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Abstract This paper deals with the problem of
observer-based quantized control of nonlinear sys-
tems subject to actuator saturation and bounded dis-
turbances. The nonlinearity is assumed to satisfy the
local Lipschitz condition and appear in the state equa-
tion. Attention is focused on the design of an observer-
based controller such that the resulting closed-loop
system is convergent to a minimal ellipsoid for every
initial condition emanating from a large admissible
domain. The admissible Lipschitz constant, the dis-
turbance attenuation level, and admissible domains
are obtained through a convex optimization problem.
A sufficient condition for the existence of quantized
observers guarantees asymptotic stability for the result-
ing error dynamical system. Finally, illustrative exam-
ples are provided to demonstrate the effectiveness of
the proposed approach.

Keywords Observer based - Quantized control -

Linear matrix inequalities - Nonlinear systems - Input
saturation

1 Introduction

Saturation nonlinearities are ubiquitous in engineer-
ing systems such as control systems and neural net-
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work systems. In the past years, much attention has
been drawn to saturation nonlinearities. A great num-
ber of results on these topics have been reported and
different approaches have been posed in the literature
(see, e.g., [1,2,5,9—-12]). The polytopic representation
of the saturation function has been originally proposed
in [1]. The problem of robust controller design of uncer-
tain discrete time delay systems subject to both con-
trol actuator saturation and bounded external distur-
bances was considered in [4], while a state feedback
controller was constructed by using an iterative lin-
ear matrix inequality relaxation scheme. In [5], a new
criterion for the regional asymptotic stability of dis-
crete time delayed system with saturation nonlinearity
by using sector-bounded nonlinear model was estab-
lished. In recent years, the study of Markovian jump
systems has received considerable attention and lots
of results have been reported [6-8]. It is worth not-
ing that, the robust H filtering problem for time-
varying Markovian jump systems with randomly occur-
ring nonlinearities and sensor saturation was investi-
gated in [9]. Note that the case with polytopic uncer-
tainties and the case with partially unknown transition
probabilities were considered in [9], respectively. The
observer-based discrete-time consensus problem for a
general linear multi-agent system subject to actuator
saturation was discussed in [10], where this problem
was solved by means of the bounded input technique.
In [11], the problem of event-based linear control of
systems subject to input saturation was proposed and
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novel event-triggered control algorithms were devel-
oped to achieve global stabilization.

For decades, some work dealt with the problem of
observer design has appeared in many aspects. The
observer-based control problem for a class of uncertain
systems was studied in [14] where exponential stabi-
lizability and the convergence rate of system were pro-
posed. Recently, observers design for Lipschitz non-
linear systems has been widely investigated, see for
instance [15-17,21,22] and the references therein. In
[15], the non-convex problem was decomposed into
observer design and controller design by introducing
new scalar variables. A new algorithm for robust Hy
nonlinear observer design of a class of Lipschitz non-
linear systems was proposed in [16]. After that, the
method proposed in [17] was noniterative and not only
provided a less restrictive solution but also extended
the results to uncertain and Lipschitz nonlinear sys-
tems. By using a single-step approach, full-order and
reduced-order observer-based quantized feedback con-
trollers were designed in [19]. A less conservative Lip-
schitz condition was introduced in [21]. It should be
pointed out that this condition led to less restrictive
synthesis conditions than those reported in the litera-
ture. Moreover, much attention has been focused on the
problems of observer design for uncertain systems (see,
e.g. [22,23]), Markov jump systems (see, e.g. [24,25]),
complex dynamical network (see, e.g. [26]) and time
delay systems (see, e.g. [27,28]). On the other hand,
the output feedback control is more useful because it
can be easily implemented. Therefore, some impor-
tant problems have been studied, such as robust sta-
tic output feedback H, control [32], dynamic output-
feedback-based H, design [29] and output feedback
predictive control [30]. In [31], the observer and con-
troller gains were computed simultaneously by solving
only one inequality and a new linear matrix inequality
(LMI) condition was provided for the observer-based
H, stabilization. In contrast to the existing conditions
for observer-based Hy, control, the improvement of the
proposed results over the existing ones is shown in [33].

On another research front, a quantized feedback sys-
tem is a control system in which the feedback loop
involves finite-level quantization of signals. A quan-
tizer can convert a real-valued signal into a piecewise
constant one. Since the nonlinearities caused by the
finite-level quantization of signals, the analysis and
synthesis of quantized feedback systems are compli-
cated. Recently, the quantized feedback control prob-
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lems have recently been paid much research atten-
tion (see, e.g. [19,34-38]). Based on the classical sec-
tor bound approach, a logarithmic quantizer has been
reported in [34], where the robust Hy, finite-horizon
filtering problem was investigated for discrete time-
varying stochastic systems. With regard to the trans-
mission error, an effective quantization method and the
zooming protocol were presented in [35]. The feedback
stabilization problem for single-input single-output lin-
ear uncertain control systems with saturating quantized
measurements was addressed in [36]. In particular, the
problems of stabilization of control systems with quan-
tization and actuator saturation were developed in [37]
and [38], respectively. To the best of the authors’ knowl-
edge, there are no reports on the problem of quantized
control for systems via actuator saturation and bounded
disturbances using a saturated quantizer.

Motivated by these studies, this brief considers the
problem of observer-based quantized control of non-
linear systems with input saturation and bounded dis-
turbances. It is often difficult to handle simultaneous
the nonlinearities caused by the quantization and Lip-
schitz nonlinearities. In this paper, the saturated quan-
tizer is addressed by using the method to investigate
the problem of nested saturations. Different from the
previous results where the Lipschitz constant is com-
pletely fixed, a more general situation where the admis-
sible Lipschitz constant is obtained through a con-
vex optimization problem. The purpose of this paper
is to develop a sufficient condition such that there
exists an admissible initial domain ensuring that for
every initial condition from this admissible domain,
all solutions of the closed-loop system are convergent
to a minimal ellipsoid. More specifically, a specified
disturbance attenuation level is also required to be
achieved.

Notation Throughout this paper, for matrices X, Y €
R™" the notation X > Y (respectively, X > Y)
with X and Y being symmetric matrices, means that
the matrix X — Y is positive semi-definite (respec-
tively, positive definite). / is the identity matrix with
appropriate dimension. T represents the transpose. For
a matrix H € R™*" Hg . denotes its h-th row.
1,, denotes a vector of m dimensions with compo-
nents equal to 1. diag{a, ..., a,} stands for a diagonal
matrix whose diagonal elements are ay, ..., a,. For a
vector v € R", vy, i =1,2,...,n denotes the i-th
component of v. Matrices, if not explicitly stated, are
assumed to have compatible dimensions.
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2 Problem formulation

Consider a discrete nonlinear system with input sat-
uration and bounded system disturbances, which is
described by

x(k+1) = (A+ AA(k))x (k) + Bsaty, (u(k))

+f(x(k) + Ew(k), ey
y(k) = (C + AC(K)x (k) + Dw(k), 2
z(k) = (G1 + AG(k)x(k)

+ Gasaty, (u(k)) + Gzw(k), 3)

where x (k) € R" is the state, u(k) € R™ is the con-
trol input, y(k) € RP? is the output, z(k) € RY is
the control output and w(k) € R is the disturbance
input. A, B, C, D, E, G1, G and G3 are known real
constant matrices with appropriate dimensions denot-
ing the nominal system of (1)-(3), AA(k), AC(k) and
AG (k) are unknown norm-bounded matrices repre-
senting parameter uncertainties, and are assumed to be
of the form

AAk) M Fi (k)N
AC(k) | = | MaFa(H)N2 |, “4)
AG(k) M3 F3(k)N3
where M;, N;,l = 1,2,3 are known real constant
matrices and Fj(k),/ = 1,2,3 are unknown real

matrix satisfying Fj (k)T Fj(k) < 1. sat(-):R™ —
R™ is vector valued saturation function defined as
saty, (u(k)) = [saty, (k) 1)) ... sat, @®)m) ]
where SatU1 (u(k)(h)) = Sign(u(k)(h))min{Ul(h),
lu(k)(myl} with Uy = [U](l) Ul(m)]T Ui >
0,h = 1,2,...,m being constants. U; denotes the
level of saturation.

Throughout this paper, we consider the following
saturated quantizer with saturation level U (Uz > 0):

YV = {v € R"w) = 1,2,3}. It is easy to see that
there are 3" elements in V. Then, we presenta v € V
to define a diagonal matrix IT; (v) such that

I1; (v) = diag{o (v1) — i), 0 (v2) — 0),
0Oy — D} i =1,2.3,

whereVj =1,2,...,m,

. l, ifv(j)zi,
oy —i) =
SO [0, if vy # 0.

As shown in [17], the function f(-):R"” — R” stands
for the nonlinearity of the system and satisfies the fol-
lowing assumption.

Assumption 1 We assume that the function f(x) is
locally Lipschitz with respect to x in a region & con-
taining the origin if || f(0)|| = 0 and

If(x1) = fF)l < vllxr —x2ll, Vxi,x2 € 7,

where || - || is the induced 2-norm and y > 0 is called
the Lipschitz constant.

Remark 1 In this case, the Lipschitz constant y > 0
is not determined. Our aim is finding the maximum
allowable Lipschitz constant y*.

We introduce the following technical lemma, which
is crucial to the proof of our main results.

Lemma 1 ([3]) Let D, H and F be real matrices of
appropriate dimensions with F satisfying F1 F < I.
Then for any scalar ). > 0, we have

DFH + (DFH)T <1~ 'DDT + AHTH.

Now, we design observer-based controller for sys-
tem (1)—(3) of the form

Ao N
Uawy — —-» forve > Uay(Z NAo), N=1,2.3,...,
Ao
Q(v(h)) = 7 + kA, for kAg < V) < (k+ 1A,

0, forv(h) = O,

—Q(—v(h)), forv(h) < O,

k:O,l,Z,...,N—l, (5)

where Ao > 0 is the quantization error bound (see
[13]). Then, we let ¢ (v) = 2(v) — saty,(v). Fur-
thermore, one has ¢ (vp))| < %, h=12,...,m,
ie. |p()| < \/ﬁ% Similar to [2], we define the set

X(k 4 1) = Ax(k)+ Bsaty, (u(k)) + L(y(k) — Cx(k))
+f(&(K), utk) = 2(Kx(k)), (6)
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where x(k) € R” is the estimated state, L is the gain
matrix of the designed observer, K is the gain matrix
of the feedback controller. Defining the observer error
as e(k) = x(k) — x(k), we have
e(k+1)=(A—LC)e(k) +[AA(k) — LAC(k)]x (k)
+f(x(k) — f(x(k) + (E — LD)yw(k).
(N
Applying the controller (6) to system (1)—(3), we obtain
the resulting closed-loop system as
£+ 1) = (A+ AAK))% (k)
+Bsaty, (2(K % (k)))

+f(x(k), (k) + Ew(k), (8)

where
N A 0
A= [o A-— LCj| ’

S AA k) 0
AA(k) = [AA(k) — LAC (k) 0} ’
~ E
E= [E - LD:|’
K=K[I —1].

é:m,

ﬂﬂ@i&»=[ Fx) ]

Jx(k)) — f(x(k))

2(k) = [x(k)].

I f k), X&) <yl o)

Then, the problem to be addressed can be formulated
as follows:

e Determine a controller (6) (with u(k) = 0 and
w(k) = 0) such that the closed-loop system (8)
is asymptotically stable with maximum allowable
Lipschitz constant y *.

e Design a state feedback gain K and an observer
gain L such that there exists the controller (6)
(with w(k) = 0) ensuring that the closed-loop sys-
tem (8) is convergent to the minimal ellipsoid for
every initial condition from the admissible domain.
Simultaneously, the corresponding domains and
the maximum allowable Lipschitz constant y* are
obtained.

e Determine a quantized observer in the form of (6)
such that the resulting closed-loop system (8) is
asymptotically stable and a prescribed disturbance
attenuation level is achieved.

3 Stability analysis

The result on stability analysis for system (8) with
u(k) = 0 and w(k) = 0 is provided in the following
theorem.

Theorem 1 The uncertain discrete system (8) with
u(k) = 0and w(k) = 0is asymptotically stable if there
exist matrices P > 0, Z, L and scalars ¢ > 0,a >
0,11 > 0,x> > 0 such that the following condition
holds:

—el 0 0 0 I 0
x —al 0 0 0 I
x % —al 0 ml'z 0
x % =l Mz 0 <0, ©)
* * * * p—z-27T 7T A
| *x * * * * —P+N1TA1N1+N2TA2N2_
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where

. [ o [0
Ml_[Ml]Mz_[—LMz]
1\71=[N1 0],1\72:[]\72 0].

Proof Under conditions u(k) = 0 and w(k) = 0, sys-
tem (8) is reduced to

£+ 1) = (A+ AAK)ZK) + f(x(k), X(K)). (10)

A Lyapunov function for system (10) is constructed
by using symmetric positive-definite matrix P as
follows:

_ T A 0
Vk+1) = x(k)7 Px(k), P_[O Pz]

Then, we have
AV(k) = V(k+1)— V(k)
= [(A+ AAK)E(K) + f(x(k), Zk)I P
x [(A + AA(K))E (k)
+ fx k). £(k))] = (k)" P (k)
=2 (A4 AAK)T P(A 4+ AA(K))Z (k)
+ fx(k), Z(k)T P f (x(k), Z(k))
+28(R) T (A + AAK)T P f(x(k), (k)

Fist, denote Q = ¢I — P. Then, from Assumption
1, it follows that

28T (A + AAGR)T P f(x(k), % (k)
+F(x(k), $ENT P f(x(k), % (k)
=28 (A + AAGK)T P f(x(k), % (k)
+ef(xk), ¥ f(x(k), Z(k))
— k), 2T Q f (x(k), % (k)
<2OTA+ AAGK)T PO P(A + AA(K))E (k)
+ey2 2 (k)T R (k). (12)
Hence, we can get
AV < 2)T(A+AAG) PO+ P
xP(A 4+ AA(K)R(k) + ey 2 (k)T % (k)
— 2T PRKk) =207 O1% k), (13)
where ®1 = (A + AAG)TP(Q~' + P~HP(A +
AA(k)) 4+ ey2I — P. For a matrix Z = [Zol 202:|’ it

is worth noting that the following inequality holds (see
[25]):

—ztplz<p—z-7"T. (14)

— 20T PR(K). (11) Using the above inequ.alit)f (14), an.d then pre-
multiplying and post-multiplying (9) by diag{/, I, 1, I,
Z-T Iyand diag{l, I, 1,1, Z~", I}, respectively, it is
easy to deduce
[—el 0 0 0 I 0 ]
* —al 0 0 0 1
* * -2l 0 MIT 0 0 s
* * * —Aal M2T 0 = (15)
* * * * —p! A
| * * * * —P—}—]\A/lTM]\Afl—i-](’zT)»z]\Afz_
By applying the Schur complement equivalence, it fol-
lows from (15) that
a0 mT 0
_ T
* Al My 0 <. (16)
* * e '1—P A

—P+a '+ NNy + N,
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It follows from Lemma 1 that exist matrices F (k), F> (k)
such that

_%ffump)m]+[oﬁjrﬂ@f[%{r
< _Agl_xfl[ﬂglyju[o ] mifo ],

2] ro o R ]+ [o NZ]Tka)T[MZT
B[] <o oo 8] o

4 Observer-based quantized control design

In this section, an observer-based quantized feedback
controller will be designed for system (8) (with w(k) =
0) such that the closed-loop system (8) is convergent to
a minimal ellipsoid.

Theorem 2 Consider the uncertain discrete system (8)
withw (k) = 0. For given scalars0 < w1 < 2,0 < 73
and amatrix J > 0, ifthere exist matrices P > 0, Py >
0, Hy, Hy, K, L, a diagonal matrix 0 < T € R"™*™
and scalars ¢ > 0,a > 0,11 > 0, A2 > O such that
the following inequalities hold:

—el 0 0 0 I 0 0
x —al 0 0 0 I 0
« o« —aml 0 mr 0 0
* * * — MzT 0 0 <0, (19)
* * * * —2J4+JPJ A+B B
* * * * * b 0
* * * * * * —m3T
Ui Hin, UaimI  Han,.) _
- MWP}EQ [ N %WP}ZQ h=1,2,....,m, (20)
[(m —m)! %11{11T } <0, 1)
* —7T5 T
P,— P >0, (22)

Now taking into account (17) and using the Schur com-
plement equivalence again, then it can be shown from
(16) that

17 _ p-1 A N
[e I—P A+AA(/<):|<0‘

1
* —P+alI (18)

Furthermore, by the matrix inversion lemma, it fol-
lows that (Q '+ P H)"l =P - PO+ P)'P =
P — Pe~'P. Define o = (¢y2)~!, so that the above
inequality (18) implies that ® < 0. Thus, the uncer-
tain discrete system (8) is stable with u(k) = 0 and
w(k) = 0. This completes the proof. O

Remark 2 Tt should be pointed out that, the condition in
Theorem 1 is not in the form of standard LMI. Thus, it
cannot be solved directly. To overcome this difficulty,
we can let L = ZZT L. Moreover, the inequality (9)
can be solved directly by using the standard convex
optimization numerical software.
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where
®=—(1+m)P+mPr+ NN
+1\72Tk21\72,
H =H[l, -I,], Ho=H[L, —1,],

S I P
M1—|:Ml}, M2_|:—LM2]
Nl:[Nl O], Nz:[Nz 0],

By = B[IT,(v)H; + ,(v) Hy + T3(v)K],
By = B[Iy(v) + M3(v)], Vv € V.

Then the resulting closed-loop system (8) with w(k) =
0 is convergent to a small ellipsoid for every initial
condition from an admissible domain.
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Proof For further discussion, we denote an ellipsoid
for a positive definite matrix P = |:P“ 0 } by
0 Py

Q(P) = {&(k) € R¥:x(k)TPx(k) < 1} and a
symmetric polyhedron for a matrix H e Rmx2
by L(HI, U = {&(k) € R™M: | Hip, k() |<
Uiny,h = 1,2,...,m}. From [1] and [2], it fol-
lows that (20) is equivalent to Q2 (P) C E(I-All, Upn
L(I:IQ, U,). By considering (22), it follows that the
ellipsoid Q2 (P) contains the ellipsoid Q(P>) with

Py 0
P = |: 0 Pn
in [2], for Vv € V and for all x(k) in some ellipsoid
Q(P), Bgsatyl (Q(I%)?(k))) can be expressed as

. By following a similar line as

Bsaty, (2(K % (k)))
= Bsaty, (¢ (K% (k) + saty, (K% (k)))
€ convex{BII; (v)H % (k) + BITo(v)(¢ (KX (k))
+H% (k) + BTI3(v) (¢ (K2 (k) + KX(K)))
< r&aé{é[m(v)ﬁl + Mo () Fa + T3 (v) K1% (k)

+B[M5(v) + M3 (v) 1 (K2 (K))}, (23)

where convex{-} stands for the convex full. To proceed,
a Lyapunov function candidate is chosen as V (k) =
()T P (k). For (k) € Q(P), the forward difference
in the functional V (k) along the solution of (8) with
w(k) = 0 is given by

AV (k) = 2k + )T PRk + 1) — 2()T PE(k)
< 1313{[(/& + By + AA(K)E (k) + Brp (K& (k))]”
P[(A + By + AA(k)% (k) + Bagp (K% (k)]
+20(A+ By + AA(K)Z (k) + Bagp (K £ (k)"
P f(x (k). (k)
+ f ), £(k)T P f(x(k), $(k)) — £(k)T PR(K)}.
(24)

Similar to the derivation of (12), we can show

AV (k) < max{[(A + B + AA(k) (k)
veV

+ By (KT PP~ + 071
x P[(A + B] + AA(K)E (k) + By (KX (k)]
+ev220) T2k — 20T P2 (k). (25)

On the other hand, it is easy to show that

AV (k) — m [£()T PR(K) — 1] = ma[1 — ()T Prx (k)]
P A%
—m3lp (K2 To(KE(K) = =15, T 1]

o T oo T
s:}neaé{[w) d(Ki(NT ]

0 [ #(k)

P (Kx(k))

A2
] +m —mp + Tﬂ31;1T1m R

(26)

}(P‘ +07h

_[(A+ B+ AAGk)TP
:T BTP
X

[P(A + B+ AAK) PBZ]

—(1+a)P +mPr+ey> 0
+ )
0 —m3T

The proof follows a similar procedure to the proof of
Theorem 1. Considering —-P < 2J+JPJ (see
[18]), the matrix inequality (19) implies

Ml 0 mT 0 0
* =l mr 0 0
* * —P_1+8_11 A+B| BQ < 0.
* * * d4+alr 0
* * * * —m3T
(27)

Furthermore, by the Schur complement equivalence
and Lemma 1, we can deduce from (27) that

P14l A+ B+ AAKk) By
* —A+m)DP+mPr+a~lI 0 |[<0
* * —n3T

(28)

Pre-multiplying and post-multiplying (28) by
diag{P, I, I, } and using the matrix inversion lemma
it is easy to get that

—(P71 4+ Q7 H! P(A+ By + AA(K) PB;
* —~(l+m)P+mP,+a7 I 0 |<o
* * —m3T

(29)

Note that o = (8)/2)’1. From (29) it is easy to see that
®> < 0. Then, by the Schur complement equivalence,
it follows from (21) that

AZ
T — T+ Tﬂgllem <0.

Using this together with (29) and noting (26), we
can verify that AV (k) < O for x(k) such that
2T PR(k) < 1 and x(k)T P,x(k) > 1. Hence, the
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closed-loop system obtained by applying observer-
based quantized feedback controller (6) to system
(H—(2) (with w(k) = 0) converges to {x(k) €
R2:2(k)T Py (k) < 1} |xk).0) for all initial con-
ditions in {X(k) € R¥ : (k)T Pi(k) < 1 and
£ Px(k) > 1} |@@).0)- This completes the
proof. O

‘When the conditions of Theorem 2 are satisfied, we
can obtain the estimates of the corresponding domain of
attraction of the closed-loop systems with unknown the
Lipschitz constant. An implicit objective of this paper
is to maximize the estimation of the domain of initial
states associated with the closed-loop system. Simul-
taneously, our another aim is to minimize the ellipsoid
Q(P,). Similar to [17] and [20], for a matrix R, the
corresponding domains and the maximum allowable
Lipschitz constant y* = \/Ls? can be determined by
solving the following convex optimization problem

inf p(trace(R)

P,Py,Hi,H>,K,L,T,R,&,0,11,02,0€V
+trace(P)) + (1 — p)(a + &) (30)

S. t. (a) Inequalities (19), (20), (21) and (22),

w27 ]=o

where the tuning parameter p satisfies 0 < p < 1.
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Remark 3 Inimplementation of (30), the matrix J may

be chosen based on the results in [18]. The matrix J

should be a positive-definite matrix and it can be set as
BATA+1)! 0

[ 0 BATA + 1)~

itive constant.

:|, where § is pos-

5 Robustness analysis

In what follows, we will present some conditions to
design a quantized observer in the form of (6) such
that the corresponding closed-loop system is asymptot-
ically stable and a prescribed disturbance attenuation
level is achieved.

Theorem 3 Given constant scalars0 < w1 < 7,0 <
w3 and amatrix J > 0, the closed-loop system obtained
by applying observer-based quantized feedback con-
troller (6) to system (1)—(3) is robustly stable with
disturbance attenuation level n, if there exist matri-
ces P> 0,P, >0, H, Hy, K, L, a diagonal matrix
0 < T € R™" gnd scalars ¢ > 0,a > 0,1 >
0, A2 > 0, A3 > O such that the following inequalities
hold:

[l 0 0 0 0o MI 0 0 0
* —el 0 0 0 0 0 0 0
* * —al 0 0 0 1 0 0
* x x  —xal 0 0 M 0 0 0
* * * * I 0 MZT 0 0 0
N A <0, 31
* * * * * —1 Gi+G, Gy G3
* * * * * * —2J+JPJ A+ B B :
* * * * * * % 0 0
* * * * * * * —m3T 0
| * * * * * * * * 7721_
Uil Hig,y ] - [Uz(hﬂ Hon )}
’ >0 >0, h=12,...,m, (32)
* Ul(h)P * Uz(h)P
—m)I S1I'T
[(m N } <0, (33)
* -y T
P,—P >0, (34
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where x (k)
N O3 | p(Ri(K)
V=—+m)P+mPr+ Nj AN w (k)
—I—NQT)QI\A/Z + I\A/3T)»31\A/3, A2 ,
R M, R 0 +7T1_7T2+Tn3lmT1m]7 37)
M] = 5 M2 - 5
M, —LM, where

le[Nl 0], AA/Z:[NZ O],

N AR AT

N3 = [N3 0] ’ o _ (A+ By ;—TAPA(k)) P - .

A ~ 3= ) ( +07)

H =H |1, -I,], Ho=H[1, —1,]. ETp

G =[G 0], x[P(A+ B+ AA(K)) PBy, PE]

Gy = Gaol (0 A + M (v) A + T3 (K], ~(I+7)P+mPr+ey? 0 0

A 0 —n3T 0
G2 = GalTh(v) + M3 ()], + 0 o ey

By = B[, (v)H, + T, (v)H + M3 (v)K],
By = B[y (v) + M3(v)], Yv e V.

Proof Introduce the following cost function for system
(3) as

T =D 20" z2() = P w) wk)].

k=1

Under zero initial condition, index J can be rewritten
as

T = D 20" 2(k) — Pwk) T wk) + AV (K)]. (35)
k=1

Applying the controller (6)—(3), we can obtain the
resulting closed-loop system as
2(k) = G132 (k) + Gasaty, (¢ (K2 (k)

+ saty, (K2 (k) + Gaw(k)

< max [(G1 + 623 (k)
veyV
+Gap(Ri() + Gau®)] (36)

where Gl = Gl + M3F3(k)]\73.
Moreover, we can deduce that

AV (k) + z(k) T z(k) — n*wk) T w(k)
—mEE)TPRK) — 1]

—mll — 2T P (k)]
. R A2
— w3l (K2 (k) Top(KZ(k)) — Tl,f,rlm]

= max [ #07 9REw)T w(p) |

(G1+GnT

+ GL [(él-i—éz) 622 G3].
E
Then, the proof can be carried out by following simi-
lar lines as in the proof of Theorems 1 and 2. There-
fore, it can be shown that z(k)T z(k) — n>w (k)T w (k) +
AV (k) < 0. When the zero initial condition is used,
it is easy to get that z(k)T z(k) — nwk)Twk) <
—V(k+1) <0,thatis J < 0. Thus, the closed-loop
system obtained by applying observer-based quantized
feedback controller (6) to system (1)—(3) isrobustly sta-
ble and it also satisfies a prescribed disturbance atten-
uation level. This completes the proof. O

According to the conditions of Theorem 3, the maxi-
mum Lipschitz constant and the minimum disturbance
attenuation level can be obtained by utilizing multi-
objective optimization method. Parallel to the preced-
ing section, we will present the following convex opti-
mization problem

inf p(trace(R)
P,P,,H\,Hy,K,L,T,R,e,0,A1,A2,A3,vEV
+trace(P)) + (1 — p) (o + & + 1) (38)

S. t. (a) Inequalities (31), (32), (33) and (34),

Gl e

where 1 = n?and 0 < p < 1.

6 Simulation examples
Here, two examples are presented in this section in

order to illustrate the effectiveness of the proposed
approach.
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0 5 10 15 20 25 30
k

Fig. 1 Real states of the system (8) with w(k) = 0 (Example 1)

Example 1 Consider the uncertain discrete system
from (1) to (2) with parameters as follows:

(0.5 0.2 —0.1
4=10s 1.3]32[ 0.5 }
(121
“=los 0.1]’
[ 0.1 0.1
My = _—0.1]M2=[0.z]’

N; =[0.10.1],N,=[0.20.1],
Fi(k) = sin(k), F»(k) = cos(k).

In this example, we assume 7} = 1073, Ty =
0.05,m3 = 1,U; = 6,U; = 8, B = 15 and the quan-
tization error bound Ag = 1.2. In what follows, based
on our results, we resort to the standard convex opti-
mization numerical software to check the convex opti-
mization problem in (30), and obtain y* = 0.0566,

K =[-0.8023 —2.1734],

I — —0.6750  1.6858

| 1.6858  —3.1340 |-

To verify the designed observer, Fig. 1 shows the
real states for initial condition given by x(0) = _13

and Fig. 2 presents the estimated states for initial condi-
tion given by X (0) = [8] Moreover, Fig. 3 shows the

error dynamics for the same initial conditions. It can be
observed from Fig. 3 that the estimation error does tend
to zero asymptotically. Figure 4 shows the input trajec-

@ Springer

5 10 15 20 25 30
k

Fig.2 Estimated states of the system (8) with w(k) = 0 (Exam-
ple 1)

0 5 10 15 20 25 30
k

Fig. 3 Estimation error under the observer (6) with w(k) = 0
(Example 1)

tory of the closed-loop system for the aforementioned
initial conditions. It is clearly observed from Fig. 5 that
some trajectories of system states emanating from the
outer ellipsoid converge to the inner ellipsoid.

Example 2 Consider the uncertain discrete system
from (1) to (3) with the same system parameters as
in Example 1 and

0.2 0.1
p=[1]-£=[03]

G =[01 02],

G, =02, G3=0.1,
Ms=[020.1],
N3 = 0.1, Fs(k) = sin(k).
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Fig. 5 State trajectories (Example 1)

In this case, we choose 71 = 0.01, 7, = 0.17, 13 =
1,U = 6,U; = 8,8 = 7 and the quantization
error bound Ag = 1.2. Then, using the standard
convex optimization numerical software, we can get
the disturbance attenuation level n = 2.2377 and
the maximum Lipschitz constant y* = 0.0307. By
solving the convex optimization problem in (38), the
corresponding design parameters can be obtained as
follows:

K =[-0.7203 —1.9208],
, _[—05728 17368
| 17368 —3.3591 |

The real states of the closed-loop system (8) for ini-

tial condition given by x(0) = [_028 i| are shown in

5 10 15 20 25 30 35 40 45 50

Fig. 6 Real states of the system (8) (Example 2)

1.2
1t
0.8}
0.6}
0.4 |
0.2
ol
-0.2
-0.4
-0.6 |
-0.8 -

Fig. 7 Estimated states of the system (8) (Example 2)

25

2L
151

1k
0.5

5 10 15 20 25 30 35 40 45 50

Fig. 8 Estimation error under the observer (6) (Example 2)

Fig. 6 and the estimated states of the closed-loop sys-

0
recorded in Fig. 7. Furthermore, Fig. 8 depicts the error
dynamics for the same initial conditions. Fig. 9 plots

tem (8) for initial condition given by X(0) = |:0:| are

@ Springer
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Fig. 9 Trajectory of input (Example 2)

25

2l
1.5}

1t
05

<\ 0f

25— .
25-2 -15 -1 -05 0 05 1 15 2 25

X

Fig. 10 State trajectories (Example 2)

the trajectory of input for the same initial conditions.
Some state vectors of system under the quantized feed-
back controller are shown in Fig. 10, from which we see
that the states cannot converge to the origin; however,
they remain around a minimal ellipsoid.

7 Conclusions

This paper has studied observer-based quantized con-
trol of nonlinear systems with input saturation and
bounded system disturbances. The designed observer-
based quantized feedback controllers guarantee that
there exists an admissible initial domain ensuring that
all solutions of the closed-loop system are conver-
gent to a minimal ellipsoid for every initial condition
from this admissible domain. In addition, the maxi-

@ Springer

mum Lipschitz constant and the minimum disturbance
attenuation level are obtained by using multi-objective
optimization method. Finally, two simulation examples
have been presented to demonstrate the usefulness of
the derived results.
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