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Abstract In this paper, the dynamics of a discrete-
time genetic model is investigated. The existence and
stability conditions of the fixed points are obtained. It
is shown that the discrete-time genetic network under-
goes fold bifurcation, flip bifurcation and Neimark—
Sacker bifurcation. The biological parameter and dis-
cretization step size are taken as bifurcation parame-
ters, respectively, and the explicit bifurcation criteria
are derived based on the center manifold theorem and
bifurcation theory. Numerical simulations validate the
theoretical analysis and also show that the system can
exhibit diverse dynamic behaviors such as period-7, -
14, -5, -10 orbits and chaos. The overall results reveal
much richer dynamics of the discrete-time genetic
model than that of the original continuous-time model.
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1 Introduction

Genetic regulatory networks (GRNs) are biologically
dynamic systems which describe the interactions of
genes in living cells. Many researches have been carried
out, which aims at understanding the process of gene
regulation and explaining the biological phenomena.
Synthetic genetic networks have been designed and
implemented to explore the interactions among genes
[1].

Dynamic behaviors (such as stability, bifurcation,
period oscillations and chaos) have been a significant
research aspect which contributes to analyzing the bio-
logical functions. Many literatures have reported the
dynamic properties of GRNs. Mathematically, equilib-
ria exist when concentrations of the gene products are
constants while bifurcations often occur when the equi-
libria are destabilized [2—4]. The period or amplitude of
oscillations may change as biological parameters vary
[5,6]. Complex mechanisms of the gene expression can
even induce chaos [7,8]. Having a deep knowledge of
the system dynamics contributes to the analysis and
design of schemes in the fields of biology and control
[9-12].

To inquire into the capability of genetic regulatory
systems to take on complex dynamic activities, Smolen
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et al. [13] proposed a simple kinetic model which
included autoregulation, positive and negative feed-
back loops of transcription factors (TFs). Concretely
speaking, it can be described as one gene is an acti-
vator that activates the transcription of itself and that
of the other. In turn, the latter represses the transcrip-
tion of both of them [14]. The authors found that the
genetic system manifested multiple steady states, and
they studied the oscillatory regions by numerical simu-
lations. As an easy-implemented genetic oscillator that
is robust and period tunable, it receives much attention
in engineering [15]. On the other hand, different mathe-
matical models were also developed based on its topol-
ogy architecture, and relevant works have been exten-
sively done. Hasty et al. [16] developed a model and
considered coupling the oscillator to a cellular process.
They showed the amplification effect of protein oscil-
lations by the oscillator. Liu and Jia [17] considered a
stochastic model. In the case of correlated and uncor-
related noises, they investigated how fluctuations in the
degradation rate and synthesis rate of TFs in a genetic
system yielded switching processes. Since the research
by Smolen et al. [18], some works have been done to
deal with the model that incorporates delay. Stability
and bifurcation analysis were carried out, and the delay-
induced oscillations were studied [19-21]. Due to the
features and advantages in the field of synthetic biol-
ogy, the theoretical research based on the genetic circuit
in [13] still develops forward.

Although quite a few results have been reported
on the dynamics of GRNs, most of them are based
on continuous-time models, and the dynamic analysis
is mainly about stability, bifurcation or the resulting
period solution [22]. Nevertheless, when a continuous-
time model is implemented for computer simulation,
it inevitably needs to be discretized [23]. Recently,
there is an interest in the discrete-time dynamics analy-
sis of biological systems [24,25]. For example, the
bifurcation and chaos have been studied in a discrete
Ricardo—Malthus model [26]. The discrete-time ver-
sion can retain biological function similarities and
dynamic characteristics of the continuous-time model
when the step size is small enough. In addition, it may
also present new dynamics which is not observed in the
continuous-time model [27]. Therefore, it is meaning-
ful to consider the dynamics of discrete-time genetic
regulatory networks (DGRNSs). The fold bifurcation
and flip bifurcation in a discrete genetic system were
studied in [28], and it was shown that the system pre-
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sented chaotic behaviors. The bifurcation conditions
on the step size were derived. For a DGRN, when the
true concentrations of gene products are not available,
the observer needs to be designed to make an estima-
tion [29]. Based on determined DGRN models, differ-
ent stability conditions are derived [30—32]. When the
delay is introduced, bifurcations may occur. In [33],
the Neimark—Sacker bifurcation was investigated in a
delayed DGRN. Choosing the delay as a bifurcation
parameter, the authors derived the bifurcation condition
and the properties of the bifurcating periodic solution.
Most of these researches are about stability or onefold
bifurcation, but more interesting dynamic phenomena
such as diverse bifurcations and chaotic behaviors are
not fully studied.

Motivated by the above discussions, a discrete-time
genetic model that is established based on the topo-
logical structure first discussed in [13] is presented.
Three bifurcations are investigated by using theories
of bifurcation [34,35] and center manifold [36]. More-
over, numerical simulations exhibit richer dynamics of
the discrete-time model than that of the continuous-
time model. This paper is organized as follows. In
Sect. 2, the existence and stability of the fixed points
of the genetic model are discussed. In Sect. 3, the
parameter conditions under which fold bifurcation, flip
bifurcation and Neimark—Sacker bifurcation occur are
reported. In Sect. 4, numerical simulations are shown
to illustrate our theoretical results and to exhibit rich
dynamic behaviors such as period-7, -14, -5, -10 orbits
and chaos. Finally, conclusion and discussion are given
in Sect. 5.

2 Existence and stability of the positive fixed points

In this section, we shall first develop a mathemat-
ical model of a genetic regulatory network, whose
schematic can be found in [13]. Here, protein con-
centrations are considered as the only variables. The
dynamic relationships between two regulators are for-
mulated as

p1(t) = =k p1(t) +

p2(t) = —kopa(t) +
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where p; denotes the concentration of protein i and k;
stands for the degradation rate of it. ¢;; and b;; are tran-
scription rate and transcription coefficient of protein j
to gene i, respectively. £ is the Hill coefficient. For spe-
cific analysis, we consider & = 2, a;; = aj; = a; and
bi; = bj; = b; throughout this paper, which are general
and rational premises [37]. It should be paid attention
that i, j = 1, 2. The Hill coefficient & = 2 indicates
that two monomers are needed to form a homodimer
[38], and TFs regulate the transcription of a gene in
the form of a homodimer. # = 1 and 4 > 2 mean that
TFs act in the form of a monomer and a multimer (the
degree is larger than 2), respectively. Since homodimers
(or dimers) are initially generated when TFs are poly-
merized, the homodimer is an elementary and essential
form of TFs to regulate the gene expression.

For conciseness, we introduce the rescaled parame-
ters

(#) ()
B —xn. B2 =)0
1
al a» by
b—l—al, b—l—fxz, 5—/3-

Then, system (2.1) can be rewritten as

a1 x2() + an
1+ x2(t) + y*(@1)’
o183 (1) + o2 f
L4 x2(0) + y2(1)
where x and y are transformed concentrations of node

1 and node 2. o and oy are transformed synthesis rate
affected by two nodes, respectively. § is a positive con-

x(t) = —kix() +

V() = —kay(t) + (2.2)

2 2 2
dona} — Ko} — 18k} (1 + (ﬁk—’;) )a1 +k2 (1 + (%) ) [27a§ (1 + (i—’;‘) ) +4k%]

stant. k; and k> have the same meanings as those in
(2.1). The above continuous-time model can be dis-
cretized to yield the corresponding discrete-time form.
Applying the Euler method to system (2.2), we get the
following formulations

8(a1x2(n) + o)

14+ x2(n) + y*(n)’

B (a1 x?(n) + o2)

14+ x2(n) + y2(n)’
(2.3)

x(n+1) =x(n) —kidx(n) +

y(n+1) = yn) —kdyn) +

where § is the discretization step size, x(n) and y(n)
are approximate values of x(nd) and y(nd). Note that
the above equation is not only an approximation of the
original model but also a new dynamic system. It could
reflect the dynamics of system (2.2) in some degree and
may present new dynamic characteristics as well. In the
following, we will consider the dynamics of system
(2.3).

Suppose that E(x*, y*) is a fixed point of system
(2.3), it should satisfy

2
a1x* +an y*Z&x*
l—l—x*z—l—y*z’ ko ’

Then, x* is a root of the following cubic function

2
f@) =k (1 + (ﬁk—]:l) )23 — a7

+kiz — as. 2.5)

kix* = (2.4)

To determine the number of fixed points, we define the
related function and variables as

. (2.6

(o) = e
108k‘1‘(1 + (‘i—’;‘) )
32 (1 + (ﬁk—’;l)z) —o?
p= 3 and
3k12(1 + (%)2)
—207 + 9k7 (1 + (%)2) ay — 27a2k12(1 + (ﬁk_,;,)z)z
q= .

27kf(1 + (%)2)%
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In view of the biochemical mechanism, we only con- A2+ RA+R =0, (2.7)

sider the positive roots of Eq. (2.5). We denote ¢ (« 1) by

@ for simplicity. Based on the Cardan formula [39] and where

the above expressions, .tllle results ab.out the exisFeflce 2% (061 + Olly*z _ Olz)

and number of the positive fixed points are explicitly R =68 |k +k —

given.

Lemma2l (i) If ¢ > 0, or ¢ = 0 and p,q =
0, then system (2.3) has a unique positive fixed
point E11(x,, yi|), where x}, = “

3k, (1+(%)2) -

RIS
(ii) if o = 0,p < 0 and q # 0, then system
(2.3) has two posmve fixed pomts E21(x21, i)
and Ey»(x3,, v5,), where x5, = ———~

22> Y22/ 21 3k1(1+(’3"1) )

3/4 ko o] 3/9.
2\/;)‘22 3k1(1+(%1)2) +y 7
(iii) if ¢ < 0, then system (2.3) has three posi-
tive fixed points E31 (x5, y3,), E32(x3,, ¥3,) and
E33(x33, y33), where x3; < X3, < X33.

Remark 2.1 FromEq. (2.4), we know that E(x*, y*) is
an equilibrium of continuous system (2.2) if and only if
itis a fixed point of discrete system (2.3). Thus, Lemma
2.1 also gives the existence conditions of the equilibria
of system (2.2).

It is noted that when ¢ > 0, x7; is a simple root of
Eq. (2.5). When ¢ = 0 and p, g = 0, itis a triple root.
We only consider the first case in the context below. For
an arbitrary positive fixed point E (x*, y*), the Jacobian
matrix of system (2.3) is

J ()

28x* (al +a y"2 70(2)
(102 42

28px* (ocl +a y"2 ;o{g) | — ks —
(1427 4y7%)

28y* (o{lx*z +ozz)

T-hios B (1+x*2+y*2)2

28By* (otlx*z +az)
(l+x*2 +y*2)2

Correspondingly, the characteristic equation can be
expressed as
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(1+x+ + )
2By* (oqx*2 + ozz)
(1422 4 )
2Bk1y* (oz]x*z + 012)

(14x2 + )’

—2,

Ry, = 82 kiky +

2k x* (Otl + Olly*2 — Ol2)

(14 4 y2)?

2x* (al +a1y*2 - az)

=8 | k1 +ky —
(14 4 y2)?

2By* (Otlx*z + 052)

; ) + 1.
(142 +y*)
Let
2x* (oq + ozly*2 - 052)
St =ki +ky—
(14x2 +y%)
2By* (OlIX*z + 062)
(142 +y2)°
2Bk y* (otlx*2 + az)
Sy = kiky +

(1+x + )
2kox* (oq + otly"‘2 — az)

(14x2 +y?)°
Then, Eq. (2.7) can be rewritten as
A2 4 (818 —2)A + 582 — 816+ 1=0.
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Based on Eq. (2.4), we have

2 2
klkg(l +xF 4+ y*z) + 2(BR)

(otlx*z + Ol2) — 2kox* [al (1 +)c*2 + y*2) — (alx*2 + otz)]

S =

(14 x4 )

2 2
ky [kl (1 +x y*z) + 2k (ﬂk—’;l) x* (1 1 y*z) — 2x* (@) — kyx*) (1 x4 y*z):|

(1 + x4 y*z)

2 2
ko [/q [1 4 (1 + (ﬁk—’;') )x*2:| + 2k1(ﬂk—’;l) = 2% () — klx*)]

_k2|:3k1(1—|—
1+(1+(ﬂk—) )x*

1+( ﬁkl 2) x*2

) —2a1x* + ky

kof'eh
1+(1+(""1) )x 2
Denote that A(A) = A2 + (518 — 24 + 5282 —
S18 + 1. It is obvious that A(1) = $,82, A(—1) =
$,8%2 — 2818 + 4. From the geometric properties
of f/(z), we have S > 0 for the fixed points
En (x’fl, yikl) » B2 (xiﬁl’ )’;1) - B3 (xgﬁlﬁ y;l) and
Es3 (x33, V53)- For Ea (x5, v5,) and E3 (x5, ¥3,),
we have S = 0 and S < O, respectively. Then,
A(l) = 0 and A(1) < O hold for the fixed points
Ey (xi“z, yi‘z) and E3p (xg"z, yg"z). One has A(1) >
0 for other fixed points. Thus, one of the eigen-
values at the fixed point Ep) (xikz, yékz) is 1, which
indicates that Ea; (x3,, y3,) may be a saddle-node
fixed point. As to the fixed point E3; (x3,, v3,), when
A(—1) = 0, system (2.3) may present a flip bifurcation
there.
Based on Lemma 2.2 in [40], we discuss the stability
of the fixed points which satisfy S > 0. When S > 0
and S1 < 0, we have A(—1) > 0, which indicates that
[L1] > 1 and |rp| > 1. It is shown that none of these
fixed points is stable. Hence, it is stable only when
S1 > 0. In the following, we give the local dynamic
analysis.

From Eq. (2.5), one has $» =

Lemma 2.2 Let E(x*, y*) be a fixed point of system
(2.3),

(i) It is locally asymptotically stable if one of the
following conditions holds:

/g 2
(il) S» > 0,28 < S1and0 < § < W;

(i2) S5 >0,0 < S <2/S2and0 < § < %;
(ii) It is unstable if one of the following conditions
holds:
(iil) S > 0,851 <0;

e
(ii2) S» > 0,28, < S| and SizVS5174% 5 <

So
Si+A/S17—45 Sl ors > 51+V§I2*452 .
> ;

(ii3) S» > 0,0 <81 <2JSand § > g_;;
(iii) It may undergo a bifurcation if one of the follow-
ing conditions holds:
_ 2.
(iiil) S =0,S81 #0and S| # 55

2
(iii2) 3> 0,24/8; < 8§, 8 = SR g 5 o~
2 4.
Si’ S

(iii3) S» > 0,0 < S < 24/ zandé—s—

Remark 2.2 It is known that in continuous system
(2.2), if both eigenvalues have negative real parts, the
equilibrium is locally asymptotically stable. Lemma
2.2 indicates the difference of local stability between
the equilibria in system (2.2) and the fixed points
in system (2.3). Moreover, a saddle-node bifurcation
occurs in system (2.2) when the system has a sim-
ple eigenvalue 0, and a Hopf bifurcation may appear
when the system has a pair of simple pure imagi-
nary eigenvalues. Thus, Lemma 2.2 also implies the
differentia of bifurcations between system (2.2) and
system (2.3).
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3 Bifurcation analysis

In this section, we shall analyze the fold bifurcation, flip
bifurcation and Neimark—Sacker bifurcation of system
(2.3). Parameter conditions under which bifurcations
occur are derived by using theories of bifurcation and
center manifold.

Based on the analysis in the above section, we
first consider the fold bifurcation at the fixed point
Ex» (xi“z, yi“z) and take o as a bifurcation parameter.
Since x3, is aroot of Eq. (2.5), we should guarantee that
o satisfies (ii) of Lemma 2.1, from which the critical
bifurcation value of | can be computed. The explicit
conditions of «; will be derived.

Let

1+ () [+ ()]

4
172803

¢ =

g = 3
864a

2

2\ 4
54k‘1‘(1+(%) )
¢'(0) = —————= < 0. ¢ first increases and

6k (1+ ()

then decreases in the left half plane of the rectangular
coordinate system, and it has opposite monotonicities
in the right half plane. Based on the variation of ¢, we
can analyze the critical value of «1. In view of the bio-
logical meaning, we only focus on the positive values.
When ¢ > 0, Eq. (2.6) has a unique negative root.
When ¢ = 0 and g # 0, Eq. (2.6) has two real roots,
one of which is positive and the other is negative. The
positive one is a double root, and it is denoted by

k% 3/ 8
— 1 3E 3.1
*n 120 + 2 G.D

When ¢ < 0, Eq. (2.6) has three real roots, two of
which are positive and another is negative. For conve-

nience, we define ¢; = Re ( 3 —% + i«/—(ﬁ) ,er =
Im(3 -£ +i«/—¢) # 0. Then, three roots are

2
6a2a%—k%a1—9azk%(1+(iﬂ) )

From ¢/(a;) = , we have

k2 k?
denoted by r| = ﬁ +2e1,1 = @ —e1 —+/3e

k2
and r3 = ﬁ — e1 + /3ex. We define two sets
Dy ={i:i1 = argmaxlfe{l’zj}r;}, Dy ={ir:ip =
arg ming  , 3y77}. Since three roots are not equal to
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2\? 2
K2 [5832a§(1 +(52) ) +54oa§kf(1 +(52) ) k‘l‘}

each other, D; and D> both contain a unique element
which can be simply denoted as i1 and i>, respectively.
Let iz = 6 — i1 — i2. Two values of o] are given by

U1,y =T, 3.2)
A1y = Fiy. (3.3)

In order to avoid confusion, we use & to replace
oy, @1, and oy,,. From (ii) of Lemma 2.1, we also
require

2
& > ky 3(1 + (ﬂk—’?) ) (3.4)
2
2a3 —9k%(1 - (ﬁk—]?) )&1
2 2
+27a2kf(1 + (ﬁk—il) ) #0. (3.5)

Let o = @1, system (2.3) can be described as

= 2
R R
(y) — (@1 +a) (3.6)
a1 x“+on
y=dky+ S

Then, the eigenvalues of system (3.6) at the fixed point
Ey» (xi“z, yikz) are .y = 1, 1p =1 — §16. The condi-
tion (iiil) in Lemma 2.2 is equivalent to |A;| # 1, and
it leads to

2 2
(ki + k) (145 + 5
2x3‘2
+ ki (x35 + By3,) 3.7

a) #

2 2
(125 + 52 101 + K208 — 21+ 28k153, (x5, + By

26x3,

a) #

(3.8)

Remark 3.1 Conditions (3.1)—(3.5) ensure the exis-
tence of the fixed point Ez (x3,.y3,). In (3.7) and
(3.8), it seems that & is related to Eon (x§‘2, yikz). Nev-
ertheless, since x5, is a root of Eq. (2.5), it actually
means that (3.7) and (3.8) are conditions on biological
parameters.

Let X =x —x3,,Y =y —y}, and o] = a1 — &1,
where of is a new dependent variable. We shift the
fixed point Ep) (x%‘z, yé‘z) to the origin and expand the
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right-hand side of system (2.3) in Taylor series; then,
system (2.3) becomes

X c11 12 13 X
oaf | = 0 1 0 of
Y €31 €3 €33 Y
F(X,a},Y)
2 2\3
(125 +35)
+ 0 , (3.9)
BF(X.,a},Y)
2 2\3
(1 x5 5 )
where

265, (a1 +anygs - )

2 2\ 2
(1 + X5 + yzz)

)

cn=1—kié+
8x;§
2 2
14+ x5 + 3,

25y’2k2 (&1)6;; + 062)

C12 =

C]3 = — ) ) 2
(1 +x3 + yé‘z)
20835, (61 + @y — a2)
(1 + .x;z + yikz)
5Bx
=T
14+x3 + 5
2By, (&1x5§ 4 012)
c3=1—kys —

<2 2\2
(145 +3)
F (X, OlT, Y) = u200X2 +ui1 XY + ull()XOlT
+u002Y? + uon Yorf + uz00X>

+u01 X2V + unio X2} + uin X2
+urn XY 4 uons ¥ 4 uoin¥ 2o}

+0 (X1 + o] +17D)*),

and 1200, 1101, U110, U002, U011, U300, U201, U210, U102,
U111, 4003, 4o12 are given in “Appendix”.
From the expressions in system (3.9), we have
2
Bk182x%
c(l —cr11) + e3ic12 = Tn*z > 0 and §16 =
) Y2+
2 —c11 — ¢33, which leads to A» = ¢11 + ¢33 — 1. From
A1 =1, one gets cj3c31 — (I —c11)(1 —c33) = 0. If
c11 # 1, we can define an invertible matrix

cra(l=A2)
€13 c(l—cr)+esicn2 €13
T = (I=22)(1—=ci1)
0 ca(l—cr)+esicn 0
1—cq 1 Ay —C11
Under the transformation
X X1
Ol)lk =T &T ,
Y Y

system (3.9) becomes

X1 1 1 0 X1
&t | [0 1 o) (ar
Y 0 0 Y

(o—cri1—Be3) F(X1,87.11)
2 2)\3
c13(k2—1) (H—x;‘z +y§‘2>

+ 0 . (3.10)
(c11—14+Bc13)F(X1.67.Y1)
3
c13()»271)(1+x§‘§+y2*§>
where
F(X1,67,71) =F (X, af,7),
ci2(1 = A2)ay
X =ci3(X1 +Y)+ ,
(1 —c11) +c3rcn2
. (=2 =cipay
Oll = N
el —c11) +c3icn2
Y=(1—011)X1+(K2—611)Y1+&T. 3.11)

Based on the center manifold theorem, the center man-
ifold of system (3.10) can be written as

W0,0,0) = { (x1.67, 1) € R,
Y1 = M{ (X1,47), M{(0,0) =0,
DM (©0,0) =0}.
We assume that M (X1, &}) has the following form:
M} (X1,8)) = @1 X} + 02 X1&F + 38}
+0 ((1x11+|a7])’)
It follows from (3.10) that

(3.12)

L G2-en — Beia) F (X1, &, M} (Xla&i‘))’&f
130 — 1)(1 +x5 +y;‘§)'
(e -1 + Be13)F (X1, &f, M} (X1, 67))
130 — 1)(1 + x5 +y§‘§)3
=0. (3.13)

MY | X1 +af

— MM (X1, 47)
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Substituting (3.11) and (3.12) into (3.13), we get

The fixed points mean that the concentrations of TFs

20 are constants. We know that the existence of a saddle-
wi =wol, W2 = o — 1 + @02, node fixed point is dependent on the synthesis rate o;.
o1 + D02 In Theorem 3.1, the value of o not only guarantees
w3 = o — 1 + @03, that £ (x3,, ¥3,) exists, but also ensures that the con-
where dition of the eigenvalues is satisfied. The center mani-
fold theorem enables us to only analyze the flow on the
o (c11 = 1+ Ber3) [e33u200 + c13(1 = ciuror + (1 — c11)?uo0z]
01 = — 3 )
c13(Ar — 1)2(1 +x§§ + yé‘é)
o — ci1 — 1+ Bers _cizuior + 2(1 — ciuooz
02 = 2 2)3 M —1
ci3(A2 — 1)(1 + x5 + y22)
+2012613M200 + (1 — cr)lenuror + czuriol + (1 — c11)?uon
c(l —c11) + e ’
S 1+ Beis | woo2  crputor + (I —cruont
- 3 2 — —
013(1 + x4 yi‘é) (2 — D7 (2= Dlesad = cn1) + ezicrz]

c3uz00 + c1a(l — ci)uing
[e32(1 = c11) + esiennl?

Therefore, the system restricted to the center manifold
is expressed as
F*: X) > X + & + o1 X2 + 00 X18&} + 038}
3 24
+ (04 + 03, 1) X7 + (05, + 05,1 + 05,2) X[
g2 ~A w3
+ (06, + 06,2 + 06, 3) X1Q] + (07, + 07,3)&]
[\ 4
+0((|X1|+|a’f|) ) (3.14)
where 01, 02, 03, 04y, 04;, 05, 05, 05,, 06, 06, »
065, 07y, 07, are given in “Appendix”. It is obvious that

_n OF* 92 F*
F*(O,O)—O,W rre

‘ = 207.
Ho.0) 0.0) .
Hence, based on the above analysis, we give the

following theorem.

Theorem 3.1 System (2.3) undergoes a fold bifurca-
tion at the fixed point E»(x3,, 3,), if one of conditions
(3.1), (3.2) and (3.3) holds, conditions (3.4), (3.5), (3.7)
and (3.8) are satisfied, and c11 # 1, o1 # 0. Moreover,
if o1 < 0 (resp., o1 > 0), then two fixed points bifur-
cate from Exy(x3,, y3,) for ay < ay (resp., ay > ay),
coalesce as Ey(x3,,y3,) at oy = &y and disappear
for a1 > oy (resp., a1 < aq).

Theorem 3.1 shows the creation and destruction of
fixed points in the vicinity of a saddle-node fixed point.

@ Springer

center manifold. o1 # 0 is the nondegenerate condi-
tion, which indicates the type of the bifurcation, namely
the fold bifurcation. When the nondegenerate condition
is satisfied, whether two fixed points appear or disap-
pear is decided by the value of «, which is related to
other biological parameters. It is shown that once o
crosses the critical value, the number of fixed points
changes, and the sign of o] determines the direction
of the variation. System (2.3) has at most three fixed
points, and it may present bistability, that is, the con-
centration of TFs keeps at either of the two constant
values.

Note that a saddle-node bifurcation that occurs in
continuous system (2.2) corresponds to a fold bifurca-
tion that appears in discrete system (2.3). Thus, the fold
bifurcation in Theorem 3.1 also shows how the number
of the equilibria of system (2.2) varies.

Remark 3.2 In [13], the authors investigated the mul-
tiple equilibria using bifurcation diagrams, which are
obtained by changing the parameters in certain ranges.
For system (2.3), which is established based on the
genetic circuit in [13], we present the quantitative
relationship between the biochemical parameter o



Bifurcations and chaos of a discrete-time model in genetic regulatory networks 575

and the variation of the number of fixed points.
Our result provides an analytic proof for the fold
bifurcation.

Remark 3.3 When a system undergoes a fold bifurca-
tion, it could have multiple fixed points and present
multistability. The stimulation of TFs may switch the
system from one fixed point to another. Chronical expo-
sure to chemicals makes the gene expression change
[41], which corresponds to the variation of steady states
in genetic systems. The analysis of fold bifurcation
helps us to investigate the gene expression of differ-
ent phenotype traits.

At the fixed points E1j (x;"], y;"l) , Eoq (x;‘], yi"]),
E3 (xg‘l, y;‘I) and E33(x33, ¥33), we consider the flip
bifurcation and Neimark—Sacker bifurcation of system
(2.3). For simplicity, we only give the theoretical analy-
sis for the fixed point E1y (xf, yf;). Similar deriva-
tions can be obtained for other fixed points. Different
from the situation of fold bifurcation, the existence of
xi‘l is not related to the bifurcation parameter §. Thus,
we analyze the flip bifurcation and Neimark—Sacker
bifurcation based on (iii2) and (iii3) of Lemma 2.2,
respectively. The flip bifurcation is first considered.

2
Let §; = S1— \/Sl —45

. We only focus on the case

[s2_
8§ = 61, and the other case where § = M

2
can be similarly certified. When parameters satisfy
(i1i2) of Lemma 2.2, system (2.3) can be rewritten
as

81 (arx?+

X . x —kié1x + % (3.15)
) ﬂ(a1x2+a2) !

y y —kodix +

1+x2+y?

The eigenvalues at the fixed point E1 (xf‘l , yf‘l) are
M=—1,A=3=-88.LetX = x—xi"l, Y = y—yi"l
and §* = § — §;. System (2.3) becomes

X cn 0 c3
*l—11 0 1 0 8*
Y c31 0 ¢33 Y
G(X 8%, Y) leS*
(1"")‘11"‘}11)
+ 0 , (3.16)
BOULSD) oy
(I+XT| +_VT|)

where
281x7, (oq + alyff — az)
1=1-kd + 5
«2 «2
(1 +x + yn)
) 281y, (alx’ff + 052)
C13 = —
(14 x% +y2)°
2
) 281 Bxf, (on +oayf) — az)
C31 = 2 9
(141 +71)
2
) 2818y1, (Ollxikl +a2)
33 =1—kabi — ; 2
(1 + .xikl + yikl)
G(X, 8%, Y) = v200X*+v101 XY +v110X8* +vo02 V>

+vo11 Y 8* + 1)300X3 + v201X2Y
+1210X28* + V12 X Y2 4 vy XV 8*
+v003Y > + vo12Y28*
4
0 ((1X1+ 8% +1v1)*).

and 200, V101, V110, V002, V0115 V3005 V201, V2105 V1025
V111, V003, V012 are given in “Appendix”.

From the expressions in system (3.16), we have
S$181 = 2 — ¢11 — ¢33, which indicates that A, =
ci1 +c33 + 1. From Ay = —1, one has cj3c3; —
(1 4+ ¢11)(1 4+ ¢33) = 0. The condition |Az| # 1 leads
to 11 + ¢33 # —2, 0. Then, we introduce an invertible
matrix

c13 0 C13
T, = 0 1 0
—(n+1) 0 A—cn
Under the transformation
X X5
=1l |,
Y Y>

system (3.16) becomes

X, - 0 O X7
5 | > 1 0 5%
%) Ao Y,

Q

( | (X ) (3.17)
G2 (¥2.8%. 1)
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where To determine the existence of flip bifurcation, the
— A k following two quantities are required to be nonzero:
G (X2.8%10) = ——————s" gtwoq 9

c11 +24c33

__ k_l(l + 533)_ Xs*
¢13(C11 +2 + C33)
(1+ ¢33 — Bc13)G(X, 8%, Y)

37
ci3 +2+ 533)(1 +xl + y;ﬁz)
_ ~ k
G, (X2,5*, Yz) = —%Y‘S
ci1 +2+c¢33
ki(1+c¢
1(I+cn) Xs*

3G 42+ é33)
(I4+ci1+ Bc3)G(X, 8%, Y)

+

*

3
513(511+2+E33)(1+xﬁ+)’ﬁ)

X =c3(X2+Yo), 8 =5,

Y=—(n+DhHX2+ (A —c11))a.

Using the center manifold theorem, we can describe
the center manifold of system (3.17) as

A A A2
M3 (X2, 8%) = 1 X3 + 12 X28* + pad*

+0 ((|X2| + )3)

which satisfies M3 (0,0) = 0, DM5(0,0) = 0. From
system (3.17), one has

M3 (—Xz + G (X2, 5, M3 (Xz, 8*)) ,S*)
—aaM3 (X2, 8°) = Go (X2, 8%, 3 (x2.87) ) =o0.

Similar to the analysis of fold bifurcation, it is easy to
get

8*

(14 &1 + Bé13) [ehva00 — €13 (1 + 1) vior + (1 + E11)*vooz |

M1 = 3 N
e (1= 2) @ + 2+ &) (14} +77 )

(k1 —ko)(en + 1)

2 = = =
(I+22)(cn +2+c33)
(I 4én + Besz)lerzviio — (14 crvonnl
3
el +)@n +2+ ) (147 +97)
n3 = 0.

Therefore, the system restricted to the center mani-
fold can be expressed as

G*: Xa > —Xo 4+ 91 X3 + 02 X258

+ (D3 + 03,10 X3 + (D4 + Vay i1 + D4y 12) X38*
))
where U1, ¥2, 03,, U3,, 04y, D4, V4,, U5, are given in
“Appendix”.

+2952M2X23*2 +0 ((|X2| + |8*

@ Springer

) 32G" N 190G" 92G"
1= ~ P ei—
9X208* 2 a5 9X3

* * 2
133G N 132G
6 X3 2 9X3

= 1912-1-1930 + 93, 11.

=1y,
0,0

P2 =
0.0)

Based on the above analysis, the following result can
be obtained.

Theorem 3.2 System (2.3) undergoes aflip bifurcation
at the fixed point Ev1(x{, y{,), if § = 8 and other
conditions in (iii2) of Lemma 2.2 are satisfied, and
01, p2 7= 0. Moreover, if po > 0 (resp., po < 0),
then the period-2 orbit bifurcating from Ey1(x},, i)
is stable (resp., unstable).

Theorem 3.2 shows the loss of stability of a fixed
point and the creation of a period-2 orbit. When the
discretization step size § varies, the stability of the
fixed point may change, and TFs’ concentrations devi-
ate from the original constant values. When § crosses
the critical value 61, E11(x];, yj;) loses the stabil-
ity, and the bifurcation induces a stable or unstable
period-2 orbit, which means that the time that the tran-
scription factor needs to return to a certain concen-
tration is twice as much as it needs before the bifur-
cation occurs. Although the value of Eyq(x{;, yi})
is independent on 4§, the variation of § affects the
eigenvalues of system (2.3). Thus, the value of §
determines the occurrence of flip bifurcation, and
the quantity p, affects the stability of the periodic
orbit.

Note that the value of the fixed point in system (2.3)
is not related to §. Thus, compared with the condi-
tions of 1 in Theorem 3.1, the condition of § is rela-
tively simple. The flip bifurcation is generated without
destroying the properties of the original system.

Remark 3.4 Some dynamic behaviors have been stud-
ied for the model which is developed based on the
genetic circuit in [13]. However, to the best of our
knowledge, the flip bifurcation has not been reported
yet. The occurrence of a flip bifurcation is theoreti-
cally proved in Theorem 3.2 and will be illustrated
by the numerical simulation. Thus, our result enriches
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the dynamics that could be presented by the circuit in
[13].

Remark 3.5 The transcription often keeps at a steady
level, or it may present a periodic thythm. Affected
by some factors, the period doubling of transcriptional
activities occurs, and the gene expression changes,
which leads to phenotypic changes [42], such as cell
differentiation. The flip bifurcation helps us to probe
into the underlying reason for the changes of pheno-
types from the perspective of dynamics.

In what follows, we will investigate the Neimark—
Sacker bifurcation, when §, = % and other conditions
in (iii3) of Lemma 2.2 hold. System (2.3) can be written
as

()
H
y
Let X = x—x{,,Y = y—yf,. System (3.18) becomes

X cit (X

- . -
Y 1 22 Y
H(X.Y)

2 2\3
I+x, 4+
|~ sy :

2 2\3
(H‘le +YT1)

2
x — kidox + 82(051)52 +0£2)
14+x2+y (3.18)

) 24
y — kodpy + B2t if;fﬂgﬂ

(3.19)

where
H(X,Y) = wpX?> +wi XY + wep¥? + wipX?
+w X2Y + winXY? 4 w33
o (4x1+17)*).

and ¢y, €12, €21, €22, W20, W11, W02, W30, W21, W12,
w3 are given in “Appendix”.

Note that the eigenvalues at the fixed point E1; ()c]*1 ,
¥{;) are complex conjugate, and they can be given by

A2 =v ivy,

B 82,/48,—52

where v; = 2_%, vy = 5 . Besides, we have
|)\,1’2| = 4/R2 and [ = d|2:32| s—s = 71 > O, where
Ry =587 — 818+ LLIFR = =2+ 8518, #0, 1, we

get & # %, &, which indicates that S} # 253,35
Thenonehas A , # 1,n =1,2,3,4.
Let

3 = ( ClzN 0 ) .
vl — C11 —U2

Under the transformation

()-2()

system (3.19) becomes

(%)= () ()

H(X3 Y3)
+ (1=ci1 ﬁClz)H(X3 Y3) (3:20)
crav
where H (X3,Y3) = —ZXD X = &,X;3 and
(1+x11+y11

= (v — c11) X3 — Y3,

To guarantee the occurrence of a Neimark—Sacker
bifurcation in system (3.20), we require that the fol-
lowing quantity cannot be zero:

(1 —2A)A3 1, 5

= —Re| — 2 - _

§ e( [, leom S lmal” = Inoz|
+ Re(A2m21),

where

%) (I:IX3X3 - HY3Y3) +2(ui — &1 — Bén) Hyayy +i [(Ul —¢11 — Bcin) (I:IX3X3 - I:IY3Y3) - 2U21:1X3Y3:|

n20 =

)

)

v (ﬁX3X3 + ﬁY3Y3) +i [(Ul — 11 — Bc2) (I:IX3X3 + ﬁym)]

ni = = ,
4C1pun

%) (I:]X3X3 - ﬁY3Y3) —2(v1 — &1 — Bén) Hyyyy +i [(Ul — 11 — Bcin) (I:]X3X3 - I:]Y3Y3) + 2U21:1X3Y3:|

no2 = =
8cpva

mr = — {Uz (ﬁx3x3x3 + ﬁngY}Y}) + (v —¢11 — BCr2) (ﬁx3x3y3 + I—}Yg)’})’})

16¢12v2

+i [(Ul —¢11 — Bcin) (I:]X3X3X3 - I:IX3Y3Y3) - (I:[Y3Y3Y3 + ﬁXsXsYz)]} )
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and HX3X37 HY3Y3 HX3Y37 HX3X3X3a HX3X3Y3’
H Tx;v373 HY3 v;v; are high-order partial derivatives of
H (X3, Y3) and they are given in “Appendix”.

Theorem 3.3 System (2.3) undergoes a Neimark—
Sacker bifurcation at the fixed point E11(x},, ¥{)),
if § = &2 and other conditions in (iii3) of Lemma
2.2 are satisfied, and S12 # 252,35,& # 0. More-
over, if & < 0 (resp., & > 0), then an attracting
(resp., repelling) closed invariant curve bifurcates from
Ey(x]), yi)) for 8 > 83 (resp., § < &)

Theorem 3.3 gives another way in which the fixed
point of system (2.3) loses the stability. The concen-
trations of TFs change. When the system undergoes
a Neimark—Sacker bifurcation, it generates a unique
closed invariant curve around the fixed point. TFs’ con-
centrations present oscillations near the original con-
centration values, and they present a cyclic behavior.
Similar to the situation of flip bifurcation, the step size
6 has no effect on the existence of the fixed point, but
it could change the local stability of the fixed point.
& # 0 is the nondegenerate condition, and the sign of
& determines the stability of the closed curve and the
direction from which it arises. For a stable (attracting)
closed curve, an arbitrary neighboring trajectory tends
to it as time approaches infinity.

Remark 3.6 In [20,21], for the model established in
[13], the authors reported the Hopf bifurcation. In The-
orem 3.3, the occurrence of a Neimark—Sacker bifur-
cation is demonstrated in system (2.3), which is devel-
oped based on the genetic circuit in [13]. Although
a Neimark—Sacker bifurcation can be seen as an ana-
logue of a Hopf bifurcation in the continuous system,
it is actually a different bifurcation. Thus, our result
extends the capability of the circuit in [13] to generate
multiple bifurcations.

Remark 3.7 When the time interval between two tran-
scriptional activities is short, the gene expression level
is steady. When the gap grows to a certain extent, the
concentrations of TFs oscillate, but they can present
recurrent behaviors. For example, for the dormice,
the circadian rhythm of a locomotor activity persists
throughout the hibernation season [43]. The Neimark—
Sacker bifurcation gives an explanation for this cyclic
behavior and helps us to explore this biological phe-
nomenon.
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4 Numerical simulations

In this section, we will show bifurcation diagrams,
phase portraits and maximum Lyapunov exponents to
illustrate the theoretical results. Moreover, it is shown
that system (2.3) can also exhibit richer dynamic phe-
nomena than those derived by the theoretical analysis.
The bifurcation parameters are given as follows: (i)
Varying o in range 9.75 < o < 10. 098 and fix-
ing kj = 5,k = 10,0 = 5,8 = = 0.05.
(ii) Varying § in range 0.3 < § < 0. 3895 and fix-
ing k1 = 2, k2 = 2.4,0[1 = 2, 0y = 5,,3 = 6. (iii)
Varying 8 in range 093 < § < 1.139, and fixing
ki = 11sk2 5510‘1 2222510‘2 = 161’:3 = %'

For case (i), the bifurcation diagram of system (2.3)
in (a1, x) plane for 9.75 < o1 < 10.098 is given
in Fig. 1 with initial values (xg, yo) = (0.15,0.12).
Equation (2.6) has two positive roots, which are oy =
9.8582 and o1 = 10. According to Lemma 2.1, there
is a unique positive fixed point when 0 < o] <
9.8582. When «; increases to 9.8582, system (2.3)
has two positive fixed points (0.3281, 0.16405) and
(0.6246,0.3123). We have A1 = 1, Ap =~ 0.4672 and

1 ~ 0.144 > 0 at the fixed point (0.6246, 0.3123).
From Fig. 1, we observe that a fold bifurcation occurs
at (0.6246, 0.3123), so Theorem 3.1 is verified. Two
fixed points bifurcate from (0.6246, 0.3123), and three
fixed points exist for 9.8582 < a1 < 10. They change
into two fixed points (0.4, 0.2) and (0.8, 0.4) when
a1 = 10. By calculation, we have A = 1, A &~ 0.483
and 01 = —0.177 < 0. From Theorem 3.1, the fold

9.75 9.82 9.89 9.96 10.03 10.1

Fig. 1 Bifurcation diagram in («p, x) plane for 9.75 < «; <
10.098 with initial values (xq, yo) = (0.15,0.12)
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Fig. 2 a Bifurcation
diagram in (8, x) plane for
0.3 < 8 < 0.3895 with
initial values

(x0, yo) = (0.6, 0.55).

b Maximum Lyapunov
exponents corresponding to
(a). ¢ Phase portrait of
period-1 orbit for

8 = 0.305. d Phase portrait
of period-2 orbit for
§=0.35

Fig. 3 a Bifurcation
diagram in (4, x) plane for
0.93 <4 < 1.139 with
initial values

(x0, yo) = (1, 0.5). b Local
amplification corresponding
to (a) for

1.049 < § < 1.0979.

¢ Bifurcation diagram in

(8, y) plane. d Local
amplification corresponding
to (¢)

(3)1.4 (E) 0
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(a) 0.66 (b)0.65 (c) 0.7
0.63 0.65 L
0.62
0.61 o
> . > > 0.6 _,’ )
0.59 I_f P
0.58
0.57 0.55 L ..........
0.54, 0.55 0.5
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0.58 0.58 < / 0.58
> > : >
0.47 047 / - 0.47
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(j) 0.74 (k) 08
0.62
0.6
0.49
> > 04
0.36
0.23 02
0.1l 0
0.45 0.82 1.21 16 0.4
X X X

Fig. 4 Phase portraits for different values of § corresponding Fig. 3.a§ = 0.933, b6 = 0.94,¢ 6 = 0.95,d § = 1.019,e § = 1.05,
£f§=1.079,g5 =1.089,h§ =1.099,i8 =1.1099,j5 = 1.1199,k § = 1.124,18 = 1.139

bifurcation occurs at the fixed point (0.4, 0.2). System
(2.3) has a unique fixed point when «; > 10. It should
be noted that, although more than one fixed points may
exist, which one the system converges to depends on
the initial values.

For case (ii), the bifurcation diagram of system (2.3)
in (8, x) plane for 0.3 < § < 0.3895 is presented

@ Springer

in Fig. 2a with initial values (xg, yo) = (0.6, 0.55).
From Lemma 2.1, there is a unique positive fixed point
(0.443, 2.213) which is stable when 0.3 < § < 0.327.
Flip bifurcation occurs at § = 0.327, and we have 1| =
—1, 2 ~ 0.351, p; = —6.112 and p, = 0.167 > 0,
so Theorem 3.2 is verified. When § > 0.327, the sys-
tem becomes unstable and period-2 orbit appears. The
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Fig.5 a Maximum
Lyapunov exponents

~

0.25

)

0.02

corresponding to Fig. 4. b
Local amplification of
Maximum Lyapunov
exponents for

1.05 <6 <1.0918
corresponding to (a)

o
N

yapunov Exponent &
o
o

0.01

-0.01
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Fig. 6 a Asymptotically (a) 3 (b)25
stable dynamics trajectories
of system (2.2) with initial 25
values (xo, yo) = (2.5, 1.7)
and ko = 0.017. b Phase 2 22
portrait corresponding to < -
(a). ¢ Periodic oscillation of 15
system (2.2) with ’ 19
ko = 0.01. d Phase portrait
corresponding to (c) 1
0.5 1.6
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t X
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maximum Lyapunov exponents corresponding to the
bifurcation diagram are depicted in Fig. 2b, while the
phase portraits are shown in Fig. 2c, d.

For case (iii), the bifurcation diagrams of system
(2.3) for 0.93 < § < 1.139 are presented in Fig. 3 with
initial values (xo, yo) = (1, 0.5). There are three pos-
itive fixed points (0.2, 0.1), (0.4, 0.2) and (1.2, 0.6),
and we analyze the local dynamics of the fixed point
(1.2,0.6). According to Lemma 2.2, it is stable when
093 < § < 0.94. From Fig. 4, we observe that
a Neimark—Sacker bifurcation occurs and an attract-
ing invariant cycle bifurcates from the fixed point at
8 = 0.94 with Ay ~ —0.21340.977i, 1, ~ —0.213 —

0.977i and & = —3.995 < 0. Along with the growth of
3, the cycle first becomes bigger and then disappears.
Whereafter, system (2.3) exhibits period-7, -14, -5, -10
orbits and chaos until § = 1.139. The maximum Lya-
punov exponents are computed and depicted in Fig. 5 to
show the existence of period orbits and strange attrac-
tors.

To compare the dynamics of discrete system (2.3)
with that of continuous version (2.2), we show the
dynamic characteristics of system (2.2) by the dynam-
ics trajectories and phase portraits. We take k; =
05,01 = 2.1,ap = 1, = 0.035 and k, =
0.017,0.01 in two cases, and the initial values are
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(x0,y0) = (2.5,1.7). System (2.2) has an equi-
librium (1.5406, 2.0965) at ko = 0.01286. When
ko > 0.01286, the equilibrium is asymptotically sta-
ble. When k> = 0.01286, the system undergoes a Hopf
bifurcation, and it is unstable when k, < 0.01286.
From Fig. 6, we observe that system (2.2) is asymp-
totically stable when ko = 0.017, and it presents peri-
odic oscillation when k» = 0.01. We know that the
Hopf bifurcation in continuous systems can be seen
as an analogue of the Neimark—Sacker bifurcation in
discrete systems. Besides, system (2.2) can undergo a
saddle-node bifurcation, which corresponds to a fold
bifurcation that appears in discrete system (2.3). So
Fig. 1 also shows how the number of the equilibria
of system (2.2) changes. From all the above simula-
tion results, we see that discrete system (2.3) presents
diverse dynamic phenomena, which are not observed
in continuous system (2.2). So the dynamic behaviors
of system (2.3) are richer than those of system (2.2) to
some extent.

5 Conclusion and discussion

In this paper, we have investigated diverse dynamic
behaviors in a discrete-time genetic regulatory net-
work. Taking the biological parameter «; and dis-
cretization step size § as bifurcation parameters, we
demonstrate the occurrence of fold bifurcation, flip
bifurcation and Neimark—Sacker bifurcation. Apart
from the bifurcations presented in theoretical results,
the numerical simulations also demonstrate that the
system can display an invariant cycle, period orbits
and even strange attractors, which validates that the
discrete-time genetic regulatory network can exhibit
much richer dynamic phenomena than those observed
in the continuous-time version. As to the future work,
complex dynamics especially strange attractors in
a large-scale genetic network should be concerned.
Attention can also be paid to the dynamic behaviors
influenced by the topological structure of a genetic net-
work, which helps us to explore the dynamic mecha-
nisms in complex networks.

As to the results obtained in this paper, we shall
make a discussion about the meaning of them. Firstly,
the research reveals the important role of step size in
the genetic system. When the model is discretized for
computer simulation in genetic engineering, the step
size is included as an additional parameter. Knowing
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the threshold value of the step size for bifurcations helps
us to better retain the properties of the original system.
On the other hand, the occurrence of bifurcations and
chaos indicates that it makes a difference to the dynamic
behaviors of DGRNs. Secondly, for the genetic circuit
proposed in [13], the overall results expand its capa-
bility to take on complex kinetics. Previous studies are
mainly about the multistability and Hopf bifurcation.
In this paper, diverse dynamics is analyzed in the dis-
crete model that is established based on the circuit. It
enriches the dynamic behaviors which could be exhib-
ited by the simple genetic circuit. Finally, the results
confirm a significant mechanism for the evolution of
dynamical complexities of genetic networks. In previ-
ous studies, it has been verified that the combination of
a Hopf bifurcation and a hysteresis dynamics can gen-
erate chaotic behaviors in a genetic system. We show
that the Neimark—Sacker bifurcation provides another
route to chaos for the genetic model. The relationships
among bifurcations and other dynamics contribute to
our understanding of the complexity and diversity of
dynamics in genetic networks, especially DGRNS.

Appendix

The expressions in Eq. (3.9).
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The expressions in Eq. (3.14).
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The second-order and third-order partial derivatives
of H (X3, Y3) are easy to give as follows:

~ - - L \2
2 [szwzo + (v — Ewii + (V1 = ¢11) woz]

szxz = N 3
2 2
(1 +xj) + y]“l)
1:[ _ 2U22w()2
Y3Y; = T, 3
(147 +911)
~ vy [Erawn + 2(u1 — E1)woz |
Hx3y3 = — 2 3
(1451 +577)
I:IX3X3X3

= ~ ~ - S 2 S 3
6[6%21030 + &4 (v — Ei)war + E2(vr — En) w2 + (v — 1) w03]

3
(14 +011)

2uy [Efzwzl +2¢12(v1 = ér)wiz +3(vy — 511)2w03]

Hx;xsv; = — B N3
* *2
(1+x” +y”)
203 [¢ +3(v1 — i)
- vy |C12W12 U1 — €11)Wo03
Hyxsysy; = ) 3
s %2

(1+x11 +-‘|1)

~ 6u3w03
2

Hyyysy; = —

(it +0il)

References

10.

11.

12.

13.

14.

15.

16.

17.

18.

. Hasty, J., McMillen, D., Collins, J.J.: Engineered gene cir-

cuits. Nature 420, 224-230 (2002)

. Ling, G., Guan, Z.H., He, D.X., Liao, R.Q., Zhang, X.H.:

Stability and bifurcation analysis of new coupled repressi-
lators in genetic regulatory networks with delays. Neural
Netw. 60, 222-231 (2014)

. Cao, J.Z., Jiang, H.J.: Hopf bifurcation analysis for a model

of single genetic negative feedback autoregulatory system
with delay. Neurocomputing 99, 381-389 (2013)

. Ling, G., Guan, Z.H., Liao, R.Q., Cheng, X.M.: Stability and

bifurcation analysis of cyclic genetic regulatory networks
with mixed time delays. SIAM J. Appl. Dyn. Syst. 14, 202—
220 (2015)

. Liu, H.H., Yan, F,, Liu, Z.R.: Oscillatory dynamics in a gene

regulatory network mediated by small RNA with time delay.
Nonlinear Dyn. 76, 147-159 (2014)

. Hori, Y., Takada, M., Hara, S.: Biochemical oscillations in

delayed negative cyclic feedback: existence and profiles.
Automatica 49, 2581-2590 (2013)

. Zhang, Z.Y., Ye, WM., Qian, Y., Zheng, Z.G., Huang, X.H.,

Hu, G.: Chaotic motifs in gene regulatory networks. PloS
One 7, €39355 (2012)

. Guan, Z.H., Lai, Q., Chi, M., Cheng, X.M., Liu, F.: Analysis

of a new three-dimensional system with multiple chaotic
attractors. Nonlinear Dyn. 75, 331-343 (2014)

. Guan, Z.H., Liu, F, Li, J., Wang, Y.W.: Chaotification of

complex networks with impulsive control. Chaos 22, 023137
(2012)

Chen, A.M.: Modeling a synthetic biological chaotic system:
relaxation oscillators coupled by quorum sensing. Nonlinear
Dyn. 63, 711-718 (2011)

Han, G.S., Guan, Z.H., Li, J., He, D.X., Zheng, D.F.: Multi-
tracking of second-order multi-agent systems using impul-
sive control. Nonlinear Dyn. 84, 1771-1781 (2016)

Guan, Z.H., Liu, N.: Generating chaos for discrete time-
delayed systems via impulsive control. Chaos 20, 013135
(2010)

Smolen, P., Baxter, D.A., Byrne, J.H.: Frequency selectiv-
ity, multistability, and oscillations emerge from models of
genetic regulatory systems. Am. J. Physiol. 274, C531-C542
(1998)

Bendtsen, K.M., Jensen, M.H., Krishna, S., Semsey, S.: The
role of mRNA and protein stability in the function of coupled
positive and negative feedback systems in eukaryotic cells.
Sci. Rep. 5, 13910 (2015)

Stricker, J., Cookson, S., Bennett, M.R., Mather, W.H.,
Tsimring, L.S., Hasty, J.: A fast, robust and tunable syn-
thetic gene oscillator. Nature 456, 516-519 (2008)

Hasty, J., Dolnik, M., Rottschifer, V., Collins, J.J.: Synthetic
gene network for entraining and amplifying cellular oscilla-
tions. Phys. Rev. Lett. 88, 148101 (2002)

Liu, Q., Jia, Y.: Fluctuations-induced switch in the gene
transcriptional regulatory system. Phys. Rev. E 70, 041907
(2004)

Smolen, P., Baxter, D.A., Byrne, J.H.: Modeling transcrip-
tional control in gene networks-methods, recent results, and
future directions. Bull. Math. Biol. 62, 247-292 (2000)

@ Springer



586

D. Yue et al.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

Chen, S.S., Wei, J.J.: Global attractivity in a model of genetic
regulatory system with delay. Appl. Math. Comput. 232,
411-415 (2014)

Wan, A., Zou, X.E.: Hopf bifurcation analysis for a model of
genetic regulatory system with delay. J. Math. Anal. Appl.
356, 464-476 (2009)

Yu, T.T., Zhang, X., Zhang, G.D., Niu, B.: Hopf bifurcation
analysis for genetic regulatory networks with two delays.
Neurocomputing 164, 190-200 (2015)

Yu, J., Peng, M.: Local Hopf bifurcation analysis and
global existence of periodic solutions in a gene expres-
sion model with delays. Nonlinear Dyn (2016). doi:10.1007/
s11071-016-2886-y

Wu, X.Y., Chen, B.S.: Bifurcations and stability of a discrete
singular bioeconomic system. Nonlinear Dyn. 73, 1813—
1828 (2013)

Yu, Y., Cao, H.J.: Integral step size makes a difference to
bifurcations of a discrete-time Hindmarsh—Rose model. Int.
J. Bifurc. Chaos 25, 1550029 (2015)

Li, B., He, Z.M.: Bifurcations and chaos in a two-
dimensional discrete Hindmarsh—Rose model. Nonlinear
Dyn. 76, 697-715 (2014)

Jiang, X.W., Ding, L., Guan, Z.H., Yuan, FE.S.: Bifurcation
and chaotic behavior of a discrete-time Ricardo—Malthus
model. Nonlinear Dyn. 71, 437—446 (2013)

Hu, D.P,, Cao, H.J.: Bifurcation and chaos in a discrete-time
predator-prey system of Holling and Leslie type. Commun.
Nonlinear Sci. Numer. Simul. 22, 702-715 (2015)

Jing, Z., Huang, J.: Bifurcation and chaos in a discrete
genetic toggle switch system. Chaos Solitons Fractals 23,
887-908 (2005)

Banu, L.J., Balasubramaniam, P.: Non-fragile observer
design for discrete-time genetic regulatory networks with
randomly occurring uncertainties. Phys. Scr. 90, 015205
(2015)

Cao, J.D., Ren, F.L.: Exponential stability of discrete-time
genetic regulatory networks with delays. IEEE Trans. Neural
Netw. 19, 520-523 (2008)

Hu,J.Q., Liang, J.L., Cao, J.D.: Stability analysis for genetic
regulatory networks with delays: the continuous-time case
and the discrete-time case. Appl. Math. Comput. 220, 507—
517 (2013)

@ Springer

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

Wan, X.B., Xu, L., Fang, H.J., Yang, F.: Robust stabil-
ity analysis for discrete-time genetic regulatory networks
with probabilistic time delays. Neurocomputing 124, 72-80
(2014)

Jiang, X.W., Zhan, X.S., Jiang, B.: Stability and Neimark—
Sacker bifurcation analysis for a discrete single genetic neg-
ative feedback autoregulatory system with delay. Nonlinear
Dyn. 76, 1031-1039 (2014)

Guckenheimer, J., Holmes, P.: Nonlinear Oscillations,
Dynamical Systems, and Bifurcations of Vector Fields.
Springer, New York (1983)

Wiggins, S.: Introduction to Applied Nonlinear Dynamical
Systems and Chaos. Springer, New York (2003)

Carr, J.: Applications of Center Manifold Theory. Springer,
New York (1981)

Li, C.G., Chen, L.N., Aihara, K.: Stability of genetic net-
works with SUM regulatory logic: Lur’e system and LMI
approach. IEEE Trans. Circuits Syst. I(53), 2451-2458
(2006)

Song, H., Smolen, P., Av-Ron, E., Baxter, D.A., Byrne,
J.H.: Dynamics of a minimal model of interlocked positive
and negative feedback loops of transcriptional regulation by
cAMP-response element binding proteins. Biophys. J. 92,
3407-3424 (2007)

Jacobson, N.: Basic Algebra I. W. H. Freeman, New York
(1985)

Liu, X.L., Xiao, D.M.: Complex dynamic behaviors of a
discrete-time predator-prey system. Chaos Solitons Fractals
32, 80-94 (2007)

MacLeod, M.C.: A possible role in chemical carcinogenesis
for epigenetic, heritable changes in gene expression. Mol.
Carcinog. 15, 241-250 (1996)

Li, C.M,, Klevecz, R.R.: A rapid genome-scale response of
the transcriptional oscillator to perturbation reveals a period-
doubling path to phenotypic change. Proc. Natl. Acad. Sci.
USA 103, 16254-16259 (2006)

Pohl, H.: Circadian pacemaker does not arrest in deep hiber-
nation. Evidence for desynchronization from the light cycle.
Experientia 43, 293-294 (1987)


http://dx.doi.org/10.1007/s11071-016-2886-y
http://dx.doi.org/10.1007/s11071-016-2886-y

	Bifurcations and chaos of a discrete-time model in genetic regulatory networks
	Abstract
	1 Introduction
	2 Existence and stability of the positive fixed points
	3 Bifurcation analysis
	4 Numerical simulations
	5 Conclusion and discussion
	Appendix
	References




