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Abstract The nonlocal symmetries for the (2 + 1)-
dimensional Konopelchenko—Dubrovsky equation are
obtained with the truncated Painlevé method and the
Mobious (conformal) invariant form. The nonlocal
symmetries are localized to the Lie point symmetries
by introducing auxiliary dependent variables. The finite
symmetry transformations are obtained by solving the
initial value problem of the prolonged systems. The
multi-solitary wave solution is presented with the finite
symmetry transformations of a trivial solution. In the
meanwhile, symmetry reductions in the enlarged sys-
tems are studied by the Lie point symmetry approach.
Many explicit interaction solutions between solitons
and cnoidal periodic waves are discussed both in ana-
lytical and in graphical ways.
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1 Introduction

The local symmetries include Lie point symmetries,
contact symmetries and more generally Lie—Bicklund
symmetries [1]. The local symmetries study is con-
sidered to be one of most effective methods for find-
ing invariant solutions [2,3]. To obtain new solutions
of partial differential equations (PDEs) that are not
obtainable through the local symmetry approach, sev-
eral extensions to local symmetry methods have been
proposed [4—7]. The nonlocal symmetries study is thus
attracted lots of attention. The nonlocal symmetries can
be obtained by algorithmic approach, inverse recursion
operators, Mobious (conformal) invariant form, Dar-
boux transformation, Bicklund transformation (BT),
nonlinearizations, self-consistent sources, etc. [4—18].

In this paper, we shall study the nonlocal symmetries
of (2 + 1)-dimensional Konopelchenko—Dubrovsky
(KD) equation and their applications. The nonlocal
symmetries for the KD equation are obtained by the
truncated Painlevé expansion and the Mdobious (con-
formal) invariant form. By introducing two dependent
variables, one can transform nonlocal symmetries into
Lie point symmetries by extending original system. The
finite symmetry transformation and similarity reduc-
tions are studied in the enlarged system. Many explicit
soliton—cnoidal wave solutions are found for the KD

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11071-016-2998-4&domain=pdf

1856

B. Ren et al.

equation. Those solutions cannot be obtained within
the framework of the direct Lie’s symmetry approach.

The paper is organized as follows: In Sect. 2, the non-
local symmetries for the KD equation are obtained with
the truncated Painlevé method and the Mobious (con-
formal) invariant form. To solve the initial value prob-
lem related by the nonlocal symmetries, the nonlocal
symmetries are localized by prolongation the KD equa-
tion. The finite symmetry transformations are obtained
by solving the initial value problem of the Lie’s first
principle. The multi-solitary wave solution of the KD
equation is obtained using the finite symmetry trans-
formations. In Sect. 3, the symmetry reductions for
the extended systems are considered according to the
Lie point symmetry theory. The corresponding explicit
interaction solutions among one soliton and cnoidal
waves are given. The last section is a simple summary
and discussion.

2 Nonlocal symmetries and multi-solitary wave for
KD equation

The (2 4 1)-dimensional Konopelchenko—Dubrovsky
(KD) equation reads [19]

3
U — Uyyx — 3wy + Eazuzux + 3au,w — 6Buu, =0,

(la)
Uy = Wy, (1b)

where « and f are arbitrary constants. (1) is solv-
able by inverse scattering transformation [20]. Vari-
ous methods for obtaining exact solution to the KD
equation have been proposed [21-24]. The full symme-
try group is studied by the general direct method and
the formal function series method [25,26]. Recently,
the interactions between solitons and cnoidal periodic
waves are found by the consistent Riccati/tanh expan-
sion (CRE/CTE) methods [27,28]. Here, we give the
nonlocal symmetries by the truncated Painlevé method
and the Mobious (conformal) invariant form. The sym-
metry reductions related to nonlocal symmetries will
be discussed in the next section.

Based on the truncated Painlevé analysis of the KD
equation, the Laurent series form is [29]

u w
U=—tu,  w=—+w, )

¢ ¢

where the function ¢ (x, y,#) = 0 is the equation of
singularity manifold; the functions ug, u1, wo and w;
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are determined by substituting of expansion (2) into (1)
and vanishing all coefficients of each power of ¢ inde-
pendently. Comparing the coefficients of (¢p~*, ¢p~2),
we get

2 2
up = ——¢y, wo= __¢y- (3)
o o
We proceed further and collect the coefficients of
@ ¢7") toget
1 Oxx ¢y %)

ulzg(—g—q?x-l- o

1 b | 0 @R 28

U)]:*(— d)l _¢X) +¢) V2_¢x); %).
[o4 3¢« P 3¢ 265 265 o

“)

Substituting the expressions (2), (3) and (4) into (1),

the field ¢ satisfies the following Schwarzian KD form

() - L -3(%) -3(Z) -0

¢ o)y 2\42
2
where {¢; x} = % (42;)_% (ﬁj:‘) is the Schwarzian
derivative.

According to the definition of residual symmetries
(RS) [16], the nonlocal symmetries of the KD equation
(1) can read out from the truncated Painlevé analysis

(2

u 2 w 2

ot =2 o =g, ©)
o o

This nonlocal symmetries can also be obtained from
the Schwarzian form (5) [30]. The Schwarzian form
(5) is invariant under the Mobious transformation

ap+b

) bd, 7
¢ - srd # (N
which means (5) possesses the symmetry 0 = ¢2 in
special casea = d = 1, b = 0, ¢ = —e. The nonlo-

cal symmetries (6) will be obtained with substituting
the Mébious transformation symmetry o into the lin-
earized equation of (4).

For the nonlocal symmetries (6), the corresponding
initial value problem is

du _ _ 2
d_z - = Ed’x )
dw 2
d_f = =%y
It is difficult to solve the initial value problem of the
Lie’s first principle (8) due to the intrusion of the func-

tion ¢ and its differentiations [16]. To solve the ini-
tial value problem (8), one can localize the nonlocal

me:O =1u,

Wle=0 = w. ®)
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symmetries to the local Lie point symmetries for the
prolonged system. We introduce the potential fields to
eliminate the space derivatives of field ¢

b = g. ©)
by = h. (10)

Itis easily verified that the Lie point symmetries for the
prolonged systems (1), (4), (9) and (10) have the form

of =2¢g, o =2¢h. (11)

The initial value problem is correspondingly trans-
formed

du 2 -

— =——g, Ule=0=1u,
de Olg e=0

dw zh -

- = ——n, Wle=0 = )
de o =0 =W
d¢ _

d—=¢>2, Pleo = &, (12)
€

dg _

Frl 2¢g, 8le=0 = g,

€

dn _

— =2¢h, hle=o = h.
de

By solving the above the initial value problem (12) for
the enlarged KD systems (1), (4), (9) and (10), we get
the BT theorem. BT can construct new solutions from
known ones [31,32].

Theorem Ifu, w, ¢, g, h are solution of the enlarged
KD systems (1), (4), (9) and (10), thenu, w, ¢, g, h are
also solution of the enlarged KD systems

n 2eg o n 2¢h

U+ —m—mm, w=w+—m—,

alep — 1) alep — 1)
] g h

g=—"

(1 —ep)?*’

S|
Il

h=—s

(1 —eg)?
13)

<
Il

1 —ep’

where € is an arbitrary group parameter.

Using the finite symmetry transformations (13), one
can obtain a new solution from any initial solution.
For example, the multi-solitary wave solution for (5) is
supposed as [33]

N
¢ = 1+ZCxp(knx+lny+wnt), (14)

n=1

where k;, [, and w,, are arbitrary constants. The multi-
solitary wave solution (14) is the solution of (5) only
with the relations

kn (kT — Kikn + 1)
ln = ’
ki
_ ka(2k} — 6kTkn + 4kik7 + 6k1ly — Oknlio1)
ky '

wp

(15)
Substituting (14) into (4), we get the trivial solution of
(1)
U=——-———, (16a)
282 2 K L o
w = —
3ak1

By using the finite symmetry transformations (13), a
solution of Eq. (1) presents in the following form

28 ki L

—_—+ —— 16b
as 2ak% 6a « (16b)

‘= E - ; - Olkl
Zflv:l 2¢ky exp(kpx + 1y + wpt)
—l4+e+a 22[:1 eexplkyx + I,y + w,t) 7
(17a)
282
W=y
2 oL o

SN 2ely explhnx + Ly 4 wyt)

—l4+eta ZQ’:] e explkpx + I,y + w,t) .
(17b)

It means that a nontrivial solution (17) is obtained from
a trivial solution (16) by using the finite symmetry
transformations (13). Figure 1 shows the wave solu-
tion of the potential function M = u, = w, with the
parameters n = 3, € = —%, ki=1,k =—-1,k3 =
h=—-1l,w=-2,a=1, =1

1
2

3 Similarity reductions related to nonlocal
symmetries

By introducing the potential fields (9) and (10), the non-
local symmetries become the usual local symmetries
in the prolonged systems. We can thus use the sym-
metry reduction related to the nonlocal symmetries to
study the prolonged systems. These symmetry reduc-
tion solutions cannot be obtained within the framework
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Fig. 1 Wave solution for the potential function M = uy, = wy
with the parameters n = 3, € = —%, ki=1,k =—1,k3 =
fohi=—loy=-2a=1B=landx=0

of the direct Lie’s symmetry method. The Lie point
symmetries ok (k = u,w, ¢, g, h) for the prolonged
systems are the solutions of the linearized prolonged
systems (1) (4), (9) and (10)

3 2.2
o) =0y =30y + s (uo")x + 3aoiw

2
+3a0%uy —6Buc"); =0, (18a)
ol —o¥ =0, (18b)
e (@ Ty
a \ Py O ¢,% ¢)%
oV 0? + 30%} - fox _ G?‘bz _ U(){)(py _ Ufc)q&xy
3oy 3ag?  ag? ap?
+ U?‘ﬁxxx U?x(pxx O.f(b% - O'fd))%x = 0(18d)
3ag? ap? ad?
0 — 08 =0, (18e)
ol —o"=0. (18f)

The symmetry components ok (k=u,w,p, g,h)are
supposed to have the forms

0" =Xux +Yuy,+Tu, — U,

o =Xwy +Yw,+Tw, — W,

0 = Xp + Yy + Th — @, (19)
of =Xgx+Ygy+Tg -G,

o" = Xhy + Yhy + Th, — H,

where X, Y, T, U, W, @, G, H are functions of x, ¢, u,
w, ¢, g, h. From the implication of (19), the prolong
systems are invariant under transformations

w— w+eo”,

u
u—u-+eo”,
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h— h+ eah,
(20)

¢ —> p+ec?, g g+eot,

with the infinitesimal parameter €.

Substituting (19) into the symmetry equations (18)
and requiring u, w, ¢, g, h to satisfy the prolonged sys-
tems, the overdetermined equations are obtained with
collecting the coefficients of u, w, ¢, g, h and its deriv-
atives. The infinitesimals X, Y, T, U, W, ®, G and H
are given by solving the overdetermined equations

1 1 1
X= gflrx + ngZ)’ + ﬁflny2 + f3

2 Cia
Y=Zfuy+fo T=H+C &= T¢2+cz¢—cl,

1
G = Czapg + Crg — gfltgv

1 1
H = C3a¢h + Coh — ngtg - §fmgy.
2 1 . 1 .
W:_gfltw_gfhu_§flttyu_c3h
1 1 , 1 28
+%flttx+%fltny +@fzny+@fmy

+1f+ ﬂf+4ﬂ2f
303 T 3202 T3

1 1 1 28
U= _gfltu —C3g + %flny + ath + ﬁfltv 2D

where f1, f» and f3 are arbitrary functions of f,
C1, Cy, C3 and Cy4 are arbitrary constants. The cor-
responding group invariant solutions can be obtained
with the symmetry constraint condition o* = 0 defined
by (19). It is equivalent to solve the following charac-
teristic equations
dx dy dr du dw d¢p dg dh

H

X Yy T U W & G
(22)

To solve the characteristic equations, two special cases
are listed in the following.

Case I In this case f; = 0, without loss of generality,
we rewrite the arbitrary functions f, and f3 as

f3=my, (23)

where m and mj being arbitrary functions of 7. The
similarity solutions are after solving out the character-
istic equations (22)

fo = Camyy,

1) A tanh A (t+ ) ©
=———tanh | — - =,
o 2Cy Cia

A=,/2C1C3a + C3, (24a)
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G AZ
g=———F——"" (24b) =P DF — D Dsper — 3D, P2
codh? (%(1 N @) 7Pt P — P Puses P
exp (_% + 4¢g¢§g¢§gg — 345;5 + 3‘1555 (Pg — @g@;g =0.
h= _—4H 2

cosh? (m(l + <D)) (25¢)

exp (*%)G It is obvious that once the solutions @ are solved out

18C, cosh? (%(z n q))) with (25e), the fields for G, H, U and W can be solved

2 ! out directly from (25a)—(25d). The explicit solutions

1 . . . .
x / eXP(E)(mey + 3Cymyy)dt, (24¢) for KD equation (1) are immediately obtained by sub-
205 A m, stituting @, G, H, U and W into (24).
u=U+ —=Gtanh (E(t + ‘p)) t 5o (24d) The special soliton—cnoidal wave interaction solu-

W L= S Granh (2 + @)
w=W--m;U—- — anh [ —
R 2C,

C
- —36/—"“’ dr
6Cy cosh? (%(r + @))

N 3 . / exp (— 21 [ exp(HL) 2 fiury+3Camy)dr
9C4 cosh? (%(H—(D))

2
exp —%) d

20, /
Cy cosh? (%(z n 45))

I 5 1 B my;
_ , 24e
am1,+ 32 mmy+3 mlt+3C4a (24e)

where the similarity variables § = x — %mlt y — C_Z
n = y — mj and the group invariant functions @ =
@& .G =G6GEn. H=HEnU=UEn
and W = W (&, n). Substituting (24) into (9), (10), (4)
and (5), the invariant functions G, H, U, W and &

satisfy the reduction systems

E}

AZ
T 2C3Caa

A? 2fi
= exp| =) ¥y
2C3Cha 3C,

A? 211
b 2
36C5Cla (/ eXp(3c )( Y

P, (25a)

2f
+3Cy4myy) dt — 3Cq4my; exp (3£ ))@5, (25b)
&, + @ 2
U= _ Oyt P + ﬁ (25¢)
Ol¢>§
w A &, tanh A(z+<p) A2¢2 !
= —— an —_— —_—— _—
Csa " 2C4 6C2a ©  3ad;

2 2
_ e P Pge
a®;  3a®: 2007 200}

A? 1 22
+— @g/ o dz+—m%,+i3,
12C5a ") ¢osh? (%(z + 45)) 36a o

(25d)

tion for the reduction equation (25¢) is
@ =ki§ +Lin+ a1 Ex(sn(ké§ +In,m), n,m), (26)

where ki, 11, a1, k,l,n and m are constants and E,
is the third incomplete elliptic integrals. Substituting
(26) into (25e), vanishing all the coefficients of dif-
ferent powers of sn leads to the nontrivial solution for
constants

2 A —n)(m?® —n) o ki
AT = 5> L4 a=-
nk1 k

_ 4k2k1(12mzn —20m2 — % + 12n) +n

12k1v/202 — n)2m2 — ) '

ki1

)
T T
3,0, 4 2,2 312 2,2 20 5, 922
4ky{n=+k](192k*m*n+16n"k=—64k=n*—64k*n-m +kT)
(27)

The solution u for (1) can be explicitly expressed by
Jacobi elliptic functions

Ak (nS?—2)
T Cua(nS2—1)
— 3nCy(akkymy; — dakly + 12Bkk;)S?
— 120C4k1k*nSC D + 2Cqamy kky — 3akly — 3alk

T+ (C4kn2(otk1m1t — 6aly + 128k;)S*

+ 12/3k1k) / (kk1C4oz2(nzS4 — 3082 + 2)) (28)

where S = sn(kx+zy—%kmhy—zmn—’% m), C =

cen(kx + Iy — %kml,«y — Imy — k’"2 m), D =

dntkx + Iy — Lkmyy — Imy, — 42 ,m), T =

k1A 6Al —ki Am Alymy Akimy
tanh(zc tt3eX+ ", YT 2, 22
—1—%&,(& n, m)), and the constants A, [ and /; sat-

isfy (27). The explicit solution (28) for the KD equation
denotes the interaction between a soliton and cnoidal
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(a) (b)
59 59
47 49
3 37
ut00) ] w00y 5]
1 1
07 09
-9 -19
—20 10 0 10 2 20 —10

Fig. 2 Plot of one kink soliton in the periodic wave background
expressed by (28). The parameters are m = 0.9, n = 0.5, k| =
—2,k=1,Cs=1,a=1,8=1,m =t, my =t.aThe

Fig. 3 Plot of second type of one kink soliton in the quasiperi-
odic wave background expressed by (28). The parameters are
m=09,n=05k=-2k=1,C=1La=18=
1, my = cos(t), mp = t. a The wave propagation pattern of the

(@ (b)

0.5

u(t,0,0)
-0.5

e e R I
t

Fig. 4 Plot of third type of special soliton—cnoidal wave inter-
action solution by (28). The parameters are m = 0.9, n =
05,k =-2,k=1,Ca=1lL,a=1,8=1,m =t, m =

periodic waves. We can get many new types of interac-
tion solutions because of the existence of the arbitrary
functions m and m; in (28). Figure 2 exhibits one
kink soliton in the periodic wave background expressed
by (28). Figure 3 exhibits the second type of spe-
cial interaction solution between one kink soliton and
the quasiperiodic wave by (28). Figure 4 exhibits the
third type of special soliton—cnoidal wave structure by

@ Springer

0 10 2
v

wave propagation pattern of the wave along ¢ axis at x = 0 and
y = 0. b One-dimensional image at t = 0 and x = 0. ¢ The
three-dimensional view at time x = 0

wave along ¢ axis at x = 0 and y = 0. b The three-dimensional
view at time x = 0. ¢ The density plot of the corresponding
solution at time x = 0

12. a The wave propagation pattern of the wave along ¢ axis at
x = 0 and y = 0. b The three-dimensional view at time x = 0.
¢ The density plot of the corresponding solution at time x = 0

(28). For Figs. 2, 3 and 4, the arbitrary constants are
m=09n=05k=-2,k=1,C4=1,a =

1, B = 1. The arbitrary functions m; and m, are
selected m; = t, my = t; my = cos(t), my = t;
my = t, my = t2, respectively. For the density of

Figs. 3c and 4c, the bright part is crest and the dark
partis trough. By selecting different arbitrary functions,
one kink soliton—cnoidal periodic wave becomes one



The (2+ 1)-dimensional Konopelchenko—Dubrovsky equation

soliton—cnoidal periodic wave solution from Figs. 2a
and 4a. The interaction behaviors are thus different with
selecting different arbitrary functions. These types of
interaction solutions in Figs. 3 and 4 cannot be obtained
by CRE/ CTE methods.

Case Il fi = f» = C4 = 0. Following the similar
procedure as case I, the similarity solutions are given
after solving out the characteristic equations (22)

A C
¢ = _a_C3tanh (7(¢ + )) 62'3
A =,/2C Cza + CZ, (29a)
g/
g§=- ) (29b)
cosh? (%((ﬁ’ +x))
h/
h=— , (29¢)
cosh? (ﬁ(dﬂ —l—x))
=u & "tanh i ! 29d
u_u—l—Agan(f(d)-i-X)), (294d)

w=w

, 2C3 J3t
+Th tanh (2_f3(¢ + )) 3af; (¢ +x).
(29e)

Substituting (29) into (9), (10), (4) and (5), the invari-
ant functions ¢’, g/, h’, u’ and w’ satisfy the reduction
systems

/ Az
= (30a)
20C3 f3
AQ
! = 30b
20[C3f3 4)) ( )
1 2
u = ——¢; + a—’f (30c)
A2 2p?
= 30— B ot (30d)
f3 o
3f3¢y, + f =0, (30e)

where f4 and f5 are arbitrary functions of 7. From above
the detail calculations, we have the following reduction
theorem.

Theorem If ¢’ is a solution of the reduction equation
(30e), then the explicit solution for the KD equation
reads

1861
_4 4 ! %
_A 4 J3t _ﬂ Py
w_aﬁtpytanh(zf (¢’ + )) f¢ 2a
2 2
fux A% 2p 31

3afs  6afl | @

4 Conclusion

The nonlocal symmetries of the KD equation are stud-
ied by the truncated Painlevé expansion and the Mobi-
ous invariant form. To solve the initial value prob-
lem related by the nonlocal symmetries, the nonlocal
symmetries are localized by introducing multiple new
dependent variables. The nonlocal symmetries become
the local Lie point symmetries for the prolonged sys-
tems. The finite symmetry transformations of the pro-
longed KD systems are derived by solving the ini-
tial value problem related by the nonlocal symme-
tries. Based on the finite symmetry transformations,
the multi-solitary wave solution for the KD equation
is given from a trivial solution of the KD equation.
With the help of the localization procedure, the non-
local symmetries are used to find possible symme-
try reductions. The interaction solution between soli-
ton and cnoidal periodic waves is given as shown in
(28). The interaction solution (28) includes the arbi-
trary functions m and m>. Some interesting interac-
tion behaviors are shown by selecting different arbi-
trary functions in graphical way. These types of the
interaction solutions may be useful for studying the
ocean waves.

In this paper, with the aid of the nonlocal symme-
tries, new solutions of the KD equation are constructed
by symmetry reductions of the enlarged systems. There
exist other methods to construct the nonlocal symme-
tries [4—15]. Moreover, localization is viewed as an
important step to extend applicability of nonlocal sym-
metries. Hence, one of the important problems is how
to localize those types of nonlocal symmetries to the
Lie point symmetries and how to obtain new interac-
tion solutions with those various nonlocal symmetries.
These fields merit our further study.
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