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Abstract The dynamics of a diffusive predator—prey
model with time delay and Michaelis—Menten-type
harvesting subject to Neumann boundary condition is
considered. Turing instability and Hopf bifurcation at
positive equilibrium for the system without delay are
investigated. Time delay-induced instability and Hopf
bifurcation are also discussed. By the theory of normal
form and center manifold, conditions for determining
the bifurcation direction and the stability of bifurcat-
ing periodic solution are derived. Some numerical sim-
ulations are carried out for illustrating the theoretical
results.

Keywords Reaction—diffusion - Delay - Michaelis—
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bifurcation

1 Introduction

Dynamics of predator—prey model is one of impor-
tant subjects in ecology and mathematical ecology,
and many researchers have studied it and derive some
important results [1-9]. Leslie-Gower model [10,11]
is one of the classical predator—prey models. Chen et
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al. [12] discussed the stability/instability of the coex-
istence equilibrium and associated Hopf bifurcation in
a diffusive Leslie-Gower predator—prey model. Aziz-
Alaoui and Okiye [13] studied the boundedness and
global stability in a modified Leslie-Gower predator—
prey model with Holling type II functional response:

(1) = x (1 — byx) — =2
x(t)=x(r — - ,
1 X kLt
(1.1)
(1) =y (r — —22
Y ky + x ’

where x and y represent the population densities of prey
and predator, respectively. All parameters are positive
parameters. r1 and r, are the growth rate of prey and
predator. b represents the competition among individ-
uals of prey. a; and a; are the maximum value which
per capitareduction rate of prey and predator can attain.
k1 is the average saturation rate. In this model, in the
case of prey severe scarcity, predator can switch to other
foods denoted as k».

Considering time delay in the negative feedback of
the predator’s density, Nindjina et al. [14] investigated
the following model:

) apxy
x(t) =x(r1 —bix) — P

. ay(t —1) (1.2)
0= (n- 5 ¥es):

In [14], Nindjina et al. discussed the global stability of
the positive equilibrium by constructing a Lyapunov
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function. In [15], Yafia et al. investigated the Hopf
bifurcations at the positive equilibrium.

For economic reasons, human needs to exploit bio-
logical resources and harvest some biological species,
such as in fishery, forestry and wildlife management.
Therefore, it is necessary to study the suitable popu-
lation model with harvesting. Many researchers have
studied system (1.2) with different types of harvesting,
constant harvesting [16], linear harvesting[17], non-
selective harvesting [18] and so on. Among these types
of harvesting, Yuan et al. [19] suggest that Michaelis—
Menten-type prey harvesting is more realistic than
other types of harvesting from biological and economic
points of view. They studied the following model:

E
B =x(r —byx) — 2 92
ki +x miE+myx (1.3)
o) = y (ry - 22D '
Y=\ e xi—-0)

All parameters are positive. g represents the catch abil-
ity, E is the effort applied to harvest prey, and m and
my are suitable constants. In [19], Yuan et al. assume
that the environment provides the same protection to
both the predator and prey (k1 = k3), and discuss the

ou(x,t)
at

_avg;,z) = D)Av+v (rz -
ux(x’ t) = Ux(xa t) - 07
u(x,0) = uo(x,0) >0,

ajuv

=DiAu+u(ri —bu(t —1)) — e —m

av
k+u )

v(x,0) =vo(x,0) =0,

qgEu
1E4+mou’

fusion appears to be more reasonable. In mathemat-
ics, predator—prey with diffusion will exhibit complex
dynamical properties. Many researchers have shown
that the diffusion coefficients may induce Turing insta-
bility and spatially non-homogeneous bifurcating peri-
odic solution [20-23]. Hence, taking into account dif-
fusion appears to be more reasonable and interesting. In
this manuscript, we suppose the region prey and preda-
tor lived is closed and no species (prey or predator)
entering and leaving region at the boundary. Therefor,
we choose Neumann boundary condition. On the other
hand, time delay plays an important role in many bio-
logical dynamical systems, being particularly relevant
into predator—prey models [24-27]. In predator—prey
models, time delay exists in maturation time, captur-
ing time, gestation time or others. Many scholars have
devote to investigating delayed predator—prey models
and suggest that time delay contributes critically to the
stable or unstable outcome of prey and predator’s densi-
ties. Time delay may induce bifurcating periodic solu-
tion, and prey and predator’s densities exhibit oscilla-
tory behavior. Different from works in [19], we intro-
duce time delay in the resource limitation of the prey
which is one of important aspects [25-27]. Based on
these reasons, we investigate the following system:

xe,t>0

x€d, t>0
xeR,0 e[—r1,0].

1.4)

stability of the equilibria and obtained the critical con-
ditions for the saddle-node-Hopf bifurcation.

In the real world, predators and their preys distrib-
ute inhomogeneous in different spatial location at time
t. And they will move or diffuse to areas with smaller
population concentration or more food to get a good
living environment. Hence, taking into account dif-

ou(x,t h
w D) auu (1 - -y — 20

Jat m+u c+u
ov(x,t

v )=d2Av+sv(l— pu ),

ot m-+u

Up(x,1) = ve(x,t) =0,

u(x,0) =up(x,0) >0, v(x,0)=vp(x,0) >0,

For simplicity, we also assume k; = ko = k. After

the following nondimensionalization: u = Z—llﬁ, v =
Ly - L — D — D — 1
a1blv’t - r]’dl - rladz - r17a - rlvlg -
_ay kby o _ g _ 94EbL . _ mEb
raay’ r Y T o T iy T T man and

drop the tilde, system (1.1) can be changed to

)

xe,t>0

x€d, t>0
xeR,0el[—r1,0].

(1.5)
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In this paper, we assume Q2 = (0, [7),! > 0.

The organization of this paper is as follows. In
Sect. 2, we study the dynamics of non-delay system,
including stability, Turing instability and existence of
Hopf bifurcation at positive equilibrium. In Sect. 3, we
study the effect of delay on the model including sta-
bility and Hopf bifurcation at positive equilibrium. In
Sect. 4, we give some numerical simulations. Finally,
we end the paper with a brief conclusion in Sect. 5.

2 The effect of diffusion on the non-delay model

Without delay, system (1.5) becomes
d h
—u=d1Au+u(1—u— @ )
dat m+u c+u
0
_U:dzAv—i—sv(l— pu )
ot m+u

In [19], Yuan et al. have discussed the existence of
trivial and positive equilibria. For convenience, in this
paper we assume system (2.1) has a positive equilib-
rium and denote as E (i4, V).

(2.1)

2.1 Local stability analysis of the model without
diffusion

For system (2.1) without diffusion, the Jacobian matrix
at E,(uy, vy) 18

a1 a
"(s/ﬁ —s)’

where
( h n oV 1)
ar=1u —-1),
TNt un? T it u?
ol
= — . 2.2
az . (2.2)

Obviously, ap < 0. The characteristic equation corre-
sponding to E (u, vy) is

22— a) —s) —s(a1 +ax/B) = 0. (2.3)

Makeing the following hypotheses:
(Hy) ar+a/B <O.

Theorem 2.1 Suppose (Hy) holds. Then for system
(2.1) without diffusion, the following statements are
true.

(i) If a1 <0, for s > 0 the equilibrium E,(uy, vy) is
local asymptotically stable;

(ii) Ifa; > O, for s > ay the equilibrium E,(uy, vy) is
local asymptotically stable;

(iii) If a1 > O, the system undergoes Hopf bifurcation
at E,(uy, ve) when s = ay.

Proof Obviously, the roots of Eq. (2.3) are given by

1
A2 =5 [(a1 —s) £ \/(a1 — )% +4s(a +a2//3)] .

Under condition (i) (or (ii)), a; — s < 0 holds; then,
the roots of Eq. (2.3) have negative real parts. There-
fore, the equilibrium E (u., vy) is local asymptotically
stable.

When s = aj, Eq. (2.3) has a pair of pure imaginary
roots £+/—4s(a; + az/B). Meanwhile, when s near
ay, Eq. (2.3) has a pair of complex eigenvalues «/(s)
iw(s), where

1
a(s) = E(al —5),

1
w(s) = 5\/—4S(a1 +az/B) — (a1 —5)%.
And hence, we have
ala) =0, &' ()|s=a, = —1/2, w(a)) > 0.

Therefore, the system undergoes Hopf bifurcation at
E.(uy, vy) when s = ay.

2.2 Turing instability and Hopf bifurcation

For system (2.1), the characteristic equation at
Ey(uy, vy) 1S
A2 — AT, (s) + Dn(s) =0, n e Ny, (2.4)

where

Tu(s) = — (i +do) 5 +ay — s,
4 2
Dy(s) = didr 7 — (drar — sdy) Iy — s(ai+az2/P),

(2.5)
and the eigenvalues are given by
Ty (s) & /T2(s) — 4D, (s)
o = ZOEVEO =400 oy,
(2.6)
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Obviously, if a; — s < 0, then T;,(s) < Tp(s) < O for
n € Np. Suppose (Hj) holds; then, Do(s) = —s(a; +
ay/B) > 0, and if s > df% also holds, then D, (s) >
Do(s) > 0.

Denote

d
5 = f [_ (2ax/B +a1) F2vaz/B (a2/ B + al)]
@2.7)

— —— [drai —sd
ZF 2d1d2[2a1 sd,

:F\/(dZGI — sd1)? + 4dydys(ar + az/ﬂ)} ,
(2.8)

and

1
o = — |20/ — a1 — 2@ /B (@ /B +an)|.
aj

2.9)

Remark 2.1 Under the hypotheses (Hy), we can obtain

the following relationship about ay, dz% and s+ :

if
if

Lemma 2.1 Suppose (Hy) holds; then, the following
Statements are true.

(i) If fors € (0,s5-) U (54, 00), there existsak € N
such that ];—22 € (z—, z4), then D(s) < O;
(ii) If one of followings holds:

(1) s €(s—,54),
(2) s€(0,s-) U (54, 00), but there are no k € N
2

such that 2 € (z-, 24),

dray

d)
> o, then O<s_<a1<d(21%<s+.

<o,then 0 <a; <s_ < <S4,

(LRI

then Dy (s) > 0 forn € Ny,.
Proof Define

h(z) = 22didy — z(daa) — sdy) — s(a1 + az/B).
(2.10)

If (dyay — sdy)? + 4dydys(a; + a/B) > O that is
s € (0,s-)U(sq, 00), then h(z) = 0 has two roots z.
And if there exists a k € IN such that ];—22 € (z-, z4),
then Di(c) = h (11‘—22) < 0. This completes the proof
of (1).

@ Springer

From the discussion above, we know that D,, (s) > 0
forn =0, 1, 2, ..., under the conditions of (ii). Hence,
the conclusion of (ii) follows.

Theorem 2.2 Suppose (Hy) holds, and o and s_ are
defined by (2.9) and (2.7), respectively. Then for system
(2.1), the following statements are true.

(i) If s > a; and s > df%, then the equilibrium
E.(uy, vy) is asymptotically stable;
(ii) Ifa; < s < dj% and % > o, then the equilib-
rium E,(uy, vy) is asymptotically stable;
(iii) If a; < s < dfi% and % < o, then the equi-
librium E . (uy, vy) is asymptotically stable when
one of the followings holds: (1) s € (s—, dba) );

d
(2) s € (ay, s—), but there does not exista k € N

2
such that ];—2 € (z—, z4),

(iv) Ifa; <s < s— and% < 0, and there existsak €

N such that ];—22 € (z—, z+), then the equilibrium
E.(uy, vy) is Turing unstable;

(v) If a1 > 0, the system (2.1) undergoes a Hopf
bifurcation at Ey(uy, vy) when s = s, for 0 <
n < n*—1, where s, and n* are defined in the fol-
lowing proof. Moreover, the bifurcating periodic
solution is spatially homogeneous when s = s
and spatially non-homogeneous when s = s, for
l<n<n*-1

Proof Obviously, under conditions (i), (ii) or (iii),
T,(s) < 0 and D,(s) > 0 for n € Ny. Then, all
roots of Eq. (2.4) have negative real parts. Therefore,
the equilibrium E. (u., vy) is asymptotically stable.
Under condition (iv), by Lemma (2.1, there exists a
k € N such that D (s) < 0. Then, Eq. (2.4) has a root
18 (s) with positive real parts. Therefore, the equilib-
rium E, (uy, vy) is Turing unstable.

Suppose (Hjp) holds, and a; > 0, from (2.6), we
know that (2.4) has purely imaginary roots if and only
if

2

s =5, = al—’;—z(dl—{—dz), neNy Q2.11)

and D, (s,) > 0. From (2.11), we know that there
exists a integer nT > 1 such that s, > O for n =
0,1,2,...,n7—1,ands, <Oforn =nf,n]+1,...
Substituting s, into D, (s) (see (2.5)) yields
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4
n
Dy (sy) = —d%l—4 + Qayd + az/B (dy + da))

2

n
Xg A (a2/B +a1).

By Do(so) = —aj (az/B +a1) > 0, we know that

there exists an integer n5 > 1 such that D, (s,) > 0

whenn = 0,1,...,n5 — 1, and D,(s,) < 0 when

n > n3. Let n* = min{n}, n}} and
An(8) =0, (s) Liwy(s), n=0,1,...,n* —1
be the roots of Eq. (2.4) satisfying
o (sp) =0, @p(sp) =/ Dn(sn).

Then, when s is near s,

n(s) = TT(S) on(s) =/ Da(s) — a2(s),

and from the definition of 7}, in (2.5), it follows that

1
o, (sn) = -5 < 0. (2.12)

This implies that the transversal condition is satisfied at
eachs,,n =0,1,2,...,n*— 1. Therefore, the system
(2.1) undergoes a Hopf bifurcation at E (u,, v,) when
s=us,,for0 <n<n*-—1.

3 The effect of delay on the system

3.1 Stability analysis and existence of Hopf
bifurcation

In the following, by analyzing the associated charac-
teristic equation at E, (44, vx), we investigate stability
of E.(uy,v,) and existence of Hopf bifurcation for
system (1.5). We always suppose (Hy) and one of con-
ditions (i-iii) in Theorem (2.2) hold.
Denote
wr(@) =u, 0, ua(t) =v( 1), U=@u,u)’,
X = C([0,Ix],R?), and %, := C([—1, 0], X).

Linearizing system (1.5) at E, (u, vy), we have
U = DAU @)+ L(U,), (3.1
where
b= (4 0).
dom(DA) = {(u, v)T : u,v € C*([0,Ix], R?),

Uy,vy =0,x =0,In},

and L : €; — X is defined by

L(¢:) = L1¢(0) + Lap(—1),

for ¢ = (¢1, ¢2)T € €, with

_ a1t ux az _f—ux O
Ll_( s/B —s)’ Lz_( 0 0)’
o) = ($1(1), 2 (1),

() = (1 + ), gt + N

From Wu [28], we obtain that the characteristic
equation for linear system (3.1) is

Ay —dAy — L(e*y) =0, y € dom(dA), y #0.
(3.2)

It is well known that the eigenvalue problem

_wl/ = e, x c (0’ lﬂ), (p/(()) = q)/(lﬂ) = 0

has eigenvalues wu, = n2/l2 (n=0,1,---) with cor-
responding eigenfunctions

T
@n(x) = cos nT n € Np.

Substituting

into the characteristic Eq. (3.2), it follows that

2
ay + uyx — uge " —dl’;—z a (yln)
s/B —s—dg'l'—z2 Yon
=A(y1”), n=0,1,-
Yon

Therefore, the characteristic Eq. (3.2) is equivalent to

A"(A’ ‘[) = )“2 + )"An + B, + M*()» + Cn)e_)LT =0
(3.3)

where
n2
Ay = (d +d2)l_2 —ap+ s — uy,
n* n?
B, = d1dzl—4 — (dy (a1 + uy) — sdy) 7

—s(a2/B + a1 +uy),
n2
Cn = dzl—z + .
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When 7 = 0, system (1.5) becomes (2.1); if one of
conditions (i—iii) in Theorem (2.2) holds, then all the
roots of Eq. (3.3) with ¢ = 0 have negative real parts
forn € Ng and A, (0, 7) > 0.

We shall seek critical values of 7 such that there
exists a pair of simple purely imaginary eigenvalues.
iw (w > 0) is a root of Eq. (3.3) if and only if w
satisfies
—w? + iwA, + By, +us(io + Cp)(coswt — isinwt)

=0.
Then, we have

—w? + By, + wussinwt + Cpuicoswt = 0,

wA, + wuscoswt — Cpussinwt = 0.
which lead to
ot + 0?(A2 = 2B, —u?) + B} - Clu2 =0. (34)

Let z = w?, then (3.4) can be rewritten into the follow-
ing form

2 —zQ2B, +u2 — A2+ B2 — C2u2 =0. (3.5)

ﬂ*

Denote

P =2B, +u’ - A2,

R = (2B, +u> — A>)? — 4(B? -
and Q = 32 C2u?

nwrkc

C2u?),

Then, the roots of (3.5) are given by z4+ = %
We discuss the existence of positive roots for Eq. (3.5)
under these three cases:

Casel.i) R <0;(ii)R>0,0 >0, P <0;(ii)
R=0,P <0

Case2. (i) 0 <0;(ii) R=0,P > 0.

Case3. (i) P>0,0>0,R > 0.

Obviously, in Case 1, Eq. (3.5) has no positive root;
then, Eq. (3.3) has no root with purely imaginary. In
Case 2, Eq. (3.5) has one positive root; then, Eq (3.3)
has a pair of purely imaginary roots +iw," atz;"", j =
0,1,2,....In Case 3, Eq. (3.5) has two positlve roots;
then, Eq. (3.3) has two pair of purely imaginary roots
+iw? at /%, j e Ny where

27
of = iz, W=+ 2T (=012,
n
0,+ 1 (a)ni)2 (Cn - An) - Bncn
T, = —F arccos 5 >
Wn ((wn) +Cn) U
(3.6)

@ Springer

Fix parameters «, h, m, ¢, B, s, di, da, [, define

D={k € Ny | Eq. (3.5) has positive roots withn =k.}
(3.7)

Lemma 3.1 Suppose one of conditions (i —iii) in The-

orem (2.2) and (Hy) hold.

(i) If R =0, then Re ()| __j= =0;

(ii) If R > O, then Re ($£) | ___ o+ >0, Re(P)|.__
<O0fort € Dand j ENO

Proof Differentiating two sides of (3.3) with respect
7, we have

A 2+ A+ use Tt
dr T+ Cert

Then

-1
R AN 20+ A, Fuse™T 1
el — PR i e
dz - s (h 4+ Cple T VN -

_ |:u* +A, cos ot —2w sinwt +i (2w coswt)+A, sinwt T ]

jx

Uy @?+iChut iw =]

1 .
= iX(w,F 2Q2wi®)? — 2B, + A2 —ud)

1 .
= :I:X(w,/,‘i)z\/(A% — 2B, — u2)> — 4(B2 — u,C2)

=+ (@i PVR,
A

where A = (a) )4u2+Cn *(a) )2 > 0. Therefore,
o (") > 0(< 0).

From (3.6), we have ‘L',? < r,, (] € N). For
k € D, define the smallest ‘L’ so that the stability will
change, 7, = min{r,?’ or ‘L’k | k € D}. According
to the above analysis, we have the following theorem.

Theorem 3.1 Suppose (Hy) and one of conditions (i—
iii) in Theorem (2.2) hold; for system (1.5), the follow-
ing statements are true.

(i) In Case 1, the equilibrium E.(uy, vy) is local
asymptotically stable for all T > 0;

(ii) In Case 2 or Case 3, the equilibrium E,(u,, vy)
is local asymptotically stable for T € [0, t,) and
unstable for T € [T, T4 + €) with some €;

(iii) In Case 2 or Case 3, system (1.5) undergoes a
Hopf bifurcation at the equilibrium Ey(us, vy)

whent =10 (t =t]'7), j € No,n € D.
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3.2 Stability and direction of Hopf bifurcation Consider the linear equation

. . . . dU l,
II'I this §ect10n, we shgll study the. dlI’eCt'IOIl of Hopf () — EDAU) + L (Uy). (3.12)
bifurcation and stability of the bifurcating periodic dr

solution by applying center manifold theorem and nor-
mal form theorem of partial functional differential
equations [28,29]. Let u(x,t) = u(x, tt) — u, and
v(x,t) = v(x, Tt) — v,. For convenience, we drop the
tilde. Then, the system (1.5) can be transformed into

ou
— =1 [d1Au+ (u + uy)

at
h
X (1—u(t—t)—u*— 2ot ):|
mtutu, c+u-+u,
ov B v+ vy)
— =1 |drA 1l— ).
a7 r|:2 v+s(v+v*)( m+u+u*)i|
(3.8)

for x € (0,Im),and t > 0. Let

T=T+u, ui(t)=u(,t), uy(t) =v(,t) and
U= (ur,uz)’.

When ¢ = 0, system (1.5) undergoes a Hopf bifur-
cation at the equilibrium (0, 0). Then, (3.8) can be
rewritten in an abstract form in the phase space %] :=
C(-1,01, X)

dU()
dr

=iDAU®) + L:(U) + F(U, ), (3.9

where L, (¢) and F (¢, 1) are defined by

(@ +u)$10) — usr(—1) + axa (0)
Lu@) = “( 5/B1(0) — s62(0) )
(3.10)
Fé. 1) = uDAG + Lu($) + F (. 1), 3.11)
with
fld. ) = 7+ w)(Fi(p, n), Fr(p, )T,
Fi(¢, ) = (@1(0) + uy)
§ (1_¢1(_]) @GOt )
m=+¢1 () +uyx ¢+ ¢d1(0)+usy

— (a1 + u)$1(0) + usd1(=1) — a2¢2(0),

_ B($0) +v) )

F (¢, 1) = 5 (¢2(0) + vy) (1 o+ o1 T s

- %‘1’1(0) + 5¢2(0).

respectively, for ¢ = (¢, ¢2)T c 6.

According to the results in Sect. 2, we know that
Ay = {iw, T, —iw,T} are characteristic values of sys-
tem (3.12) and the linear functional differential equa-
tion

dz(r) _n?
T = —‘L'DZ—ZZ(t) + L;(Z;).

(3.13)
By Riesz representation theorem, there exists 2 x 2
matrix function " (o, T) —1 < o < 0, whose elements
are of bounded variation functions such that

2

0
D" 9(0) + Le() = / (@0 ()

for ¢ € C([—1, 0], R?).
In fact, we can choose

TE o=0,
(o, 7) =10 oe(—1,0), (3.14)
—TtF o =-1,
where
2
£ artus —diy a i
s/B —s — o'y
F = (5“* 8). (3.15)

Let A(7) denote the infinitesimal generators of semi-
group included by the solutions of Eq. (3.13) and A*
be the formal adjoint of A(7) under the bilinear paring

0 o
¥, ) =¥ (0)¢(0) — / 1 /E_Ol/f(é —o)dn" (o, D) (§)dé

0
=¥ (0)¢(0) + f/1 Y&+ DF@E)dE.
(3.16)

for p € C([—1,0],R?), v € C(—1,0], R?).A(%)
has a pair of simple purely imaginary eigenvalues
+iw,T, and they are also eigenvalues of A*. Let P
and P* be the center subspace, that is, the general-
ized eigenspace of A(7) and A* associated with A,
respectively. Then, P* is the adjoint space of P and
dimP = dimP* = 2.
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It can be verified that p;(0) = (1, £)T e (o €
[—1,0]), p2(o) = pi(o) is a basis of A(T) with A,
and ¢1(r) = (1, e ™ (r € [0,1]), ¢2(r) =
q1(r) is a basis of A* with A,,, where

_ s/B __sB

 don?/2+iw+s’  dn?/2 —iw+s

Let ® = (@1, ®;) and U* = (¥}, ¥5)T with
_ P@)+p2©) _ (Re(e)

®i(0) = 2 - (Re (geiwnfo)) ;
_ p1©@) = pa(0) _ (Im(el07)

(D2(a) - 2i - (Im (seiwn‘fa))

for 6 € [—1, 0], and

q1(r) + q2(r) Re (e~iontr
"IIT(V) = f = ((’76 1a),,t))
q1(r) — q2(r) Im (e~fen®r)
‘-IJ* = —------- = -~
2 (l’) 2i Im (ne—zw,,rr)
for r € [0, 1]. Then, we can compute by (3.16)
D} = (W}, ®1), Dj = (W], ),
D3 = (¥, @), Dj := (¥5, ®2).
D* *
Define (U*, &) = (U*, d;) = (D’l* Di) and con-
3 4

struct a new basis W for P* by
= (U1, W) = (v, @) e

Then, (¥, ®) = [. In addition, define f, :=
where

1 (cosTx ) 0
#=(0) 2= (o)

We also define

(BY, BD,

¢ fa=c1By+cafy, for c= (1, €%,
Thus, the center subspace of linear Eq. (3.12) is

given by Pcy%| @ Ps%é) and Ps%) denotes the com-
plement subspace of Pcy %] in %71,

1 154 1 15:4
<u,v>.= —/ ujvidx + —/ upvpdx
154 0 I 0

for u = (uy,uz),v = (vy,v2),u,v € X and <
b, fo>= (<. fy > <o, f5g >)T.

Let A; denote the infinitesimal generator of an ana-
lytic semigroup induced by the linear system Eqgs.
(3.12), and (3.8) can be rewritten as the following
abstract form
du(t)

dr
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where
0, 0 e[—1,0);
R
(Ur, ) = ’F(Uz,l/«) 0 —=0.
By the decomposition of 7, the solution above can be
written as

(3.18)

U= (2) for+ hixi . ), (3.19)
where
X
( 1) = (W, < Uy, fa>),
X2
and

h(x1, x2, 1) € Ps%1, h(0,0,0) =0, Dh(0,0,0)=0.
In particular, the solution of (3.9) on the center mani-

fold is given by

() (3.20)

Let z = x1 — ix2, and notice that p; = ®| + i P,.
Then, we have

+z
® (2) fo = (@1, ®2) (m 2 ) In

1 _
= E(mz + P12) fu,

U = o (x‘(’)) fo+ h(x1, 32, 0).

and

7+7 i(z—2)
h L0 =h , ,0).
(x1, x2,0) ( 5 5 )

Hence, Eq. (3.20) can be transformed into

z+z i(z—72) 0)

U, = —(p1z+ P12) fn +h( > 5

1 __ _
= —(p1z+p12) fo + W(z,2),

3.21
> (3.21)
where
_ z4+7 i(z—2)
W(z,2)=h , ,0).
@2 ( 2 2 )
From [28], z satisfies
Z=lw,Tz + g(z,2), (3.22)
where
8(z,2) = (¥1(0) — iv2(0)(F (U;,0), fu).
(3.23)
Let
22 z2
W(z,2) = Wzo; + Wnzz + Wozz +---, (3.24)
22 72
g(z,2) = 820> + 81122 + 8027 +oe (3.25)
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from Eqgs. (3.21) and (3.24), we have

u; (0) = —(z +2) cos (nl ) Wz((l)) (0)_
+W{P 0z + Wé?(O)Z— T
0,(0) = —(Ez + E7) cos ( l ) + WZ%) (0)—

WP ©0)2z + W (0)_ .
ur(=1) = _(Ze_lwnr +7¢!“"T) cos (%)

(1)( 1) (1)( 2z

(“(—1)% ,

and

— 1
F1(U;,0) = %Fl =

1
—ur (O)ur (—1) + Efuvv?(m

1 3 1 2
+gfuuuut (0) + gfuuvut 0)v,(0)

1
+5fmut(0)v3(0)

1
+gfmv,3<0> +0@4),

1 1 2
%FZ = Z8uully 0)

FZ(UNO) = )

1
+guvttr (0)v,(0) + Egvuv?(())

1 1
+6guuuut3(o) + gguuvutz(o)vt 0)

1
+3gmut(0>v3(0>

1
+ggmv,3<0) +0@),
with

Fou = 2ch n 2muvga

Y e u)d T mu)?

ma 2s5v2p

Juv = —m, 8uu = —m,
2sB

2504
(m + uy)? m+uy
6muvso

6ch
(¢ + uy)* (m + u)*’
6502

2mao
(m + uy)3 (m + u)*’

8uv = » vy = —

fuuu = -

fuuv =

> Suuu =

1
Efuuu?m) + fuvits (0)v;(0)

(3.26)

(3.27)

4sv, _ 258
m+ 1) Suvv = m + )2
Sov = fuvw = fovv = &uww = 0.

Hence,

Suuv = —

(3.28)

2 =2
_ nx Z _ 7 _
Fi(U;,0) = cos’ (T) (—xzo +zZx11 + —on)

2 2
2=

rave nx 1)
+7cos( ; JILARO

Fuu + Efuv — €T + WP (0) fin
fuu + éfuv - e”wn

2
fo 1

5 Jo(=1) = W (=D)]

+W5) (0)

+Wa' (07
2_
3 nx
+7 cos (T)
1 1 —
I:gfuuu + ﬂ(%— +2§)fuuvj| +-

Fr(Uy, 0) = cos’ (%)

22 72
= _ z_
5 620 + 22611 + 5 $20

2z
+7cos ; [W“(O) (Guu + §8uv)

+W121(0) (8uv + &8uvv)

| _
+§W20(0) (guu + sguv)

(3.29)

1 _
+ §W22()(0) (guv + égvu):|

+Z22 3 (nx) 1 . 1
—cos” (— )| 5 —
guuu 24

> )13 (& + 28) guuv

1
+ﬁé(2§ + s)guw} +---, (3.30)

(F(U,,0), f) = T(F1(U;, 0) f)
+F2 (U, 0) £2)

zﬁf(xzo)FJr (X“)F
2 \s20 11

125 (XZO)F+Z2—_5 (K1)+--- .
2 $20 2 K2

with

(3.31)

1 I

= — cos’ (E) dx,
154 0 l

€1 = [(fuu+&fur =Y WO + LW O)
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1 _ "
5 G+ & fun = €7 Wag (0)
1
+3 fus Wyg (0)
1o Lo
+§W20(_1) + EWI (=D
I
xL ! cos? (E) dx
I 0 [
1 1 —
+ |:§fuuu + ﬁ(s + 2%_)fuuvi|
1 In 4 (NX
XE A cos (T) dx,

k2 = [(Guu + E8u )W (O) + (g + E80) WIT (©)
1 F (M
+§(guu + gguv)Wz() )

1 _
+3 (gu + Egu) Wio) ((»}

1 I
X — cos? (E) dx
I 0 [

1 1 —
+ |:§guuu + ﬁ(g + Zg)guuv

nx

1 — 1 I 4
+ﬁ$(2‘§ + é)guvvi| E/O cos (T) dx

and
1 .
X20 = Z (fuu + szfuu - Ze—zrwn)
xi1 = 1 (fut @46 fu —7i7n — i)
4 uu uv
1
G20 = Z (8uu +5Q2guv +§8uvv)
1 _ _
S11 = Z(guu+($+’§)guv+$§gvv)~ (3.32)
Denote

V1 (0) —iw2(0) == (1 72).

Notice that

1 15:4
— cos’ (E) dx =0, neN,
154 0 l

and we have

(W1(0) —iW2(0)) < F(U1, 0), fu >
2

=2 ()0 + 12602001 + 220 x1 + 12610T'E
z N
+7(V1720 + 1260t
%z
+TT[VII{1 + k2] 4o, (3.33)

@ Springer

Then, by (3.23), (3.25) and (3.33), we have gyg =
g1 = gop = 0,forn = 1,2,3,---. If n = 0, we
have the following quantities:
220 = Y1TX20 + 12720,
g = y1txi + »2tsiu,
802 = Y1TX20 + ¥2TS20-
And for n € Ny, g21 = T(y1£1 + y262).

Now, a complete description for g»; depends on the
algorithm for W»o(0) and W1 (0) which we shall com-

pute.
From [28], we have

W(z,2) = Waozz + Wi12Z + Wiizz + Wozz + -+ »
AzW(z,2) = Aszoé +A:Wnzz + AfWozé
+ cee
and W (z, 7) satisfies
W(z,2) = Az W + H(z,2),
where
2 =2

_ Z _ Z
H(z,2) = Hzoz Jranz~|—H023 4o

= XoF(U;,0) — &Y, < XoF (U, 0), fu > - fn).
(3.34)
Hence, we have
RiwyT — Az)Wao = Hao,
—A:Wi = Hyy, (—2iw,T — Az)Wop = Hpp,
(3.35)
that is
Wao = Qiw,T — Az)™" Hao,
Wi =—AZ'Hy, Wo = (=2io,T — A7)~ Hoy.
(3.36)
By (3.33), we have that for 6 € [—1, 0),
H(z,2) = —®O)¥(0) < F(U;,0), fu > - fu

_ (pl(e) + p2(0) p1(©) — p2(9)>
- 2 ’ 2i

y (¢1(0>

q,z(o)) < F(ULO). fu > -fu

1
—5[P1O)(@1(0) — i D2(0))
+p2(0)(P1(0) +iP2(0))]

1
= (F(UL0). fu) - fn = 5 [(P1(8)g20
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2
+P2(9)§02)% + (p1@)g11 + p2O)21)3Z

)
+(p1(0)go2 + pz(@)gzo)%] I

Therefore, by (3.34), for 6 € [—1, 0),

0 neN

H>o(0) = _ ’

200 =1 L0820 + p20)302) - fo 1 =0,

0 neN

Hi1(0) = _ ’

HEO=1 11811 + p2@)z10) - fo n =0,

0 nelN

Hpy () = _ ’

20 =1 _1(510)g02 + p2@)3a0) - fo n =0,
and

H(z,2)(0) = F(U;,0) — (Y, < F(U;, 0), f >)

'fna
where
Hy(0)
~f X20 2 (nx
, eN,
i f(gzo)cos (1) n
7 ()gg) — 2(p1(0)g20 + p2(0)Z0) - fo. n = 0.
H11(0)
[ (x11 2
B t(gll)cos (1), neN,
~( X11 1 = _
T(s‘ll) = 5(p1O)g11 + p2(0)g11) - fo, n=0.
(3.37)
By the definition of A; and (3.35), we have
) o 1
Wao = Az Wao = 2iw,TWoo + 5(1’1(9)5’20
+p20)802) - fu, —1=<6<0.
That is
i
W (0) = ———=(g20p1(0)
2iw, T
2 o
+5302(O0) - S+ Ere
where
Eq
W20 (0) _ n=17273,.---,
T | Wa0(0) — 545 (82021 O)+ 5 p2(8) - fo n = 0.

Using the definition of Az and (3.35), we have that for
-1<6<0

—(g20p1(0) + ‘%pz(m) - fo+ 2iwnPE)

l. B
—A; (2—~(820P1(0) + 82 50 0)) - fo)
wnT 3
i
2w,T

—A;E| — Lz ( (g20p1(0)

+52p2(0) - i+ Elezl‘“’"fe)

1
=7 (XZO) = 5(P1©820 + p2(0)802) - fo-

Azp1(0) + Lz(p1 - fo) = iwop1(0) - fo,
and

Azp2(0) + Lz(p2 - fo) = —iwop2(0) - fo,
we have

2iwpE1 — A E1 — LfEleziw"

()g(;(())) cos? (%) , neN.

N

That is

Ey=7TE (XZO) cos’ (E)
G20 l
where

- -1
E— 2iw, T +d1’;—22 —a; — Uy ugeZiont
—s/B Qiwgt + o +5)

Similarly, from (3.36), we have
i _

3 = (P1©@)g11 + p2(9)g11) - fa,
wn T
—1<6<0.

Wi =

That is
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1.04 T T T T T T 1.2

1.02f b

0.9}
| 0.8
1 0.7
0.6}
084 . . . . . . 05 A : . . . .
0.3 0.32 0.34 0.36 0.38 0.4 0.42 0.44 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
u(t) u(t)

Fig. 1 Phase portraits of system (1.5) without delay and diffusion. Left s = 0.2 and initial condition (0.3, 0.9). Right s = 0.09 and
initial condition (0.3, 0.9)

ux,t) v(x,t)

05

t 00

Fig. 2 For system (1.5) without delay, s = 0.2, and initial condition is (0.3, 0.9). Left component u(x, t) (stable). Right component
v(x, t) (stable)

Wi (0) = 5——=(p1(0)g11 — p1(©)g11) + Ea. Thus, we can compute the following quantities which
wnT determine the direction and stability of bifurcating peri-
odic orbits:

Similar to the procedure of computing W>(, we have

i R
c1(0) = P (gzogu —2len* - 3 ) + 821
n

E, =TE* (ﬁ: ) cos® (?) i = — Re(cl(O?) ’
Re(M (t]))
where Ty =~ [Im(@(0) + paIm ()],
o (dl';—j —a—u )‘1 | B2 = 2Re(c1 (0)). (3.38)
—s/B d27_2 +s Then, we have the following theorem.
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u(x,t) )

Fig. 3 For system (1.5) without delay, s = 0.2,/ = 2, and initial condition is (0.3, 0.9). Left component u(x, t) (Turing unstable).
Right component v(x, t) (Turing unstable)

u(xt) vixt)

Fig. 4 For system (1.5) without delay, s = 0.2,/ = 0.5, and initial condition is (0.3, 0.9). Left component u(x,t) (stable). Right
component v(x, t) (stable)

Theorem 3.2 For any critical value t;], we have 4 Numerical simulations

(i) w2 determines the directions of the Hopf bifurca-
tion: if wo > 0 (resp.<0), then the Hopf bifurca-
tion is forward (resp. backward), that is, the bifur-

. S . . a=0.3, h=0.02,
cating periodic solutions exist for u > 0 (resp.
w=<0); m=20.1, ¢=0.5,
(ii) Ba determines the stability of the bifurcating peri- B =0.5. 4.1)
odic solutions on the center manifold: if B» < 0

(resp. >0), then the bifurcating periodic solutions Hence, E.(0.3772, 0.9544) is the unique positive equi-

Fix parameters

are orbitally asymptotically stable (resp. unsta- librium, anda; &~ 0.1069, ay ~ —0.2371, aj+az /B ~
ble). —0.3674 < 0; then, (Hy) holds.

(iti) T> determines the period of bifurcating periodic For system (1.5) without delay and diffusion, by
solutions: if Ty > 0 (resp. Ty < 0), then the Theorem (2.1), if s > ay, then equilibrium E, (1, v4)
period increases (resp. decreases). is locally asymptotically stable, and the system under-
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u(x,t)

v(x,t)

t 0 0

t 0 0

Fig. 5 For system (1.5) without delay, s = 0.09 and initial condition is (0.3, 0.9). Left component u(x, t) (periodic solution). Right

component v(x, t) (periodic solution)

0.5~

u(x,t)

12T

vx,t)

t 200 0

Fig. 6 For system (1.5), ¢ = 1.5 and initial condition is (0.3, 0.9). Left component u(x, t) (stable). Right component v(x, t) (stable)

goes Hopf bifurcation at E,(u,, vy) when s = aj
(shown in Fig. 1).

For system (1.5) without delay, we have o0 =~
0.0637. Set dj = 0.05,d», = 0.5 and [ = 2, then
di/d>» > o.By Theorem (2.2) (i) and (ii), s > ajp, then
equilibrium E, (uy, vy) is locally asymptotically stable
and Turing instability will not occur; this is shown in
Fig. 2.

For system (1.5) without delay, set d; = 0.05, d» =
3,then dy/dy < o and s— =~ 0.4088. If set s = 0.2,
then s € (a1,s-),z— =~ 0.4683 and z4 =~ 1.5691.
If set /| = 2, then there exists a k = 2 such that
k*/1? € (z_, z4); by Theorem (2.2) (iv), Ex(uts, vs)
is Turing unstable, and this is shown in Fig. 3. If set
[ = 0.5, then there doesn’t exist k¥ € N such that

@ Springer

k%/1> € (z_,z4); by Theorem (2.2) (iii), Ey (s, vs4)
is locally asymptotically stable, and this is shown in
Fig. 4. Set s = 0.09, by Theorem (2.2) (v), Hopf bifur-
cation occurs, this is shown in Fig. 5.

For system (1.5), set dj = 0.05,d» = 3,1 = 2
and s = 0.5. By direct computation, we have D =
[0,1,2,3,4,5,6,7,8] and 7, = 1:8 ~ 1.6118. By
Theorem (3.1), we know that if ¢ € [0, t,), then the
equilibrium E (u4, vy) is locally asymptotically sta-
ble. This is shown in Fig. 6. By Theorem (3.1), system
(1.5) undergoes a Hopf bifurcation at the equilibrium
E.(uy, vy) when t = 7. By Theorem (3.2), we have

po ~ 11.5932 > 0, B~ —8.0186 <0, and
T, ~ =3.6610 < 0.
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ux,t)

t -200 0

t 200 0

Fig.7 Forsystem (1.5), 7 = 1.7 and initial condition is (0.3, 0.9). Left component u(x, t) (periodic solution). Right component v(x, t)

(periodic solution)

Hence, the direction of the bifurcation is forward, and
the bifurcating period solutions are locally asymptoti-
cally stable. In addition, the period of bifurcating peri-
odic solutions decreases. This is shown in Fig. 7.

5 Conclusion

In this paper, we have considered a diffusive modified
Leslie—-Gower predator—prey model with Michaelis—
Menten-type harvesting in prey. The model shows rich
and varied dynamics.

For the model without delay, we study the effect of
diffusion, including stability and Turing instability of
positive equilibrium. When s > a; and s > df%, the
equilibrium E (u+, v,) is asymptotically stable and the
diffusion has no effect on the system. Whend /d, > o,
then for s > a; equilibrium E,(u., vy) is locally
asymptotically stable and Turing instability will not
occur. When % < o, fora; < s < s_, choose a
suitable / (represents the region Q = (0, /7)) such
that there exist a k € N such that ];—22 € (z-,z4),
then Turing instability occurs. But when we change
1 such that there doesn’t exist k € N satisfying k?/1> €
(z—, z4), E«(uy, vy) is locally asymptotically stable.
These results suggest that diffusion coefficients and
the region’s size all affect the stability of equilibrium
Ey (U, vy).

In addition, the time delay in the resource limitation
of the prey plays an important role in coexistence of
predator and prey. We obtained that when 7 crosses the
critical value t,, the stability of the positive equilibrium

P (uy, vy) changes and Hopf bifurcation occurs. That
means the predator and prey coexist and converge to
the coexisting equilibrium point when time delay is
smaller than the critical value, and the predator and the
prey species may coexist in an oscillatory mode when
time delay crosses the critical value.

Acknowledgements The authors wish to express their grati-
tude to the editors and the reviewers for the helpful comments.
This research is supported by the Fundamental Research Funds
for the Central Universities, National Nature Science Foundation
of China (No.11601070) and Heilongjiang Provincial Natural
Science Foundation (No.A2015016).

References

1. Yi, E, Wei, J., Shi, J.: Bifurcation and spatiotemporal pat-
terns in a homogeneous diffusive predator-prey system. J.
Differ. Equ. 246(5), 1944-1977 (2009)

2. Tang, X., Song, Y.: Stability, Hopf bifurcations and spatial
patterns in a delayed diffusive predator-prey model with herd
behavior. Appl. Math. Comput. 254(C), 375-391 (2015)

3. Yang, R., Wei, J.: Stability and bifurcation analysis of a
diffusive prey-predator system in Holling type III with a
prey refuge. Nonlinear Dyn. 79(1), 631-646 (2015)

4. Soresina, C., Groppi, M., Buffoni, G.: Dynamics of predator-
prey models with a strong Allee effect on the prey and
predator-dependent trophic functions. Nonlinear Anal. Real
World Appl. 30, 143-169 (2016)

5. Jana, S., Guria, S., Das, U., et al.: Effect of harvesting and
infection on predator in a prey-predator system. Nonlinear
Dyn. 81(1-2), 1-14 (2015)

6. Wang, J., Shi, J., Wei, J.: Dynamics and pattern formation
in a difusive predator-prey system with strong Allee efect in
prey. J. Differ. Equ. 251(4-5), 1276-1304 (2011)

7. Yang, R., Wei, J.: Bifurcation analysis of a diffusive
predator-prey system with nonconstant death rate and

@ Springer



878

R. Yang, C. Zhang

10.

11.

12.

13.

14.

15.

16.

17.

Holling III functional response. Chaos Solitons Fractals
70(8), 1-13 (2015)

Yan, X.P., Zhang, C.H.: Stability and turing instability in a
diffusive predator-prey system with Beddington—-DeAngelis
functional response. Nonlinear Anal. Real World Appl.
20(20), 1-13 (2014)

Tang, X., Song, Y.: Stability, Hopf bifurcations and spa-
tial patterns in a delayed diffusive predator-prey model
with herd behavior. Appl. Math. Comput. 254, 375-391
(2015)

Leslie, P.H.: Some further notes on the use of matrices
in population mathematics. Biometrika 35(3—4), 1024-8
(1947)

Leslie, PH., Gower, J.C.: The properties of a Stochastic
model for the predator-prey type of interaction between two
species. Biometrika 47(3—4), 219-234 (1960)

Chen, S., Shi, J., Wei, J.: Global stability and Hopf bifur-
cation in a delayed diffusive Leslie-Gower predator-prey
system. Int. J. Bifurc. Chaos 22(3), 379-397 (2012)
Aziz-Alaoui, M.A., Okiye, M.D.: Boundedness and global
stability for a predator-prey model with modified Leslie—
Gower and Holling-type I schemes. Appl. Math. Lett. 16(7),
1069-1075 (2003)

Nindjin, A.F., Aziz-Alaoui, M.A., Cadivel, M.: Analysis
of a predator-prey model with modified Leslie-Gower and
Holling-type II schemes with time delay. Nonlinear Anal.
Real World Appl. 7(5), 1104-1118 (2006)

Yafia, R., Adnani, F.E., Alaoui, H.T.: Limit cycle and numer-
ical similations for small and large delays in a predator-
prey model with modified Leslie-Gower and Holling-type
II schemes. Nonlinear Anal. Real World Appl. 9(5), 2055—
2067 (2008)

Dai, G., Tang, M.: Coexistence region and global dynamics
of a harvested predator-prey system. Siam J. Appl. Math.
58(1), 193-210 (1998)

Kar, T.K., Ghorai, A.: Dynamic behaviour of a delayed
predator-prey model with harvesting. Appl. Math. Comput.
217(22), 9085-9104 (2011)

@ Springer

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

Das, T., Mukherjee, R.N.C.K.S.: Bioeconomic harvesting of
a prey-predator fishery. J. Biol. Dyn. 3(5), 447-62 (2009)
Yuan, R., Jiang, W., Wang, Y.: Saddle-node-Hopf bifurca-
tion in a modified Leslie-Gower predator-prey model with
time-delay and prey harvesting. J. Math. Anal. Appl. 422(2),
1072-1090 (2015)

Zhao, H., Huang, X., Zhang, X.: Turing instability and pat-
tern formation of neural networks with reaction-diffusion
terms. Nonlinear Dyn. 76(1), 115-124 (2014)

Yang, R., Song, Y.: Spatial resonance and Turing—Hopf
bifurcations in the Gierer-Meinhardt model. Nonlinear
Anal. Real World Appl. 31, 356-387 (2016)

Zheng, Q., Shen, J.: Turing instability in a gene network with
cross-diffusion. Nonlinear Dyn. 78(2), 1301-1310 (2014)
Shen, J.: Canard limit cycles and global dynamics in a sin-
gularly perturbed predator—prey system with non-monotonic
functional response. Nonlinear Anal. Real World Appl. 31,
146-165 (2016)

Adak, D., Bairagi, N.: Complexity in a predator-prey-
parasite model with nonlinear incidence rate and incubation
delay. Chaos Solitons Fractals 81, 271-289 (2015)

May, Robert M.: Time-delay versus stability in population
models with two and three trophic levels. Ecology 54(2),
315-325 (1973)

Song, Yongli, Wei, Junjie: Local Hopf bifurcation and global
periodic solutions in a delayed predator-prey system. J.
Math. Anal. Appl. 301(1), 1-21 (2005)

Pal, PJ., Mandal, P.K., Lahiri, K.K.: A delayed ratio-
dependent predator-prey model of interacting populations
with Holling type III functional response. Nonlinear Dyn.
76(1), 201-220 (2014)

Wu, J.: Theory and Applications of Partial Functional-
Differential Equations. Springer, New York (1996)
Hassard, B.D., Kazarinoff, N.D., Wan, Y.H.: Theory and
Applications of Hopf Bifurcation. Cambridge University
Press, Cambridge (1981)



	Dynamics in a diffusive modified Leslie--Gower predator--prey model with time delay and prey harvesting
	Abstract
	1 Introduction
	2 The effect of diffusion on the non-delay model
	2.1 Local stability analysis of the model without diffusion
	2.2 Turing instability and Hopf bifurcation

	3 The effect of delay on the system
	3.1 Stability analysis and existence of Hopf bifurcation
	3.2 Stability and direction of Hopf bifurcation

	4 Numerical simulations
	5 Conclusion
	Acknowledgements
	References




