Nonlinear Dyn (2017) 87:1271-1294
DOI 10.1007/s11071-016-3114-5

@ CrossMark

ORIGINAL PAPER

Nonlinear coupling of transverse modes of a fixed—fixed
microbeam under direct and parametric excitation

Prashant N. Kambali - Ashok Kumar Pandey

Received: 28 April 2016 / Accepted: 25 September 2016 / Published online: 5 October 2016

© Springer Science+Business Media Dordrecht 2016

Abstract Tuning of linear frequency and nonlinear
frequency response of microelectromechanical sys-
tems is important in order to obtain high operating
bandwidth. Linear frequency tuning can be achieved
through various mechanisms such as heating and soft-
ening due to DC voltage. Nonlinear frequency response
is influenced by nonlinear stiffness, quality factor and
forcing. In this paper, we present the influence of
nonlinear coupling in tuning the nonlinear frequency
response of two transverse modes of a fixed—fixed
microbeam under the influence of direct and paramet-
ric forces near and below the coupling regions. To
do the analysis, we use nonlinear equation govern-
ing the motion along in-plane and out-of-plane direc-
tions. For a given DC and AC forcing, we obtain static
and dynamic equations using the Galerkin’s method
based on first-mode approximation under the two dif-
ferent resonant conditions. First, we consider one-to-
one internal resonance condition in which the linear
frequencies of two transverse modes show coupling.
Second, we consider the case in which the linear fre-
quencies of two transverse modes are uncoupled. To
obtain the nonlinear frequency response under both the
conditions, we solve the dynamic equation with the
method of multiple scale (MMS). After validating the
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results obtained using MMS with the numerical simula-
tion of modal equation, we discuss the influence of lin-
ear and nonlinear coupling on the frequency response
of the in-plane and out-of-plane motion of fixed—fixed
beam. We also analyzed the influence of quality fac-
tor on the frequency response of the beams near the
coupling region. We found that the nonlinear response
shows single curve near the coupling region with wider
width for low value of quality factor, and it shows two
different curves when the quality factor is high. Conse-
quently, we can effectively tune the quality factor and
forcing to obtain different types of coupled response of
two modes of a fixed—fixed microbeam.

Keywords Nonlinear coupling - Multimode coupling -
Internal resonance - MEMS - Parametric response

1 Introduction

Microelectromechanical systems (MEMS) have been
the subject of intense research in the design of sensi-
tive sensors and actuators. The performance of MEMS-
based sensors and actuators is mainly dependent on
their resonance frequencies. Hence, it is important to
study the linear and nonlinear frequency tuning of
such devices. While the linear frequency tuning can
be achieved through various mechanisms such as hard-
ening due to residual stresses, softening due to heating
and DC voltage, and their combined effect, the non-
linear frequency response can be tuned due to nonlin-
ear stiffness, quality factor and forcing [1-5]. In this

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11071-016-3114-5&domain=pdf

1272

P. N. Kambali, A. K. Pandey

paper, we discuss about the tuning of nonlinear fre-
quency response of a fixed—fixed microbeam under the
direct and parametric excitation by controlling the lin-
ear and nonlinear stiffness through the coupling of two
transverse modes and their quality factors at different
excitation force.

Many researchers have analyzed the linear and non-
linear frequency response of in-plane or out-of-plane
motion of a fixed—fixed or cantilever beam using one
degree of freedom model. Younis and Nayfey [6],
and Nayfeh et al. [7] studied the linear and nonlin-
ear response of out-of-plane motion of a fixed—fixed
beam subjected to direct forcing. Dumitru et al. [8] ana-
lyzed the nonlinear behavior of out-of-plane motion of
a cantilever beam subjected to the fringing and direct
forces. Linzon et al. [9] studied the parametric response
of a cantilever beam in out-of-plane direction under
the influence of fringing forces from two symmetri-
cally placed side electrodes. Gutschmidt and Gottlieb
[10,11] studied the in-plane motion of an array of
fixed—fixed beams under the parametric excitation. Lif-
shitz et al. [12] analyzed the parametric response of
an array of fixed—fixed beams along in-plane direction
and compared the results with experiments conducted
by Buks and Roukes [13]. Kambali and Pandey [14]
studied nonlinear response of out-of-plane motion of a
fixed—fixed beam under the combined effect of direct
and fringing forces. While the direct force leads to the
nonlinear Duffing response, the fringing force induces
parametric response. The combined effect of direct and
fringing force results in the nonlinear Duffing response
with enhanced amplitude as well as frequency width.
To analyze the influence of the coupling of two or
more modes, Nayfeh et al. [15] analyzed the nonlin-
ear response of longitudinal and transverse motion of
a taut string subjected to end excitation. Daqaq et al.
[16] studied the linear and nonlinear coupled behavior
of torsional micromirror when its torsional and trans-
verse modes show 2:1 internal resonance condition.
Isacsson et al. [17] presented numerical and analyti-
cal study of the linear and nonlinear coupled behavior
of longitudinal and transverse motion of an array of
carbon nanotube with fixed-free condition under para-
metric excitation. Samanta et al. [18] studied nonlinear
coupling between various transverse modes of a MoS;
nanomechanical beam under 1:1, 1:2 and 1:3 internal
resonance conditions. Recently, Ramini et al. [19] pre-
sented experimental studies of primary and parametric
resonances of a MEMS arch resonator. Wie et al. [20]
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investigated the weak and strong coupling in a period-
ically driven Duffing resonator elastically coupled to
a van der Pol oscillator under 1:1 internal resonance
condition. Matheny et al. [21] studied intra- and inter-
modal nonlinear coupling of a doubly clamped piezo-
electric beam. Westra et al. [22] presented theoretical
and experimental studies of nonlinear intermodal cou-
pling between the flexural vibration modes of a single
clamped—clamped beam. Conley et al. [23] analyzed
the nonlinear dynamics of fixed—fixed nanowire and
found the transition from a planer motion to whirling
motion on increasing excitation amplitude. Mahboob
et al. [24] analyzed the nonlinear coupling of nanome-
chanical resonators by the coupled Vander Pol-Duffing
equations. In this paper, we model and analyze the non-
linear coupling of two transverse modes of a fixed—fixed
beam under the condition of 1:1 internal resonance.

To do nonlinear coupled analysis of in-plane and
out-of-plane modes near and away from the coupling
region, we consider the dimensions and properties of a
fixed—fixed beam separated by two side electrodes and
a bottom electrode as described by Kambali et al. [2].
The electrostatic force along the out-of-plane direction
is based on direct forcing between the bottom elec-
trode and the beam, and the parametric forcing between
the beam and side electrodes. The force along in-plane
direction is pure parametric forcing between the beam
and the symmetrically placed side electrodes. Under
the electrostatic forcing, we apply Galerkin’s method
to governing equations along two directions and obtain
the reduced-order form of corresponding static and
dynamics equations. To obtain the condition of cou-
pling, we take appropriate value of DC voltage such that
the linear frequencies of in-plane mode, w1, and out-
of-plane mode, w1, show coupling. To obtain the non-
linear coupled response, we solve the modal dynamic
equation using the method of multiple scales under the
condition of w; & wy. After validating the multiple-
scale solution with numerical results obtained by solv-
ing modal dynamic equations, we analyze the influence
of quality factor on nonlinear frequency response near
the coupling region.

2 Governing equations

To present the partial differential equations governing
the in-plane and out-of-plane motions of a fixed—fixed
microbeam, we consider a beam of length L, width B
and thickness H, which is separated from the two side
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Fig.1 a A fixed—fixed beam of width B, thickness H separated
from the side electrodes, E and E», by go, g1 and the ground
electrode E, by distance d is subjected to direct force, O, and

electrodes E; and E; by gaps of gog and g, respec-
tively, and the bottom electrode E, by a gap of d as
shown in Fig. 1a, b. Taking the deflection of the beam
along in-plane and out-of-plane as y(x, ¢) and z(x, 1),
respectively, as shown in Fig. 1a, the governing equa-
tion of motion along in-plane and out-of-plane direc-
tions considering damping, residual tension and mid-
plane stretching [1] can be written as:

ELY" 4 pAy + C1y

EA [Y/ , ..
— |:N() + Z ; (ZIZ + y’2)dX]y,’,’

= Q05(,2,1) 2.1
ELZ" + pAZ+ Csz

EA [T
_ N (—/2 —/Z)d— =1
|: 0+ 5L ; 7°+y X |2,

= 0:(5.%.7) 22)
where the subscripts prime and dot represent differ-
entiation with respect to x and ¢, respectively, Ny is
the initial tension induced in the beam by fabrication
processes and heating [2], E is the Young’s modulus
of the beam, E is the bending rigidity, I. = HB3/12,
I, =BH 3 /12 are area moment of inertia about z and
y-axes, and p is the material density. The boundary
conditions for the fixed—fixed beam are taken as

¥0,1) =y(L,t) =0, z(0,1) =z(L,t) =0,
¥'(0,1) =y(L,1)=0

70,1 =Z(L,1) =0. (2.3)
The forcing Qy and Q; are the effective electrostatic

forces per unit length along y and z directions for the
beam under the direct and fringing field effect as shown

fringing field force, Qy; b top view of a fixed—fixed beam of
length L separated from the side electrodes, E| and E», by go,
g1, respectively

in Fig. 1a. The expressions for the forcing are given by
(2]
- 1

Q)_/(.)_jﬂ z’ t) = EkIEOH
y [(vm +o0)?  (Vio+ v(r))z}

(g0 —3)° (¢1+5)7°
(2.4)
__ .1 Ve
4 ) at - 5. . -
0:(y,z,1) 2B2(d—2)2
x [4.32 B3 +0.0182 B(d — 2)
— k20.00068 (d — 2)* ]
1 egH _
— — 2 (k30.156Z + 0.0049B
28032( ’ o )
x [ (Vio + v())? + (Viz + v(1))? ]
2.5)

where €y = 8.85 x 10~!2 F/m is the vacuum permit-
tivity. Here, k1 contributes for the net effect of fring-
ing and direct fields in y direction, k> and k3 represent
the strength of the fringing field effects from the bot-
tom electrode and two side electrodes in the z direc-
tion deflection. Further details regarding the extraction
of electrostatic force parameters can be found in [25].
Vij = Vi — Vj is the voltage difference between the
beam and electrodes and v(t) = V, cos(£21).

2.1 Non-dimensionalization

To obtain the non-dimensional form of the governing
equations, we define the ratio of the beam and side

electrode gaps as ro = (go/go), r1 = (g1/80) and
use the variables x = x/L, y = y/go, z = z/d,
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t =1/T, where T = \/pAL*/EI,. Finally, the non-
dimensional nonlinear dynamic equations along the in-
plane and out-of-plane directions for fixed—fixed beam
under direct and parametric excitation can be written
as:

"

YU +y 4y
—[N+ai1l(y,y) + a2l (z,2)]y"
_; [(vlo +v)? (Vi + v(,))z]
Loa—y)2 (r1 + y)?

(2.6)
" tesitest—as[N+onl(y,y) +aal(z, 2]
= (Be + o1 = 97 = B3 (1 = 2%)
(Vig +v())?
X—
(=27
x[Vio+v@)? + Vi +00?]. @)

The corresponding non-dimensional form of the bound-
ary conditions can be written as

y0,6) =y(1,6) =0, z(0,t) =z(1,1) =0,
¥ (0,1 =y'1,1)=0,
70,t) =7(1,t) =0. (2.8)

— (ag + a2g2)

The various non-dimensionalized parameters as men-
tioned in above equations are defined as

1
ap 0
rpee, ), g, 0) = | Ly,
dx 0x
NoL? 6g2
N = 0 b al = ﬁ!
EI B2
6d? I.
oy = , az=(—1),
S AR VA
_ 6kio1 25.920
ﬁS B3g8 ’ 8 H3d3 )
0.10920
P = prma
k24.08 x 10 30
eoL* 0.02940
o] = ——

E = "7 @B’HXMd
k39.36 x 10710
8 T T B
C\L* C3L*
TEzT ©7 ElyTas’
Since the beam deflection is based on its static compo-
nent due to DC voltage and dynamic component due

’

1 (2.9)
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to AC voltage, the deflection along y and z directions
can be written as [1]

vix,t) =us(x)+ulx,t), z(x,t) =ws(x)+w(x,t).

(2.10)
where u;(x) and wg(x) are static deflections. By sub-
stituting Eq. (2.10) in Egs. (2.6) and (2.7), and subse-
quently setting the time derivatives and dynamic forc-
ing terms equal to zero, we get the static equations as:
uy" — [N + o I (ug, us) + ool (wy, wy)uy

_s |: (Vio)>  (Vin)? :|
LA —u)? 1+ uy)?
a3 [N + o I (ug, ug) + oo I (ws, wy)] wl

(2.11)

= (Be + o (1 = w)? = B3l = wy)*)

(Vlg)2
(1 — wy)?

—azg [(Vlo)zws + (Vlz)zws] .

Similarly, substituting Eq. (2.10) in Egs. (2.6) and (2.7),
expanding the forcing terms about u,, = 0 and w, =0
up to the first order and subtracting the contribution
of the nonlinear static terms given by Eqs. (2.11) and
(2.12), we get the nonlinear dynamic equations for
beam as:

w

— g [(Vio)? + (V12)?]

2.12)

"n

u” +uy +cruy — o I (u, u) + 2001 I (ug, u)
+ar M (w, w) + 200 (ws, w)ul
— [N + a1 (ug, ug) + o1 I'(u, u)
+ 201 I (ug, u) + ar I (wy, wg) + a2 I (w, w)
(Vio)2u
(1 —uy)3
2Viou(t) + v(r)?
(1 — uy)?
2Vipu(1) 4 v(1)*
(r1 + uy)?

+ 20, I (g, w)lu” =26,

(Vi2)?u
(r1 + MS)S

x [1 T iuus)] —bs

2
8 [1 G -:tus)]

"

w +a3wy + 3wy — aslog I (u, u) + 200 I (ug, u)
+ar " (w, w) + 20 I (wy, w)]w;/
—o3[N a1 I (ug, ug) + a1 I'(u, u)

21 I (ug, u) + ax I (wg, wg) + o' (w, w)
+ 202w, W) = (2 + Bag(1 = w)*) w

(Vig)? 2Vigu(t) + v(r)?
(I—wg)d 7 (1 —wy)?

]+m

(2.13)
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2 2
% [1 + 1—w] — Bag <2V1gv(t) + v(t)z) +19(2Vipv(t) + v(2)7)
(1 =ws) +10Q2Vi2v(1) +v(1)?) = 0 .17

— B3 (2V10() +v0?) (1 = w, — w)

— 2w [(V10)2 + (VIZ)Z] - (2V10U(l) + U(l)z)

X (0g — Qgws — QW)

- (2V12U(l) + v(t)z) (ag — 02 Wy — aZgU))
(2.14)

2.2 Reduced-order model

To obtain the static and dynamic equations to perform
coupled analysis under 1:1 internal resonance condition
near the coupling region which is much below the pull-
in voltage [3], we use Galerkin method based on first-
mode approximation of the in-plane and out-of-plane
displacements with negligible error [26]. Assuming the
static and dynamic displacements subjected to the first
transverse mode ¢ (x), the displacement along in-plane
and out-of-plane directions can be written as [2,3]:

ws(x) = q2(y, )¢ (x),
(2.15)

u(x,t) = PI()¢p(x), w(x,1) = P(0)¢(x), (2.16)

where ¢ and ¢, are static deflections, and Pj(¢) and
P (t) are non-dimensional modal variables. ¢ (x) is
undamped exact mode shape [2] which is taken as
¢ (x) = cosh(¢x) — cos(¢x) — v(sinh(¢x) — sin(¢ x)),
where for the first mode ¢ = 4.73, and v = 0.9825
such that fol (¢1(x))2dx = 1. After premultiplying the
denominator terms on either side of the Egs. (2.11),
(2.12), substituting the assumed solution given by
Eq. (2.15) and applying Galerkin’s method, we obtain
the nonlinear static equations in both the directions
which are given in “Appendix 1.”

Similarly, by premultiplying the denominator terms
on either side of Egs. (2.13) and (2.14), substituting the
assumed static and dynamic solutions given by Egs.
(2.15) and (2.16), and applying Galerkin’s method, we
obtain the nonlinear modal dynamic equations in both
the directions as:

us(x) = q1(y, )¢ (x),

Pi(t) + A P1(t) + 11 PL (1)} + P (1)?
+ [P2(1)? + 4 Pa (1) + t5(2Vio(t) + v(1)?)
+16(2Vi2v(t) + v(1)?) | Py (1)
+ 111 P (t) + 17 P2 (1) + 1 P2 (8)

Py () + A3 P2 (1) + 51 P2(1) + 52 P2 (1)?
+ [s3P2(1)* + 54 P2 (1) + 55(2Vigv(t)
+0(1)?) + 56(2Vigu(1) + 2Vi20(1) + 20(1) )] P (1)
+ 511 Pos (1) + 57P (1) + sg. Py (1)
+59Q2Vigu(t) + v(1)?) + 510(2Viov(t)
+2Viou(t) +2v(t)2) =0 (2.18)

where all coefficients of each term in above Eqgs. (2.17)
and (2.18) are given in “Appendix 1.” Neglecting the
damping term, nonlinear terms and the dynamic forcing
terms from above Eqgs. (2.17) and (2.18), we get linear
modal dynamic equations as:

Piit(t) + ATPI(1) + 13 Pa(1) = 0
Py (1) + 23 P2 (1) + ss P (1) = 0.

To obtain the linear frequency from the above equation,
we assume the solution of Egs. (2.19) and (2.20) as

Pi(1) = Be', Py(1) = ye'.

(2.19)
(2.20)

Substituting the assumed solutions in the modal Eqs.
(2.19) and (2.20), we get

(O —wPB+13y =0

(33 — @)y + 558 =0

For non-trivial solution, the determinant of these sys-
tem of equations should be zero. After solving the

resulting equation, we get two values of w correspond-
ing to two directions as

1 2
oz = ([ (5432) (3 -3) +a0]

221

where A1, A2, f3 and sg are given in “Appendix 1.”

3 Method of multiple scale

In this section, we apply the method of multiple scales

(MMS) in solving Egs. (2.17) and (2.18) assuming the

modal displacements as functions multiple time scales,

To=1,T) = et and T» = €%t as

Pi(t) = ex11(To, T1. T2) + €*x12(To, T1, T2)
+€x13(To, T, T2) + O(e*)

Py(t) = ex21(To, Ty, To) + €2x22(To, T, T2)
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+x23(To, T, T2) + O(eh), 3.1)

where € is a dimensionless small positive number. Sub-
sequently, the derivative terms with respect to ¢ can be
defined in terms of new time scales as:

d 9 dTly 0 dT a dI

dr — 9Ty dr ' 9Ty dr 9Ty dr

= (D() +eD| + €2D2)
d2 d\? ) 2
== (E) - (Do+eD1 te Dz)
- (Dg +2eDoDy + €2D? + 262D0D2)
YHOT (3.2)

Rescaling the damping and forcing terms with different
powers of € as

ni=eti, su=esi, V(1) = € Vi cos(21),

(3.3)
substituting the assumed solution from Egs. (3.1) to
(3.3) in Eqgs. (2.17) and (2.18), and by comparing dif-
ferent powers of € up to third order, we get the following
three sets of equations as

0(eh
— D(%xll +)\%xll +1gx21 =0
Dgle +)L%x21 +sgx11 =0 (3.4
0(e?)

— D%xlz + A%xlz + 18x20 = —2DgD1x11
—t11 Dox11 — X — taxiixa)
—t7x%1 — 9011 COS(wyct) — 110N12 COS(Wyct)
D(%xzz + k%Xzz + sgx12 = —2DgD1x21
—s11Dox21 — 52x221 — $4X11X21
—$7X7| — 59721 COS(Wact)
—s10(n11 + N12) cos(wact) (3.5)

0()

— D§x13 + )\%XB + tgx23 = —111(Dox12 + D1x11)

—2DyD1x12 + D%xu +2DgDyx11)
—t1x131 — 20 X11X12 — t3x11x221

—t4(x11Xx22 + X12X21)
—15711 COS(Wact)X11 — 16112 COS(Wacl)X11
—2t7x21X22
D§x23 + k§x23 + s8x13 = —s11(Dox22 + Dix21)
—(2DoD1x2 + D}xz1 +2DoDaxay)
—sleI — 2857X01%20 — S3x21x121

—s4(x11x22 + X12X21)

@ Springer

—S5121 COS(Wact)X21
—s6(1M11 + N12) COS(@act)X21
—257X11X12 (3.6)

where 111 = 2Vi9Vae, 112 = 2V12Vac and 521 =
2Vig Vac.

3.1 Solution of 1st-order equation

Solutions x11 and x3 for the two homogeneous second-
order coupled equations given by Eq. (3.4) can be writ-
ten as

x11 = A(T1, T2)e' ' 4+ Ay (Ty, Tr)e 270
+ AL(Ty, T)e "1 T0 4 A5 (Ty, Ty)e 270
x21 = ki A(T1, T2)e'' 10 + ka Ay (Ty, To)e 2T
+ k1A (T, T)e "1 T0 4 ky Ay (Ty, To)e 270
(3.7)

where w; and w, are the coupled natural frequencies of
the system in two orthogonal directions obtained from
linear analysis. Substituting the assumed form of the
solution from Eq. (3.7) into Eq. (3.4), we get

I:()\% — a)%) + tgkl] Ale‘iwlT0
+ I:()n% — w%) + l‘gkz] Aze‘iszO =0
[(k% — w%) ki + Sg] ApelrtTo
+ [(/\5 - wg) ka + ss] Agel2To — . (3.8)

Equating the coefficients of different terms on both
sides of Eq. (3.8), we get

(33— o) + k1 =0,

(A% — w%) +15ky = 0, (3.9)
(A% - w%) ki + 53 =0,
(33— 03) k55 =0. (3.10)

On solving Eqgs. (3.9) and (3.10) for k; and k,, we get
the solvability condition as

b= ()= (55)
n — - )
13 a),%—k%

where n = 1 and 2.

@3.11)
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3.2 Solution of 2nd-order equation

To obtain the solution of Eq. (3.5), we substitute
Eq. (3.7) into it and eliminate the secular terms. Taking
the detuning parameters o1 and o, as

(3.12)

and substituting x1; and x2; from Eq. (3.7) into
Eq. (3.5), we get

2 =w) +€01, wy=w +€o0r.

D(2)x12 + k%xlz + 13x22

= —2i (w1 D1 A1 0 + @y Dy Aye'2T0)
— it (Ala)lei“’lTO + Aga)zeiszo)
— 1 (ATeH 1T + A Ay
+ AZeH 210 4 Ay Ay + 241 Ayl me)To
+2A1 Age! @1 FOIT0) gy (ATky e 1 To
+ AjArky + Adkpe® 20 4 Ay Asky
+ A1 As (kg + ko) @1 —@2)To
+ A1A2(k1 + kz)ei(w1+w2)T°)
— t7(kf ATeH 1 T0 4+ k1AL Ay
+ k3 A%e? 210 L 12 AQ Ay + 2kika Ay
% Azei(whwz)To + 2k1k2A1Azei(‘“'+w2)To)

19 < 110 <
+ E')uelw“% - 7’7126”‘)“% +cc

D(2)x22 + )»%xzz + s8X12

= —2i(w1k1 D1 A1 10 + kywy Dy Aze2™0)
— iSll(klAla)leiw'To + szza)zeiszo)
— 5 (kle?eZiwlTo + klelA_l + kgA%em'szo
+k3ArA,
+2k1k2A1A-2ei(w1*w2)T()
+ 2k1k2A1A2€i(w1+w2)To) — 54 (A%kleziwlTo
+ A1 Atk + Ak 20 1 Ay Agky
+ AlA_z(kl + kz)ei(a)l —w2)Ty
+ A1 As (ki + ko)l @1 te2)To)
—S7(A%82iwlTO +A1A_1 +A%eZiw2TO
+ A2A_2 + 2A1A_28i(w1—w2)T0

. Ky .
+2A1A2el(w1+w2)To) + 59}721610)3CT0

(3.13)

_ 510
2
Assuming the solution of homogeneous form of Eq.
(3.5) as

x1p = Py @70 4 Pel@2T0 4 e,

(1 + ﬂlz)eiwaCTU + cc. (3.14)

X2y = Paye! 10 4 pyyei2To 4 e (3.15)

and substituting it in Egs. (3.13) and (3.14), and elim-
inating the secular terms, we get

()‘% - w%) PlleiwlT0 + ()\% — w%)Plzeiszo

+ tg(leeiwlTo + P22eiw2T0) — RlleiwlTO

+ Rpe'2To (3.16)
(A% — w%) Pyet@rTo (A% - w%)Pzzeiszo

+ 53 (Pr1e" 0 4 Ppae!210) = Ryj e 110

+ Ryl @270, (3.17)

The above equations can also be written in the matrix
form as

Lt ] = L]

where n = 1 and 2, Ry,, and R, are the coefficients of
¢'1To and /270 appearing in Eqs. (3.13) and (3.14) as

Ry = 2iwD1A] — 2ia)2D1A2€iJ2T1

—i1Alw; — itllAza)zeiUzT'

B (t97711 +t]0n12)ei01T1
2
Ry = —2iw;DiA1e™ 2T —2iwy D1 Ay

— it11A1a)1€_sz1 —it11Arwn

B (t9n11 + t107712)e,~(m_02)T1
2
Ry = —2iwiki D1 Ay — 2ikowy Dy Are' ™11
—isitkiAw) — is11kyAsape' T
B (S97721 + 5100711 + an))eim T
2
Ry = —2iwiky D1 Are Tt — 2iwyky Dy Ay
— isllklAla)le_iJQTl —isi1kaArwn
B (S9n21 + s10(n11 + 7712))6,-(,,1_62)71.
2

(3.18)
Solving Egs. (3.16) and (3.17), and using Eq. (3.11),

we get the solvability conditions in terms of Rj, and
R», as
13
(33 — o)

18 -
= _(_)knRZn = _k}’lRZVh
58

Rln R2n

(3.19)

where k, = (é—i)k,,. Forn = 1 and k; = (%)kl, the
solvability condition Rj + k1 Ry1 = 0 reduces to

@ Springer



1278

P. N. Kambali, A. K. Pandey

—2iwi(1 + kik) D1 A1 — 2iwr(1 + kokp) Dy Aget @™
=iw A (11 + s11kik)
+iwyAx(try + s11kaky)e' 2T
n (t97711 + tion12 + kisomar + kisio(nin + 7712))

2

io1 Ty

(3.20)

xXe

Similarly, for n =2 and k = (é—i)kz, the solvability
condition Ri2 + k» Ry> = 0 can be written as
—2iwi (1 + kik) D1 A1e Tt — 2iwy (1 + kokz) D1 Az
=iwpAy x (t11 + s11kaka) +iw Ay (t
+s11kik)e o2
n (197711 + tion12 + k_2S97721+k_2S1o(7711+7712))

2

% 61(01 —02)Ti )

(3.21)

Solving Egs. (3.20) and (3.21), simultaneously, we find
the expressions for D1 A and D1 A; as:

B1A| + BzAzeiGle + iB3eialT1

DA =
141 Ba
B<A BeAe—io2T | B-et(01—02)T
DAy = 5A2 + BeAte + 1 B7e
Bg
(3.22)
where B, Ba, ..., Bg are defined in “Appendix 2.”

Now, substituting D1 A1 and D1 A; from Eq. (3.22) into
the second-order Eqgs. (3.13) and (3.14), we obtain the
complete solution for second-order equations as
x12 = A3(Ty, To)e' 10 + Ay(Ty, Tr)e' 20
+c11 AT e A Ay 4 c13 A% 2 T0
+c14A2Ay 4 c15 A1 Agel @1 To
+ Cl6A1A2€i(w1+w2)To + cc
x22 = ki A3(T1, T0)e" 0 + ky Au(Ty, To)e' 210
+ C21A%€2iw1TO + C22A1A_1 + Cz3A%€2iw2T0
+ 624A2A_2 + C25A1A_26i(wl_w2)T0
+ oA Age! @1TODT0 4 e (3.23)

On substituting Eq. (3.23) in Egs. (3.13) and (3.14),

and comparing the coefficients of same terms on both

side of the resulting equations, we obtain the following

equations in terms of coefficients ¢;;.

Coefficients of ATe? @170

— 461160% + C]])»% + t3cy1 = —t) — taky — l‘7k12

—46‘2160% + 6‘21)»% + sgc11 = —87 — sS4k — S2k%
(3.24)
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Coefficients of AjA;:

)\.%012 + tgcop = —21p — 24k — 2t7k%

A5con + sgeia = —257 — 2s4ky — 2s0k3 (3.25)
Coefficients of A%ezi“’ﬂo:

— 4c13w§ + Clgk% +t3cr3 = —tp — taky — t7k%
—4c23w% + C23)L% + sgc13 = —87 — Sakp — Szk%
(3.26)

Coefficients of Ay As:

Mg + 13cog = =210 — 2t4ky — 2t7k3

A5co4 + sgcia = —257 — 2s4ky — 2s0k3 (3.27)

Coefficients of AjAyel @ —@2)7To.

—c15(w1 — w2)? + A3eis + 13eas
= =2t — ta(k1 + ko) — 2t7k1k2
—ca5(w) — wn)* + )»%Czs + sgcis

= —2S7 — S4(k1 + kz) — 2S2k1k2 (3.28)

Coefficients of AjAjye!(@1+®2)To.

—c16(w1 + w2)? + Mcie + e
= 2ty — ty(k1 + ko) — 2t7k1ky
— ca6(@1 + w2)? + AJeae + sscie

= —2s57 — sa(k1 + ko) — 2s0k1ko (3.29)

Solving above equations simultaneously, the coeffi-
cients ¢;; are obtained which are givenin “Appendix 2.”

3.3 Solution of 3rd-order equation

Substituting Egs. (3.7) and (3.23) into Eq. (3.6), using

2 = w| + €01, w3 = w] + €0, and separating the

secular terms similar to previous section, we obtain the

following equations:

Ri1 = —2iw1(D1A3 + DrAy) — D12A1 — 1 D1A;
— [2iw2(D1As + Dy Ar) + DA,
+111 D1 A2 T — it w1 As
— it11a)2A4ei02T1 — gnA%Aze_ingl
— g12A3 A2 T — g3A A A1/

— g1uAA 1T — g15ATA,
— 81641424, (3.30)

Ri2 = —2iwn(D1As + DyAs) — D3 Ay — 111 D1 As
— [2iw1(D1As + D2 Ay) + D} A,
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—t11 D1 AyJe™ 0 + f3A1ArAre™ 2T 4 £ A2 Ay e
. . _i Z 25 z T
—itjiwrAg — it w1 Aze io2Th + f5A5A2 + feA1A1Az, (3.35)

— fu1A3A 12T — fia AT A eI

— fi3A1AzAre™ 2T — f14 AT Ayem @21

— fisA3A2 — fisAr2A1A, (3.31)
Ry1 = —2iw1k1(D1A3 + DyAy)

— ki D?A; — s11ki D1 A,

— [2ikowa(D1 A4 + D2A2)

+ k2D Ay + kosi1 Dy Az )€l

—ispkiwi Az — is1 kawrAgel T
— g1 A}Ajem T
- (8221‘\%2 + 823A2A1A1) e h
— g24A3A 57T

— 825ATA| — g26A1 A2 A,
Ry = —2ikywr(D1Agq + D2As) — ky D3 Ay

—s11k2D1Az

— [2ik1w1(D1A3 + D2 A1) + k1 DT A

+s11ky Dy Ay Je 2N

(3.32)

—ikosiiwrAg — ik1S11a)1A3eiidzT'

— f1A3A1 2T — AT A eI

— f3A1A2Are 2T — £, AT Ayem 22T

— fr5sA3As — freArA1 Ay (3.33)
where g,1,...,8n6 and fy1,..., fue for n = 1 and
2 are given in “Appendix 2.” Substituting the above

equations in solvability condition given by Eq. (3.19),
we get the following two conditions

—2iw; B11(D1As + DyAy) — Bii DAy — Bi3D1 Ay
— [2iw2B12(D1As + D2 A7)
+ B12D{ Ay + BisDy Az ]!
= iw) B13A3 + iwy BiaAge’ M
+ g1AzATe 2T
+ 62443621 4 g3 A A A /2T
+ 8 AZA 12T 4 gSATA,
+86A1A2A, (3.34)
—2iwyG12(D1Ag + D2Ar) — G1aD} Ay — G13D1 Ay
—[2i01G11(D1As + D2AY) + G11 DT Ay
+GiaDyAgJe 2N
= i G13A4 +iw GraAze T
+ fiA1 AT 4 f Ay ATeio2Th

where g, = g1n + k1824, fu = fin + k2 f24, and the
coefficients By, Bi2, Bi3, Bia, G11, G12, G13, G14,
finand g1, forn = 1, ..., 6 are mentioned in “Appen-
dix 2.”

Now, by following the procedure as mentioned in
[16,27], we find A3 and A4 so as to eliminate DfAl
and D%Az from Eqgs. (3.34) and (3.35). Such conditions
lead to the following equations:

Di[2iw1 A3 + D1A1] =0

= [Riw1 Az + D1A1] = h11(T2),
D1[2iwpAs + D1A2] =0

= [2iwyAs + D1 Az] = h12(T2); (3.36)
However, it is evident from Eq. (3.22) that D1 A and
D1 A, are implicit functions of slow time scale 75.
Thus, we take h11(72) = h12(T>) =0. Now, using Eqgs.
(3.22) and (3.36), the expressions for Az and A4 can
be written as:

i B i B :
Az = ——L Ay —2 ApelorTi
2w By 2w By
_ B3 eilel
2w By
Ay = iBs iBg Aleii@T'
2w» Bg 2wy Bg
— By o)1 (3.37)
2wy By

Using Eq. (3.37) in Egs. (3.34) and (3.35), we can find
the values for Dy A1 and D, A; by solving the following
equations:

—2iw1B11DyA| — 2iw2312D2A2ei"2T1
= Bi3D1A| + Bi4D1A2¢!®T + jw B3 A3
+ i BigAge’ T 4+ g1 Ay Adeio2Th
+ g_zA_zA%eingl + g_3A1A2A_1ei“2T'
+ g4A3A 1T 4 G ATA| + g6A1ArAr
(3.38)
—21'(1)1G11DzAle_iUzTl —2iwrG1pDrAy
= G13D1As + G1aD1Are 2T 4 iwyGi3As
+iwGqAze 2T
+f1A_1A%esz‘ + sz}A%e—mm
+ f3A1A2Are” 2T 4 f4A%14_2e_2i(’2T1
+ fsA3 A2 + foA1 Al As. (3.39)

The expressions for Dy A; and D> A; can be obtained
as
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i

DyA| =
2w1(B11G12 — B12G 1)
x [(314G12 — B12G13) Dy Aye' 2T
+(B13G12 — B12G14)D1A| +iw(B13G12
— B12G14)A3 +iwy(B1aG12
— B12G13)A4e' 2T + GG — BIZFemQTI],

i
DyAy =

2w3(B12G11 — B11G12)

X [(314G11 — B11G13)D1 Ay + (B13G1g
— B11G14)D1A1e 2T iwy(B14G
— B11G13)A4 +iw1(B13G1]

— B11G14)Aze” 2T

+G1]Ge_i02Tl — B]]F] (3.40)
where F and G are given in the “Appendix 2.” To get
the final solution, we apply the method of reconstitution
[16,27] and write modulation in the following form

dA; )
TZGDlAl—i-E DyAy +---
T = €D1A2 + € D2A2 + e (341)

Substituting the values of DjA; and DjA; from
Eq. (3.22), D2 A and D> A; from Eq. (3.40), and A3
and A4 from Eq. (3.37) into Eq. (3.41), and setting
€ = 1 such that To = T1 = T, = t, we get the recon-
stituted modulation equations as

(B13G12 — G14B12) }
4601(311G12 — GnBn)

A] =|:1+i

B3
A1+ Azelazt+l lalt:|
|:B4 By By
4 [ (B14G12 — G13B12)
L 4w1(B11G12 — G11B12) |
x eiazt BSA + &Ale—wzl —{-i&ei(gl_@)t
Bg Bg
4 (G12G — Bleemzt)
l 9
| 2w1(B11G12 — G11B12) |
Ay = |: (B13G11 — G14B11) ]em,
4wy (B12G11 — G12B11)
B, B> B3
A A ioat lalt
[34 1+ et +i— B4 ]
(314011 — G13Bn) }
4wy (B12G11 — G12B11)

(3.42)

+|:1+i
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Bs Bg _ B
A —A iopt l(o‘| —o)t
|:Bg 2+ e +i— Bs

[ (GnGe_”’zt — Bi1F) :|
2w2(B12G11 — G2Bi1) |
To express the modulation equations in polar form, we
rewrite A; and A, as:

(3.43)

1 8
A, = Eane non=1,2. (3.44)
Here, a,, and B, are real functions of time #; hence, Al

and A, can be written as

| . . .
Al = Ealelﬂl = Al = ((ilelm + ialﬁlelﬂl

| — N —

1 . . . L
Ay = Eazelﬂz = Ar) = (dzelﬁz + iazﬂzelﬁz) .

(3.45)

Substituting Eq. (3.45) into Eqgs. (3.42) and (3.43), we
get

1 . .
5 (a‘le’ﬁl +ia1ﬁ1e’ﬁl) = (1+ihn)
X [/’lzzaleiﬂl + h33a26i('32+02t) + ih44em't]

+ ih55ei02t[h66a2ei/32 + h77alei(ﬁl—02t)
+i/’lggei(“‘7(’2>t] + ihoy I:g‘la%azei(zﬂl —pBr—02t)
+ gra3 el Pt o gra2 gy i (Prtorl)

+ Graradel CRPAmD L g 3B g o2 ezﬂl}

—thOIO[flala ol (2021=B1+2p2) +f2a 3,ip1
+f3a1a§eiﬁ‘ + f4a12a26i(2/31—/32—021)

+f5a 3ol (P2t021) + féa azel(ﬁ2+021)i| (3.46)

% (dzeiﬁ2 + iazﬁzeiﬂz) = (1+ily)
x [Inaze’™ + Lyzai e 1= 4 jlyuel@—021]
+ il55e_i"2’[166a1eiﬁl +l77a2ei(ﬂ2+"2t)+ilggei""]
+ilgg [gla%azei(zﬁl‘ﬁZ—zng) + gradeP

2 ,i(2B2—PB1+o2t)

+g_3afazei’32 + gsaiaze

_}_g-sa%ei(ﬁl—ozt) + g‘6a1a§ei(/31—021)i|

—ilio10 |:f1a1a§g"(021—/31+2ﬂ2)

+f2a 3 i (B1—020) +f3a1azel(ﬁ‘ D)
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+f4a]2a26i(2ﬁ1—ﬁz—202t) + f5a§eiﬁz

+ féafazeiﬂz] (3.47)
where hi11, hop, ..., hio10 and 11, [0, ..., L1010 are
given in “Appendix 2.” Finally, we convert the above
non-autonomous equations into autonomous forms by
defining two new variables and their corresponding
time derivative terms as

01 = (o1t — B1), th = (01 — o)t — B2,
6 =@01—PB1). Gh=(01—0)—f2
Substituting Eq. (3.48) into Egs. (3.46) and (3.47), and

separating the real and imaginary parts, we get the fol-
lowing form of modulation equations

(3.48)

dy = hpay + hzap cos(0) — 6;)
— hygsin(6y) + hi[—h3az sin(0; — 62)
—hycos(01)] + hs[—heas sin(0; — 62)
—hg cos(61)]
+ ho [g‘la%az sin(@) — 62) — g2ad sin(@
—60y) — gzajarsin(6) — 62)
—gsada; sin2(6) — 92)]
—ho [—f] a2ay sin2(6) — 6;)
+ faatay sin(0) — 6p) — fsaj sin(0) — 6,)
— Foa2ay sin (6] — 92)] (3.49)
d16) = ajoy — hzay sin(6; — 6)
— hgcos(01) — h[haa; + hzap cos(6;
—02) — hy4sin(61)] — hs[heaz cos(61 — 62)
+h7a; — hgsin(61)]
— hog [g]a%az cos(f; — 6h) + g_zag cos(6;
—0) + g3ajaz cos(0) — 62) + guazar
x c082(0) — 62) + gsa> + géalag]
+hio [ﬂa%al cos2(6) — ) + frai
—+ f_3a1a§ —+ .f4a12a2 cos(01 — 6h)
+fsaz cos(@) — 62) + featas cos (6 — 92)]
(3.50)
dy = lhay + [za; cos(0) — 6r) — 14 sin(6;)
+l[l3a1 sin(0; — 62) — 14 cos(62)]
+Islleay sin(0; — 62) — Ig cos(62)]

+1y [g1atar sin2(6) — ) — Gaadar
x sin(@) — 62) + gsaiay sin(6; — 62)
+g6a3ay sin () — 92)] —lo [_fla%al
x sin (6 — 62) + foas sin(0) — 6,)
+ fra1a3 sin(6) — 6,)
+ faatar sin2(6) — 6) |

dr0) = ar(o1 — 02) + l3a; sin(6; — 6»)
—lgcos(6h) — l1[lray + [3a; cos(B1 — 67)

— lg sin(62)]
— I5[lgai cos(0) — 6r) + l7ar — Ig sin(6»)]

A [g‘la%az cos 2(6) — 62)

(3.51)

+ 2203 + g3azai + gaazay cos(0) — )

+g_5a% cos(6y — 6r) + g},agal cos(6) — 92)]

+ 110 [f1a§a1 cos (6 — 6»)
+f2a% cos(f1 — 6r) + f3a1a% cos(f; — 62)
+ f_4a12a2 cos2(01 — 6»)

+fsad + f6a2a12] (3.52)

where hy, ha, ..., hjpandly, I, ..., o are given in

“Appendix 2.”

To obtain the equilibrium solution, we set time deriv-
ative terms to zero in Egs. (3.49)—(3.52) and solve the
resulting equations. Finally, the response of the beam
up to second term can be written using Egs. (3.1), (3.7),
(3.23) and (3.44),and € = 1 as:

Pi(t) = x11 +x12
A1
- 1+ZT ap cos(wit + B1)

LA
+(1+ i )a cos(wat + B2)
+ Aqz cos[(w) + 01)t]
1
—|—§C116112 cos2(w1t + B1)

1 1
+ Eclzaf + §c13a% cos 2(wat + Bo)

! 2+_1
+ —craa clsaya
144y ) 154142
X cosZ[(a)l—a)z)t—i—,Bl—[b]

1
+ 5C16a1a2 COS 2[(w1 + w2)t + 1 + B2l
(3.53)
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A
Py(t) = x21 +x22 = kl(l + z%)

LA
x aycos(wit + B1) +ka| 1 + 17
X ap cos(wat + B2)

1
+ Ag cos[(wr + o1)t] + 56216!12

1 1
X cos2(wit + B1) + zczza% + Ecz3a§

1
X cos2(wat + B2) + 56‘2461%
1
+ §C25a1a2 cos2[(w1 — wo)t

1
+B1— B2l + 526012

x co82[(w1 + w)t + B1 + 2] (3.54)

where the terms Aq;, Aj2, Aj3 and A4 are defined
as:

By Bg
Ay = + ,
lwi1Bs  wyBg |
- B, Bs T
A = ,
| w1Bs  wyBg |
- B B
Az = -
lw1By w2 Bs |
i B B
A = [k — fhp—|. (3.55)
w1 By wy Bg

4 Results and discussion

In this section, we first study the linear frequency varia-
tion of in-plane and out-of-plane modes of a microbeam
to locate the coupling region. Subsequently, we validate
the modulation equations developed by the method of
multiple scales with numerical solution obtained by
solving the modal dynamic equations. Finally, we use
the method of multiple scale to study coupled nonlin-
ear response near and away from the coupling region.
Additionally, we also analyze the influence of qual-
ity factor on the nonlinear frequency response near the
coupled region. To do the study, we consider the dimen-
sions, material properties and electrostatic force coef-
ficients in a fixed—fixed microbeam as mentioned in [2]
and are given in Table 1.
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Table 1 Dimensions, material properties and the electrostatic
force coefficients in a fixed—fixed microbeam [2]

Quantity Symbol Fixed—fixed beam
Length L 500 pm

Width B 4 pm

Height H 200 nm

Side gap 20, 81 4.5,7 pm
Bottom gap d 500 pm

Young’s modulus E 2.58 x 1010 N/m?
Initial tension No 38.336 uN
Density P 3227.4 kg/m?
Electric constant €0 8.854 x 1072 F/m
Fringing coefficients ki, ko, k3 0.945,2.6,1.3

4.1 Linear frequency analysis

To analyze the variation of linear frequency of two
transverse modes of a fixed—fixed microbeam, we
numerically solve the nonlinear static equations (given
in “Appendix 17) and linear modal dynamic equa-
tions given by Egs. (2.19) and (2.20) as described in
[2]. Subsequently, we obtain linear frequencies cor-
responding to both the modes from Eq. (2.21). Fig-
ure 2a, b shows the variation of static deflection verses
DC voltage for in-plane and out-plane modes with
a pull-in voltage of about V4. = 199 V. Figure 2c
shows the variation of in-plane and out-of-plane lin-
ear frequencies verses DC voltage and their com-
parison with experiments from [2]. As the DC volt-
age is varied from O to 90 V, the in-plane frequency
decreases due to electrostatic softening effect and
the out-of-plane frequency increases due to stretch-
ing of the beam in the in-plane direction. Conse-
quently, the two frequencies come near to each other,
and they, eventually, show 1:1 internal resonance at
DC voltage of 81 V. We define this point as cou-
pling point or region. It also shows the variation in-
plane and out-of-plane frequencies with DC voltage
for equal interbeam gaps (g0 = go = 4.5 wm) with
no coupling. In the following section, we apply the
method of multiple scales to find nonlinear frequency
response near the coupling region. We also compare
the nonlinear response of different modes when the
operating linear frequencies are below the coupling
range.
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I-in plane mode, O-out of plane mode
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Fig. 2 a Variation of static deflection ¢; verses DC voltage for
in-plane mode. b Variation of static deflection ¢, verses DC
voltage for out-of-plane mode. ¢ Variation of in-plane and out-
of-plane frequencies with DC voltage for equal interbeam gaps

100 150 200
DC voltage

0
136 137 138 139 140 141 142 143 144
Frequency [KHZ]

(g0 = go = 4.5 pm) and unequal interbeam gaps (go = 4.5 um,
g1 = 7 pm) and their comparison with experimental results [2].
It also shows 1:1 internal resonance at V4. = 81 V

Fig. 3 a Uncoupled = Num(Forward sweep)© Num(Backward sweep)— MMS(Forward sweep) —— MMS(Backward sweep)
2 4 3
frequgncy verses x10 X10
showing parametric 2 T T " ' (b)
response for in-plane mode. &i gg;z (a)
b Uncoupled nonlinear OC 16 P
Q 4 =
frequ?ncy verses .-
showing duffing response .
for out-of-plane mode. ®©
Here, LP denotes limit point
O P L o AP . O 1 1 1 1 1 1 1 1
0992  099% 1 1.004 1.008
0.999999 1

Qlw,

4.2 Nonlinear response of uncoupled in-plane and
out-of-plane modes

At very low DC voltage, the linear frequencies of in-
plane and out-of-plane modes do not show any coupling
region. To find the nonlinear response of uncoupled
modes much below the coupling region, we neglect the
coupling terms from Eqgs. (2.17) and (2.18) and solve
the governing equations of each modes, separately. To
solve the nonlinear dynamic equation, we consider only
the dynamic component as the static deflection is neg-
ligible at low DC voltage. Subsequently, the method
of multiple scales can be used to obtain the mod-
ulation equations for each modes, separately. While
the nonlinear response of in-plane mode turns out to
be purely parametric, the nonlinear response of out-
of-plane mode shows Duffing-like response under the
influence of direct and parametric forces [14]. Figure 3
shows uncoupled nonlinear frequency verses a% show-
ing parametric response for in-plane mode in Fig. 3a

Qlw,

when Ve =0.07V, Vge =0.05Vand Q1 =5 x 10°.
Figure 3b shows uncoupled nonlinear response verses
w% for the out-of-plane mode when V,c =5V, Vg = 2

Vand Q| = 5x 10°. The values of AC and DC voltages
are selected to show bi-stability region in the nonlin-
ear response. Now, we present coupled nonlinear fre-
quency response of two modes near the coupling region
using the methods of multiple scales presented in the
theoretical section.

4.3 Validation of MMS solution near coupling region

To validate the solutions obtained by solving the mod-
ulation Eqgs. (3.49), (3.50), (3.51) and (3.52) from the
method of multiple scales (MMS) near the coupling
region, we solve the original modal dynamic Eqgs. (2.17)
and (2.18) using the Runge—Kutta method. To com-
pare the results, we convert a1 and ap appearing in the
modulation equations to equivalent expression of Py (f)
and P(t) as given by Eqgs. (3.53) and (3.54). Thus,
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* Num(Forward sweep) © Num(Backward sweep) — MMS(ForV\gard sweep) — MMS(Backward sweep)
0.09 o x10
0.08f We=81V (a) Vo= 81V (b)
Voo™ 0.05V =005V
0.07 o 15| Ve
0.06} &= ° “q=sxid
é 0.05 Qy=2x 10 x Qy=2x 16
g 5,=-0.0858 g€ 1| o,=-0.0858
0.04 aw
0.03
0.02 0.5
0.01
b 9 b
0 0
-04-03-02-01 0 01 02 03 04 -04-03-02-01 0 01 02 03 04
G, Gy

Fig. 4 a Comparison of numerical results with solutions based
on MMS for in-plane mode at coupling point. b Comparison of
numerical results with solutions based on MMS for out-of-plane

mode at coupling point. Here, we take Vygo = 81V, V¢ = 0.05
V, 01 =5 x 10*, 0 =2 x 10%, oy = —0.0858, respectively

—4
0.02 . 8 x 10
Vo= 81V Q, =5x 10 (a) 6 Vae= 81V Q, =sx 16" (b)
_ ~ 6
0.01 4 Vac=005V  Q,=2x 10 e
2
a 0 S o0
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c,=0.1 ©,=-0.0858 -6 0,=0.1 ©,=-0.0858
-0.02 -8
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t

t

Fig. 5 Long time histories at coupling point for Vgc = 81V, Ve = 0.05V, O] =5 x 104, 0r = 2 x 10°, when o7 = 0.1 and

oy = —0.0858
— MMS
0.012
0.01 Vo= 81V (@)
\oc= 0.0009 V
0.008 Q =5x 10°
é Q,=2x 10"
Q- 0006 5,=-0.0858
0.004
0.002
0 |
-0.15 -0.1 -0.05 0 0.05 0.1
GT

Fig. 6 a Comparison of numerical results with solutions based
on MMS for in-plane mode at coupling point. b Comparison of
numerical results with solutions based on MMS for out-of-plane

Pi(t) and P(¢) obtained from MMS are compared
with the solutions obtained from the original equa-
tions. Figure 4a, b shows comparisons between numer-
ical results and the solutions based on MMS for in-
plane and out-of-plane modes near the coupling point
for the parameter values Vg, = 81 V, Vo = 0.05 V,
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~4 * Numerical
x 10

o= 81V (b)
Vo= 0.0008 V

Q =5x 10°

Q,=2x 10

5,=-0.0858

0
-0.15 -0.1 0

mode at coupling point. Here, we take Vy. = 81V, V,c = 0.0009
V,01=5x 105, 0r=2x 108, oy = —0.0858, respectively

Q1 =5x10* 0 =2x10%and 0» = —0.0858. Fig-
ure 5a, b shows the long time histories of the response
for in-plane and out-of-plane modes when o7 = 0.1
and oo = —0.0.0858. The time histories show that
the steady- state response of in-plane and out-of-plane
modes consists of single frequency.
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Fig. 9 Frequency response — MMS (stable soln) .---. MMS (Unstable soln)
for different AC voltages at 0.25 . . . . . 0.09 Ve 81V (b)
coupling point Vc= 0.05,0.06, 0.07, 0.08,0.09, 012, 0.14 V . (a) 0.08 \, - 0.05,0.06,0.07,0.08,008 V
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Similarly, the comparisons between the numeri-
cal results and the solutions based on MMS for
in-plane and out-of-plane modes at coupling point
(Ve 81 V and V,c = 0.0009 V) at different
quality factors Q1 = 5 x 10° and Q; 2 x
108 are shown in Fig. 6a, b. In this case, both in-
plane and out-of-plane frequency response show two
peaks. The long time histories as shown in Fig. 7a,
b for o —0.1 and oy —0.0858 also show
that the steady-state response of both in-plane and
out-of-plane modes consists of two frequencies cor-
responding to two peaks appearing in the response.
Thus, it shows clearly the influence of one mode on
another.

4.4 Nonlinear response near and below the coupling
region

In this section, to show the influence of coupling on
nonlinear response near and below the coupling region,
we analyze the variation of a1 and a; corresponding to
in-plane and out-of-plane modes. For the linear fre-
quency relation below the coupling region at Vg. = 70
V and near the coupling region at Vg, = 81V, we take
Q1 =5x 104, 0y =2x 100, Figure 8a, b shows the fre-
quency response for different AC voltages below cou-
pling point along in-plane and out-of-plane directions.
With the increase in V¢ from 0.04 to 0.06, the response
amplitude increases in both the cases. However, only
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Fig. 10 Frequency
response for different AC
voltages at coupling point
corresponding to a in-plane
mode and b out-of-plane
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single peak is observed in both the cases due to rela-
tively low quality factor. The frequency response for
in-plane motion is found to be linear, whereas out-of-
plane motion shows nonlinear response. By operating
the beam near the coupling region at Vg. = 81V, the
nonlinear coupled response of two modes shows com-
bined effect of parametric and Duffing-like response
when the quality factors remain same as Q1 = 5 x 104,
0, =2 x 10° which are shown in Fig. 9a, b. The
coupling between parametric and duffing response at
coupling point is due to simultaneous parametric and
direct excitation of microbeam by two symmetrically
placed side electrodes and a bottom electrode [14]. It
is also observed that as AC voltage V. is increased
from 0.05 to 0.14 V, the response amplitude and the
bandwidth gradually increase with increasing harden-
ing effect. To see the influence of quality factor on the
nonlinear coupled response near the coupling region,
we take another set of quality factors Q1 = 5 x 10° and
Q> = 2x 108 as shown in Fig. 10a, b. It is observed that
coupled response shows two peaks, thus clearly indicat-
ing the influence of one mode on another. With further
increase in AC voltage, V;c, from 0.0005 to 0.002 V, the
response amplitude of two modes increases gradually
along both directions and frequency response of one
of the two modes becomes nonlinear showing harden-
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ing effect when V. is more than 0.0009 V. Figure 11a,
b shows the frequency response of the in-plane and
out-of-plane directions below the coupling point at DC
voltage Vg. = 79 V when V,c = 0.001V, Q1 = 5x10*
and 0y = 2 x 10°. Similarly, the frequency response
along the in-plane and out-of-plane directions above
the coupling point at a DC voltage of V3. = 83 V
for V,c = 0.006 V and same values of quality factors
is shown in Fig. 12a, b. The results in both the cases
show that the coupled effect reduces drastically as we
go up or below the coupled region.

Finally, we state the tuning of nonlinear frequency
response of two modes near and below the coupling
region by the application of DC voltage and quality
factors. The study presented in this paper can also be
extended to understand the coupling of different modes
of beams in MEMS arrays.

5 Conclusion

In this paper, we have developed a theoretical model
for in-plane and out-of-plane motions of a fixed—fixed
microbeam separated from two symmetrically placed
side electrodes and a bottom electrode. Using the elec-
trostatic force model based on the direct and fringing
forces, we obtain the partial differential equations gov-
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Fig. 12 Frequency — MMS (stable soln) - MMS (Unstable soln)
response above coupling 0.04
point corresponding to 0.016 v (a) - «» (b)
V= 0.006 V Vb= 0.006 V
a in-plane mode and 0.014 Vd°: oy 0.03 Vige= 83V
b out-of-plane mode. Here, 0.012 0y <5016’ Q =sx 10"
— — .01 ox10°
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erning the nonlinear motion of in-plane and out-of-
plane motions. To do linear and nonlinear analysis, we
obtain the reduced-order form of the equations using
the Galerkin’s method. To analyze the variation of two
modes at different DC voltage, we plot linear frequen-
cies versus DC voltage. We found that the two modes
show coupling at around DC voltage of 81 V. Thus,
we obtain 1:1 internal resonance condition near the
coupling region. To find the nonlinear response near
and below the coupling region, we apply the method
of multiple scales (MMS). After validating the solu-
tion from MMS with numerical solution near the cou-
pling region, we analyze the influence of ac voltage and
quality factor on the nonlinear response at and near the
coupling point. We found that the nonlinear response
below the coupling point shows uncoupled response of
each modes and the response near the coupling region
shows different types of coupled response at different
quality factors.
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Appendix 1

Nonlinear static equations
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+4wPwy + tgsg — wp?

By = (2kat1y — 2 kisi1) w1, — w1t — 6w’
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By = 4w (k1 — ko). +2 w2 t7kiky — 2 A trk1ky
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Cl6N
Cl6 =

Cl6D

2 2
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hy =hy1, hy =2hy, h3=2h33, hy =2hy4,
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