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Abstract This paper deals with the problem of reli-
able finite frequency vibration control for flexible
spacecraft subject to torque constraint, actuator failure
and linear fractional transformation (LFT) uncertainty.
The practical sampled-data control signal is converted
into a continuous-time input with time-varying delay.
Since the main vibration energy of flexible spacecraftis
dominated by low-frequency vibration modes lying in
a specific frequency band, a novel reliable robust Hy,
output feedback controller with frequency constraint
is employed here to suppress these resonance modes.
Compared with classic full frequency scheme, finite
frequency algorithm achieves a lower upper bound of
vibration reduction performance even under the cir-
cumstance of torque constraint, actuator failure and
LFT uncertainty. By convex optimization techniques,
the problem of seeking admissible controller is trans-
formed into the feasibility of linear matrix inequalities.
The merits and effectiveness of proposed control algo-
rithm are confirmed by an illustrative design example.
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1 Introduction

In recent years, flexible spacecraft has served humanity
in various areas, like communication, monitoring, nav-
igation, resources observation, and remote sensing[1].
In the presence of elastic appendages, stabilizing the
attitude of flexible spacecraft is really a hard work
for designer. To implement high-precision attitude
maneuvering, the elastic vibration induced by flexible
appendages must be suppressed fully [2]. The complex
space environment and defects of flight control system
further increase the complexity and difficulty of this
work.

In most control algorithms for flexible spacecraft,
actuator is always regraded as a perfect component in
system, which means it outputs the required control
torque fully. However, the opposite is true in real-world
applications. Because of component aging or other rea-
sons, actuator may not perform the command from
controller completely or even do not response to the
command at all. The attitude control performance and
system stability will be undermined by the actuator
with loss of effectiveness. Any control scheme with-
out considering actuator failure is likely to collapse in
practical applications [3]. Thus, in practice it is essen-
tial to design a controller which has the ability to keep
the stability and desired performance of system in the
situation of actuator failure. During the last decade,
the robust fault-tolerant control method is widely used
to deal with vibration suppression for flexible space-
craft. For example, Zhang et al. [5] developed a fault-
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tolerant Hy, controller against partial input faults for
flexible spacecraft. Jin et al. [6] investigated the prob-
lem of adaptive tracking for linearized aircraft based
on reliable robust H,, approach; moreover, the topic
of reliable H, filtering is also discussed by them in
[7]. Shen et al. [8] designed a reliable filter for semi-
Markov jump system which ensures mixed Ho, and
passive performance.

Apart from actuator failure, the imprecisely mod-
elling of plant is another obstacle for controller design
in practice. On account of time-varying physical para-
meter, nonlinear elastic-rigid coupling and modal trun-
cation, uncertainty always exists in the mathematical
model of plant. It is apparent that parameter uncertainty
is another potential threat to system stability and per-
formance. However, robust Hy, control method pro-
vides a window for the solution of this problem. By
virtue of LMI approach together with some algebraic
manipulations, model uncertainty could be taken into
account during the controller design. For example, Sak-
thivel et al. proposed a novel robust Hy, controller for
a class of uncertain mechanical system [9], and they
also solved the problem of reliable robust synthesis
for uncertain Takagi—Sugeno fuzzy system [10]. The
robust stabilization of uncertain neural networks was
studied in [14]. On the other hand, as the digital com-
puters are widely employed in control systems, it is
of significance to investigate the sampled-data control
for flexible spacecraft. On the strength of input delay
method [11,25], the discrete-time control signal can
be transformed into the form of time-varying delayed
input which can be handled by Lyapunov functional
theory easily. Shen et al. [12]. constructed a sampled-
data controller to guarantee the extended dissipative
performance of Markov jump system. Sakthivel et al.
[13] investigated the problem of reliable sampled-data
Hy control for flexible spacecraft with input sampling
and probabilistic time delays.

It is important to underscore that all of the existing
literatures about vibration control for flexible space-
craft focus on the full frequency H., method. How-
ever, they have ignored that the main vibration energy
of flexible structure are caused by low-order vibra-
tion modes gathering in a specific frequency region.
If we only impose the H, index requirement on this
given frequency band instead of entire frequency range,
will we achieve a lower upper bound of optimal H
index, which implies a better vibration reduction per-
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formance? Motivated by this question, we begin this
investigation. Recently, an important and contributive
work [16], generalized KYP lemma, makes it possi-
ble to impose this control objective on a limited fre-
quency range by convex optimization. This inspira-
tional achievement has been studied for some years and
applied in model reduction [19-21], active suspension
control [22,23], 2-D system [24], etc. But there are few
papers reporting the utilization of fault-tolerant finite
frequency control for uncertain flexible spacecraft with
input sampling, failure and energy limitation.

In this work, a novel reliable finite frequency con-
troller is designed to suppress the elastic vibration of
flexible spacecraft during attitude maneuvering. We
firstly derive the dynamic model of flexible spacecraft
along with hard constraints. As we cannot obtain all of
the state variables, the output feedback approach, which
only needs a few measurable variables, is adopted here
to fulfill finite frequency algorithm. Then, drawing sup-
port from Lyapunov functional and S-procedure, the
existence conditions of desirable controller are con-
verted into a set of LMI to be figured out. Finally,
a practical design example is provided to prove the
advantages of presented controller over the full fre-
quency counterparts.

The remainder contents of this study will be out-
lined as follow: Sect. 2 derives the single-axis dynamics
of flexible spacecraft with input sampling, failure and
constraint, and presents the control objectives of this
work. The main results of finite frequency vibration
attenuation for flexible spacecraft are stated in Sect. 3.
Section 3.2 gives a practical example to confirm the
better control performance of proposed method than
traditional full frequency approach. Finally, the con-
clusive statements and the discussions of future work
are written in Sect. 5.

Notation For better comprehension and expression,
the mathematical notations used in this paper are sum-
marized here. If A is assumed to be a general matrix,
AL, A*, AT refer to its inverse, conjugate transposi-
tion and transposition matrix, respectively. If A > 0
(< 0), then we think A is a positive (negative) def-
inite matrix. The abbreviation [A]; denotes AT + A.
||A]l indicates the induced 2-norm of A. The maximum
eigenvalue of A is denoted by py,4x(A). ® represents
Kronecker product. In partitioned matrices, the sym-
bols 0 and I describe appropriately dimensioned zero
matrix and identity matrix, and a symmetric term is
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represented by *. || f(¢)]l2 = 1/fooo fT(t) f(t)dt repre-

sents the 2-norm of vector f(¢). The set of n x n dimen-
sional Hermitian matrices are denoted by H,,. | g] and
[g] describe the nearest integral number smaller than or
equal to and greater than or equal to g. R"” and C”" rep-
resents n-dimensional real and complex vector space,
respectively.

2 Problem formulation and preliminaries

This paper takes into consideration the single-axis
model inferred from nonlinear attitude dynamics of
the flexible spacecraft which features a rigid object
attached by a elastic appendage. This equations of
motion of flexible spacecraft are given by [26]:

JO() + Hij(t) = ul (1)
HTO(t) + Miii(t) + Con(t) + Kon (1) = Lw(?)

6]

where 7 is the total moment of inertia of flexible space-
craft, H denotes elastic-rigid coupling matrix , Mg,
Cs, ICs represent mass, damping, and stiffness matri-
ces, respectively. £ is disturbance input matrix. 6(t)
refers to the attitude angle to be controlled, n(t) =
(1) n2(t) - - - 7(1)]" describes generalized coordi-
nates of elastic appendages. u” (¢) is control torque
which suffers actuator failure. w(¢) denotes external
disturbance. Different from existing single-axis space-
craft dynamics where w(#) appears in the right-hand
side of first equation in (1), it deserves to underline
that in this case w(#) locates in the right-hand side
of second equation in (1), which indicates external
disturbance impacts on flexible appendage directly.
The latter model is accordance with the actual sit-
uvation. Moreover, we assume that disturbance term
w(t) has the property of energy bounded, indicating
w(t) € L[0, 00) and ||w(t)[|3 < w where W is a posi-
tive constant.

The equations of motion (1) are able to be expressed
in the following simplified form,

M) + Co@) + Kv(t) = Bul 1) + Byow(®)  (2)

where v(t) = [T (t) nT (t)]” and

7 ™ ~J0 0
el ] e=o )

0 0
=l el

o<[l) -]

By introducing a novel vector e(t) = [v! (r) vT (1)]7
and defining

0 I 0
A_[—M‘UC —M—lc]’ B_[M‘lB]’
0
Bw:[/\Ale}’

we have the state equation for flexible spacecraft,
&(t) = Ae(t) + Bu’ (1) + Bypw(1). (3)

For flexible spacecraft, actuator converts the control
signals (like voltage or electricity) into control torque
which is imposed on plant directly. However, due to
component aging or other reasons, actuator may not
implement the commend fully, which means it can not
output enough torque required by controller. Therefore,
it is significant and needful to fulfill reliable control
for flexible spacecraft with the existence of actuator
failure. Based on the actuator fault model stated in [4,
9], we define the control input with actuator faults as

ul (1) = Lu(r) 4)

where L is the actuator effectiveness matrix which sat-
isfles L < L < L, where L = diag{l,[2,...,1,},
L =diag{l,,l,,...,1,},and L =diag{ly,l2,...,[s}.

After defining Lo = % and L = %, we have

L=Lo+ AL, |AL| <Ly. %)
It deserves to mention that /; = 1 indicates the ith
actuator is normal, 0 < /; < 1 indicates the ith actuator
loses partial effectiveness, and /; = 0 means the ith

actuator loses the effectiveness completely.

Furthermore, in practical flight control system, the
control signal u(¢) figured out by digital computer
merely updates at time instants #, ..., fx+1, .... That
is to say u(fy) are valid in time interval [#¢, fx1], which
is given as

ult) =u(ty), t <t <tiyr.
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Here we assume that u(?) is sampled at a series of time
instants, and the upper bound of the interval between
any two adjacent time instants is defined as 2 (h > 0),
which implies #4411 — tx < h, Yk > 0. The discrete con-
trol input u (¢ ) increases the difficulties in designing an
effective controller for system. To tackle this problem,
the input delay approach is adopted in this case, which
rewrites the sampling time #; as

hh=t—(—1)=1t—1(),
where 7(t) =t — t; < h, which further leads to
u@) =u(ly) =u —t@®), t <1t <41, (6)

where ©(¢) is time-varying delay and satisfies 7 (1) =
1, t # tg.

On the other hand, it is well known that the paramet-
ric uncertainties exist extensively in physical systems
because of inaccurate mathematical model and changes
in external environment. The presence of uncertain-
ties will impair the stability and performance of con-
trol system. To obtain satisfactory control performance
in practical applications, uncertainties should be taken
into account during the controller design. In compari-
son with norm-bounded uncertainty description, there
exit a more general and natural uncertainty description
called LFT formulation. In this paper, LFT method is
used to depict the uncertain changes in system matrix A
and input matrix B in state equation (3). Therefore, by
introducing LFT uncertainties into this system and tak-
ing care of actuator faults (4) and input sampling-data
description (6), the state equation (3) becomes

£(t) = Ae(t) + BLu(t — t(0)) + Byw(®) (7
where A = A + AA(t) and B = B + AB(t). AA(1)
and A B(t) are referred to as the unknown time-varying
uncertainties in system matrix A and input matrix B,

respectively. Moreover, AA(t) and AB(t) are repre-
sented as

[AA(r) AB(1)] = HA()[E4 Egl, (®)
where H, E4, Ep are known appropriately dimen-
sioned constant matrices and A(f) is a time-varying

unknown matrix which guarantees

AW =1[1 — FO)JI'FQ@),
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where matrix J is known and meets I — JJT > 0,
and time-varying matrix F(¢) is unknown and meets
FT(t)F(t) < I. Finally, the state space representation
of uncertain flexible spacecraft is stated as

&(t) = Ae(t) + BLu(t — t(t)) + Byw(t) ©
2(t) = Cze(1)
where z(¢) is the attitude angle 6(¢) to be controlled.
Revisiting the equations of motion (1), we should
point out that the accurate measurement of all of the
elastic generalized coordinate 7(¢) is an extremely dif-
ficult work in practice, which means state feedback
approach can not be accommodated into designing con-
troller in this case. However, since the attitude angle
and attitude angle rate of spacecraft body and flexible
appendage tip can be measured easily and accurately
in physical situation, output feedback scheme is the
best choice for controller design here. In this study, we
define the measurement output equation as

y() = Ce(t)

where y(t) represents the measurable physical vari-
ables. Then, a dynamic output feedback controller gov-
erned by

(1) = Age(t) + AL8(t — T(1)) + By () (10)
u(t) = Cye(t)

is employed in this work, where € is the state variable of
this controller, and Ak, A;, By, Ci are the parameters

to be designed. Combining (9) and (10), we obtain the
closed-loop system as

[x(t) = Ax(t) + Bx(t — (1)) + Bpw(t) (11

(1) = Cox(1)

where x (1) = [T (), 7 (1)]* and

— [ A4 0] —+_J0 BLG
A_|:Bkc Aki|’ B_[O A; iI’
_ B, _

Bw=|:01|, C.=[c. 0].

Invoking the closed-loop system’s state vector x (¢), the
control input with actuator faults can be rewritten as
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ul (1) = Cux(1) (12)

where C,, = [0 LCy].

The major objective of this study is to construct a
dynamic output feedback controller (10), such that the
robustly stability of disturbance-free closed-loop sys-
tem (11) is guaranteed. What is more, in the specific
frequency range (o1, @») the closed-loop system (11)
perseveres the disturbance suppression index y, which
means

/ M (jw)z(jw)dr < y? / w! (joyw(jw)dr,
0 0
Yo € (w1, m2), (13)

which differs from the H,, performance of traditional
entire frequency Ho, method,

/ T (jw)z(jw)dr < y? / w! (joyw(jw)dr,
0 0
Yo € (—o0, +00). (14)

Moreover, because of the limited energy consumption
in flight control application, the actuator output torque
is confined by

/OO ul OTul (Hdr < s, (15)
0

where § is a presupposed constant.

Before presenting the main results of this study, the
following lemmas will be revisited first, whose detailed
proof is shown in [15-18].

Lemma 1 ([15]) Assuming there exists constants a
and b, and symmetric matrix P > 0, thus, for any
vector function x(s) in [a, b] — R", we have

b 1
/ T OPx)ds = =) Pe(s),

where (s) = fab x(s)ds.

Lemma 2 (S-procedure [16]) Given vector &€ € C",
and matrices ®, M € H,, it can be derived that

£'OE <0, VE#0, §"ME >0,
if and only if

JoeR, 0>0, ®+0cM <O.

Lemma 3 [17] Given the general matrices P, Q, and
‘R with appropriate dimensions. If | Q|| < 1, we have

POR +RTQTPT <7 'PPT + eRTR.

holds for any scalar ¢ > 0.

Lemma 4 [18] Let the symmetric matrix E, appropri-
ately dimensioned general matrices P, Q, J and F(t)
be given. The following two inequalities are equivalent:
(1) E + PADQ + QTAMNPT < 0, where
A =1 —FOI1'F@), 1 —JI" > 0and
FrnF@) < 1.
-2
& * *
P —pI  « < 0.
pQ pJ —pl

where p is an arbitrary positive number.

Remark 1 ltisthekey to finite frequency vibration con-
trol for flexible spacecraft that how to determine the
concerned frequency range. In fact, from the equations
of motion of flexible spacecraft, the nature frequen-
cies of vibration modes can be inferred. In this paper,
we want the specific frequency range in (13) just cov-
ers these nature frequencies instead of full frequency
band. For instance, if we merely consider the first tow-
order nature frequencies wj and w; in system model,
then the concerned frequency region can be defined as

(Lot ], [@2]) [@1 = |w1], @2 = [wy]in (13)].

3 Controller design

In this section, the problem of controller synthesis for
the vibration attenuation of flexible spacecraft is dis-
cussed. Drawing supports from convex optimization
and Lyapunov functional method, the desirable con-
troller can be obtained straightly through figuring out
a set of LMIs. And the following statements are sepa-
rated as two subsections: reliable sampled-data control
for nominal and uncertain flexible spacecraft model,
respectively.

3.1 Fault-tolerant sampled-data controller design

The main purpose of this subsection is to design the
reliable sampled-data control strategy for closed-loop
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system (11) without LFT uncertainty, and this nominal
closed-loop system is expressed as

(16)

[x(r) = Ax(t) + Bx(t — t(t)) + Byw(t)
2(t) = C.x(1)

where B,, and C. have been expressed in (11) and

— [ a4 0] - [0 BLG
=lne al =0 W)

The finite frequency reliable sampled-data control
algorithm for nominal system (16) is presented by fol-
lowing theorem.

Theorem 1 Given the scalars y > 0, ¢ > 0,5 > 0,
positive-definite matrices X 11, X22, Y11, Y22, Z11, Z22,
Gi1, G2, Ri1, Ry, T, T, Q11, O, symmetric
matrices P11, Py, general matrices X»1, Y21, Z21, Ga1,
Roy, o1, Q21, Po1, Ky, Ko, K3, K4y M, Upy, Vi If
the LMIs exhibited as follow

En * * * *
:21 Egz * * *
E =153 &3 &3 * * < 0, (17)
By B 0 By
| E51 0 0 0 Ess
211 * *
2 = 921 .922 * < 0, (18)
| 231 $230 233
B —1I * *
I = 0 —6Y1 * <0, (19)
_\/EK3TLT —6Y21 —6Y»

are true, where

[ X11 — Z11 — 122011 + [UlTlA]x
| X21 = Zo1 — w1200 + KT + A

+[K2Cls

6]
Il

*

Xzzfzzz*wlwzQ22+[AV11]s]’
[ Y11 + P11+ joe 011 +U1T1A+K2C —-Un
L Yor+ P+ jomc 0 +A-M
Y]+ Pl + jweOF + Ky — 1 ]

Yoo + Py + jwe Qo + AViy — V]
Sy = [hzZn—[Un]s—Qn * ]

h2Zy—M—1—Qy h?Zp—[Vils— 020 ]

By =

531=[ ‘i Z%TJ ]
Zn+K]  Zp+kILTBT |
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E3p = [KOT KTLTBT]

a33=[ X1 —2Zn * ]
Xo1—Zy1 —Xn—Zxn

gy =[BLu, BI].

Ep=[BLUuy BI], 8u=-y%1,

Es51=[C; C:Vii], &ss=-I,

Q1 = [Ru — Ti1 + [UT Als + [K2Cls
Ry — T +A+K1T

*
Roo — T2 + [AV11]s ] ’

o | Cu=Un+U[{A+KC GJ —1+K,
21 Gol—M+A Gn—VI+AVy
@y = [ 2T = U0l * ]

| h2T =M — 1 h%Tp — [V

i T11 I
SB1=1p, kT T KLT BT

L 121 4 22+ K3

[0 0
932 = KT KTLTBT] ’

L K4 3

-_Rll — T * ] w|+w)
0 = N We = )
BT | Ry -Ty —Rn—Txn ¢ 2

Then, for the known actuator failure matrix L, a
dynamic output feedback controller (10) with

Cr = K3V, (20)
By =Uy;," K> 21
Ap = Us T (K1 — UL AV — UL Beevin vyt (22)
Ar = Uy" (K4 — U\ BLC Vo) Vs, (23)
ViUy =M - ViU 24)

can be found, such that the stability and required per-
formance (13), (15) can be ensured for closed-loop sys-
tem (16) simultaneously.

Proof To simplify discussion, integrating the matrices
in Theorem 1 as follow

= [ X4 * =~ Y11 *
X= P Y == ’
| X21 Xzz] |:Y21 Y221|
= [zn * i|
Z= ,
| Z21 Z»
~ _Gll * :| ~ |:R11 * i|
G - 5 R = )
_G21 Gzz Rzl R22
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~ T *

T = ,
|:T21 Tzz}

_ |9 x P P
02 0O»n]|’ Py Py |’

Then, assuming there exist an invertible matrix U and
partitioning it and its inverse as

U:[Ull Ulz] U1:|:V“ Vlz}

(o

Uyy Up Vor Voo

If we define

U 1 | Vi
A1_|:U21 01|’ AZ_[O V211|’

it can be easily obtained that AU = Aj. Furthermore,
from (20)—(24), it can be derived that

Ky = UL AVar + UL AV + UL B OV (25)
Ky = U3, By (26)
K3 = CiVay 27
Ky = U} A Va1 + U]\ BLC, Vo (28)
M = V) Uy + ViU 29)

Substituting (25)-(29) into (17)—(19), inequalities
(17)—(19) can be restated into following form,

ATEA <0 (30)
AT2A; <0 (31)
AfT A3 <0 (32)
where
B gll ~* * * *
Eh1 Er * * *
= T —=T
E=|Z+BU BU -X-2Z » * |,
BLU B.U 00—y
| C 0 0 0o -1
[R—T +[UTA] * *
2=| G-U+UTA KT —[U] * ,
T+B U B'U -R-T

~ -7 *

r= [ﬁ@ —5Y]’

Ay =diag{Ar, Ay, Ar, 1,1},

Ay =diag{Az, Ay, A2}, Az =diagf{l, Az},

g
=

n=X-Z+[U"Al; — om0,
n=Y-U+UTA+P+ jw.0,

v G

&3]

En=hZ-[Ul-0, X=AaXa,,

Y = Alya,,

Z=4aYznA), G=4YGa,, R=ATRA,,
T=4aTA), P=alPA,, Q=A4T04,.

Obviously, inequalities (30)—(32) follow the equiva-
lence with the inequalities shown below, respectively,

Z <0, (33)
2 <0, (34
T <. (35)

For the sake of proving that the control objective
(13) can be guaranteed by inequality (33), we define a
Lyapunov functional for closed-loop system (16) as

t
Vi, x@) = x ()Y x(t) +/ xT(s)Xx(t)ds
t—h

0 t
+h/ / T (s)Zx(s)dsdo
—h Jt+60
(36)

Differentiating V1 (¢) with respect to time ¢ yields

Vi, x(0)) =2xTYx(t) —xT(t — h)Xx(t — h)
+ xTOXx@) + h2xT () Zx ()

) (37)
— h/ xT(0)Zx(0)do
t—h
Recalling Lemma 1, we have
(xT(t) —xT— h)) Z (x(1) — x(t — )
t
< h/ T (0)Z%(0)d0 (38)
t—h

Taking care of (37) and (38), it is can be found that the
following inequality is true,

Vi, x(1) < 2xT Vi) +xT ()X — Z)x(1)
+ B2xT (1) Zx (1) +2xT (1) Zx (1 — h)
—xT(t = h)(X + Z)x(t — h) (39)
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For the invertable matrix U, we have the zero equalities
as follow,

[xT(t)UT —i—)'cT(t)UT]
x [Ax(t) — %(t) + Bx(t — 7) + Byw(®)] =0,

(40)
[T @A 5T+ 2T =B +uw’ OF,]
x [Ux(t) + Ui ()] = 0. 1)

Inserting equations (40) and (41) into (39) yields

Vi <2xT (v —UDx@) +xT(1)(X — Z)x(1)
+ W2 T () Zx(t) + 2xT (1) Zx (¢ — h)
— xT(t —h)(X + Z)x(t —h)
— 2T UTx(t) + 2xT () UT Ax (1)
+ 2xTOUTBx(t — h) + 2xT )UT B,w(t)
+ 24T OUTAx(t) + 23T ) UT Bx (1 — h)
+ 2xT(UT B,w(1)
(42)

Based on inequality (42), it can be further derived that

Tz —yrwT Owe)+Vi@, x(0) < T () TE®),
(43)

where £(t) = [xT(t) *T@) xT(t—h) wl(®)]" and

I * * * *
Iy h?Z — U], * * *
n=|z+Bv BU -X-Z « =
BlU BLU 0 =
C. 0 0 0 —I

with [Ty = X—Z+[UT Alyand IT); = Y-U+UTA.
Assuming the initial conditions of system are zero and
integrating inequality (43) from t = 0 to t = oo will
give

/OOST(t)HS(t)dt > /sz(t)z(t)dt
0 0

—yz/oo w! Ow@)dr £ J,
0

where Jj, denotes the Hy, performance of closed-loop
system. According to Parseval equality, we have

o0 1 o0
/ €7 (O ITE(d = - / E* (W TEML,
0 7T Jo
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where A = jow and

E =T a-xToy e xToy w1’
(44)

If &*(M)ITE(A) < O can be ensured for all w €
(w1, @), then J;, < 0 holds for all w € (@, @)
indicating the control performance (13) is guaranteed.
In order to prove this, we will first revisit inequality
(33) which can be restated as

I+ <0, (45)
where ¥ = F*(@ ® P + ¥ ® Q)F and

01 00 0 1
]::[I 0 0 0}’ ‘D:[l 0]’
o[ )

—jw. —wwo |’

Based on Lemma 2, inequality (45) follows the equiv-
alence with

EX(MITEM) <0, VE) €8y,
where

S1={60) eClEG) #0,8* (M) ZE() = 0.

Defining I, = [/ — AI] and recalling (44), we can
obtain the following set,

Sy={M) eClEM) #0, FEMR) =0, e (A1, A2)},

where A| = jw and Ay = j@y. The statements exhib-
ited in [16] say that S is equivalent to S, such that we
have

E'MIEMR) <0, Yo € (1, m2),

where further implying system performance (13) is
ensured by inequality (33).

In the following discussion another inequality will
be constructed to guarantee the asymptotically stability
of closed-loop system (16) with w(¢) = 0 over full fre-
quency region. Another functional candidate is defined
as
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t
Vo(t, x(t)) = xT(t)Gx(t) +/ xT(s)Rx(s)ds
t—h

0 t
+h/ / T (s)Tx(s)dsdd,  (46)
—hJi+o
whose time derivative is written as

Vo(t, x(1)) = 2xT Gx(t) —xT(t — h)Rx(r — h)

+xTORx @) + 2T () Tx() )

t
—h/ T (O)Tx(6)d6.
t—h

Application of Lemma 1 to (47) gives rise to

Va(t, x(1) < 2xT Gi(t) + x (1) (R — T)x (1)
+ 23T (OTx(t) +2xT () Tx(t — h)
—xT(t —h)(R+ T)x(t — h) (48)
Clearly, the following equations always hold for distur-

bance-free closed-loop system,

[xT(t)UT —i—)'cT(t)UT]

x [Ax(t) = %(1) + Bx(t —h)] =0, (49)
[T @A — 5@ + 5T~ B ]
x [Ux(t) + Uk(1)] = 0. (50)

Bringing equations (49) and (50) into (48) leads to
Va(t, x(1) < €)' TE®), (51)
where £(t) = [xT (1) xT@) xT@ —h)]" and
R —T+[UTA], * *
O=| G-U+UTA RWT-[U] *
T+B' U B'U —R-T
It is clear that inequality (34) guarantees V() < 0,
indicating the closed-loop system without disturbance
w(t) is asymptotically stable.
Finally, if & T &(t) < 0,inequality (43) will give
Vi, x(0) — y?w! ()w(r) < 0.

Integrating above inequality with respect to ¢ from 0 to
oo leads to

Vi(t, x(0) < y*lw(®]3 + Vi(0).

Since the second and third term of (36) are all positive,
it can be obtained that xT (1)Yx(t) < €, where € =
Y2 w(r) ||% + V1(0). Then, recalling the control torque
constraint (15), we have

max (uf ) u’ (t)) = max_ (xT(t)EfEux(r))

O<t<oo
_1=T— __1
<€ pma (Y72C,Cur72)

<4,
which further results in
—T—
—8Y +e€-C,C, <O.

Clearly, the above inequality follows the equivalence
withinequality (35) by schur complement lemma. Now,
the proof is completed.

To underscore the benefits of proposed finite fre-
quency method, an entire frequency H, control algo-
rithm for nominal system (16) is addressed as follow
for comparison,

Corollary 1 Given the scalars y > 0, € > 0, § > 0,
positive-definite matrices P11, P2, Q11, 022, R11, R22,
general matrices Pr1, Q21, Ry, K1, K2, K3, K4, M,
U11, Vi1. If the LMIs shown below

M E.11 * * *
Eeal ez * *
He = | He31 Eez2 Ee33 * <0,
Eeyt Eerr 0 Eeaq
| Ees1 0 Eess
(52)
B —1I * *
I, = 0 —5§P1q * <0, (53)
_\/EKgTLT —6Py; —6Px»

are feasible, where

By = Q11 — Rii + [U] Aly + [K2Cls
¢ Qo1 — Ry + KT +A

*

02 — R + [AV11].;] '

_[Pu+U[A+KC—Un P +Ki—1
e2l Pyy+A-M Py + AV — Vﬂ

= | 2R = Ul *
¢ h*Ryy —M — 1 h*Ry —[Vils |’

m

)
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B, = Ry , R2TT1 , T} Defining the following Lyapunov functional for closed-
) LR+ Ky Rnp+K3L°B loop system (16),
- [o 0
SeR=| kT KILTT | t
- V(t, x(1)) = xT (t)Px(t) + xT(s)Ox(t)ds
B33 = —Qu —Rn * —h
-0 -Ry —0n-Rn |’ 0
Ze1 = [BIU, B, 4 h/ / %7 ()R (5)dsdo,
) T T = 2 —h Jt+0
Sex =[B,Un B, Zeua=-y"I,

Then, for the known actuator failure matrix L, a
dynamic output feedback controller (10) with

Cr = K3V, (54)
By =Us," K> (55)
Ax = Uy (Ky — UL AV — UL Bievin vyt (56)
Ar = U5,  (Kay — U BLCi V1) Vs, (57)
ViUy =M —viuy (58)

can be achieved, such that, the stability, performance
(14) and (15) are guaranteed for close-loop system (16).

Proof Defining
> P ox = O * }
P = ) = )
[le Pzz] Q [Qn 02
~ R *
R = .
[RZI Rzz]

Using the same matrices U, U, A1, A, and the simi-
lar mathematical transformations shown in
Theorem 1, we find that inequalities (52) and (53) fol-
low the equivalence with

ro—R+[UT A * * * *
P-U+UTA h2R—[Uls * * *
R+B U BlU  —0-R «  x |<0
Blu Blu 0 2
L C, 0 0 0 -
(59)
= P] <0, (60)

where
P=ATPA,, 0=4T04A;, R=ATRA,.

@ Springer

and performing the similar proving steps shown in The-
orem 1, we are able to conclude that if inequalities (59)
and (60) are feasible, the close-loop system (16) is sta-
ble and satisfies specifications (14) and (15) at the same
time. Therefore, the proof is completed.

Remark 2 Diverse Lyapunov functional candidates
give rise to the controllers with conservatism of dif-
ferent degrees. To avoid this effect and make a fair
comparison, in this paper the Lyapunov functional can-
didates for entire and finite frequency controller have
the same structure.

In some practical situations, actuator fault matrix
L may be unknown, but changes in a known interval.
Such that, it is of importance to investigate the reliable
control for flexible spacecraft with unknown actuator
faults. Next, the finite frequency case will be given by
the following theorem.

Theorem 2 For unknown matrix L, by means of the
dynamic output control law (10) with parameters
shown in (20)—(24), the closed-loop system (16) is sta-
ble and guarantees system performances (13) and (15),
if there exist the scalars y > 0,€¢ > 0,8 >0,¢& >0
(i = 1,2, 3), positive-definite matrices X11, X22, Y11,
Y2, Z11, Z22, G11, G2z, Ri1, Rao, Thy, T2, Q11, Q22
symmetric matrices P11, Py, general matrices X1,
Y21, Z21, G21, Roy, To1, O21, Po1, K1, Ko, K3, K4, M,
U11, Vi1, which ensure that the following inequalities

r 5’ * * ]

ST —al  x <0, (61)
L 1M1 0 —el |
el * *

ST —el  x <0, (62)
| ©2N> 0 —&2l |
r * * |

ST —esl x| <0, (63)
| &3N3 0 —e&3l |
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are feasible, where E', 2/, I'' are the matrices 2, $2,
I’ depicted in Theorem I in which L is replaced by Ly,
and

S1 =MLy,
M, =[B"Uy, BT B'U; BT 0 0 0 0],

Sp =MLy, S3=M3Ly,

M,=[B"U;, BT BTU; BT 0 0],

mMy=[1 0 o],

Ni=[0 0 0 0 0 K3 0 0],
N,=[0 0 0 0 0 K3,
N3=[0 0 eKks].

Proof Considering Lemma 3, unknown fault matrix L
in (5), and inequality (17), we have

o

"+ M{ALNy + N[ Apm]
‘e 'MAIMT - eNT N,
‘el MiLIMT e NT N,
& e 'S8T +e1NT Ny

O—
=

IATA
0O O

Clearly, &' + 8f]SlSlT + slNlTNl < 0 is identical
to inequality (61). Using the similar steps, inequalities
(62) and (63) can be obtained. This proof is concluded.

On the basis of Corollary 1, the entire frequency case
with unknown actuator faults is given by the following
corollary.

Corollary 2 For unknown matrix L, by means of
the dynamic output control law (10) with parameters
shown in (54)—(58), the closed-loop system (16) is sta-
ble and guarantees system performances (14) and (15),
if there exist the scalarsy > 0,¢ > 0,86 >0,¢& >0
(i=1,2), positive-definite matrices P11, Py, Q11, Q22,
R11, Ra, general matrices Pr1, Q21, R, K1, K2, K3,
K4, M, U1y, V11, which ensure the following LMIs

:‘e * *

SL —al  x <0, (64)
| €1Ne1 0 —el
I * * |

SL —el x| <0, (65)
&yNegp 0 —&l

are feasible, where B and I') are the matrices E, and
I, in Corollary 1 in which L is replaced by L, and

Set = MeiL1, Seo = MLy,

M. =[B"Uy BT BTu;, BT 0 0 0 0],
Mo=[1 0 0],

Na=[0 0 0 00 Ky 0 0],

Ney = [0 0 \EK3]‘
Proof Following the proof of Theorem 2, we have

= B+ Mo ALNey + N AL ME
< B+ &7 "M LIM] 4 eI N N,y

2
|

7 —1 T T
=&, +e; Se18, +€1N, Net.

It is easy to find that &, + sl_lSelSeTl + £1N6T1Nel <0
follows the equivalence with inequality (64). Employ-
ing the similar steps, inequality (65) can also be pro-
cured. Such that this proof is completed.

3.2 Robust fault-tolerant sampled-data controller
design

The main purpose of this subsection is to design the
robust fault-tolerant sampled-data controller for uncer-
tain closed-loop system (11). First the finite frequency
control strategy is given as following theorem.

Theorem 3 Given the scalars y > 0, ¢ > 0,5 > 0,
wi >0,k >0(i =1,2,3), positive-definite matrices
X11, X202, Y11, Yoo, Z11, Z22, G11, G2, R11, R, Thy,
T2, Q11, O, symmetric matrices P11, P2, general
matrices X21, Y21, Z21, G21, Ro1, To1, Q21, Pa1, K,
K>, K3, K4, M, U1y, V1. With known fault matrix L,
the control law (10) with parameters shown in (20)—
(24) can be established to ensure the specifications
(13), (15), and stability for uncertain closed-loop sys-
tem (11), if the LMIs depicted below

r<o0 (66)
15} * * * * * *
H, -l * * * * *
wiEr  wd =l * * * *
ﬁlT 0 0 —ual * * * <0,
2 En 0 0 nad  —ual * *
—T
Hj 0 0 0 0 —u3l *
H3E3 0 0 0 0 wsd  —usl
(67)
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2 * * * * * *

ﬁ{ —i1 1 * * * * *
K1 E1 K1 J —K1 1 * * * *

ﬁ{ 0 0 —ir 1 * * * <0,
K2 En 0 0 kod  —kal * *
a0 0 0 0 k3l
k3 E3 0 0 0 0 k3J  —k3l
(68)

are feasible, where E, §2, I" are described in Theorem 1
and

Hy=[H"Uy HT HTU;, H” 0 0 0 0]

Hy=[0 H" o H" 0 0 0 0]

Hy=[H'Uy, HT HTU;, HT 0 0 0 0]
A =[HTU,, HT HTU, HT 0 o]
m=[0 HT o HT o o]
B =[H"Uy, HT HTU;, HT 0 0]
Ei=[Ex+ 0 0 0 0 0 0 0],
Ex=[0 EsNyy 0 0 0 0 0 0],
E3=[0 0 0 0 0 EgLK3; 0 0],
E:[ 000 0 0],

Ey=[0 EsNyy 0 0 0 0],
E3=[0 0 0 0 0 EgLKs].

Proof InTheorem 1, replacing matrices A and B by A
and B, respectlvely, in matrices = and £2, we obtain

the matrices = and .Q, which are able to be further
rewritten as

E 4+ H{AMNE | + HyA()E» + H3A(t)E3,
=2+ HADE + HhA()E» + H3A(1)E3.

EJ) ()

Invoking Lemma 4, it is apparent that Z<0and 2 <
0 follow the equivalence with inequalities (67) and (68),
respectively. This completes the proof.

For comparison, the entire frequency control strat-
egy for uncertain flexible spacecraft is given as follow-
ing corollary.

Corollary 3 Given the scalars y > 0, ¢ > 0,5 > 0,
ui > 0 (i = 1,2,3), positive-definite matrices P11,
Py, 011, 02, Ri1, R, general matrices Pr1, Qo1
Ro1, K1, K2, K3, K4, M, Uy, Vi1. With known fault
matrix L, the control law (10) with parameters shown

@ Springer

in (54)—(58) can be established to ensure the specifica-
tions (14), (15), and stability for uncertain closed-loop
system (11), if the LMIs depicted below

I, <0, (69)
Ee * * * * * *
HLT —url * * * * *
mEa  wJ  —pil * * * *
ﬁ£2 0 0 —ual * * * <0,
u2Ee 0 0 mad  —ual * *
—T
Hy, 0 0 0 0 —usl o«
n3Ee3 0 0 0 0 n3d  —up3l
(70)

are feasible, where &, and I', are described in Corol-
lary I and

Ha=[HTUy HT HTU, HT 0 0 0 0]
Ho=[0 HT 0o H” 0 0 0 0]
Ha=[H'Uy HT H'U;, HT 0 0 0 0]
Eq=[E4 0 0 0 0 0 0 0],

En=[0 EsN;p 0 0 0 0 0 0],
Es3=[0 0 0 0 0 EgLK3; 0 0].

Proof In Corollary 1, replacing the matrices A and B
by A and B, respectively, in matrix &,, we obtain
matrix &, which is able to be further expressed

e=5e +ﬁe1 A(I)Eel +ﬁe2A(t)FeZ +ﬁe3A(t)Fe3-

Clearly, based on Lemma 4, §e < 0 is identical to
inequality (70). Such that, this proof is concluded.

4 Tllustrative example

This section exhibits a practical example along with
simulation results capable of highlighting the advan-
tages of proposed finite frequency algorithm. The
configuration of flexible spacecraft is illustrated in
Fig. 1.

In this figure, rigid hub and flexible beam refer to
the main body and elastic appendage of spacecraft,
respectively. » and J;, denote the radius and moment
of inertia of hub, E, ¢y and pp, I and w(x, t) repre-
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tip mass m
A 4
Y,

=7
rigid hub -
X _-~10(1)

p I, A~ =
Lo .

Fig. 1 The configuration of flexible spacecraft

sent the elasticity modulus, damping coefficient, mass
density, area moment of inertia, deformation of flexi-
ble beam, respectively, and m; is tip mass. According
to Hamilton’s extended principle, the dynamics of flex-
ible spacecraft is obtained as (1) with

T =Jn+ /Ol b (r + x)2dx 4 m,(r +1)2,
H= /Ol op(r + x)i (x)dx + m; (r + D (D),
M, = /0 ' oy (0085 () + g Dy D,
¢, = /0 oot (), ().

l
;csz/ Elyg" ()" x)dx, i, j=1,2,....7,
0

n

w(x, 1) = D ¢i(mi(t),
i=1
where  ¢; (x) = [cos (gix) — cosh (p;x)]
— @Dl (1) + sinh (¢;l) x [sin (gix)—
sinh (¢;x)] denotes the modal function which is sub-
jectto the boundary conditions of the structure shown in
Fig. 1, ¢; isdetermined by cos(g;/) x cosh(g;/)+1 = 0,
and 7 is the number of elastic modes to be taken care
of here.

In this case, considering the first two low-order elas-
tic modes of flexible spacecraft (7 = 2) and set-
ting J, = llkgm?, r = 05,1 = 2m, m; =
1kg, p = 1.66kg/m, I, = 1.5 x 107%m* E =
6.895 x 109 N/m and ¢; = 2.966 x 103 N/m, we have
J = 25.8268kg m?,

1129
M. [ 73200 —4.0036
¢ T | —4.0036 73273 |
o _[o0001 o
T 0o 00027]
o _ [15.9821 0
T 0 627.6884

H=[-10.0768 3.6815],

and the disturbance input matrix is defined as £ =
[1 177 for simplicity. The first two nature frequencies
w1 = 2.1577rad/s and wr» = 11.4551rad/s can be
inferred from above parameter matrices. For this case,
we want the frequency range of finite frequency algo-
rithm merely covers these two nature frequencies, such
that the chosen frequency region are set as (2, 12 rad/s),
which means @ = 2rad/s and @, = 12rad/s in (13).
We assume that the attitude angle 6, angle rate 6, tip
deflection w(l, t) = ¢1(D)n1 () +p2(1)n2(¢) and its rate
w(l, 1) = g1 (D1 (t) + ¢2(1)N2(¢) can be measured in
practice; furthermore, attitude angle 6 is chosen as the
target to be stabilized, such that the output matrices are
addressed as,

10 0 0 0 0
c_|0 -2 2008 0 0 0
oo o 1 0 o |

0 0 0 0 -2 20018
c.=[1 0 0 0 0 0]

Moreover, the external disturbance signal w(z) acted
on flexible appendage directly is assumed to be of the
nonlinear form as follows,

0.5sin(27), (0 <t <1.5s)

0, (t > 1.55s) 7

w(t) = [

The following discussion will be divided into two
cases. In Case 1, we cope with the fault-tolerant con-
trol for flexible spacecraft without uncertainty and the
system with LFT uncertainty is discussed in Case 2.

Case I For the closed-loop system without uncertainty
(16), we first consider the situation in which fault matrix
L is known. By setting L = 0.5, 7 = Sms, § = 100
and solving the LMIs in Theorem 1, the finite fre-
quency controller (10) will be obtained with parame-
ters Agr, Azy, By, Cky shown in “Appendix.” Then,
by setting L = 0.5, h = 5ms, § = 100 and solv-
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~ = = open-loop
20+ : : ‘== entire—frequency
153131dB" * I finite frequency

26:8490dB

Magnitude (dB)
5

10 10' 10
Frequency (rad/s)

Fig.2 The magnitude—frequency response of system from w(z)
to z(¢) (L = 0.5)

— = = open-loop
20} B B = = entire frequency
: : finite frequency

-13.4013dB

Magnitude (dB)

2

Frequency (rad/s)

Fig.3 The magnitude—frequency response of system from w(¢)
toz(t) (0.3 <L <0.9)

ing the LMIs in Corollary 1, the entire frequency con-
troller (10) will be obtained with parameters Age, Aze,
Bye, Cre shown in “Appendix.” Applying the finite and
entire frequency controller to the open-loop system,
Fig. 2 depicts the frequency responses of open-loop
and closed-loop systems from w(¢) to z(¢). From this
figure, it can be seen that the response curve (black
solid line) of finite frequency system has the lowest
vibration magnitude over the entire frequency band.
The resonance peaks of open-loop system are per-
fectly suppressed under —26.8490 dB line by proposed
finite frequency method; however, only —15.3131dB
line is achieved by entire frequency method. Figure 5
shows the time responses of attitude angle, angle rate,
and actuator torque with w(t) shown in (71). Clearly,
the time response of finite frequency system achieves
the lowest vibration amplitude and least stabilization
time.

If the fault matrix L is unknown, by setting 0.3 <
L <09,h =5ms,§ = 100 and solving the LMIs
in Theorem 2 and Corollary 2, we can obtained the

@ Springer

- — = open-loop
<= = entire frequency
finite frequency

-19.335608

)
=
(]
9
2
=
2
| . -25.8003dB
= : ¢
-80} J
2rad/s ~ 12radls i
~100} t ]
120 ;) : 1 2
10 10 10
Frequency (rad/s)

Fig.4 The magnitude—frequency response of system from w(z)
to z(t) (LFT uncertainty, L = 0.5)

corresponding finite and entire frequency output feed-
back controller (10), whose parameters are given in
“Appendix.” The magnitude—frequency responses of
systems are presented in Fig. 3. Clearly, this plot tells
that the vibration peaks of open-loop system are per-
fectly reduced under —17.6555 dB line by presented
finite frequency method, but only —13.4013 dB line is
achieved by entire frequency approach. Furthermore,
Fig. 6 gives the time responses of attitude angle, angle
rate, and actuator torque with w(#) shown in (71). It is
clear that the proposed finite frequency controller also
achieves the best vibration suppression performance
when actuator faults are unknown.

Case 2 Now, we will take into account the flexible
spacecraft model with LFT uncertainty. In this case,
the parameters of LFT uncertainty in (8) are chosen as

H=O‘H[,J=O'j,
O 0 0 0 0 O
0 000 0 O
£ ><OOOOOO
ATOAX 0 11 0 1 1|
O 1 1 0 1 1
01 1 0 1 1
0
0
EBZO’BX?
1
| 1
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Fig. 6 Time response of attitude angle, angle rate, and control

torque (0.3 < L < 0.9)

Fig. 5 Time response of attitude angle, angle rate, and control

torque (L = 0.5)

Then, employing the two controllers to open-loop sys-

where oy, 0y, 04, and op are all set at 0.05 for the

purpose of simplifying discussion. By calculating out

tem, respectively, the magnitude—frequency responses

of systems are given in Fig. 4, and time responses of

attitude angle

the LMIs presented in Theorem 3 and Corollary 3 with

and actuator torque are exhib-

)

anglerate

)

, the correspond-

100

Sms and § =

h:

bl

0.5
ing finite and entire frequency controller (10) can be

L =

ited in Fig. 7. Obviously, in presence of LFT uncer-

tainty, the finite frequency system is also capable of

achieved, whose parameters are given in “Appendix.”

pringer

éas
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Fig. 7 Time response of attitude angle, angle rate, and control
torque (uncertain case, L = 0.5)
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obtaining the best attitude angle stabilization perfor-
mance.

5 Conclusion and future work

In this work, we studied the problem of reliable
sampled-data vibration control for uncertain flexible
spacecraft. A finite frequency Hy, output feedback
controller is constructed to suppress the vibration of
attitude angle caused by elastic appendages. Differing
from classic entire frequency method, the concerned
frequency region of proposed approach only covers
major vibration modes of flexible spacecraft. In addi-
tion, the actuator failure, input sampling and limita-
tion, and LFT uncertainty are also considered in this
paper. The results of simulation confirm that the pro-
posed algorithm is capable of achieving better vibration
attenuation performance.

This work only takes care of passive fault-tolerant
control case. To procure a large capability of fault tol-
erance, it is of significance to investigate the active
fault-tolerant control case with frequency range lim-
itation in the future work. Moreover, how to imple-
ment finite frequency vibration control for uncertain
flexible spacecraft under unreliable communication
links [27] is another interesting research topic to be
studied.

Appendix

Case 1 The parameters of finite frequency controller
with known actuator faults are given as,



Reliable sampled-data vibration control

1133

~—1.9084 —0.5485 —22618  4.7793  —5.3205  5.5982x10%
—0.3644 —1.1119  0.2949  —57501 —1.6501 —1.4542x10°
App — | —21981 —1.0246 —4.4853 —4.1386 —9.3016 —1.6853x10°
kf 23774 —09291 —7.8587  4.4295 6.8004  2.9858x10
1.5242  0.4157 85532  —11.4473 —20.4866 —6.0065x 10°
L 0.1042  —0.0427 22619 —11.2116 —3.7486 —3.1226x10°
T —0.2614  0.4596  0.4904  0.2835
0.1238 04374 —1.3896  0.1913 ]
_ | —03950 0.5624 —2.4488 —0.2903
Biy = | o5t 05588 05419 —05421 | X 10
0.5398 —0.2855 —0.3518  0.6883
| —0.0000 —0.0000 —0.8193  0.1680
Cip=[0 0 o 00014 0 39.0605],
M 0.1002 —0.6474 —0.5648  36.8033  —1.2979  1.012x10°
—0.0860 05556 04847 —31.5829 1.1138  —8.6859x10°
Acf = —0.0392 02535 02212 —14.4102 0.5082 —3.9631x10°
0.0083  —0.0535 —0.0466  3.0396  —0.1072  8.3593x10%
—0.0015  0.0097  0.0085  —0.5509  0.0194 —1.5149x10%
L o 0 0 —0.0004 0 —12.0251
The parameters of entire frequency controller with
known actuator faults are given as,
M —7.5595 —4.0848 —6.5670 —4.0654 30.6147 —2.0082x10%
1.8485  —1.2923  0.1648 —0.3071 15.1398 —5.8785x107
A, — | 91490 45842 04777  0.6544 764976  —2.7089x10%
ke 0.5217  0.0866  3.8286 —1.2898  35.4406 —1.3394x10%
1.5002  —1.9475 —9.6072 —7.3491 141.2726 —6.6249x108
L 01372 —0.4602  0.7063  —2.0482 61.8560 —2.6860x 108
—0.6489  0.1281 —1.6354 —0.2057
—0.9687 0.7333  —0.7875  0.4680
B, — | —04744 —1.1976 00590 03968 | . (8
ke = | 08568 03328 —0.7629 —0.0094
0.5501  0.0532  —0.0631  0.9923
L 0.0195  0.0011 —0.5158  0.2205
Cre=[0 0 0 0 0o 327613],
—0.0596 —0.0237 0.7586  —0.1098  8.5522  —3.3663x107
—0.0245 —0.0098 03122  —0.0452 3.5196 —1.3854x107
Ao = | 00479 —00191 06097  —0.0883  6.8740  —2.7057x10’
—0.1229 —0.0490 15653 —0.2266 17.6463 —6.9458x107
0.0681  0.0271 —0.8674 0.1256 —9.7785  3.8489x107
0 0 0 0 0 8.7615
The parameters of finite frequency controller with
unknown actuator faults are exhibited as,
—0.8201  0.06506 6.3185 283590  —1.3034x10° —5.1594x100
—0.0111 —0.8366  6.2913 10.0456  —2.5424x105  —1.0060x 106
App = | 009703 —0.6153  —194.9919 3125761 1.7059%10°  6.7569x10°
! —0.0579  0.5034  106.2091 67.2846  —1.3178x10° —5.1872x10°
—0.5429 14823 2758638  613.6358 —1.6773x107 —6.6399x 107
L —0.3123  0.8539 158.9534 3529242  —9.6451x10° —3.8182x107
T —1.0100 —0.0040 —0.9836  0.0506
0.0171  0.4343  0.0161  0.4809
B, — | —00185 —0.1543  2.0560 09519 | . ;08
kf =1 0.0129  0.0004 —0.9999 —0.4948
—0.0224  0.0015  1.3474  —0.5009
| —0.0128  0.0009  0.7706  —0.2898
0 0 0 00001 —132195 —352674
0 0 0 —0.0001 3.8839 9.9619
_ _ |0 0 0 00008 —108.3447 —317.7968
Cir=[0 0 0 0 09190 —77810], Acg =10 0 0 00002 38340 116358
0 0 0 0 —0.9020 —4.8692
0 0 0 0 0.0392 —0.3660
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The parameters of entire frequency controller with

unknown actuator faults are exhibited as,

19176  0.0570
—0.4629 —1.5166

_ | —04488 —3.1324
Are =1 Z03115 _loi1s
1.0608  3.3786

L _1.0339 —3.2930
08598  1.1179
16197 0.6221

B, — | 0018  —0.1750
ke = | 0.0069  0.0000
~0.0115  0.0046

| 00113 —0.0044

Crke = [00000.36675.5185] ,
0 0 0 0

0 0 0 —0.0001

A — |0 0 0o o001
=10 0 0 -0.0001
0 0 0 0
0 0 0 0

45.1981 200.8648 1.0985x10° 1.4919%107
1.0054 —147.6034 —6.9664x105  —9.4316x10°
—245.4182  190.8722  —1.5363x10° —2.0839x10’
—91.9749  —103.9126 —7.6268x10° —1.0421x10’
290.7369  825.19449  6.0406x10° 8.1933x107
—283.4022 —803.6034 —5.8825x10° —7.9789x107
—0.2875  0.4324

B NE |

06520 04051 | X 10

12581  —0.5546

—1.2211  0.5418

—0.0465 —8.2361

—0.2861 —26.9659

0.3826 14.9930

—0.2783 —38.2843

0.1485 1.6116

—0.0729  —1.0502

Case 2 The parameters of finite frequency controller

for system with LFT uncertainty are given as,

0.1084  —0.2977  2.1492

0.9697  —1.0464  7.7376

05287  —0.6117  4.5844 | 105
—1.4142  1.2317  —8.9301

0.9488  —1.5780  8.2205

—0.2898  0.3284  —2.2539

0.0836
0.5663 ,
—0.3664

“05119 | x 10
0.2813

~0.0565

—2.1935  2.1336  —14.2853
59354  —5.7756  38.8423
3.0538  —2.9718  20.0023
—2.5974  2.5283  —17.0758
4.0676  —3.9586  26.6640

™ —0.1999 —0.4158 —0.0543
—0.1525 —1.1674  0.0162
Ay — | —00268 —04417 —0.4588
kf = | —0.1758  1.0414 0.0412
0.0319 —0.8673 —0.0185
L 0.0071 0.2740  0.0568
™ —0.4041  0.5281  —0.2757
02327  0.4674  —0.3559
Bis — | 05950 01351  —1.9036
kf =1 —1.1911  0.3667 0.7553
—1.7558 —0.2613 —1.1571
[ —0.0758 —0.0297  0.3656

Cir = [0.3934 0.3355 —0.0688 —1.2613 1.2271 78‘2417],
r 0.6842 05841  —0.1187
—1.8527 —1.5776  0.3232
A, — | —0.9534 —08114  0.1665
of = | 08113 0.6891  —0.1423
—1.2700 —1.0804  0.2220
L —0.1456 —0.1249  0.0252

0.4677  —0.4545 3.0247

The parameters of entire frequency controller for

system with LFT uncertainty are given as,

0.0157
0.0146

—0.0343

0.0185

—0.0289

0.0073

—4.6848

1.7504

0.2752
—3.0940
6.6670
—1.0382

—0.0620  0.7735  —3.6935
—0.0553  0.6648  —3.2361
0.0008 ~ —0.0113  0.0506 | 105
—0.1039  0.8365  —4.0756
0.1077  —1.2886  6.1717
—0.0332  0.3452  —1.6683

0.2467
2.6243

0.0822 5
1231 | < 10

—0.8867

0.5539

Cre=[00170 00481 —00442 0.1454 -1.8322 738578],

—0.0058  0.0147
0.0083  —0.0232

A, — | =0.0012  —0.0003
ke=1{ 0.0088  0.0139
0.0054  —0.0189

L 0.0013  0.0015
m—1.7257 —0.3345
—1.9493  —0.1454

Bi,—| 24300 -25322
ke=1 63127  0.7547
21842 0.2484

L 0.3408  0.0253

~ 0.0089  —0.0256
—0.0092  0.0262

A —| —0.0010 0.0028
Te= | _0.0129 0.0367
0.0362  —0.1030

| 0.0067 —0.0190

—0.0220

0.0239
0.0025
0.0334

—0.0926
—0.0170

0.0972  —0.8880  4.7125
—0.0812  0.9865  —4.3344
—0.0097  0.1012  —0.4902
—0.1147 1.3768  —6.0978

0.3370  —3.8046  17.5208

0.0627  —0.6982  3.2470
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