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Abstract We study the dynamics of optical solitons
in negative-index materials with non-Kerr nonlinear-
ity and third-order dispersion. Three types of non-Kerr
law nonlinearities are considered. They are power law,
parabolic law and dual-power law. With the help of
the extended trial equation method, various families of
solitons including bright, dark and singular solitons are
derived. The presented results could provide a method
and technique in ultra-short optical soliton control in
various kinds of non-Kerr law nonlinear negative-index
materials.

Keywords Solitons - Negative-index materials -
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1 Introduction

Through independently engineering the shape, struc-
ture and size of metamaterial (an artificial electro-
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magnetic material), the negative-index material can be
achieved. The controllable magnetic permeability and
dielectric permittivity make negative-index material an
ideal medium for the propagation of new kinds of soli-
ton [1-5]. While ultra-short optical pulse propagates
in nonlinear negative-index material, it will be affected
with additional non-Kerr law nonlinearity as well as
higher-order dispersion [1]. At present, the theoretical
study on optical soliton in various kinds of non-Kerr
law nonlinear negative-index materials is at its infancy,
and this paper will conduct a study on transmission
properties of ultra-short optical solitons in three typ-
ical non-Kerr law nonlinear negative-index materials.
They are power law, parabolic law and dual-power law.

The dynamics of solitons in negative-index material
with non-Kerr nonlinearity and third-order dispersion
is governed by the nonlinear Schrodinger’s equation
(NLSE) which in the dimensionless form is given by

(1]
iqr + aqxx + bgx + cF(1q1hq =
~ing: —is (la%a) —in(1a) 4
X X
. 2 . 2 2
—i01q1°gx — iy qxxx — 61 (Iql q)xx — 02|q|"qxx
—03¢° ¢}, M

where g (x, t) is the complex field amplitude. a, b and
c are the coefficients of group velocity dispersion, spa-
tiotemporal dispersion and non-Kerr nonlinearity, and
A, s, i, 0 and y account for the inter-modal dispersion
(IMD), self-steepening (SS), Raman effect, nonlinear
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dispersion (ND) and third-order dispersion (TOD). The
last three terms appear in the context of negative-index
material [1-5].

Very recently, some explicit soliton solutions are
constructed based on the Riccati equation expansion
method and the ansatz scheme [1]. In this work, we will
report some new exact soliton solutions along with the
corresponding existence conditions by extended trial
equation method [6—10]. Therefore, this work is an
extension of our previous results.

2 Exact solitons

In order to solve Eq. (1), we use the following wave
transformation [11-16]

q(x, 1) = U ()P )

where U (§) represents the shape of the pulse and
E=x—uvt, (3)
O (x,t) = —kx +wt + 6. 4)

In Eq. (2), the function & (x, t) is the phase compo-
nent of the soliton. Then, in Eq. (4), « is the soliton
frequency, while w is the wave number of the soliton
and 6 is the phase constant. Finally in Eq. (3), v is the
velocity of the soliton. After substituting (2) in (1) and
decomposing into real and imaginary parts lead to

(a —bv+3ky)U"”
— ((1 — b)w + ak® — ik + )/K3) U+ cF(Uz)U
+ (s;c + Ok — 91K2 — 92/(2 — 93/(2) U3
+60,U U + (301 + 6, +03)UU" =0,  (5)
and

(—v — 2ak + bw + bkv + A — 3y U’
+Bs+2pn +6 — 26301 + 6, — ) UU’
+yU" =0. 6)

The imaginary part Eq. (6) implies the relations

v:_2a/<—ba)—k )
1—bc

y =0, ®)

3s +2u+6 — 230 + 6, —03) =0, 9)
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and
(a —bv)U" — ((1 — bi)w + ax’* — AK) U
+eFUMU + (s;c + O —126, —K292—K293) U3

+ (01 + 6,403 UU" +66,U (U')* =0.  (10)

To obtain the analytic solution, the transformations
0 = 0,0, = —63 and s = —6 are applied in Eq.
(10) and give

(a —bv)U" — ((1 — bi)w + ak® — AK) U

+cF(U*U =0, (1)
where
0—pn
= . 12
K 205 (12)
2.1 Kerr law

For Kerr law nonlinearity
F(u) =u, (13)

so that (1) reduces to
iq; +aqxx + bgy + C|‘Z|2q =
—irgx —is (lal%) —in(1a1?) q—iblale:

— iy qyxx — 01 (|Q|ZQ) - 92|Q|2Qxx

XX
— 63074}, (14)
and Eq. (11) simplifies to

(a — bv)U" — ((1 — b)w + ax’? — )»IC)
U+cU?=0. (15)

In this subsection, we would like to extend the extended
trial equation method [6—10] to solve the NLSE with
Kerr law nonlinearity. Suppose that the solution of Eq.
(15) can be given by

S
U= Z LWl (16)
=0
where
N _ W)
W) =AW = T0)

eV W+ o
XoWP 4+ ¥+ xo

A7)
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Using the relations (16) and (17), we can derive the
terms (U’)? and U” as

2
ne = 2 i-1
WY =13 (Zz oW ) , (18)
and

y D(I)YT (W) — D(W)Y (V) 3 il
U" = W) (;mw )

() (& .. w2
+W(§z(1—l)n‘lf ) (19)

where ® (W) and Y (W) are polynomials of W. We can
reduce Eq. (17) to the elementary integral form as fol-
lows:

+ = T(\yd\IJ 20
(€ — &) = W - [aw (20)

Substituting Egs. (16) and (19) in Eq. (15), and using
the balance principle, we determine a relation of o, p
and ¢ as

piT 2t 0
2t9  a—bv’

Ko = [0, M1 =[1, H2=

2¢T0T1 X0 ctlz)(o
= T M T T 20— by
X0 = X0, To=T0, T1=TI,
_mni(bv —a) — 219 x0 [k — ax) + ctd]

279 x0(bx — 1)
(24)

Substituting the solution set (24) in Egs. (17) and (20),
we find that

aw
TE-&) =W | —, (25)
VA(W)
where
AW) = vt g3 B2y2 Bl | KO
114 m pa o4
w= X (26)
e’

Integrating Eq. (25), and inserting the result in Eq. (22),
we obtain the exact solutions to Eq. (15). Consequently,
we have the traveling wave solutions to the NLSE with
Kerr law nonlinearity (14) as the following:

o=p+2c+2. (1) When A(¥) = (¥ — A1)*, we obtain
_ _ —1; w
If wetake 0 =4, p = 0and ¢ = 1in Eq. (21), then gt = {0+ ma + T1
+ 2ak —bw—i r—&
U=1+1V, (22) X\ T 0
3 2 w71 (bv—a)—27 Kk (A—ak (:7:2
yr = WGPV F A0V T ) o i[—xx+(” L ple s 0])’+9]
20 X € 070 .
27)
When A(W) = (¥ — 41)3(W — X,) and A > A, we
get
AWZ(0p — AT
q(x,t) = 10+ T1A1 + (2 = )

. nyty(bv—a)=27gxo I:K()»*{U()‘F(,'Tg]
l[—/{x+< TroxoGr—D) t+60
Xe .

aw? = [ = Ao (v + (2o r - éo)f

(28)

where w4 # 0, xo # 0. Substituting Egs. (22) and (23)
in Eq. (15), collecting the coefficients of ¥ and solving
the resulting system, we have

When A(W) = (W — A1)2(¥ — 12)2%, we have
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A — AT
qx,t) =110+ 1122+ (A2 = A)mi
exp [ 272 (v + (52 ) 1 - &) | -1
T V—a)—2T K —daK (312
i[—Kx+(Mllw ;éggﬂ-% a 0])t+9]
xe ) (29)
and
A — )T
q(x,t) =110+ 1A + (A = da)my
exp [ 272 (v + (52 ) 1 — &) | -1
T V—a)—2T K —daK (312
i[—Kx+(Mllw ;éggﬂ-% a 0])t+9]
xe . (30
When A(¥) = (W —A)2(W — A) (W —A3) and Ap >
A2 > A3, we attain
21 — A2) (A — A3)T
q(x,t) = 170+ T1A — Gl 2)(; = i) 1A
201 = k2 = 43 + (ks = A2) cosh (YELTPEDT [ o (2scbos) )
T V—a)— 2T K —daK (,’T2
i[—l(x+<ul e ;rjx?)fi?;c[—(l); A 0])t+9]
xe . (3D
When A(W) = (W — AV — A2) (W — A3) (W — Aq)
and A1 > Ay > A3 > A4, we find
TI(A — A2)(Ag — A
q(x,t) = 170 +T1A2 + 1 lk AZ)A( 4/\ 2
i — A4+ (A — Ag) sn2 I::t\/( 1—23‘})‘/( 2—h4) [x 4 (Zal(l—_l];al{)—)\) ¢ _EO:I 7l:|
T V—a)—2T K —daK C'L'2
i[—"x+(ul © )zfjngfk[fﬁ a 0])t+9]
Xe , (32)
where
2 _ (A2 = 23) (A1 — M4) ) (33) A(W) =0. (34)
(A1 —A3)(A2 — Ag)
Also, A;(i =1, ...,4) are the roots of the polynomial When 19 = —11A; and &y = 0, we can reduce the

equation
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‘L’]W
2ak —bw—\
*+ (W)f

X ny 71 (bv—a)=27pxo I:K()L*al()‘f*t'[g]
1(7Kx+( Tooxo k=) 46
xe , (35

q(x,1)

qg(x,t)=1=£

4W2()\2 — AT
4AW?2 — [(M —A2) (x + (%) I)T

. ;Ll11(bv—a)—ZroxoI:K(k—ak)+c'r§:|
1(—Kx+( Tooxo k=) t+6
xe , (36)

singular soliton solutions
q(x,1)

A — A Al — A
_ (A2 DT | = coth 1 2
2 2W

(- (5]

. ny 1y (bv—a)—27 xo I:K(A*al()‘f*("[g:l
i1 —Kkx+ Toor0 @k =D 46
xe (37

)

and bright soliton solution

A

C + cosh [B (x + (%) t)]

. 1ty (bv—a)—279 X0 I:K()»*al()‘f*(“[oz:l
l[—/(x+( Tooro @k D) 460
xe , (38)

q(x,t) =

where
A 2(A1 — A2) (A1 — A3)T1

B A3 — A2 '
B — V= A2) (A — 23)

W ,
20 — Ay — A
_ M (39)
A3 — A2

Here, A is the amplitude of the soliton, while B is the
inverse width of the soliton. These solitons exist for
71 < 0. Furthermore, when 79 = —711A2 and &y = 0,
we can write the Jacobi elliptic function solution (32)
as

q(x,1)

Al
- 2 [n. Qak —bw—\ (l2—23) (A1 —2g) l
I Cy+sn [BJ [x + ( ST )t]’ (M—)ns)()nz—)ut)}

. 7 (bv—a)—279xo I:K()\_—aK)+CT§:|
i{—kx+| T2ox0 Gk —T) 146
xXe s

(40)

where
A —A) (g — A Ay — A
Alzfl( 1 2)(Aq 2)’ C = 4=
MM —Ag MM —Ag
(1) Oq —23)00 — Ma) .
Bj = W , (7=1,2). (41

Remark 1 When the modulus [ — 1, a second form of
singular optical soliton solutions fall out:

Al
2 . 2ak —bw—\
C1 + tanh [B] (x + (—1—b;< )t)]
. 1y (bv—a)—21q 0 /c()wmc)Jrcrg
t[—KX-‘r( 210)(0([7,([71) ])H—Q]
X e

(42)

q(x,t) =

’

where A3 = A4.

Remark 2 However, if I — 0, periodic singular solu-
tions are listed as follows:

Aq
Cy + sin? [Bj (x + (—2a/<1117b¢’((>—x) t)]

. Ty (bv—a)—2rox0[K(A—ak)-%—crg]
l[—l(x-‘r( Trox0 Bk D) 460
X €

q(x,1) =

’

(43)
where Ay = A3.
2.2 Power law
In this case,
F(u) =u", 44

for power law nonlinear medium. Therefore, (1) takes
the form

iqr + aqxx + bgx: + C|6]|2" =
—ilgy —is (Iqlzq) —ip (Iqlz) q
X X
~i0laPax — iy g — 61 (1a1%)
XX
—02191%qrx — 0367} (45)
In this case, Eq. (11) simplifies to
(a —bv)U" — ((1 — b)w + ak? — AK) U
+cU M = 0. (46)
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Balancing U” with U?**! in Eq. (46) gives N = %
In order to obtain closed-form solutions, we use the
transformation

U=V, (47)

that will reduce Eq. (46) to the ODE
(a — bv) ((1 —2)(V))? + 2nvv”)

—4n? ((1 — br)w + arx’ — )uc) v?

+4cn*V3 =0. (48)
In this subsection, we will utilize the extended trial
equation method to construct the exact solutions to the
NLSE with power law nonlinearity. Substituting Eqs.
(16), (18) and (19) in Eq. (48), and using the balance
principle, we determine a relation of o, p and ¢ as

oc=p+c¢c+2. (49)

Case 1: If we take 0 = 3,p = 0 and ¢ = 1 in Eq.
(49), then

V=1+1Y, (50)
2 3 2
T (U3 + oW + w1V + o)

(vhr=-1 0 : Q)
3usW2 + 2,

v — 11313 erxouz +u1) (52)

where 3 # 0, xo # 0. Substituting Egs. (50)—(52) in
Eq. (48), and solving the resulting system of algebraic
equations we have

2107 4cnztg)(0

Hr= v ul+n)la—>bv)’
_ M 80n2r0X0
T T dena -y
4cn21'1)(0

BT 0 ma—boy

—m)tlz(l +n)(a—bv)+4n XO [« (1 +n)(ak — X) —cto]

- an2e2 501 + (b — 1)

[0 = K0, X0 = X0. T =T0, Tl =Tl (53)

Substituting the solution set (53) in Egs. (17) and (20),
we find that

£(E —£) =Wy /

JAD) o9

where

AW) = w3 P22 By Oy KO (55
7%} w3 7%}

13
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Consequently, we have the traveling wave solutions to
the NLSE with power law nonlinearity (45) as the fol-
lowing:

When A(W) =
solution as

(¥ — A1)?, we find rational function

4‘[] W]
2
(c+ (o) —5)

i[*l{){#»( [LO'[ (141)(a—bv)+4n? ™ 2 xo [k (14n) (ak—1) rr()])t+9]
X e

gx,t) =110+ 1A +

4n2 rox()(1+n)(bk 1)

(56)

When A(W) = (W — 11)2(W — X,) and A, > A, we
obtain solitary wave solution as

q(x,t) ={to + 112 + 11(A1 — A2)

1

tanh? 1 (A1 — A n 2ak — bw — A r—& o

X tan — —
2w ¢ 1= bx 0

i{iKXJr(—;LOr]z(l-;-n)(a bv)+4n? roxo[k(1+rz)(0k 2)— zr(]]) 9}
xe 4n2 ro)(o(]Jrn)(bK 1)

(57)

When A(W) = (¥ — 41)(W — A2)% and A1 > Ay, we
have hyperbolic function solution as

q(x,t) ={ro+ A1 + 11(A1 — X2)

|
2
1 A1 —A 2ak — bw — A
x cosech? |:2 ITIZ (x + (%) t):“
2 2.2 .
(ot @b+ xo [k (1+n)ak 1) —erg ]

Xel{ “Jr( a2 xo (14n)(br—1) )HQ}. (58)
When A(W) = (W — A)(W — 1) (W — A3) and A| >

A2 > A3, we get Jacobi elliptic function solutions as
q(x, 1) ={ro + Tid3 + 11(A2 — A3)

1
2] i (Pak—bo=i) LY "
X SN — x — s
2V wm 1= bi 0

; [—KX+( —o T} (14 @—bv)+4n% 12 xo [k (14m) (ax —2)—czp | )t+9 ]
X e

4n2'[g)(01]+lﬂ(b)(—l) (59)
where
Ay — A
P="20 (60)
A — A3

Also, A; (i = 1,2,3) are the roots of the polynomial
equation

A(Y) =0. ©61)
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When 19 = —11A; and & = 0, we can reduce the
solutions (56)—(58) to plane wave solution

(x, 1) —g
qx, 1) =
x4+ (2a'(1__l;f;()_)")t

; { ext ( —;1.01.']2(|+n)(a—hv)+4nzrg)(0[l<(1+n)(ak—k)—cro] )t+9 ]
X e

1
n

41121(%)(0(l+n)(hk— 1)
(62)
1-soliton solution

As

i
cosh [B3 (x + (%) t)]

2 2.2 N
- 1+n)(a—bv)+4; 1+ —A)—c
i{ ( 1oty ( n)(a4n2Lj2 n(lfo X)()(ix( : n)(ak—2)—ctp) )l 9]
X e 0%0 mbe=1)

q(x,t) =

(63)
and singular soliton solution

A3
0
sinhn [33 (x + (W) t)]

—ugT2(14n) (a—bv)+4n? 72 14n)(ax—i)—c
i|—KX+( 1oTi ( n)(a4n2v32 n(lrix)(zixil)n)(ax )—c1p] )l—l—@]
xe o x0(1+n) (bk

q(x, 1) =

5

(64)
where
~ 1
A=2/uwi, A =[t( -,
1 L (A — A2
Az = A —A)]2n, By = — . 65
3=[t1(A1 2)] 3= Wi (65)

Here, Ay and A3 are respectively the amplitudes of
1-soliton and singular soliton, while Bj3 is the inverse
width of the solitons. These solitons exist for t; > 0.
Furthermore, when 79 = —711A3 and &y = 0, we can
simplify the solution (59) as follows:

1 2ak — bw — X X — A3
JH=A B; t), -
aenn ““"[ f(”( I~ b )) M—?»s]

; [ —Kx+( 7u0r12(l+n)(a7hv)+4nzrg X0 [K(l+n)(m(7}\)7£r0] )t+<9 }
Xe

4n21'3x0(1+n)(b1(71)
(66)
where

1
Ay =[11(A2 — A3)]2,

IS T
Bi= T =45 (67)

Remark 3 When the modulus/ — 1, dark soliton solu-
tions fall out:

1 2ak — bw — X
q(x,t) = Agtanhn | Bj {x + | ———— | ¢
1 — bk

; {7“+( =103 (1) a—bv)+4n 2 xo [ (1-4m)ax—)—cr] )t+€}
Xe

AIzzrgx()(IJrn)(b»(—])

(63)
where A1 = ;.

Case 2: [f we take 0 = 4,p = 0 and ¢ = 2 in Eq.
(49), then

V:ro+r]\l/+f2\l’2, (69)
W= @ +2000)% (g Wt + 33 + 1 W2 4 v + o).
X0
(70)
pr - @t 200W) (4pa W3 + 31302 + 200 W + 1)
2xo0
+2772(M4‘~1’4+M3‘1‘3+V-2‘1’2+M1‘P+M0), an
X0

where g4 # 0, xo # 0. Substituting Egs. (69)—(71) in
Eq. (48), and solving the resulting system of algebraic
equations, we have

cn2r02)(0
o= d ¥ @ —bv)’
2cn2ror1)(0
M= A+ )@ — by
Cn2X0 (7:12 —|—2‘L'()‘L'2)
= T U @ —boy
2en?t X0 cnt xo
B =m0 na—m ™7 T 0+n@—by
ctlz + 41 k(1 +n)(axk — L) — c19]
= 4 (1 +n)(be — 1) ’
X0 = X0, To=7Tp, T1 =TI, T2=T0. (72)

Substituting the solution set (72) in Eqgs. (17) and (20),
we find that

dvw
+E -&) =W ) (73)
VAW)
where
AW) = whp B3ys  B2g2 | Py O
Ha 4 Ha Ha

wy = |22 (74)
"

Consequently, taking £y = 0, we have the traveling
wave solutions to the NLSE with power law nonlinear-
ity (45) as the following:
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When A (W) = (¥ — A;)%, we obtain

Q-

i|2n
2
%)
q(x,t) = E T | A
; + (2ax—bo—l ),
i=0 X T—bx
2
X cti+4ry [k (14n) (ak —1) —ctp]
’[_’““*‘( BT 1+0
xe . (75)

When A(W¥) = (W — 41)3(W — A2) and Ay > Aq, we
get

q(x,1)

and
q(x, 1)

L
n

2 i
A — A2
= zfi )"1 + A=A 2 bw—A
i=0 exp [% (x + (%) t)] -1
X et 44ty [ (14n) (ak—2)—ctg|
« el{fk“’H’( 1 42t2(l+n)(bx—l) 0 )Hr(;} (78)

When A(W) = (W —41)2(W — A2) (W — A3) and A} >
A2 > A3, We attain

2(A1 — A2) (A1 — A3)

1—-bk

2
= Zn A= M —32) =% Qax—b
pr ZAl—Az—k3+(A3—k2)cosh(—W (x—i—(“'(_—w_)‘)t))

ct?+41y [k (14+n) (ak—1)—ctp]
. 1 2 0
Xe’l_"x"‘( In (=1 )H‘&]

(79)

q(x,1)

When A(W) = (W — A1)V — A) (W — A3) (W — A4)
and A1 > Ay > A3 > A4, we achieve

(A1 —2A2)(Ag — A2)

2
=D |2+ O3 02—ha)
S\ T - aoen [ (3 (et 1) ]

2
) crj +47p [k (14n) (ak —1)—cTg]
Xe’[*"”( T (=1 1+0

)

1—-bk

(80)

q(x,1)

in %
= 4W2(ha — A1)
] {2 ( TR <zaw::*>z>r) }

cr?dny [k (14n)(ak—1) et
d *“*(W)’*QI
XC{ XIS (76)

When A (W) = (W — A1)3(¥ — 1), we have

q(x, 1)

1%
1 n

2 X — A

= Z T | A2+ P e h
=0 exp [IW;QZ (x + (“l%b,“;’)‘) t)] -1
. et 44ty [ (14n)(ax—1)—crg|
xel[_KIH—(W)H—G] (77)

@ Springer

where

2 (= 23)(h1 — A4)
C (= A3 (2 = ha)

Also, A; (i =1, ..., 4) are the roots of the polynomial

equation

(81)

A(W) =0. (82)

Remark 4 When the modulus [ — 1, we write the
Jacobi elliptic function solutions (80) as
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q(x,1)

(A —A2)(Ag — A2)

2
= Zfi Ay +
i=0

zrr2+4‘r [K(1+)‘l)(al(*)»)*l,'f ]
. 1 2 0
Xe‘[_”"‘( Iy (T e —T) )""9]

\/,.7, ey
A4 — A2 + (A1 — Ag) tanh? [:i:—(Al g;‘),gh A4) (x + (—2‘“‘ b ’\) t)]

1-bk

) (83)
where A3 = A4.
Remark 5 When the modulus /[ — 0, we write the .
Jacobi elliptic function solutions (80) as that will reduce Eq. (87) to the ODE
q(x,1)
2 i ﬁ
(A1 —2A2)(Ag — A2)
= Zfi A+ G302 —ra) Qak —bw—»
. Vo130 =) bo—
i=0 *a — A2 + (A1 — Ag) sin? [i+224 (x + (%) t)]
. ct? 44t [k (1+n)(ak—1)—cTg]
xe’[_KH_( l 4212(”")(“_]) : )t+9], (84)
where Ay = A3.
2.3 Parabolic law (a — bv) (2vv” - (V’)2)
In this case —4 ((1 —b)w + ak? — )uc) V2 4 4cV3
+4envt =0. (89)

F(u) = u + nu°, (85)

where 7 is a real-valued constant. Therefore, Eq. (1)
takes the form

iqs + aqex + bax + clql? + nlgHg =
—irg:—is (laPq) —in(1al?) a—ivlaPa.

-} (|q|2q)xx — 0211 qxx — 0394},

(86)
In this case, Eq. (11) simplifies to
(@—b0)U" = ((1 = b +ax? = ) U
+cU? +enU® =0. (87)

Balancing U” with U? gives N = % In order to obtain
closed-form solution, we use the transformation

U=v?, (88)

In this subsection, we will implement the extended
trial equation method to obtain the exact solutions of
the NLSE with parabolic law nonlinearity. Substitut-
ing Egs. (16), (18) and (19) in Eq. (89), and using the
balance principle, we determine a relation of o, p and
G as

o=p+2c+2. (90)

If we take 0 =4, p = 0 and ¢ = 1 in Eq. (90), then

V=1+1Y, 1)
VY2 = T2 (ua W + 3 W3 + o2 + W+ o)
X0 ’

92)

T (4eaW3 + 3u3W2 + 200V + 1)
2x0

V// —

) 93)
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1

where pq # 0, xo # 0. Substituting Egs. (91)—(93) in W 2
Eq. (89), collecting the coefficients of W, and solving glx,t) = {10+ 1A £ LM
the resulting system, we have X+ (W) t—&
70 2013)(0 (1 +2n79) l'{_Kx+(Mz(M—a)+2x0£i’;(&';:}i))fcro(3+4m0)])H_g}
o = — | —m2to + 1171 — 3 : xe :
T a—bv ©7)
2ct1 X0 (3 4 8n7p)
W= =30 ) When A(W) = (W — 41)3(W — Ar) and 1, > Aq, we
) find
fhq = _ dentixo q(x,1)
4 3(a — bv)’ !
2
_ pa(bv —a) + 2x0 [2¢(ak — 1) — o (3 + 4n70)] —dwo+nn+ AWs (ha — Aom .
- dxolbr — 1) : awg =[O =) (x + (2= ) 1 — ) |
M1 = U1, M2 = M2, X0 = X0, To =70, Xei{,er(Mz(bv*a>+2xnz[‘il;((c;,i:>~l>)*cro(3+4nm)])Hg}. (98)
1 =T1. 94)
o . . When A(W) = (¥ — A1)*(¥ — 12)%, we get
Substituting the solution set (94) in Egs. (17) and (20), 2000
we find that ’ 1
(A2 — AT
dw =170+ TiA2 + T
(& — &) =W —, (95) [ exp x+ (2ot )y _g) | -1
A(\I/) . 112(17u11)+2)!:[][2t<(ak m( (r0(3f4r1r0)] ) )]
where xe' e ( 0@ )”9}, (99)
AW) = B33 B2g2 By | B0 and
M4 o jon jon
q(x, 1)
X0 1
Wi = |2 (96) }
4 _ [TO ST+ (A1 —2A2)7 ]
2ak—bw—hi
Consequently, we obtain the traveling wave solutions eXp[ (x * (7) - EO)}
to the NLSE with parabolic law nonlinearity (86) as the e e (12 “)”XOE,’X;“;,”K,” colrmll) g} (100)
following:
When A (W) = (¥ — x1)*, we have When A (W) = (W — A1)>(W — 1) (W —A3) and A >
A2 > A3, We attain
q(x,1)
1
2
2(A1 — A2)(A1 — A3)T
ot — (A1 — A (A1 — A3)Ty

\/f —bhw—
201 = ha A3+ (g — Ap) cosh (YETPETD (. (2a=bo=i) 1))

. o (bv—a)+2xq [ 2k (ak—1)—ctg (3+4n70) ]
z{—Kx—i—( ER ) t+6

(101)

When A(W) = (W — A1)V — ) (W — A3) (W — A4)
and A1 > Ay > A3 > A4, We obtain

q(x,t)
1
2
TI(A — M) (Aa — A
=110+ 1M+ 1((1 — ?()x(—t) 2 P
A =i+ (g — A sn? [ £ LCIERER0 [y (Zacbosi) gy ] ]
B R o) 0§ (102)
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where
A —A3) (A — A
2 (A2 — A3) (A 4)' (103)
(A1 —23) (A2 — A4)
Also, A; (i =1, ..., 4) are the roots of the polynomial
equation
A(Y) =0. (104)
When 19 = —11A; and & = 0, we can reduce the

solutions (97)—(101) to rational function solutions
1

2
71 W3

2ak —bw—\
x+( T=bx )t

[ uz(bv—aH—ZxO[2K{11K—A)—L‘10(3+417r0)])
xe'{ /cx+( oG t+6 !

gx,t)=1%

(105)

2

4W3 (00 — ADTy

qx, 1) = 3
aw3 — [()»1 — ) (x + (W) t)]
. (bv—a)+2 2k (ak—1)—ct (3+4nT
N L A T

traveling wave solutions

q(x,t)

(A — AT Al — A2
=1——""""|1Fcoth
2 2W3

(o (e e))])

i {—Kx+ ( 1o (bv—a)+2xo[ 2 (ak —1) —ct (3+4n7) | )t+9}

4x0(bk—T1) ,

(107)

and soliton solution
As
qx, 1) = T
(Cz + cosh [B6 (x + (W) t)]) :
l.{7KX+(uz(bvfa)+2)(0£2K((¢;K7};))7€r0(3+4nr0)])t+0]
X0 (bK—

(108)

where
1
2(A1 — A2) (A1 — A3)T1 | 2
AS = ,
A3 — A2
V=) (k1 — A3)
Bg = ,
W3
20 — Ay — A3
C)y= ———. 109
2 s — o (109)

Here, As is the amplitude of the soliton, while Bg is
the inverse width of the soliton. These solitons exist
for 71 < 0. On the other hand, when 19 = —711\2
and & = 0, we can write the Jacobi elliptic function
solution (102) as

q(x,1)
= T
(ot s [y (v (Rie=t) o) ooy )
Xei{_K'x+(;42(br—a)+2x0£[‘ii)((z;:;if\l))—cr0(3+4n10)])t+6} y (] 10)
where
1
T1(A1 — A2)(Aa — A2) ) 2
Ag = ,
A — Mg
Aa — A2 (=1)//Oq = 23) (ka2 — Aa)
CGi=——, B;= ,
A — A 2W3
(J=1.89). (111)

Remark 6 When the modulus / — 1, hyperbolic func-
tion solutions fall out:

Ag
q(x,t) = ;

b 2
(C3 + tanh? [B,- (x + (72"”1_1;;;) A) t)])
. (bv—a)+2xo[ 2« (ak —r)—ctp (344
’{*”*(MZ on[;xf)(zkkfw ol MO)])’JFQ}

)

(112)
where A3 = A4.

Remark 7 However, if | — 0, periodic wave solutions
are as listed below:

Ag

(c5+sin? [ B (x + (22e=2) 1)])

i {—KX-‘r ( o (bv—a)+2xq [ 2« (ak—1)—ct (3+4n10) | )t+0}

qx,1) =

D=

ToBe=D) i
(113)

where L) = A3.

2.4 Dual-power law

In this case,

F(u) = u" + nu*", (114)
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where 7 is a real-valued constant. Therefore, Eq. (1)
takes the form

iq + aqex + by + c(lg1™" + nlgl™)g =
—irg—is (laPa) —in(1a1?) 4
—i01q1* gy — iy qrex — 01 (Iqlzq)xx
— 02192 qxx — 03074, (115)

In this case, Eq. (11) simplifies to

(@—bv)U" — ((1 — biO)w + ax? — )\K) U
+cUP T 4 cqutt! = 0. (116)

Balancing U” with U*"*! gives N = ﬁ In order to
obtain closed-form solutions, we use the transforma-
tion

T (Apa W + 3302 + 200 W + 1)
2x0

where 4 # 0, xo # 0. Substituting Egs. (120)—(122)
in Eq. (118), collecting the coefficients of W, and solv-
ing the resulting algebraic equations system, we have

2uot1 den®tdxo [1 4 2n + 2n7o(1 + n)]

V// —

: (122)

3

70 71(1 4+ n)(1 + 2n)(a — bv)
ot Aen’toxo [2 + 4n + Snro(l + n)]
T T T e @ —bvy
dentixo [1 4 2n + 4nto(1 + )]
B a s na+2m@—boy
4cn2nr12)(0
4 =

(1 +2n)(a — bv)’

=0t (1 +n)(1 + 2n)(a — bv) + 4n’ 15 xo [k (1 4+ n)(1 + 2n)(ax — 1) — cto (1 +2n 4+ n7o(1 4 n))]

4n218 xo(1 + n)(1 + 2n) (b — 1)

U=Va, (117)
that will reduce Eq. (116) to the ODE
(@ — bv) ((1 — (V) + 2nvv”)

—4an? ((1 — br)w + arx’? — )uc) v?

+4en’V3 + den’pvt = 0. (118)

In this subsection, we will apply the extended trial equa-
tion method to solve the NLSE with dual-power law
nonlinearity. Substituting Eqgs. (16), (18) and (19) in
Eq. (118), and using the balance principle, we deter-
mine a relation of o, p and ¢ as

o =p+2c+2. (119)

If we take 0 =4, p = 0 and ¢ = 1 in Eq. (119), then

o = Mo, X0 = X0, To=To, Tl =T]. (123)

Substituting the solution set (123) in Egs. (17) and
(20), we find that

dw

¢ -&) =W | ———, (124)
JAWD)
where
AW) = wh 4 Bys  F2y2 By, O
o Ha a4 a4

w, = X0 (125)
114

Consequently, we have the traveling wave solutions to
the NLSE with dual-power law nonlinearity (115) as
the following:

When A(W) = (¥ — A1)*, we get

V=1u+1Y, (120)
2 4 3 2
v v 1\ 1\
V2= T (g VU + sV + oW+ +M0)’ (121)
X0
T W.
gx,t) =410+ T1A = L

2

2ak —bw—\
X+ (—m(l—ba;: )t — &

; [ 7/<x+( —1101’12(1+n)(1+2n)(a—bv)+4y;2;0 x0 [ (147) (142n) (arc —1) =t (14+2n+n7H (141) ) | )t+9 ]
xe 4n rOXO(I+n)(I+2n)(bK—])

(126)
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When A(W) = (¥ — 41)3(¥ — Ay) and A, > Aj, we obtain

AWF (2 — AT

4W42 - I:()»l —A2) (x + (%) . %’())]2

q(x,1) = 110+ T1AL +

; [ 7Kx+( —potE (+n)(142m) (@ —bv)+4n2 18 xo [k (14n) (1+2n) (ax =) —ctg (142019 (1+m) | )t+9 I
xXe

a2 xo (4+m) (1+20) (bx —1) (127)
When A(W) = (W — A)2(¥ — 12)2%, we find
(2 — A1) "
— T
g(x,1) = {0+ T1A2 + P 22 ;7 1/\
oxp [ #7552 ) 1 - &) | -1
,[_Kx+(—/LOrlz(]+n)(]+2n)(a—hv)+4n2r§;(0[k(1+n)(]+2n)(ak—k)—cro(1+2n+r/10(1+n))])t+9l
e 4n278 x0 (14+m) (1+2m) (b —1) , (128)
and
(i —2) "
— T
qx,t) =110+ 1A + T 12 i lk
exp [—1W4 2 (x + (—”KI__bﬁ_ ) t — 50)] -1
_[_Kx+(7#0{12(l+n)(l+2n)(a7bv)+4n21gxo[K(l+n)(l+2n)(u/<7)»)7c10(1+2n+n10(1+n))])t+9]
xe 4"21(%X0(1+)1)(1+2n)(b16*1) (129)
When A(W) = (W — A1)?(W — A2)(W — A3) and A| > A > A3, we attain
3
201 — A) (i — A3)T ’
q(x,1) = 170 + T1A1 — a 2)(@1 = )(i) 1“ b
1=2)(A1—23 ak —bw—
241 — A2 — A3 + (A3 — A2) cosh ( ) (x + ( b ) t))
; [ 7/<x+( —;1.01]2(1+n)(|+2n)(a—bv)+4n2r§xo [ie (14m) (142n) (ax—2) —ctg (14+2n+n10 (141)) ] )t+9 I
e 4n2 78 x0 (1+m) (1+2m) (b —1) (130)
When A(W) = (W — AW — A)(W — A3)(W — Ag) and A1 > A2 > A3 > Ag, We have
(A ) (A A2) g
T _ _
qg(x,t) = 310+ T1A2 + N : (i )\)2()L A;) - 2 bw—\
1—=A3)(A2—Ag ak —bw—
Ay = o (g = dgysn? [ OTRER (o (2eboi) g, ]
; [ 7/<x+( —;1.01]2(1+n)(|+2n)(a—bv)+4n2r§xo [ie (14m) (142n) (ax—2) —c g (1424010 (141)) ] )t+9 I
e 4n273 5o (1+m) (1+2m) (b —1) , (131)
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where traveling wave solutions
2 (2= 23)(A1 — A4)
(a1 = 23) (A2 — Aa)”

G2 =2 A — 22 2ak — bw — A
ot = {8 (ren [ (o (M55)1) )

. { . ( —110112(1+n)(1+2n)(a—bv)+4r;2‘;gxo[/((l+n)(1+2n)(aK—A)—cr0(1+2n+17r0(l+n))] )t+0]
xe 4n 5 x0 (14n) (142n) (b —1) , (136)

(132)

S

d solit: luti
Also, A; (i = 1,...,4) are the roots of the polyno- and soiton sotution

mial equation

A7
q(x, 1) = T
(Co+ cosn [ By (x + (2ste2) 1)])
. I Cext ( —1 T} (14+n)(142n)(a—bv)+4n> 78 o [ 14+n) (1+2n) (ak —)—ctg (1+2n+579 (14m)) | )t+9]
e 4)12rg)(0(1+n)(1+2n)(b/(71) ’ (137)
where
_ €
A(W) =0. (133) Ao (2()»1 — )0 — )\_3)1'1)2}1
When 19 = —11A; and & = 0, we can reduce the M=k
solutions (126)—(130) to rational function solutions By = Vi1 —2) i —A3)
Wy ’
1
W 2n
T
gty =1+ —

2ak —bw—A
X+ ( 1-bxk ) !
. [ K)H_(—//,Orlz(]+n)(]+2n)(a—bv)+4n2r§)(0 [k (14n) (142n) (ak —2) —ct (14+2n+n70 (1+4n)) ] )l‘+9 l
- 2
xe 4n2r0Xo(l+n)(l+2n)(h/(—1) , (134)

4W2 (A — A)Ty

2
2 2ak—bw—\
4wz = [ = 2) (v + (25=be=2) 1) |
i[7Kx+(—uor]z(l+n)(l+2n)(a—bv)+4r;212§xo[;((1+n)(l+2n)(ak—%)—c‘ro(1+2n+7710(1+n))])t+gl
xe 4n TOXO(I+n)(I+2n)(bK—]) , (135)

q(x, 1) =
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Co— 20 —)»2—)\3.
A3 — A2
Here, A7 is the amplitude of the soliton, while By is
the inverse width of the soliton. These solitons exist
for ;1 < 0. Also, when 19 = —11A2 and & = 0, we
can write the Jacobi elliptic function solution (131) as

(138)

3 Conclusions

The nonlinear mathematical physical Eq. (1), which
describes the propagation of ultra-short optical pulse
in nonlinear negative-index material, is studied analyti-
cally by the extended trial equation method. Four types
of nonlinearities including Kerr law, power law, par-

Ag
qx,1) = i
2 . 2ak —bw—\ (a=23)(M1—2a) [\ 20
(C5 +sn [BJ (x + ( T—bk )t) ’ (M—M)(M—M)il)
) [ _Kx+(7/1.0'[12(l+n)(l+2n)(a7bv)+4nzr§)(o [ic (14n) (142n) (ax—2)—c (14+2n4+570 (14m)) | )t+9 ]
xe 4n2rg)(()(1+n)(l+2n)(blcfl) (139)
where 1 abolic law and dual-power law are taken into account.
4 1A — A) (Mg — A2) \ 27 Also, the IMD, ND, SS, TOD and Raman effect are
8= A — Ad ’ considered. Finally, some new soliton solutions are
ha — Ao reported.
Cs = I
! . 4 Acknowledgments This work was supported by the National
(=1’ «/ (A1 —2A3) (A2 — A4) . Natural Science Foundation of China under the Grant number
B; = (j=10,11)
i= 2Wa - =100 11547149.
(140)

Remark 8 When the modulus / — 1, hyperbolic func-
tion solutions fall out:

Ag

q(x,t) =

T
(€5 +tanh? [ B; (x + (25=zhe=2) 1) ])™

. [ et ( — 0T (1) (142n) (a—bv)+4n2 78 x0 [k (14+n) (14+2n) (ak —)—cto (1+2n+579 (1+m)) | )t+9 ]
Xe

2.2 -
4n IOXO(1+n)(1+2n)(bK 1) , (141)
where A3 = A4.
Remark 9 However, if | — 0, periodic wave solutions
are as listed below:
Asg
qx, 1) = :
i 02 . 2ak —bw—A ka
(Cs + sin [B] (x + (—1—1;,( )t)])
; [ 7Kx+(—;Lorlz(l+n)(l+2n)(a—bv)+4r;2;(%xo [k (14m) (142n) (ak —0) —cg (14+2n+n70 (141)) ] )t+9 I
xe 4n r0X0(1+n)(1+2n)(bK—l) , (142)

where 1) = A3.

@ Springer



638

Q. Zhou et al.

References

. Zhou, Q., Liu, L., Liu, Y., Yu, H., Yao, P., Wei, C., Zhang,

H.: Exact optical solitons in metamaterials with cubic-
quintic nonlinearity and third-order dispersion. Nonlinear
Dyn. 80(3), 1365-1371 (2015)

Biswas, A., Khan, K.R., Mahmood, M.E.: Bright and dark
solitons in optical metamaterials. Optik 125(3), 3299-3302
(2014)

Xu, Y., Savescu, M., Khan, K.R., Mahmood, M.E., Biswas,
A., Belic, M.: Soliton propagation through nanoscale
waveguides in optical metamaterials. Opt. Laser Technol.
77, 177-186 (2016)

Saha, M., Sarma, A.K.: Modulation instability in nonlinear
metamaterials induced by cubic-quintic nonlinearities and
higher order dispersive effects. Opt. Commun. 291, 321-
325 (2013)

Yang, R., Zhang, Y.: Exact combined solitary wave solutions
in nonlinear metamaterials. J. Opt. Soc. Am. B 28(1), 123—
127 (2011)

Liu, C.: Representations and classification of traveling wave
solutions to sinh-Gordon equation. Commun. Theor. Phys.
49(1), 153 (2008)

Liu, C.: Applications of complete discrimination system for
polynomial for classifications of traveling wave solutions to
nonlinear differential equations. Comput. Phys. Commun.
181(2), 317-324 (2010)

. Ekici, M., Mirzazadeh, M., Eslami, M.: Solitons and other

solutions to Boussinesq equation with power law nonlin-
earity and dual dispersion. Nonlinear Dyn. 84(2), 669-676
(2016)

@ Springer

10.

11.

12.

13.

14.

15.

16.

. Zhou, Q., Ekici, M., Sonmezoglu, A., Mirzazadeh, M.,

Eslami, M.: Optical solitons with Biswas-Milovic equation
by extended trial equation method. Nonlinear Dyn. 84(4),
1883-1900 (2016)

Pandir, Y., Gurefe, Y., Kadak, U., Misirli, E.: Classifica-
tion of exact solutions for some nonlinear partial differen-
tial equations with generalized evolution. Abstr. Appl. Anal.
2012 (2012). Article ID 478531, 16 pages

Kumar, S., Zhou, Q., Bhrawy, A.H., Zerrad, E., Biswas, A.,
Belic, M.: Optical solitons in birefringent fibers by Lie sym-
metry analysis. Rom. Rep. Phys. 68(1), 341-352 (2016)
Abdelkawy, M.A., Bhrawy, A.H., Zerrad, E., Biswas, A.:
Application of tanh method to complex coupled nonlinear
evolution equations. Acta Phys. Pol. A 129(3), 278-283
(2016)

Zhou, Q., Zhong, Y., Mirzazadeh, M., Bhrawy, A.H., Zerrad,
E., Biswas, A.: Thirring combo solitons with cubic nonlin-
earity and spatio-temporal dispersion. Waves Random Com-
plex Media 26(2), 204-210 (2016)

Zhou, Q., Liu, L., Zhang, H., Mirzazadeh, M., Bhrawy,
A.H., Zerrad, E., Moshokoa, S., Biswas, A.: Dark and singu-
lar optical solitons with competing nonlocal nonlinearities.
Optica Appl. 46(1), 79-86 (2016)

Bhrawy, A.H., Alzaidy, J.E., Abdelkawy, M.A., Biswas,
A.: Jacobi spectral collocation approximation for multi-
dimensional time-fractional Schrodinger equations. Nonlin-
ear Dyn. 84(3), 1553-1567 (2016)

Bhrawy, A.H., Abdelkawy, M.A.: A fully spectral col-
location approximation for multi-dimensional fractional
Schrodinger equations. J. Comput. Phys. 294, 462483
(2015)



	Analytical study of solitons in non-Kerr nonlinear negative-index materials
	Abstract
	1 Introduction
	2 Exact solitons
	2.1 Kerr law
	2.2 Power law
	2.3 Parabolic law
	2.4 Dual-power law

	3 Conclusions
	Acknowledgments
	References




