
A1e

iω1T0

+
[(

λ22 − ω2
2

)
k2 + s8

]
A2e

iω2T0 = 0. (3.8)

Equating the coefficients of different terms on both
sides of Eq. (3.8), we get(
λ21 − ω2

1

)
+ t8k1 = 0,(

λ21 − ω2
2

)
+ t8k2 = 0, (3.9)(

λ22 − ω2
1

)
k1 + s8 = 0,(

λ22 − ω2
2

)
k2 + s8 = 0. (3.10)

On solving Eqs. (3.9) and (3.10) for k1 and k2, we get
the solvability condition as

kn =
(

ω2
n − λ21

t8

)
=

(
s8

ω2
n − λ22

)
, (3.11)

where n = 1 and 2.
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3.2 Solution of 2nd-order equation

To obtain the solution of Eq. (3.5), we substitute
Eq. (3.7) into it and eliminate the secular terms. Taking
the detuning parameters σ1 and σ2 as

Ω = ω1 + εσ1, ω2 = ω1 + εσ2. (3.12)

and substituting x11 and x21 from Eq. (3.7) into
Eq. (3.5), we get

D2
0x12 + λ21x12 + t8x22

= −2i
(
ω1D1A1e

iω1T0 + ω2D1A2e
iω2T0

)
− i t11

(
A1ω1e

iω1T0 + A2ω2e
iω2T0

)
− t2

(
A2
1e

2iω1T0 + A1 Ā1

+ A2
2e

2iω2T0 + A2 Ā2 + 2A1 Ā2e
i(ω1−ω2)T0

+ 2A1A2e
i(ω1+ω2)T0

) − t4
(
A2
1k1e

2iω1T0

+ A1 Ā1k1 + A2
2k2e

2iω2T0 + A2 Ā2k2

+ A1 Ā2
(
k1 + k2

)
ei(ω1−ω2)T0

+ A1A2
(
k1 + k2

)
ei(ω1+ω2)T0

)
− t7

(
k21 A

2
1e

2iω1T0 + k21 A1 Ā1

+ k22 A
2
2e

2iω2T0 + k22 A2 Ā2 + 2k1k2A1

× Ā2e
i(ω1−ω2)T0 + 2k1k2A1A2e

i(ω1+ω2)T0
)

+ t9
2

η11e
iωacT0 − t10

2
η12e

iωacT0 + cc (3.13)

D2
0x22 + λ22x22 + s8x12

= −2i
(
ω1k1D1A1e

iω1T0 + k2ω2D1A2e
iω2T0

)
− is11

(
k1A1ω1e

iω1T0 + k2A2ω2e
iω2T0

)
− s2

(
k21 A

2
1e

2iω1T0 + k21 A1 Ā1 + k22 A
2
2e

2iω2T0

+ k22 A2 Ā2

+ 2k1k2A1 Ā2e
i(ω1−ω2)T0

+ 2k1k2A1A2e
i(ω1+ω2)T0

) − s4
(
A2
1k1e

2iω1T0

+ A1 Ā1k1 + A2
2k2e

2iω2T0 + A2 Ā2k2

+ A1 Ā2
(
k1 + k2

)
ei(ω1−ω2)T0

+ A1A2
(
k1 + k2

)
ei(ω1+ω2)T0

)
− s7

(
A2
1e

2iω1T0 + A1 Ā1 + A2
2e

2iω2T0

+ A2 Ā2 + 2A1 Ā2e
i(ω1−ω2)T0

+ 2A1A2e
i(ω1+ω2)T0

) + s9
2

η21e
iωacT0

− s10
2

(
η11 + η12

)
eiωacT0 + cc. (3.14)

Assuming the solution of homogeneous form of Eq.
(3.5) as

x12 = P11e
iω1T0 + P12e

iω2T0 + cc,

x22 = P21e
iω1T0 + P22e

iω2T0 + cc (3.15)

and substituting it in Eqs. (3.13) and (3.14), and elim-
inating the secular terms, we get(
λ21 − ω2

1

)
P11e

iω1T0 + (
λ21 − ω2

2

)
P12e

iω2T0

+ t8
(
P21e

iω1T0 + P22e
iω2T0

) = R11e
iω1T0

+ R12e
iω2T0 (3.16)(

λ22 − ω2
1

)
P21e

iω1T0 + (
λ22 − ω2

2

)
P22e

iω2T0

+ s8
(
P11e

iω1T0 + P12e
iω2T0

) = R21e
iω1T0

+ R22e
iω2T0 . (3.17)

The above equations can also be written in the matrix
form as[ (

λ21 − ω2
n

)
t8

s8
(
λ22 − ω2

n

)
] [

P1n
P2n

]
=

[
R1n

R2n

]

where n = 1 and 2, R1n and R2n are the coefficients of
eiω1T0 and eiω2T0 appearing in Eqs. (3.13) and (3.14) as

R11 = −2iω1D1A1 − 2iω2D1A2e
iσ2T1

− i t11A1ω1 − i t11A2ω2e
iσ2T1

−
(
t9η11 + t10η12

2

)
eiσ1T1

R12 = −2iω1D1A1e
−iσ2T1 − 2iω2D1A2

− i t11A1ω1e
−iσ2T1 − i t11A2ω2

−
(
t9η11 + t10η12

2

)
ei(σ1−σ2)T1

R21 = −2iω1k1D1A1 − 2ik2ω2D1A2e
iσ2T1

− is11k1A1ω1 − is11k2A2ω2e
iσ2T1

−
(
s9η21 + s10(η11 + η12)

2

)
eiσ1T1

R22 = −2iω1k1D1A1e
−iσ2T1 − 2iω2k2D1A2

− is11k1A1ω1e
−iσ2T1 − is11k2A2ω2

−
(
s9η21 + s10(η11 + η12)

2

)
ei(σ1−σ2)T1 .

(3.18)

Solving Eqs. (3.16) and (3.17), and using Eq. (3.11),
we get the solvability conditions in terms of R1n and
R2n as

R1n = t8
(λ22 − ω2

n)
R2n

= −
(
t8
s8

)
kn R2n = −k̄n R2n, (3.19)

where k̄n = ( t8s8
)kn . For n = 1 and k̄1 = ( t8s8

)k1, the

solvability condition R11 + k̄1R21 = 0 reduces to
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−2iω1(1 + k1k̄1)D1A1 − 2iω2(1 + k2k̄1)D1A2e
iσ2T1

= iω1A1(t11 + s11k1k̄1)

+ iω2A2(t11 + s11k2k̄1)e
iσ2T1

+
(
t9η11 + t10η12 + k̄1s9η21 + k̄1s10(η11 + η12)

2

)

× eiσ1T1 . (3.20)

Similarly, for n =2 and k̄2 = ( t8s8
)k2, the solvability

condition R12 + k̄2R22 = 0 can be written as

−2iω1(1 + k1k̄2)D1A1e
−iσ2T1 − 2iω2(1 + k2k̄2)D1A2

= iω2A2 × (t11 + s11k2k̄2) + iω1A1(t11

+ s11k1k̄2)e
−iσ2T1

+
(
t9η11 + t10η12 + k̄2s9η21+k̄2s10(η11+η12)

2

)

× ei(σ1−σ2)T1 . (3.21)

Solving Eqs. (3.20) and (3.21), simultaneously, we find
the expressions for D1A1 and D1A2 as:

D1A1 = B1A1 + B2A2eiσ2T1 + i B3eiσ1T1

B4

D1A2 = B5A2 + B6A1e−iσ2T1 + i B7ei(σ1−σ2)T1

B8

(3.22)

where B1, B2, . . . , B8 are defined in “Appendix 2.”
Now, substituting D1A1 and D1A2 fromEq. (3.22) into
the second-order Eqs. (3.13) and (3.14), we obtain the
complete solution for second-order equations as

x12 = A3(T1, T2)e
iω1T0 + A4(T1, T2)e

iω2T0

+ c11A
2
1e

2iω1T0 + c12A1 Ā1 + c13A
2
2e

2iω2T0

+ c14A2 Ā2 + c15A1 Ā2e
i(ω1−ω2)T0

+ c16A1A2e
i(ω1+ω2)T0 + cc

x22 = k1A3(T1, T2)e
iω1T0 + k2A4(T1, T2)e

iω2T0

+ c21A
2
1e

2iω1T0 + c22A1 Ā1 + c23A
2
2e

2iω2T0

+ c24A2 Ā2 + c25A1 Ā2e
i(ω1−ω2)T0

+ c26A1A2e
i(ω1+ω2)T0 + cc (3.23)

On substituting Eq. (3.23) in Eqs. (3.13) and (3.14),
and comparing the coefficients of same terms on both
side of the resulting equations, we obtain the following
equations in terms of coefficients ci j .
Coefficients of A2

1e
2iω1T0 :

− 4c11ω
2
1 + c11λ

2
1 + t8c21 = −t2 − t4k1 − t7k

2
1

−4c21ω
2
1 + c21λ

2
2 + s8c11 = −s7 − s4k1 − s2k

2
1

(3.24)

Coefficients of A1 Ā1:

λ21c12 + t8c22 = −2t2 − 2t4k1 − 2t7k
2
1

λ22c22 + s8c12 = −2s7 − 2s4k1 − 2s2k
2
1 (3.25)

Coefficients of A2
2e

2iω2T0 :

− 4c13ω
2
2 + c13λ

2
1 + t8c23 = −t2 − t4k2 − t7k

2
2

−4c23ω
2
2 + c23λ

2
2 + s8c13 = −s7 − s4k2 − s2k

2
2

(3.26)

Coefficients of A2 Ā2:

λ21c14 + t8c24 = −2t2 − 2t4k2 − 2t7k
2
2

λ22c24 + s8c14 = −2s7 − 2s4k2 − 2s2k
2
2 (3.27)

Coefficients of A1 Ā2ei(ω1−ω2)T0 :

−c15(ω1 − ω2)
2 + λ21c15 + t8c25

= −2t2 − t4(k1 + k2) − 2t7k1k2

− c25(ω1 − ω2)
2 + λ22c25 + s8c15

= −2s7 − s4(k1 + k2) − 2s2k1k2 (3.28)

Coefficients of A1A2ei(ω1+ω2)T0 :

−c16(ω1 + ω2)
2 + λ21c16 + t8c26

= −2t2 − t4(k1 + k2) − 2t7k1k2

− c26(ω1 + ω2)
2 + λ22c26 + s8c16

= −2s7 − s4(k1 + k2) − 2s2k1k2 (3.29)

Solving above equations simultaneously, the coeffi-
cients ci j are obtainedwhich are given in “Appendix 2.”

3.3 Solution of 3rd-order equation

Substituting Eqs. (3.7) and (3.23) into Eq. (3.6), using
Ω = ω1 + εσ1, ω2 = ω1 + εσ2 and separating the
secular terms similar to previous section, we obtain the
following equations:

R11 = −2iω1(D1A3 + D2A1) − D2
1 A1 − t11D1A1

− [
2iω2(D1A4 + D2A2) + D2

1 A2

+ t11D1A2
]
eiσ2T1 − i t11ω1A3

− i t11ω2A4e
iσ2T1 − g11A

2
1 Ā2e

−iσ2T1

− g12A
2
2 Ā2e

iσ2T1 − g13A2A1 Ā1e
iσ2T1

− g14A
2
2 Ā1e

2iσ2T1 − g15A
2
1 Ā1

− g16A1A2 Ā2 (3.30)

R12 = −2iω2(D1A4 + D2A2) − D2
2 A2 − t11D1A2

− [
2iω1(D1A3 + D2A1) + D2

1 A1
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−t11D1A1
]
e−iσ2T1

− i t11ω2A4 − i t11ω1A3e
−iσ2T1

− f11A
2
2 Ā1e

iσ2T1 − f12A
2
1 Ā1e

−iσ2T1

− f13A1A2 Ā2e
−iσ2T1 − f14A

2
1 Ā2e

−2iσ2T1

− f15A
2
2 Ā2 − f16A2A1 Ā1 (3.31)

R21 = −2iω1k1(D1A3 + D2A1)

− k1D
2
1 A1 − s11k1D1A1

− [
2ik2ω2(D1A4 + D2A2)

+ k2D
2
1 A2 + k2s11D1A2

]
eiσ2T1

− is11k1ω1A3 − is11k2ω2A4e
iσ2T1

− g21A
2
1 Ā1e

−iσ2T1

−
(
g22A

2
2 Ā2 + g23A2A1 Ā1

)
eiσ2T1

− g24A
2
2 Ā1e

2iσ2T1

− g25A
2
1 Ā1 − g26A1A2 Ā2 (3.32)

R22 = −2ik2ω2(D1A4 + D2A2) − k2D
2
1 A2

−s11k2D1A2

− [
2ik1ω1(D1A3 + D2A1) + k1D

2
1 A1

+s11k1D1A1
]
e−iσ2T1

−ik2s11ω2A4 − ik1s11ω1A3e
−iσ2T1

− f21A
2
2 Ā1e

iσ2T1 − f22A
2
1 Ā1e

−iσ2T1

− f23A1A2 Ā2e
−iσ2T1 − f24A

2
1 Ā2e

−2iσ2T1

− f25A
2
2 Ā2 − f26A2A1 Ā1 (3.33)

where gn1, . . . , gn6 and fn1, . . . , fn6 for n = 1 and
2 are given in “Appendix 2.” Substituting the above
equations in solvability condition given by Eq. (3.19),
we get the following two conditions

−2iω1B11(D1A3 + D2A1) − B11D
2
1 A1 − B13D1A1

− [
2iω2B12(D1A4 + D2A2)

+ B12D
2
1 A2 + B14D1A2

]
eiσ2T1

= iω1B13A3 + iω2B14A4e
iσ2T1

+ ḡ1 Ā2A
2
1e

−iσ2T1

+ ḡ2 Ā2A
2
2e

iσ2T1 + ḡ3A1A2 Ā1e
iσ2T1

+ ḡ4A
2
2 Ā1e

2iσ2T1 + ḡ5A
2
1 Ā1

+ ḡ6A1 Ā2A2 (3.34)

−2iω2G12(D1A4 + D2A2) − G12D
2
1 A2 − G13D1A2

− [
2iω1G11(D1A3 + D2A1) + G11D

2
1 A1

+G14D1A1
]
e−iσ2T1

= iω2G13A4 + iω1G14A3e
−iσ2T1

+ f̄1 Ā1A
2
2e

iσ2T1 + f̄2 Ā1A
2
1e

−iσ2T1

+ f̄3A1A2 Ā2e
−iσ2T1 + f̄4A

2
1 Ā2e

−2iσ2T1

+ f̄5A
2
2 Ā2 + f̄6A1 Ā1A2, (3.35)

where ḡn = g1n + k̄1g2n , f̄n = f1n + k̄2 f2n , and the
coefficients B11, B12, B13, B14, G11, G12, G13, G14,
f1n and g1n for n = 1, . . . , 6 are mentioned in “Appen-
dix 2.”

Now, by following the procedure as mentioned in
[16,27], we find A3 and A4 so as to eliminate D2

1 A1

and D2
1 A2 fromEqs. (3.34) and (3.35). Such conditions

lead to the following equations:

D1[2iω1A3 + D1A1] = 0

⇒ [2iω1A3 + D1A1] = h11(T2),

D1[2iω2A4 + D1A2] = 0

⇒ [2iω2A4 + D1A2] = h12(T2); (3.36)

However, it is evident from Eq. (3.22) that D1A1 and
D1A2 are implicit functions of slow time scale T2.
Thus, we take h11(T2) = h12(T2) =0. Now, using Eqs.
(3.22) and (3.36), the expressions for A3 and A4 can
be written as:

A3 = i B1

2ω1B4
A1 + i B2

2ω1B4
A2e

iσ2T1

− B3

2ω1B4
eiσ1T1

A4 = i B5

2ω2B8
A2 + i B6

2ω2B8
A1e

−iσ2T1

− B7

2ω2B8
ei(σ1−σ2)T1 . (3.37)

Using Eq. (3.37) in Eqs. (3.34) and (3.35), we can find
the values for D2A1 and D2A2 by solving the following
equations:

−2iω1B11D2A1 − 2iω2B12D2A2e
iσ2T1

= B13D1A1 + B14D1A2e
iσ2T1 + iω1B13A3

+ iω2B14A4e
iσ2T1 + ḡ1 Ā2A

2
1e

−iσ2T1

+ ḡ2 Ā2A
2
2e

iσ2T1 + ḡ3A1A2 Ā1e
iσ2T1

+ ḡ4A
2
2 Ā1e

2iσ2T1 + ḡ5A
2
1 Ā1 + ḡ6A1 Ā2A2

(3.38)

−2iω1G11D2A1e
−iσ2T1 − 2iω2G12D2A2

= G13D1A2 + G14D1A1e
−iσ2T1 + iω2G13A4

+ iω1G14A3e
−iσ2T1

+ f̄1 Ā1A
2
2e

iσ2T1 + f̄2 Ā1A
2
1e

−iσ2T1

+ f̄3A1A2 Ā2e
−iσ2T1 + f̄4A

2
1 Ā2e

−2iσ2T1

+ f̄5A
2
2 Ā2 + f̄6A1 Ā1A2. (3.39)

The expressions for D2A1 and D2A2 can be obtained
as
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D2A1 = i

2ω1(B11G12 − B12G11)

×
[
(B14G12 − B12G13)D1A2e

iσ2T1

+ (B13G12 − B12G14)D1A1 + iω1(B13G12

− B12G14)A3 + iω2(B14G12

− B12G13)A4e
iσ2T1 + G12Ḡ − B12 F̄e

iσ2T1
]
,

D2A2 = i

2ω2(B12G11 − B11G12)

×
[
(B14G11 − B11G13)D1A2 + (B13G11

− B11G14)D1A1e
−iσ2T1 + iω2(B14G11

− B11G13)A4 + iω1(B13G11

− B11G14)A3e
−iσ2T1

+G11Ḡe−iσ2T1 − B11 F̄

]
(3.40)

where F̄ and Ḡ are given in the “Appendix 2.” To get
the final solution,we apply themethod of reconstitution
[16,27] and write modulation in the following form

dA1

dt
= εD1A1 + ε2D2A1 + · · ·

dA2

dt
= εD1A2 + ε2D2A2 + · · · . (3.41)

Substituting the values of D1A1 and D1A2 from
Eq. (3.22), D2A1 and D2A2 from Eq. (3.40), and A3

and A4 from Eq. (3.37) into Eq. (3.41), and setting
ε = 1 such that T0 = T1 = T2 = t , we get the recon-
stituted modulation equations as

Ȧ1 =
[
1 + i

(B13G12 − G14B12)

4ω1(B11G12 − G11B12)

]

×
[
B1

B4
A1 + B2

B4
A2e

iσ2t + i
B3

B4
eiσ1t

]

+ i

[
(B14G12 − G13B12)

4ω1(B11G12 − G11B12)

]

× eiσ2t
[
B5

B8
A2 + B6

B8
A1e

−iσ2t + i
B7

B8
ei(σ1−σ2)t

]

+ i

[
(G12Ḡ − B12 F̄eiσ2t )

2ω1(B11G12 − G11B12)

]
, (3.42)

Ȧ2 = i

[
(B13G11 − G14B11)

4ω2(B12G11 − G12B11)

]
e−iσ2t

×
[
B1

B4
A1 + B2

B4
A2e

iσ2t + i
B3

B4
eiσ1t

]

+
[
1 + i

(B14G11 − G13B11)

4ω2(B12G11 − G12B11)

]

×
[
B5

B8
A2 + B6

B8
A1e

−iσ2t + i
B7

B8
ei(σ1−σ2)t

]

+ i

[
(G11Ḡe−iσ2t − B11 F̄)

2ω2(B12G11 − G12B11)

]
. (3.43)

To express the modulation equations in polar form, we
rewrite A1 and A2 as:

An = 1

2
ane

iβn , n = 1, 2. (3.44)

Here, an and βn are real functions of time t ; hence, Ȧ1

and Ȧ2 can be written as

A1 = 1

2
a1e

iβ1 ⇒ Ȧ1 = 1

2

(
ȧ1e

iβ1 + ia1β̇1e
iβ1

)

A2 = 1

2
a2e

iβ2 ⇒ Ȧ2 = 1

2

(
ȧ2e

iβ2 + ia2β̇2e
iβ2

)
.

(3.45)

Substituting Eq. (3.45) into Eqs. (3.42) and (3.43), we
get

1

2

(
ȧ1e

iβ1 + ia1β̇1e
iβ1

)
= (

1 + ih11
)

× [
h22a1e

iβ1 + h33a2e
i(β2+σ2t) + ih44e

iσ1t
]

+ ih55e
iσ2t

[
h66a2e

iβ2 + h77a1e
i(β1−σ2t)

+ih88e
i(σ1−σ2)t

] + ih99

[
ḡ1a

2
1a2e

i(2β1−β2−σ2t)

+ ḡ2a
3
2e

i(β2+σ2t) + ḡ3a
2
1a2e

i(β2+σ2t)

+ ḡ4a1a
2
2e

i(2β2−β1+2σ2t)+ḡ5a
3
1e

iβ1+ḡ6a1a
2
2e

iβ1

]

− ih1010

[
f̄1a1a

2
2e

i(2σ2t−β1+2β2) + f̄2a
3
1e

iβ1

+ f̄3a1a
2
2e

iβ1 + f̄4a
2
1a2e

i(2β1−β2−σ2t)

+ f̄5a
3
2e

i(β2+σ2t) + f̄6a
2
1a2e

i(β2+σ2t)
]

(3.46)

1

2

(
ȧ2e

iβ2 + ia2β̇2e
iβ2

)
= (

1 + il11
)

× [
l22a2e

iβ2 + l33a1e
i(β1−σ2t) + il44e

i(σ1−σ2)t
]

+ il55e
−iσ2t

[
l66a1e

iβ1+l77a2e
i(β2+σ2t)+il88e

iσ1t
]

+ il99

[
ḡ1a

2
1a2e

i(2β1−β2−2σ2t) + ḡ2a
3
2e

iβ2

+ ḡ3a
2
1a2e

iβ2 + ḡ4a1a
2
2e

i(2β2−β1+σ2t)

+ ḡ5a
3
1e

i(β1−σ2t) + ḡ6a1a
2
2e

i(β1−σ2t)
]

− il1010

[
f̄1a1a

2
2e

i(σ2t−β1+2β2)

+ f̄2a
3
1e

i(β1−σ2t) + f̄3a1a
2
2e

i(β1−σ2t)
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+ f̄4a
2
1a2e

i(2β1−β2−2σ2t) + f̄5a
3
2e

iβ2

+ f̄6a
2
1a2e

iβ2

]
(3.47)

where h11, h22, . . . , h1010 and l11, l22, . . . , l1010 are
given in “Appendix 2.” Finally, we convert the above
non-autonomous equations into autonomous forms by
defining two new variables and their corresponding
time derivative terms as

θ1 = (σ1t − β1), θ2 = (σ1 − σ2)t − β2,

θ̇1 = (σ1 − β̇1), θ̇2 = (σ1 − σ2) − β̇2 (3.48)

Substituting Eq. (3.48) into Eqs. (3.46) and (3.47), and
separating the real and imaginary parts, we get the fol-
lowing form of modulation equations

ȧ1 = h2a1 + h3a2 cos(θ1 − θ2)

− h4 sin(θ1) + h1[−h3a2 sin(θ1 − θ2)

− h4 cos(θ1)] + h5[−h6a2 sin(θ1 − θ2)

−h8 cos(θ1)]
+ h9

[
ḡ1a

2
1a2 sin(θ1 − θ2) − ḡ2a

3
2 sin(θ1

−θ2) − ḡ3a
2
1a2 sin(θ1 − θ2)

−ḡ4a
2
2a1 sin 2(θ1 − θ2)

]

− h10
[
− f̄1a

2
2a1 sin 2(θ1 − θ2)

+ f̄4a
2
1a2 sin(θ1 − θ2) − f̄5a

3
2 sin(θ1 − θ2)

− f̄6a
2
1a2 sin (θ1 − θ2)

]
(3.49)

ȧ1θ̇1 = a1σ1 − h3a2 sin(θ1 − θ2)

− h4 cos(θ1) − h1[h2a1 + h3a2 cos(θ1

−θ2) − h4 sin(θ1)] − h5[h6a2 cos(θ1 − θ2)

+ h7a1 − h8 sin(θ1)]
− h9

[
ḡ1a

2
1a2 cos(θ1 − θ2) + ḡ2a

3
2 cos(θ1

−θ2) + ḡ3a
2
1a2 cos(θ1 − θ2) + ḡ4a

2
2a1

× cos 2(θ1 − θ2) + ḡ5a
3
1 + ḡ6a1a

2
2

]

+ h10
[
f̄1a

2
2a1 cos 2(θ1 − θ2) + f̄2a

3
1

+ f̄3a1a
2
2 + f̄4a

2
1a2 cos(θ1 − θ2)

+ f̄5a
3
2 cos(θ1 − θ2) + f̄6a

2
1a2 cos (θ1 − θ2)

]
(3.50)

ȧ2 = l2a2 + l3a1 cos(θ1 − θ2) − l4 sin(θ2)

+ l1[l3a1 sin(θ1 − θ2) − l4 cos(θ2)]
+ l5[l6a1 sin(θ1 − θ2) − l8 cos(θ2)]

+ l9
[
ḡ1a

2
1a2 sin 2(θ1 − θ2) − ḡ4a

2
2a1

× sin(θ1 − θ2) + ḡ5a
3
1a2 sin(θ1 − θ2)

+ḡ6a
2
2a1 sin (θ1 − θ2)

]
− l10

[
− f̄1a

2
2a1

× sin (θ1 − θ2) + f̄2a
3
1 sin(θ1 − θ2)

+ f̄3a1a
2
2 sin(θ1 − θ2)

+ f̄4a
2
1a2 sin 2(θ1 − θ2)

]
(3.51)

ȧ2θ̇2 = a2(σ1 − σ2) + l3a1 sin(θ1 − θ2)

− l4 cos(θ2) − l1[l2a2 + l3a1 cos(θ1 − θ2)

− l4 sin(θ2)]
− l5[l6a1 cos(θ1 − θ2) + l7a2 − l8 sin(θ2)]
− l9

[
ḡ1a

2
1a2 cos 2(θ1 − θ2)

+ ḡ2a
3
2 + ḡ3a2a

2
1 + ḡ4a

2
2a1 cos(θ1 − θ2)

+ḡ5a
3
1 cos(θ1 − θ2) + ḡ6a

2
2a1 cos(θ1 − θ2)

]

+ l10
[
f̄1a

2
2a1 cos (θ1 − θ2)

+ f̄2a
3
1 cos(θ1 − θ2) + f̄3a1a

2
2 cos(θ1 − θ2)

+ f̄4a
2
1a2 cos 2(θ1 − θ2)

+ f̄5a
3
2 + f̄6a2a

2
1

]
(3.52)

where h1, h2, . . . , h10 and l1, l2, . . . , l10 are given in
“Appendix 2.”

Toobtain the equilibriumsolution,we set timederiv-
ative terms to zero in Eqs. (3.49)–(3.52) and solve the
resulting equations. Finally, the response of the beam
up to second term can be written using Eqs. (3.1), (3.7),
(3.23) and (3.44), and ε = 1 as:

P1(t) = x11 + x12

=
(
1 + i

Λ11

2

)
a1 cos(ω1t + β1)

+
(
1 + i

Λ12

2

)
a2 cos(ω2t + β2)

+Λ13 cos[(ω1 + σ1)t]
+1

2
c11a

2
1 cos 2(ω1t + β1)

+ 1

2
c12a

2
1 + 1

2
c13a

2
2 cos 2(ω2t + β2)

+ 1

2
c14a

2
2 + 1

2
c15a1a2

× cos 2[(ω1 − ω2)t + β1 − β2]
+ 1

2
c16a1a2 cos 2[(ω1 + ω2)t + β1 + β2]

(3.53)
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P2(t) = x21 + x22 = k1

(
1 + i

Λ11

2

)

× a1 cos(ω1t + β1) + k2

(
1 + i

Λ12

2

)

× a2 cos(ω2t + β2)

+Λ14 cos[(ω1 + σ1)t] + 1

2
c21a

2
1

× cos 2(ω1t + β1) + 1

2
c22a

2
1 + 1

2
c23a

2
2

× cos 2(ω2t + β2) + 1

2
c24a

2
2

+ 1

2
c25a1a2 cos 2[(ω1 − ω2)t

+β1 − β2] + 1

2
c26a1a2

× cos 2[(ω1 + ω2)t + β1 + β2] (3.54)

where the terms Λ11, Λ12, Λ13 and Λ14 are defined
as:

Λ11 =
[

B1

ω1B4
+ B6

ω2B8

]
,

Λ12 =
[

B2

ω1B4
+ B5

ω2B8

]
,

Λ13 =
[

B3

ω1B4
+ B7

ω2B8

]
,

Λ14 =
[
k1

B3

ω1B4
+ k2

B7

ω2B8

]
. (3.55)

4 Results and discussion

In this section, we first study the linear frequency varia-
tion of in-plane andout-of-planemodes of amicrobeam
to locate the coupling region. Subsequently,we validate
the modulation equations developed by the method of
multiple scales with numerical solution obtained by
solving the modal dynamic equations. Finally, we use
the method of multiple scale to study coupled nonlin-
ear response near and away from the coupling region.
Additionally, we also analyze the influence of qual-
ity factor on the nonlinear frequency response near the
coupled region. To do the study,we consider the dimen-
sions, material properties and electrostatic force coef-
ficients in a fixed–fixed microbeam as mentioned in [2]
and are given in Table 1.

Table 1 Dimensions, material properties and the electrostatic
force coefficients in a fixed–fixed microbeam [2]

Quantity Symbol Fixed–fixed beam

Length L 500 µm

Width B 4 µm

Height H 200 nm

Side gap g0, g1 4.5, 7 µm

Bottom gap d 500 µm

Young’s modulus E 2.58 × 1010 N/m2

Initial tension N0 38.336 µN

Density ρ 3227.4 kg/m3

Electric constant ε0 8.854 × 10−12 F/m

Fringing coefficients k1, k2, k3 0.945, 2.6, 1.3

4.1 Linear frequency analysis

To analyze the variation of linear frequency of two
transverse modes of a fixed–fixed microbeam, we
numerically solve the nonlinear static equations (given
in “Appendix 1”) and linear modal dynamic equa-
tions given by Eqs. (2.19) and (2.20) as described in
[2]. Subsequently, we obtain linear frequencies cor-
responding to both the modes from Eq. (2.21). Fig-
ure 2a, b shows the variation of static deflection verses
DC voltage for in-plane and out-plane modes with
a pull-in voltage of about Vdc = 199 V. Figure 2c
shows the variation of in-plane and out-of-plane lin-
ear frequencies verses DC voltage and their com-
parison with experiments from [2]. As the DC volt-
age is varied from 0 to 90 V, the in-plane frequency
decreases due to electrostatic softening effect and
the out-of-plane frequency increases due to stretch-
ing of the beam in the in-plane direction. Conse-
quently, the two frequencies come near to each other,
and they, eventually, show 1:1 internal resonance at
DC voltage of 81 V. We define this point as cou-
pling point or region. It also shows the variation in-
plane and out-of-plane frequencies with DC voltage
for equal interbeam gaps (g0 = g0 = 4.5µm) with
no coupling. In the following section, we apply the
method of multiple scales to find nonlinear frequency
response near the coupling region. We also compare
the nonlinear response of different modes when the
operating linear frequencies are below the coupling
range.
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Fig. 2 a Variation of static deflection q1 verses DC voltage for
in-plane mode. b Variation of static deflection q2 verses DC
voltage for out-of-plane mode. c Variation of in-plane and out-
of-plane frequencies with DC voltage for equal interbeam gaps

(g0 = g0 = 4.5µm) and unequal interbeam gaps (g0 = 4.5µm,
g1 = 7 µm) and their comparison with experimental results [2].
It also shows 1:1 internal resonance at Vdc = 81 V

Fig. 3 a Uncoupled
frequency verses Ω

ω1
showing parametric
response for in-plane mode.
b Uncoupled nonlinear
frequency verses Ω

ω2
showing duffing response
for out-of-plane mode.
Here, LP denotes limit point
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4.2 Nonlinear response of uncoupled in-plane and
out-of-plane modes

At very low DC voltage, the linear frequencies of in-
plane andout-of-planemodes donot showany coupling
region. To find the nonlinear response of uncoupled
modes much below the coupling region, we neglect the
coupling terms from Eqs. (2.17) and (2.18) and solve
the governing equations of each modes, separately. To
solve the nonlinear dynamic equation,we consider only
the dynamic component as the static deflection is neg-
ligible at low DC voltage. Subsequently, the method
of multiple scales can be used to obtain the mod-
ulation equations for each modes, separately. While
the nonlinear response of in-plane mode turns out to
be purely parametric, the nonlinear response of out-
of-plane mode shows Duffing-like response under the
influence of direct and parametric forces [14]. Figure 3
shows uncoupled nonlinear frequency verses Ω

ω1
show-

ing parametric response for in-plane mode in Fig. 3a

when Vac = 0.07 V, Vdc = 0.05 V and Q1 = 5 × 105.
Figure 3b shows uncoupled nonlinear response verses
Ω
ω2

for the out-of-plane mode when Vac = 5 V, Vdc = 2

Vand Q1 = 5×105. The values ofACandDCvoltages
are selected to show bi-stability region in the nonlin-
ear response. Now, we present coupled nonlinear fre-
quency response of twomodes near the coupling region
using the methods of multiple scales presented in the
theoretical section.

4.3 Validation of MMS solution near coupling region

To validate the solutions obtained by solving the mod-
ulation Eqs. (3.49), (3.50), (3.51) and (3.52) from the
method of multiple scales (MMS) near the coupling
region,we solve theoriginalmodal dynamicEqs. (2.17)
and (2.18) using the Runge–Kutta method. To com-
pare the results, we convert a1 and a2 appearing in the
modulation equations to equivalent expression of P1(t)
and P2(t) as given by Eqs. (3.53) and (3.54). Thus,
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Fig. 6 a Comparison of numerical results with solutions based
on MMS for in-plane mode at coupling point. b Comparison of
numerical results with solutions based on MMS for out-of-plane

mode at coupling point. Here, we take Vdc = 81 V, Vac = 0.0009
V, Q1 = 5 × 105, Q2 = 2 × 108, σ2 = −0.0858, respectively

P1(t) and P2(t) obtained from MMS are compared
with the solutions obtained from the original equa-
tions. Figure 4a, b shows comparisons between numer-
ical results and the solutions based on MMS for in-
plane and out-of-plane modes near the coupling point
for the parameter values Vdc = 81 V, Vac = 0.05 V,

Q1 = 5×104, Q2 = 2×106 and σ2 = −0.0858. Fig-
ure 5a, b shows the long time histories of the response
for in-plane and out-of-plane modes when σ1 = 0.1
and σ2 = −0.0.0858. The time histories show that
the steady- state response of in-plane and out-of-plane
modes consists of single frequency.
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Fig. 7 Long time histories
at coupling point for
Vdc = 81 V, Vac = 0.0009
V, Q1 = 5 × 105,
Q2 = 2 × 108, when
σ1 = −0.1 and
σ2 = −0.0858
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Similarly, the comparisons between the numeri-
cal results and the solutions based on MMS for
in-plane and out-of-plane modes at coupling point
(Vdc = 81 V and Vac = 0.0009 V) at different
quality factors Q1 = 5 × 105 and Q2 = 2 ×
108 are shown in Fig. 6a, b. In this case, both in-
plane and out-of-plane frequency response show two
peaks. The long time histories as shown in Fig. 7a,
b for σ1 = −0.1 and σ2 = −0.0858 also show
that the steady-state response of both in-plane and
out-of-plane modes consists of two frequencies cor-
responding to two peaks appearing in the response.
Thus, it shows clearly the influence of one mode on
another.

4.4 Nonlinear response near and below the coupling
region

In this section, to show the influence of coupling on
nonlinear response near and below the coupling region,
we analyze the variation of a1 and a2 corresponding to
in-plane and out-of-plane modes. For the linear fre-
quency relation below the coupling region at Vdc = 70
V and near the coupling region at Vdc = 81 V, we take
Q1 = 5×104,Q2 = 2×106. Figure 8a, b shows the fre-
quency response for different AC voltages below cou-
pling point along in-plane and out-of-plane directions.
With the increase in Vac from 0.04 to 0.06, the response
amplitude increases in both the cases. However, only
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Fig. 10 Frequency
response for different AC
voltages at coupling point
corresponding to a in-plane
mode and b out-of-plane
mode. Here, Vdc = 81 V,
Q1 = 5 × 105,
Q2 = 2 × 108,
σ2 = −0.0858. LP denotes
limit point
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single peak is observed in both the cases due to rela-
tively low quality factor. The frequency response for
in-plane motion is found to be linear, whereas out-of-
plane motion shows nonlinear response. By operating
the beam near the coupling region at Vdc = 81 V, the
nonlinear coupled response of two modes shows com-
bined effect of parametric and Duffing-like response
when the quality factors remain same as Q1 = 5×104,
Q2 = 2 × 106 which are shown in Fig. 9a, b. The
coupling between parametric and duffing response at
coupling point is due to simultaneous parametric and
direct excitation of microbeam by two symmetrically
placed side electrodes and a bottom electrode [14]. It
is also observed that as AC voltage Vac is increased
from 0.05 to 0.14 V, the response amplitude and the
bandwidth gradually increase with increasing harden-
ing effect. To see the influence of quality factor on the
nonlinear coupled response near the coupling region,
we take another set of quality factors Q1 = 5×105 and
Q2 = 2×108 as shown in Fig. 10a, b. It is observed that
coupled response shows twopeaks, thus clearly indicat-
ing the influence of one mode on another. With further
increase inACvoltage, Vac, from 0.0005 to 0.002V, the
response amplitude of two modes increases gradually
along both directions and frequency response of one
of the two modes becomes nonlinear showing harden-

ing effect when Vac is more than 0.0009 V. Figure 11a,
b shows the frequency response of the in-plane and
out-of-plane directions below the coupling point at DC
voltageVdc = 79VwhenVac = 0.001V, Q1 = 5×104

and Q2 = 2 × 106. Similarly, the frequency response
along the in-plane and out-of-plane directions above
the coupling point at a DC voltage of Vdc = 83 V
for Vac = 0.006 V and same values of quality factors
is shown in Fig. 12a, b. The results in both the cases
show that the coupled effect reduces drastically as we
go up or below the coupled region.

Finally, we state the tuning of nonlinear frequency
response of two modes near and below the coupling
region by the application of DC voltage and quality
factors. The study presented in this paper can also be
extended to understand the coupling of different modes
of beams in MEMS arrays.

5 Conclusion

In this paper, we have developed a theoretical model
for in-plane and out-of-plane motions of a fixed–fixed
microbeam separated from two symmetrically placed
side electrodes and a bottom electrode. Using the elec-
trostatic force model based on the direct and fringing
forces, we obtain the partial differential equations gov-
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Fig. 12 Frequency
response above coupling
point corresponding to
a in-plane mode and
b out-of-plane mode. Here,
Vdc = 83 V, Vac = 0.06 V,
Q1 = 5 × 104,
Q2 = 2 × 106,
σ2 = 0.18365234. LP
denotes limit point
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erning the nonlinear motion of in-plane and out-of-
plane motions. To do linear and nonlinear analysis, we
obtain the reduced-order form of the equations using
the Galerkin’s method. To analyze the variation of two
modes at different DC voltage, we plot linear frequen-
cies versus DC voltage. We found that the two modes
show coupling at around DC voltage of 81 V. Thus,
we obtain 1:1 internal resonance condition near the
coupling region. To find the nonlinear response near
and below the coupling region, we apply the method
of multiple scales (MMS). After validating the solu-
tion from MMS with numerical solution near the cou-
pling region, we analyze the influence of ac voltage and
quality factor on the nonlinear response at and near the
coupling point. We found that the nonlinear response
below the coupling point shows uncoupled response of
each modes and the response near the coupling region
shows different types of coupled response at different
quality factors.
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Appendix 1

Nonlinear static equations
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2α1 + 758.48α2q2
2
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In-plane equation coefficients
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− 1534.26q1
5r1

3α1 − 11.11βsV12
2q1

2

123



1288 P. N. Kambali, A. K. Pandey

+ 151.34 r1
3α2q2
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5r1

2α1
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Appendix 2

B1 = (2 k2t11 − 2 k1s11) ω1,

B2 = (2 k2t11 − 2 k2s11) ω2,
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+ t8s4k1 + ω2
2t4k2 + 2 t8s7

− λ2
2t4k2 + ω1

2t4k1 + 2ω2
2t2

+ω2
2t4k1 − 2 λ2

2t2

+ 2ω1
2t2 + 4ω1ω2t2 + ω1

2t4k2

c16D = 2ω1ω2λ1
2 + 2 λ2

2ω1ω2

−ω1
4 − ω2

4 + t8s8 − 4ω1
3ω2

− 6ω1
2ω2

2 + ω1
2λ1

2 − 4ω1ω2
3

+ω2
2λ1

2 + λ2
2ω1

2

+ λ2
2ω2

2 − λ2
2λ1

2
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c21 = λ1
2s7 − t2s8 − 4ω1

2s7 − 4ω1
2s4k1 + λ1

2s4k1 − t4k1s8 − 4ω1
2s2k12 + λ1

2s2k12 − t7k12s8
t8s8 − 16ω1

4 + 4ω1
2λ1

2 + 4 λ2
2ω1

2 − λ2
2λ1

2

c22 = 2
λ1

2s2k12 + λ1
2s4k1 + λ1

2s7 − t2s8 − t4k1s8 − t7k12s8
t8s8 − λ2

2λ1
2

c23 = −4ω2
2s7 + λ1

2s7 − t2s8 − 4ω2
2s4k2 + λ1

2s4k2 − t4k2s8 − 4ω2
2s2k22 + λ1

2s2k22 − t7k22s8
t8s8 − 16ω2

4 + 4ω2
2λ1

2 + 4 λ2
2ω2

2 − λ2
2λ1

2

c24 = 2
λ1

2s2k22 + λ1
2s4k2 + λ1

2s7 − t2s8 − t4k2s8 − t7k22s8
t8s8 − λ2

2λ1
2 ,

c25 = c25N
c25D

,

c26 = c26N
c26D

c25N = −2ω1
2s2k1k2 + 2ω1ω2s4k2 + 2ω1ω2s4k1

− 2ω2
2s2k1k2 + 2 λ1

2s2k1k2 − 2 t7k1k2s8

− 2ω2
2s7 + 2 λ1

2s7 − 2 t2s8 − 2ω1
2s7

−ω1
2s4k2 − ω1

2s4k1 + 4ω1ω2s7

−ω2
2s4k2 − ω2

2s4k1 + λ1
2s4k2 + λ1

2s4k1

− t4k1s8 − t4k2s8 + 4ω1ω2s2k1k2

c25D = −2ω1ω2λ1
2 − 2 λ2

2ω1ω2

+ 4ω1
3ω2 + t8s8 − ω2

4 − ω1
4

− 6ω1
2ω2

2 + ω1
2λ1

2 + 4ω1ω2
3

+ω2
2λ1

2 + λ2
2ω1

2

+ λ2
2ω2

2 − λ2
2λ1

2

c26N = −2ω1
2s2k1k2 − 2ω1ω2s4k2 − 2ω1ω2s4k1

− 2ω2
2s2k1k2 + 2 λ1

2s2k1k2

− 2 t7k1k2s8 − 2ω2
2s7 + 2 λ1

2s7

− 2 t2s8 − 2ω1
2s7 − ω1

2s4k2 − ω1
2s4k1

− 4ω1ω2s7 − ω2
2s4k2

−ω2
2s4k1 + λ1

2s4k2

+ λ1
2s4k1 − t4k1s8 − t4k2s8

− 4ω1ω2s2k1k2

c26D = 2ω1ω2λ1
2 + 2 λ2

2ω1ω2 − ω1
4

−ω2
4 + t8s8 − 4ω1

3ω2 − 6ω1
2ω2

2

+ω1
2λ1

2 − 4ω1ω2
3 + ω2

2λ1
2

+ λ2
2ω1

2 + λ2
2ω2

2 − λ2
2λ1

2

g11 = 2 t2c15 + 2 t2c11 + t3k1
2 + t4c21

+ t4c25 + t4k1c15 + 2 t3k1k2 + t4k2c11

+ 2 t7k1c25 + 2 t7k2c21 + 3 t1

g12 = t4k2c13 + 3 t1 + 2 t2c13 + 3 t3k2
2

+ 2 t2c14 + t4k2c14 + 2 t7k2c24

+ 2 t7k2c23 + t4c24 + t4c23

g13 = 2 t7k2c22 + t4c22 + t4c26 + t4k2c12

+ 2 t2c16 + t4k1c16 + 2 t2c12

+ 4 t3k1k2 + 2 t3k1
2 + 6 t1 + 2 t7k1c26

g14 = 2 t2c13 + t3k2
2 + t4c23 + 2 t3k1k2

+ t4k1c13 + 2 t7k1c23 + 3 t1

g15 = 2 t7k1c22 + 2 t7k1c21 + t4k1c12

+ 2 t2c12 + t4c22 + t4k1c11 + 3 t3k1
2

+ t4c21 + 3 t1 + 2 t2c11

g16 = t4k1c14 + 2 t7k1c24 + t4k2c15

+ t4k2c16 + 2 t7k2c25

+ 4 t3k1k2 + 2 t7k2c26 + 2 t3k2
2

+ t4c25 + t4c26 + 2 t2c14 + 2 t2c16

+ t4c24 + 2 t2c15 + 6 t1

f11 = 2 t2c13 + t3k2
2 + t4c23 + 2 t3k1k2

+ t4k1c13 + 2 t7k1c23 + 3 t1

f12 = 2 t7k1c22 + 2 t7k1c21 + t4k1c12

+ 2 t2c12 + t4c22 + t4k1c11 + 3 t3k1
2

+ t4c21 + 3 t1 + 2 t2c11

f13 = t4k1c14 + 2 t7k1c24 + t4k2c15

+ t4k2c16 + 2 t7k2c25 + 4 t3k1k2

+ 2 t7k2c26 + 2 t3k2
2 + t4c25

+ t4c26 + 2 t2c14 + 2 t2c16 + t4c24

+ 2 t2c15 + 6 t1

f14 = 2 t2c15 + 2 t2c11 + t3k1
2 + t4c21
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+ t4c25 + t4k1c15 + 2 t3k1k2 + t4k2c11

+ 2 t7k1c25 + 2 t7k2c21 + 3 t1

f15 = t4k2c13 + 3 t1 + 2 t2c13 + 3 t3k2
2

+ 2 t2c14 + t4k2c14 + 2 t7k2c24 + 2 t7k2c23

+ t4c24 + t4c23

f16 = 2 t7k2c22 + t4c22 + t4c26 + t4k2c12

+ 2 t2c16 + t4k1c16 + 2 t2c12 + 4 t3k1k2

+ 2 t3k1
2 + 6 t1 + 2 t7k1c26

g21 = s4c21 + s3k2 + 2 s3k1 + s4c25 + 2 s7c15

+ 3 s1k1
2k2 + s4c15k1 + 2 s2k1c252 s2k2c21

+ 2 s7c11 + s4c11k2

g22 = 2 s2k2c24 + 3 s3k2 + 2 s7c14 + s4c24

+ s4c23 + s4c13k2 + 2 s2k2c23

+ s4c14k2 + 2 s7c13 + 3 s1k2
3

g23 = s4c12k2 + 2 s3k2 + 2 s7c12 + 6 s1k1
2k2

+ 2 s7c16 + s4c22 + 4 s3k1 + 2 s2k1c26

+ s4c26 + 2 s2k2c22 + s4c16k1

g24 = 2 s2k1c23 + 3 s1k2
2k1 + s4c13k1

+ s4c23 + 2 s7c13 + s3k1 + 2 s3k2

g25 = 2 s7c12 + 2 s2k1c22 + 3 s3k1 + s4c12k1

+ s4c11k1 + 2 s2k1c21 + s4c22s4c21

+ 2 s7c11 + 3 s1k1
3

g26 = s4c14k1 + 6 s1k2
2k1 + 2 s2k1c24

+ s4c15k2 + s4c16k2 + 2 s2k2c252 s2k2c26

+ 2 s7c14 + 2 s7c15 + 4 s3k2 + 2 s3k1

+ 2 s7c16 + s4c24s4c26 + s4c25

f21 = 2 s2k1c23 + 3 s1k2
2k1 + s4c13k1

+ s4c23 + 2 s7c13 + s3k1 + 2 s3k2

f22 = 2 s7c12 + 2 s2k1c22 + 3 s3k1 + s4c12k1

+ s4c11k1 + 2 s2k1c21 + s4c22s4c21

+ 2 s7c11 + 3 s1k1
3

f23 = s4c14k1 + 6 s1k2
2k1 + 2 s2k1c24

+ s4c15k2 + s4c16k2 + 2 s2k2c252 s2k2c26

+ 2 s7c14 + 2 s7c15

+ 4 s3k2 + 2 s3k1 + 2 s7c16 + s4c24s4c26 + s4c25

f24 = s4c21 + s3k2 + 2 s3k1 + s4c25 + 2 s7c15

+ 3 s1k1
2k2 + s4c15k12 s2k1c25

+ 2 s2k2c21 + 2 s7c11

+ s4c11k2

f25 = 2 s2k2c24 + 3 s3k2 + 2 s7c14 + s4c24

+ s4c23 + s4c13k2 + 2 s2k2c23s4c14k2 + 2 s7c13

+ 3 s1k2
3

f26 = s4c12k2 + 2 s3k2 + 2 s7c12 + 6 s1k1
2k2

+ 2 s7c16 + s4c22 + 4 s3k12 s2k1c26

+ s4c262 s2k2c22 + s4c16k1

B11 = 1 + k1k̄1, B12 = 1 + k2k̄1,

B13 = t11 + s11k1k̄1,

B14 = t11 + s11k2k̄1, G11 = 1 + k1k̄2,

G12 = 1 + k2k̄2,

G13 = t11 + s11k2k̄2,G14 = t11 + s11k1k̄2

g1 = g11 + k̄1g21, g2 = g12 + k̄1g22,

g3 = g13 + k̄1g23,

g4 = g14 + k̄1g24, g5 = g15 + k̄1g25,

g6 = g16 + k̄1g26,

f1 = f11 + k̄2 f21, f2 = f12 + k̄2 f22,

f3 = f13 + k̄2 f23,

f4 = f14 + k̄2 f24, f5 = f15 + k̄2 f25,

f6 = f16 + k̄2 f26

Ḡ = ḡ1 Ā2A
2
1e

−iσ2T1 + ḡ2 Ā2A
2
2e

iσ2T1

+ḡ3A1A2 Ā1e
iσ2T1

+ ḡ4A
2
2 Ā1e

2iσ2T1 + ḡ5A
2
1 Ā1 + ḡ6A1 Ā2A2;

F̄ = f̄1 Ā1A
2
2e

iσ2T1 + f̄2 Ā1A
2
1e

−iσ2T1

+ f̄3A1A2 Ā2e
−iσ2T1 + f̄4A

2
1 Ā2e

−2iσ2T1

+ f̄5A
2
2 Ā2 + f̄6A1 Ā1A2;

h11 = 1/4
B13G12 − B12G14

ω1 (B11G12 − B12G11)
,

h22 = 1/2
B1

B4
, h33 = 1/2

B2

B4
,

h44 = B3

B4
,

h55 = 1/4
B14G12 − B12G13

ω1 (B11G12 − B12G11)
,

h66 = 1/2
B5

B8
, h77 = 1/2

B6

B8
,

h88 = B7

B8
,

h99 = 1/16
G12

ω1 (B11G12 − B12G11)
,

h1010 = 1/16
B12

ω1 (B11G12 − B12G11)
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h1 = h11, h2 = 2h22, h3 = 2h33, h4 = 2h44,

h5 = 2h55, h6 = h66,

h7 = h77, h8 = h88, h9 = 2h99, h10 = 2h1010

l11 = 1/4
B14G11 − B11G13

ω2 (B12G11 − B11G12)
, l22 = 1/2

B5

B8
,

l33 = 1/2
B6

B8
, l44 = B7

B8

l55 = 1/4
B13G11 − B11G14

ω2 (B12G11 − B11G12)
,

l66 = 1/2
B1

B4
, l77 = 1/2

B2

B4
,

l88 = B3

B4
,

l99 = 1/16
G11

ω2 (B12G11 − B11G12)
,

l1010 = 1/16
B11

ω2 (B12G11 − B11G12)

l1 = l11, l2 = 2l22, l3 = 2l33,

l4 = 2l44, l5 = 2l55, l6 = l66,

l7 = l77, l8 = l88,

l9 = 2l99, l10 = 2l1010

References

1. Pandey, A.K.: Effect of coupled modes on pull-in voltage
and frequency tuning of a NEMS device. J. Micromech.
Microengg. 23(8), 085015-1–085016-10 (2013)

2. Kambali, P.N., Swain, G., Pandey, A.K., Buks, E., Gottlieb,
O.: Coupling and tuning of modal frequencies in direct cur-
rent biased microelectromechanical systems arrays. Appl.
Phys. Lett. 107, 063104 (2015). doi:10.1063/1.4928536

3. Kambali, P.N., Swain, G., Pandey, A.K.: Frequency analysis
of linearly coupled modes of MEMS arrays. ASME J. Vib.
Acoust. 138(2), 021017 (2016)

4. Kozinsky, I., Postma, HWCh., Bargatin, I., Roukes, M.L.:
Tuning nonlinearity, dynamic range, and frequency of
nanomechanical resonators. Appl. Phys. Lett. 88, 253101–3
(2006)

5. Alcheikh, N., Ramini, A., Hafiz, M.A.A., Younis, M.I.:
Highly tunable electrothermally and electrostatically actu-
ated resonators. J. Microelectromech. Syst. 25(3), 440–449
(2016)

6. Younis, M.I., Nayfeh, A.H.: A study of the nonlinear
response of a resonant microbeam to an electric actuation.
Nonlinear Dyn. 31, 91–117 (2003)

7. Nayfeh,A.H.,Younis,M.I., Abdel-Rahman, E.M.:Dynamic
pull-in phenomenon in MEMS resonators. Nonlinear Dyn.
48, 153–163 (2007)

8. Dumitru, I., Israel, M., Martin, W.: Reduced order model
analysis of frequency response of alternating current near

half natural frequency electrostatically actuatedMEMScan-
tilevers. J. Comput. Nonlinear Dyn. 8, 031011–031016
(2013)

9. Linzon, Y., Ilic, B., Stella, L., Slava, K.: Efficient parametric
excitation of silicon-on-insulator microcantilever beams by
fringing electrostatic fields. J. Appl. Phys. 113, 163508–
163519 (2013)

10. Gutschmidt, S., Gottlieb, O.: Nonlinear dynamic behavior
of a microbeam array subject to parametric actuation at low,
medium and large DC-voltages. Nonlinear Dyn. 67, 1–36
(2012)

11. Gutschmidt, S., Gottlieb, O.: Internal resonance and bifur-
cations of an array below the first pull-in instability. Int. J.
Bifurc Chaos 20, 605–618 (2010)

12. Lifshitz, R., Cross, M.C.: Response of parametrically driven
nonlinear coupled oscillators with application to microme-
chanical and nanomechanical resonator arrays. Phys. Rev.
B 67, 134302 (2003)

13. Buks, E., Roukes, M.L.: Electrically tunable collective
response in a coupled micromechanical array. IEEE J.
Microelectromech. Syst. 11, 802–807 (2002)

14. Kambali, P.N., Pandey, A.K.: Nonlinear response of a
microbeam under combined direct and fringing field excita-
tion. J. Comput. Nonlinear Dyn. 10, 051010 (2015)

15. Nayfeh, S.A., Nayfeh, A.H.: Nonlinear response of a taut
string to longitudinal and transverse end excitation. J. Vib.
Control 3, 307334 (1995)

16. Mohammed, F., Daqaq, M.F., Abdel-Rahman, E.M.,
Nayfeh, A.H.: Two-to-one internal resonance in microscan-
ners. Nonlinear Dyn. 57, 231251 (2009)

17. Isacsson, A., Kinaret, J.M.: Parametric resonances in elec-
trostatically interacting carbon nanotube arrays. Phys. Rev.
B 79, 165418 (2009)

18. Samanta, C., Yasasvi, G.P.R., Naik, A.K.: Nonlinear mode
coupling and internal resonances in MoS2 nanoelectro-
mechanical system. Appl. Phys. Lett. 107, 173110 (2015)

19. Ramini, A., Ilyas, S., Younis, M.I.: Efficient primary and
parametric resonance excitation of bistable resonators. AIP
Adv. 6, 095307 (2016)

20. Wei, X., Randrianandrasana, M.F., Ward, M., Lowe, D.:
Nonlinear dynamics of a periodically driven duffing res-
onator coupled to a Van der Pol oscillator. Math. Probl. Eng.
2011, 1–16 (2011)

21. Matheny, M.H., Villanueva, L.G., Karabalin, R.B., Sader,
J.E., Roukes, M.L.: Nonlinear mode-coupling in nanome-
chanical systems. Nano Lett. 13, 16221626 (2013)

22. Westra, H.J.R., Poot, M., van der Zant, H.S.J., Venstra,W.J.:
Nonlinear modal interactions in clamped-clamped mechan-
ical resonators. Phys. Rev. Lett. 105, 117205 (2010)

23. Conley, W.G., Raman, A., Krousgrill, C.M., Mohammadi,
S.: Nonlinear and nonplanar dynamics of suspended nan-
otube and nanowire resonators. Nano Lett. 8(6), 15901595
(2008)

24. Mahboob, I., Perrissin, N., Nishiguchi, K., Hatanaka, D.,
Okazaki, Y., Fujiwara, A., Yamaguchi, H.: Dispersive and
dissipative coupling in amicromechanical resonator embed-
ded with a nanomechanical resonator. Nano Lett. 15(4),
23122317 (2015)

25. Kambali, P.N., Pandey, A.K.: Capacitance and force com-
putation due to direct and fringing effects in MEMS/NEMS
arrays. IEEE Sen. J. 16(2), 375382 (2016)

123

http://dx.doi.org/10.1063/1.4928536


1294 P. N. Kambali, A. K. Pandey

26. Zhao, X., Abdel-Rahman, E.M., Nayfeh, A.H.: A reduced-
order model for electrically actuated microplates. J.
Micromech. Microeng. 14, 900–906 (2004)

27. Nayfeh, A.H.: Resolving controversies in the application of
the method of multiple scales and the generalized method
of averaging. Nonlinear Dyn. 40, 61–102 (2005)

123


	Nonlinear coupling of transverse modes of a fixed--fixed microbeam under direct and parametric excitation
	Abstract
	1 Introduction
	2 Governing equations
	2.1 Non-dimensionalization
	2.2 Reduced-order model

	3 Method of multiple scale
	3.1 Solution of 1st-order equation
	3.2 Solution of 2nd-order equation
	3.3 Solution of 3rd-order equation

	4 Results and discussion
	4.1 Linear frequency analysis
	4.2 Nonlinear response of uncoupled in-plane and out-of-plane modes
	4.3 Validation of MMS solution near coupling region
	4.4 Nonlinear response near and below the coupling region

	5 Conclusion
	Acknowledgements
	Appendix 1
	Appendix 2
	References




