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Abstract The kinetostatic model of overconstrained
lower mobility parallel manipulators (PMs) is estab-
lished in this paper. Based on this model, the actuator
wrenches and the constrained wrenches can be com-
pletely derived, and the stiffness and the deformation
of each leg and the moving platform can be obtained.
A novel 2-RPU + UPR (revolute joint-prismatic joint-
universal joint+universal joint-prismatic joint-revolute
joint) PM is presented to illustrate the approach to solv-
ing the kinetostatic of overconstrained PMs. Due to the
particular arrangement of the joints in each legs, this
PM provides six constraints to the moving platform,
whereas three of them are overconstraints. The detailed
kinetostatic of this PM is obtained based on the estab-
lished model. The unified stiffness finite element (FE)
model for various PMs is established, and the stiffness
of the 2-RPU + UPR PM is verified.
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1 Introduction

In recent years, lower mobility parallel manipulators
(PMs) have been extensively studied due to their inter-
esting properties and potential engineering values [1—
3]. Among them, some overconstrained PMs have
drawn particular interests from numerous researchers
including mobility, type synthesis, kinematics and sin-
gularity analysis [4-9]. In the aspect of overconstrained
PMs, Huang et al. [3,4] investigated the mobility
of overconstrained PMs using screw theory and suc-
cessfully solved the mobility problem of the classi-
cal DELASSUS, SARRUS mechanisms as well as
the modern 3-RRRH PM with overconstraints using
an identical formula. Refaat et al. [5] synthesized
asymmetrical 3-degree-of-freedom (DOF) rotational-
translational PMs with overconstraints based on Lie
group theory. Fang and Tsai [6] synthesized a class
of overconstrained PMs using the theory of reciprocal
screws. Li et al. [7-9] studied the mobility, kinematics
and dynamics of 3-DOF translational PMs with three
overconstraints using screw theory. Amine et al. [10]
investigated singularity of a 5-DOF overconstrained
PM using Grassmann—Cayley algebra and Grassmann
geometry. Wu et al. [11] studied the effect of structure
parameters on the dynamic characteristics of an over-
constrained PRRRP PM.

The kinetostatic analysis is a traditional and a very
important topic in mechanism research [12]. In this
aspect, Zhang et al. [13] established kinetostatic model
for some PMs which have passive legs. In their work,
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a lumped kinetostatic model was proposed in order
to account for joint and link compliances. Cervantes
and Rico [14] studied the statics of spatial PMs by
means of the principle of virtual work, equipped with
a recursive and systematic formulation. In their study,
all internal forces and non-working external constraint
forces were not considered. Li et al. [22] derived a
stiffness matrix of a 3-DOF 3-PUU PM based on an
alternative approach considering actuations and con-
straints, and the compliances subject to both actuators
and legs. Hu et al. [16,17] studied the kinetostatic of
some PMs with non-overconstraints. Hong and Choi
[18] solved the statics of lower mobility PMs consid-
ering feasible controllable loads space. Klimchik et al.
[19] presented an advanced stiffness modeling tech-
nique for PMs composed of perfect and non-perfect
serial chains whose geometry differs from the nominal
one. The developed technique contributed both to serial
and parallel manipulators under internal and external
loadings. Zi et al. [20,21] studied the dynamics of coop-
erative multiple mobile cranes, which have the charac-
ters of both series and parallel manipulators. In these
works, the complete dynamic model of nine input and
three-output system was established based on Lagrange
equation. Sapio et al. [22] presented a novel approach to
effectively address the motion control of holonomically
constrained multibody systems, which allows for the
simultaneous specification of desired constraint forces.

The previous works concerned with kinetostatic
mainly focused on the non-overconstrained PMs, and
most of the previous works only solve the actuator
wenches applied on the PMs. However, there were few
efforts made toward the kinetostatic of overconstrained
PMs. In this aspect, Huang [23,24] solved all the con-
straint reactions as well as the active forces of PMs with
overconstraints via reciprocal-screw theory. Although
the study considered reducing the number of unknown
constraint reactions, there were still large computing
since all the joint reactions were computed based on
the loading characteristics of different joints. Due to
the complicated coupling and constraints in the over-
constrained PMs, there are highly coupled relations
between constrained wrenches and the deformations in
the legs. The complicated constraints bring difficulties
for solving the constrained wrenches. Therefore, how
to simplify the action effect of constrained wrenches
and reduce the number of unknowns and the number
of simultaneous equilibrium equations is the key issue
of the kinetostatic for constrained PMs. Based on con-
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sidering the characteristic of constrained forces, and
through solving the coupling relation of the constrained
wrenches and the deformations, the kinetostatic issue
of constrained PMs is studied in this paper.

The lower mobility PMs have various structures, and
this class of manipulators has been widely studied and
applied. However, up to now, there is no simple and
unified approach for solving the kinetostatic of over-
constrained lower mobility PMs. For this reason, this
paper aims at establishing a unified and simple kine-
tostatic model for the lower mobility overconstrained
PMs with linear active legs.

In order to illustrate the unified kinetostatic model of
overconstrained PMs, a novel overconstrained 2-RPU
+ UPR PM with two rotations and one translation is
presented. For this PM, three constrained forces and
three constrained torques are simultaneously existed.
Thus, this PM is a good example to illustrate the kine-
tostatic model for overconstrained PMs .

The remainder of this paper is organized as follows.
In Sect. 2, the unified kinetostatic model of the overcon-
strained PMs is established. In Sect. 3, after a descrip-
tion and constraint analysis of the 2-RPU + UPR PM
in Sect. 3.1, the kinematics of this PM is described in
Sect. 3.2, and the kinetostatic of this PM is analyzed
based on the established kinetostatic model in Sect. 3.3.
In Sect. 4, the unified CAD model used for finite ele-
ment (FE) analysis for the PMs with various structures
is established. In Sect. 5, a numerical example con-
cerned with the kinetostatic of the 2-RPU + UPR PM
is provided, and the result is verified by the FE model.
Finally, some concluding remarks are given in Sect. 6.

2 Unified kinetostatic model of overconstrained
PMs

A general n-DOF overconstrained PM with n linear
active legs possesses a fixed base B with O as its center,
a moving platform m with o as its center, and n XPY-
type linear legs r; (i = 1,2, ..., n < 6) with the linear
actuators, where X and Y are selected from R, U and S
joints. Each of r; connects m at point a; with B at point
A;.

Let v and @ be the linear and angular velocity of
m, respectively. For a general PM with n linear active
legs, the inverse actuation velocity can be obtained by
following formula [25]:
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where 6;(i = 1, 2, ..., n) denotes the unit vector of r;
and e; denotes the vector from o to a;. v, (1, ..., n)
are the active velocities of actuators.

The relation between the six dimensional velocity
and the n dimensional independent velocity of the mov-
ing platform can be expressed as [25]

\ %4 .
[w} =J,0 (1b)

where J, is a 6 x n form matrix which is defined as
velocity decoupling matrix for lower mobility PMs. 6
is the vector formed by n independent pose parameters
of the moving platform. 6 is velocity of 6.

Let F, and T, be the applied force and torque
imposed at m. Based on Egs. (1a), (1b) and the principle
of virtue work, it leads

F,

F, = _Jo(JaJo)_l |:TO:| JFr = (Io)
F,

where F;; (1,...,n) are the actuator wrenches applied to
actuators. Equation (1c¢) is the statics model for solving
the actuator wrenches for general PMs. The actuator
wrenches for the overconstrained PMs can be solved
from Eq. (1c). However, the constrained wrenches are
difficult to determine due to the overconstraints existed.

For the overconstrained lower mobility PMs, the
constrained wrenches (forces/torques) exist in the legs.
The constrained wrenches can be determined by the
following rules [25]:

(a) In each leg of lower mobility PMs, the con-
strained forces must be perpendicular to all pris-
matic joints and must be coplanar with all revolute
joints, respectively.

(b) In each leg of lower mobility PMs, the con-
strained torques must be perpendicular to all rev-
olute joints.

Support that there are m constrained forces and g
constrained torques existed in an overconstrained PM.
Let F,;(i = 1,2,...,m) be the constrained forces in

the PM, f;(i = 1,2,...,m) be the unit vector of F);,
di(i =1,2,...,m) be the vector from o to F);. Let
Tpi(i =1,2,...,¢q) be the constrained torques in the
PM,and 7;(i = 1,2, ..., g) be the unit vector of T;.

The constrained wrenches in each leg have the prop-
erty that they do no work to each joint and thus they do
no work to the moving platform. From this concept, it
leads to:

Fpifi v+ (Fpidi xf}) - @o=00=1,...,m)
(2a)
Tpiti - w=0(@G=1,...,q) (2b)
By combining Egs. (2a) and (2b), it leads to
[T @ f)" T

T s foT
Onig =3 0| o= | o @]

T
01x3 LS|
T

| 013 Tg i

Suppose that the moving platform m is elastically sus-
pended by  elastic linear legs and all joints in each leg
are rigid body. The applied wrench is balanced by the
actuator wrenches and the constrained wrenches in the
PM. Thus, the forward statics of the overconstrained
PMs can be expressed as follows:

F E, o
|:TO] = G6><(m+n+q) Fp JF, =
o T -
p F,
FPl Tﬂl ] T
Fp = : s Tp = s G6><(m+n+q) = |:Ja:|
. : v
Fl’m TPq
G6><(m+n+q)
_ o - 0, f1 o o 03x1 - 03
e|><51-~~e,,><5nd1><f1mdm><fm T o T4 |
m+n+q>6 3)

The constrained wrenches for the overconstrained
PMs produce complicated deformations in their cor-
responding legs. Suppose that F1, ..., Fpi, ..., Fpp
produce sq,...,Si,...,Sn(si >0) deformations, and
Tp1,....Tpiy ..., Tpy produce uy,...,u;, ..., uq
(u1,...,uqy > 0) deformations respectively. Where
si(i = 1, ..., m) denotes the number of deformations
produced by Fp;,u;(i =1, ..., q) denotes the number
of deformations produced by 7).

Let Fp, 1, ..., Fp; s be the components of F; cor-
responding to s; deformations. Let T, 1, ..., Tp, u; be
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the components of T); corresponding to #; deforma-
tions.

The relation of F),;(i = 1,...,m) and their com-
ponents Fy, 1, ..., Fp s can be expressed as follows

Fpi1 =b1,1Fp, Fpis1 = b1 Fp,

: (4a)
Fpmvl = bm‘lF m FPme = bm,sm Fpm
where b; ;i = 1,...m;j = 1,...,s;) denotes the

coefficient between F; and Fp; ;.
The relation of 7),;(i =1, ..., g) and their compo-
nents T, 1, ..., Tp; 4;can be expressed as follows

Tpir=ci1Tp -+ Tpysy = Clu Tp

: (4b)
qu»l = CQ»ITPq e TPq»Sq = CQ»uq Tl’q
where ¢; ;i = 1,...,q;j = 1,...,u;) denotes the
coefficient between T),; and T); ;.
From Egs. (4a) and (4b), it leads to
_Enxn Onxm Onxq 7]
Osl Xn Wfl 031 xq
F, : : :
Fw = W Fp ’ W = Osmxn me Osqu )
Tp 0u1><n Oulxm wtl
_quxn quxm Wl‘q -
Foy=[Fy...FFp1...Fp .. Fppio Fpos,

T
Tort - Tpruy - Tyt - Ty | (4¢)

where
(b1 0---0
Wap=1 &+ ¢ e
| b1, 0---0 o1
[0 - b1 0---0
Wi=1: : e
[0 bi; 0---0 G
(00 -+ by
We=:1:0 10
00 by, oo
(11 0---0
Wo=| @ i
| 1, 020 wixq
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Here, Fyisa(n+s1+---+su +up+---+uy) x1
form vector, Wisa(n +s; + -+ s +uy + -+ +
ug) X (m+n+q) form matrix, E; ., is an n x n form
unit matrix. W ; denotes the ith s; x m form matrix
with its ith column components being b; 1, ..., b; s
in sequence and the other components being 0. Wy;
denotes the ith u; x ¢ form matrix with its ith column
components being ¢; 1, ..., ¢i g in sequence and the
other components being 0.

The active wrenches F,; (i = 1, ..., n) produce lon-
gitudinal deformations, and it leads to
F, =k, dd, - F,, =k dd,, (®)]
where k,;(i = 1,...,n) denotes the coefficient
between F,; and 8d,;.

Let édp, 1,...,08dp, 5;(i =1, ..., m) be the defor-
mations produced by Fj, 1,..., Fp, s;, respectively.
Let 8d;; 1, ...,8d;, ;(i = 1,...,¢q) be the deforma-

tions produced by T, 1, ..., Tp, u;, respectively.
Based on the theory of mechanics of material, the
following equations can be obtained

Fppi=kpaddpa - Fp =kps58dy s

: (6a)

Fpmvl = kfm,lédfm,l T Fpm,sm = kf;’fl.sm8d/;ll,“‘)71
where ky; j(j = 1,...,s;) denotes the coefficient
between 8dy; j and Fp; ;.
Tpl,l = kl‘],ladl‘l,l te Tp1,u1 = kt|,u18dt|,u1

: (6b)
qu,l - ktq,lsdtq,l e qu,uq - ktq,uq(Sdtq,uq
where k;; j(j = 1,...,u;) denotes the coefficient

between 8dy; j and T ;.
From Egs. (5), (6a) and (6b), it leads to

F, =K,d,,
K, = diag[ky, .. knykp 1o kg oo kgt e

kfmqukfl,] . 'ktlsul . -ktq,l .o ~ktq,uq] N
8dy = [dy ...dpdp 1. dp s . dpy1-..

T
dfmvsmdtlal .. 'dtl!ul .. 'd[q,l .. 'dtqv“q] (6C)
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where Ky isa (n +s1+ -+ 5 +ur+, -~ +ug) x
(n+s1+, -+ sy +ur+, - - - + uy) form matrix.

Letdp = [6x 8y 8z]'andS@ = [§®y 5P, 5P,]"
be the linear and angle deformations of moving plat-
form. For the overconstrained PMs, the applied wrench
and the deformation of the moving platform can be
expressed as:

F,| ép
|:T0:|—K6x6|:8(pi| (7N

Here, K¢y is the stiffness matrix of the overcon-
strained PMs.
Based on the principle of virtue work, it leads to

Flod, = [FT 17 ] [;‘;} ®)

From Egs. (3), (4c) and (8), it leads to

[FI FI 1T | W'sd,

)
T T 7T 1T 14
=[F F, Tp]G6x(m+n+q) [5¢}
)
From Eq. (9), it leads to
ép
WTadV = ng(m+n+q) |:8¢i| (10)

From Egs. (4¢), (6¢) and (10), it leads to

F,
wic,F, =W'C,W| F,
TP

)
T )4 -1
= G6X(m+n+q) |:5¢i| . Cu =K, dD

From Eq. (11), it leads to

F,

—1 8
Fp | =(WICW) Gl sy [8{;] (12)
T[’

Multiplying both sides of Eq. (12) by Gex (n-n+4) and
combining with Eq. (3), it leads to
T o
Kéx6 = Gox (m+n+q) (W wa) Go (mtn+q)
(13)

Multiplying both sides of Eq. (12) by W and combining
with Eqs. (4c) and (7), it leads to

—1 F
F,=W (WTCwW) Gg><(m+n+l])c6><(J |:TO:|
o

(14)

From Eq. (14), the statics for the overconstrained PMs
can be completely solved.

3 Kinetostatic analysis of the 2-RPU + UPR PM

3.1 Description and constraint analysis of the 2-RPU
+ UPR PM

In this section, a novel 2-UPR+UPR PM is presented
to illustrate the approach for solving the kinetostatic of
overconstrained PMs. The schematic diagram of the 2-
RPU 4 UPR PM is shown in Fig. 1. This manipulator
consists of abase B, a moving platform m, two identical
RPU-type active legs r; (i = 1, 3), and one UPR-type
active leg r». Here, B is a regular triangle with O as its
center and A; (i = 1, 2, 3) as its three vertices. m is a
regular triangle with o as its center and a; (i = 1, 2, 3)
as its three vertices. Each RPU leg connects B to m by
a revolute (R) joint followed by a prismatic (P) joint
and a universal (U) joint in sequence, where the P joint
is driven by a lead screw linear actuator and U joint
is composed of two crossed R joints. The UPR leg
connects B to the m by a U joint followed by a P joint
and an R joint in sequence.

Fig. 1 Sketch of 2-RPU + UPR PM

@ Springer



314

B. Hu, Z. Huang

As depicted in Fig. 1, we assign a fixed frame O-
XYZ at the centered point O of B, and a moving
frame o-xyz on the moving platform at the centered
point o of m. Let L be a perpendicular constraint, ||
be a parallel constraint and | be a collinear constraint.
Some conditions (x|lajaz, yLlajaz, zLlm, X||A1A3z,
Y LA A3, Z1 B) are satisfied for the coordinate axes.
LetR;; (i =1,2,3; j =1,2,...) denotes jth R joint
in the ith leg r;.

Some geometrical constraints are satisfied for the
2-RPU + UPR PM as follows (see Fig. 1):

Ri1 LA A3, RioLri, Ritl|Ri2, Rio LR;3,

Rizlajasz(i =1, 3), R21|A20, Roy LRy,

Ry Lra, Rl Rosllaras (15)

Based on the rules (a) and (b) for determining con-
strained wrenches, for the ith RPU-type leg, one con-
strained torque 7); (i = 1, 3) which is perpendicular to

Ri1, Ri> and R;3 and one constrained force Fp; which

is parallel with R;; and passes through the center of

U joint can be determined. In addition, for the UPR-

type leg, one constrained torque7 > which is perpen-

dicular to R;1, R;» and R;3 and one constrained force

Fp» which is parallel with Ry3 and passes through the

center of Ujoint can be determined (see Fig. 1). The

unit vectors 7; of 7); (i = 1, 2, 3) and the unit vectors

Sfi(i =1,2,3) of Fp; can be determined as follows:

T; = Rio xRi3(i = 1, 3),

72 =Rii xRio, f; = Rix
=Y@{@=13).,f,=Rpn=x (16a)
Here, R;; denotes the vector of R;;. From Egs. (15)

and (16a), it leads to

Tpl ”TpZ”TpSv Fpl ||Fp3’ Fle_sz,

TpiLlFp (i=1,2,3) (16b)
The constrained wrenches in each leg have the prop-

erty that they do no work to each joint and thus they do
no work to m. From this concept, it leads to:

(ST @ixfpT ]
0F., Rz xRi3)T
v 3 @ xff
06><1 = Jv ,Jv = T s
@ 0%, Ry x Rn)T

I @ xfy)T

| 07, Ry x R33)T |
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di=a;—o0,d)=4A,—o0 (17)

Equation (17) denotes the velocity constraint equation,
and J, denotes the constraint Jacobian for the 2-RPU
+ UPR PM.

LetJ,;(@ =1,...,6) be the ith row of matrix J,.
From Egs. (15), (16a), (16b) and (17), it leads to

Ju2=Jva=Jve6 Uuvs—Jv2)/araz =J2 (18)

From Eq. (18), it known that J, 1, Juv.2, Ju.3, Jv.4,
Jv.5 and J, ¢ are linear dependent and the number of
independent items is 3. Thus, there are 3 overcon-
straints in the 2-RPU + UPR PM.

In the 2-RPU + UPR PM, there are 1 base B, 1
moving platform m, 3 cylinders, and 3 piston-rods and
thus the number of links is n = 8. There are 3 prismatic
joints, 3 revolute joints, 3 universal joints in this PM,
and thus the number of joints is g = 9. The DOF of
this manipulator is calculated as below [3,4]

8
M=6mn—g—1)+> k+p-—n=3 (19)
i=1

here, k; = 1 is the DOF of revolute joint, k» = 1 is the
DOF of prismatic joint, k3 = 2 is the DOF of universal
joint. The number of overconstraints is p = 3, and the
number of redundancy DOF is n = 0.

Since the constrained wrenches do no work to m,
the translation of m must be perpendicular to three con-
strained forces. Thus, it is easy to determine that this
PM has only one translation, which is perpendicular to
R11(Fp1), Ro3(F)p2), and R31(F)3), the remained two
independent motions are two rotations. From the prop-
erties of constrained wrenches, it is known that the first
rotational axis must be located on the plane determined
by Fp1 and F3, and parallel with F5, the second rota-
tional axis must passes through F, and parallel with
Fpi (i =1,3).

3.2 Inverse kinematics of the 2-RPU + UPR PM

The unit vectors R;; of Rjyx(i = 1,2,3;k = 1,2,3)
for the 2-RPU + UPR PM in { B} can be expressed as

T
Rii=R;1 =Ri»=Rn =Ry =[010],
Ri3=R33=x,Rp =Ry =x (20a)
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From Egs. (15) and (20a), we obtain
Ri>-Ri3=0,R3 -R33 =0,
ajA; -Ry1 =0,a3A3 -R31 =0,Ry;1 - Ry =0
(20b)

The position vectors of A;(i = 1,2, 3) in {B} can be
expressed in matrix form as

1 [ gE 0
Ail==| —-E |, Ay=|E |,
2 o 0
| T9E
A3=-| —E |, ¢=3'? (21a)
2l o

The position vectors of ¢; (i = 1, 2, 3) in {m} can be
expressed in matrix form as

1] 9
"a; = 5 —e |, May=|e |,
0 0
[ —ae
"az = - | —e (21b)
2 | 0

here, E is the distance from point O to A;, e is the
distance from point o to ;.

The position vectors of ¢; (i = 1, 2, 3) in {B} can be
expressed as

Xai XV g
a; = | Yy = yﬁRmai + o, rﬁR = | Xm Ym Zm |
_Zai Xn Yn Zn
mX,
o=1Y, (21¢)
L Zo

From Eqgs. (20a) to (21c), we obtain

aexy /2 —eym/2+Y,+E/2=0 (22a)
—aexy /2 —eym/2+Y,+ E/2=0 (22b)
(eyi + Xo)x; + (eym + Yo — E)x

+(eyn + Zo)xn =0 (220)

From Egs. (22a), (22b) and (22c), we obtain

xm =0, Xo=2Zozi/2n, Yo = (eym — E)/2 (23)

Let the rotational transformation matrix 2R be formed
by YZX-type Euler rotations and «, 8, and A be three
Euler angles about corresponding axes, we obtain

CaCp —CoSBCH T+ SaS) CaSBSx + SaC)
,ﬁR = sg cgey, —Cgs;,
—SaCp SaSBCHL + CaSx  —SaSpSr + CaC
(24)

here, sy = sin¢, ¢y = cos ¢, ¢ is one of («, B, A).
From Egs. (23) and (24), we obtain

B=0 (25)
From Eqgs. (24) and (25), we obtain

Ca SaSh SaChr
BR=1 0 ¢ =8 (26)
—Sa  CaS)p  CuCyh

From Egs. (23) and (26), we obtain

Xo = Zotgy, Yo = (ec; — E)/2 27)

Equations (26) and (27) are the pose decoupling equa-
tions for the 2-RPU + UPR PM. From Egs. (26) and
(27), the position and orientation of this PM can be
expressed by o, A and Z,,.

From Egs. (21), (21b), (21c¢), (26), and (27), the
inverse kinematics can be expressed as follows:

rt=Z5(1 +1g0) + E* + &* — (E — ec;)*/4
— Zo18a(GE + es3/5a)

4+ eE(qSasS) —3cqy —ca)/2 (28a)
13 =Z3(1 +182) + E* + ¢ +5(E — ecy)? /4
+2eZpsy/cq — 2eEc) (28b)

r3 = Z5(1 +1g0) + E* + & — (E — ec;)* /4
+ Zot8a (qE — esy/sq) — eE(qSqs).
+3cq +¢1)/2 (28¢)

3.3 Kinetostatic analysis of 2-RPU + UPR PM

Based on Egs. (1b), (26) and (27), it leads to

Z,,(secw)2 0 tang

0 —es; /2 0
y p 0 0 1
[a)} —J009J0_ 0 CO[ 0 ’
1 0 0
0 —Sa 0
) o
0= X (29a)
Zo
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From Egs. (1c¢) and (29a), the actuator forces of the
2-UPR + UPR PM can be expressed as

_ F,

A [F !
Fr=-Jo(Jado)™" [T" Fr=|F, |,

o | Fry

o1 (e x o]

Jo = | 82 (2 x 8T (29b)

52{ (e3 x 53)T

Equation (29b) can only solve the actuator forces of the
2-UPR+UPR PM.
From Egs. (3) and (17), it leads to

v F, F,,
|:T0:|:G6><9Fr7 Fp »Fr: Frz s
¢ T, Fry
i FPl TPl
F]) = sz . Tp == T])z )
L Fps Ty,
B 5'11- (81 X 51)T 7]
0 (ax )T
N (3 x )T
T @’
Goxo= | f1  @daxfy)" (29¢)
5 @xfyt
07, R xRi3)T
01, (Roi x Rp3)T
L 0%, (R31 xRx)T

Each constrained force F); (i = 1, 3) in the RPU-type
leg only produce one deformation, and it leads to

si=1,Fp1=Fpy, bii=1 (i=13) (30a)

For the UPR leg, the constrained forces F, at U
joint can be equivalent to one force F; 1 at az, which
is parallel with F,; and active in the opposite direction.
Thus, it leads to

Fpg1=Fp, Fpi=—Fp, b1=-1 (30b)

Fp, produces only one flexibility deformation.
Thus, Sy = 1.

The constrained torque 7); (i = 1,2, 3) in the ith
leg can be decomposed into two elements T); 1 which
is along r;, and T),; » which is perpendicular to r; (see
Fig. 2a, b). Thus, u; = 2.
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Fp2,]

Aj, Rit
(a) (b)

Fig. 2 a The constrained torque situation of RPU leg, b the
constrained torque situation of UPR leg

Let 7p;1 and 7 ;> be the unit vector of T,; 1 and
T 2, respectively. From the geometrical constraints in
the RPU leg, it leads to

Tp 1 =0i,Tp 210, T; LRi», T, 1 1R (31a)

Ti, T pi,1 and T p; > are in the same plane. The following
geometrical constraints must be satisfied

Tpi,zJ_R,Q, Tpi2 = 51' X Riz (31b)
From Eq. (31a), T);,1 can be expressed as follows:
Ty 1=Tp10;, Tp1=ciiTp,ci1 =10
(32a)
From Eq. (31b), T); 2 can be expressed as follows
Ty 2 =Ty 200 X Rp2),
=¢i2Tp;, cip =T - (6; X R2) (32b)

Tpio=TptTi Tp2

F.i(i = 1,2,3) produces longitudinal deformation
along r;. Let §d,; be the longitudinal deformation along
ri, it leads to

Es Si .
Fri = kr,-Sdriv kr,- = (l = 17 21 3) (333)
T

here E; is the modular of elasticity and S; is the area
of the ith leg.

Fpi1(i =1, 3) in each RPU leg produces flexibility
deformation. Let §dr; 1 be the flexibility deformation
in the ith leg, and it leads to

Fpii=Fp =k 18dy 1,

3E,1
kfa=—3

i

i=1,23) (33b)

where [ is the moment inertia.
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For the UPR-type leg, F;2,1 produces one flexibility
deformation 8d f3, 1, thus we obtain

3E,1
3
>

Fpy1=Fp, =kpaddp, 1, kpi= (34)
here, I is the moment inertia.

In each leg r;, Tp;1 and Tp;» produce torsional
deformation and bending deformation, respectively.
Let 8d;;,1 be the torsional deformation about r; due
to Tpi,1, 8dy; 2 be the bending deformation about r; due
to Tpi2.

The relation between T, 1 and 8d;; 1 in the ith leg
can be expressed as follows:

GI
Tp 1 = ki 18dy; 1, k1 = r.p’
1
riTp- 1 .
8dy, 1 = —L= (i=1,3) (352)
GI,

The relation between T),; > and 8d;; > in the ith leg
can be expressed as follows:

El
TPi,Z = kt,',ZBdt,',L kt,-,z = ,
i
8dy 0 = rE—T (i=13) (35b)

N

here, G is the shear modulus and I, is the polar moment
of inertia.
From Egs. (30a) to (32b), it leads to

F,

Fy,=Wpnx | F, |,

T,

(E3x3 03x3 03%3 ]
0133 Wp 0153
0133 Wp, 0153
0153 Wg 0153 |,
0253 0243 Wy
0253 0253 Wy,

| 0253 0253 Wy, |

F, = [FVIFVZFVSFPI’IFPZJFPS,I

Wizxg =

Tpi1Tp 2T py 1 sz,ZTpsleml]T ’
Wy =[100], W =[0-10],
=100 1],

01,100 _ 06‘2,10
[cl,zoo]%_[ocz,zo]’
00c3,1
006‘3,2 ’

(36)

Wy,
W,
Wi,

From Egs. (6¢), (33a),(33b), (34), (35a) and (35b), it
leads to

F, =K,d,,
Kw = diag(krl s krza kr37 kf],ls kfz,ls kf},lv ktl,ls kl‘],2s
ktz,lv kt2,27 kt3,l s kt3,2) (37)

After Gex9, Wiax9 and K, for the 2-RPU + UPR PM
are derived from Egs. (29¢) and (33a) to Eq. (37). The
kinetostatic of this PM can be solved from Egs. (12),
(13) and (14).

4 Unified CAD model for FE analysis

Apart from the analytical approach, based on the pow-
erful geometric modeling capability and the simulation
function of CAD software, a unified CAD solid model
of PMs with linear legs can be generated to carry out a
finite element (FE) analysis for kinetostatic analysis.

For the PMs with linear legs, there are various
XPY(X and Y are selected from R, U and S joints)
legs, establishing a unified 3D assembly manipulator
and the corresponding FE model which is applicative
for various PMs is a significant and work.

Without loss of generality, a CAD solid model with
three linear legs is used to illustrate the unified FE
model. In this model, a 3-SPS structure is selected as
the original PM (see Fig. 3). This structure is com-
posed of a moving platform, a base platform, three liner
legs, and six equivalent spherical joints. To generate
various PMs, S joint is designed as adjustable joints.
In this structure, S joint is constructed by three lock-
able R joints (see Fig. 3). Let R;; (i = 1,2,3;j =
1,2,...,6) denotes the jth R joint in the ith leg r;.
In each leg, R;1 and R;¢ are perpendicularly connected
with the base and the moving platform, respectively.
R;> is perpendicular with R;; and R;3. R;5 is perpen-
dicular with R;4 and R;e. R;3 and R;4 are perpendicular
with the linear leg r;. The linear leg r; (i = 1, 2, 3) can
be seen as the P joints.

In the CAD environment, by locking some R joints
using some special commands of the CAD software, the
S joints can be converted into U joints or R joints and
thus the SPS-type leg can be converted into XPY (X and
Y are selected from R, U and S joints)-type leg. Then
the PMs with various topology can be easily obtained.
For example, by locking R;1, R;2, and then setting R;3
parallel to the opposite sides of the base in each leg, the
typical 3-RPS PM [26] can be obtained. By locking R;7,
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Fig. 3 The unified 3D 3-SPS model

Ri5(i = 1,2, 3), and then setting R;3LR;1, RisLRjs
and R;3||Rja(i = 1,2, 3), the 4-DOF 3-UPU PM [4]
with 3 translations and 1 rotation can be obtained. By
locking R;1, Ris(i = 1,2, 3), setting R;2, R;5 parallel
to the opposite sides of the base and moving platform
respectively and then setting R;3|| R;4, the Tsai’s 3-UPU
PM [2] can be obtained. In fact, other PMs can be eas-
ily obtained based on their corresponding geometrical
constraints and the original 3-SPS structure.

0.1125 0 0 0
0 01462 —03652 —0.1265
0  —03652 3.0254 —0.0492
_ 8
K=100x1 0 01265 —0.0492 0.1730
0.1461 0 0 0
00194 0 0 0

update the established model, and then the expected
configurations can be obtained automatically.

The merit of this approach lies in that the FE model
of PMs with different topologies can easily obtained
without reconstructing their CAD model.

5 Analytic solved example

5.1 Stiffness calculation based on the theoretical
model

The numerical results of the 2-RPU + UPR PM can be
easily calculated using the established analytic model.
Set E = 1.20/¢q, e = 0.60/q m, F, = [—20 — 30 —
60]™, T, = [000]"™N.m, E; = 2.11 x 10''Pa,
Egl = 83455Nm?, A = 3.14 x (0.015)?*m2. G =
80 x 10°Pa, I, = 3.14 x (0.03)*/32m*.

Set the pose parameters of the moving platform of
the 2-RPU + UPR PM as o = 0°, B8 = 0°, Z, =
1.30m. By means of Egs. (28a) to (28c) and MATLAB,
the inverse kinematics for the 2-RPU + UPR PM are
solved as:

r1 = 1.3342m, r, = 1.400m, r3 = 1.3342m

From Eq. (29b), the actuator forces applied to actu-
ators can be solved as follows:

Fr = [—1.7105 21.5385 42.7617]'N

From Egs. (13), (29c) and Egs. (33a) to (36), the
stiffness matrix of the 2-RPU + UPR PM is solved as

0.1461 0.0194

0 0
0 0
0 0 (38)

0.1902 0.0254
0.0254 0.0036

After the CAD model of the expected PM is estab-
lished, we process some routine processes such as
material parameters setting and the finite element mesh
generation and then run the simulation, the simulation
results can be obtained easily. To simulate the stiffness
with different configurations, we can set the lengths of P
joint according to the inverse kinematics obtained from
the analytical model and click the reconstruct button to
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From Egq. (37), the actuator forces applied to actuators
and the constrained forces/torques in this PM can be
solved as follows:

F, = [—1.7105 21.5385 42.7617 20.3462
10.0000 0 — 17.6479 2.0051 — 0.4627
1.8600 0.7435 2.0051 0.4627]T
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URES (mm)
1.882¢+000
1.726e+000

| 1.569¢-+000
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. 1.255+000
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Fig.4 Solved results of elastic deformations of FE model of the
2-RPU + UPR PM

From the calculated F, and F,, it can be seen that
the actuator forces applied to actuators solved by two
statics models are identical.

5.2 FE model analysis of the 2-RPU + UPR PM

By locking R;1(i = 1,2,3),Ri» and Rie(i =
1,3), then setting Ry3||R33||R14l| R34, Ri3LA1A3,
R15|R35|ajas in the unified CAD model, the 2-RPU+2-
UPR PM can be obtained.

In the 3D assembly model, the dimension and mate-
rial parameters are given according to the parame-
ters used in analytical model. Assume a force F, =
[—20 —30 — 60]TN applied on the center of m. The
simulated results based on FE model for the deforma-
tion of m are solved as shown in Fig. 4.

The simulated results based on analytic approach
and FE model for the deformation of m are listed in
Table 1.

It is well known that the solved results of FE model
are greatly depend on some key factors such as mate-
rial parameter, FE dimension and type, reasonable
boundary constraints and connection constraints. Thus,
the FE analysis is a numerical technique for solving
approximate solutions. From the result, it can be seen
that the results obtained by the FE model is basically
coincident with that of analytical ones, which is accept-
able for stiffness analysis.

Table1 The comparison of the elastic deformation of m derived
from analytic approach and FE model

Elastic deformation Position of o

of o (mm)
Analytic  Analytics  X,(m)  Y,(m) Zy(m)
approach  FE model

Sx  0.6962 0.6469 0 —0.1732  1.3000

sy  1.8019 1.718
8z 0.2403 0.2191

Fig. 5 Workspace of the 2-RPU + UPR PM

5.3 Stiffness characteristics analysis

In this section, the minimum and maximum eigenvalues
of the stiffness matrix are used to describe the stiffness
distribution [15]. The eigenscrew problem of stiffness
matrix can be expressed as follows [27]:

033 E3><3i|

39
E3x3 03x3 (39

KAe; = Lie;, A = |:
where A; and the corresponding e; are the eigenvalue
and eigenvector of KA, respectively. The transforma-
tion matrix A interchanges the first and last three com-
ponents of six dimension vector.

A numerical approach [15] is applied to evaluate the
stiffness properties throughout the workspace. In the
numerical example, the workspace is partitioned in to
a finite number of elements. For the sake of generality,
the following illustrates the distribution of the stiffness
values in one plane which is parallel with the Base.

Based on the established kinematics model, the
workspace can be solved (see Fig. 5).

From Fig. 5, it can be seen that the workspace is
symmetrical about the plane X = 0, which is in accord
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Kmax(N/m)

(a)

105004

10000+

Kmin (N/m)

95004

(b)

Fig. 6 The distribution of the stiffness in the plane of Z= 1.3 m, a the distribution of maximum stiffness, b The distribution of minimum

stiffness

with the characteristic of the structure of the 2-RPU +
UPR PM.

Based on Eq. (39) and the stiffness model of the 2-
RPU + UPR PM, the distributions for the maximum
and minimum stiffness in the plane of Z = 1.3 m for
the 2-RPU + UPR PM are illustrated in Fig. 6a and b,
respectively.

It can be observed that, similar to the reachable
workspace, the distribution of minimum and maximum
stiffness in the plane of Z= 1.3 m for the 2-RPU + UPR
PM is symmetrical about the X = 0 plane. In addition,
the lowest value of maximum and minimum stiffness

6
T Ai
K_gkiwiwi ,k,' —2—hl,
L 7 n;
h;i = Ewi Aw;,w; = |:Pi i+ hini] (40)
where the spring wrench w; is the unitization of e; (i =
1,...,6),h;isthepitchof w;,n;and p; are the direction

and position vectors of the ith spring, respectively.

Applying the eigenscrew decomposition to the stiff-
ness matrix obtained in Eq. (38), the corresponding
six eigenvalue values [)A], the six eigenscrew pitches
[A], and the corresponding six eigenscrews [w] can be
solved as follows:

[A] = diag ([ —2.5243 1.9816 1.4232 —0.9537 0.2490 —0.1759]) x 10°,
[h] = diag ([ —0.0086 0.0086 0.0347 —0.0347 0.0557 —0.055]),

0.0027 —0.0027 —0.0799 0.0799 —0.9899 —0.9899
—0.0906 —0.0906 -0.7798 —0.7798 0.1025 —0.1025
[w] = 0.9959  0.9959  0.6209  0.6209 —0.0977 0.0977 @l
—0.0547 —-0.0547 0.9002 0.9002 —-0.1717 0.1717
—0.0040 0.0040 —0.1513 0.1513 —1.2786 —1.2786
—0.0088 0.0088 —0.0181 0.0181 —0.1707 —-0.1707

occurs around the boundary of the workspace, since the
manipulator approaches singular when it comes near
the workspace boundary.

In what follows, the stiffness behavior is investigated
through the eigenscrew decomposition of the stiffness
matrix of the 2-RPU + UPR PM. The eigenscrew
decomposition of stiffness matrix can be expressed as
[27]:

@ Springer

The interpretation of stiffness matrix K based on eigen-
screw decomposition is elaborated in Table 2, which
indicates that K can be interpreted by a body suspended
by six screw springs with directions along the eigen-
screws of K as shown in Fig. 7. For each spring, the
spring constant is determined by A; /2h;, the geometri-
cal connection of the spring is determined by the eigen-
screws w;, and the pitch of the eigenscrew is determined
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Table 2 Parameters of springs based on the eigenscrew decomposition

Spring ki n; pi hi

1 1.4861 x 108 [0.0027 — 0.09060.9959]T [0.0047 — 0.0545 — 0.0050]T —0.0086
2 1.4861 x 108 [—0.0027 — 0.09060.9959]T [—0.0047 —0.0545 — 0.0050]T 0.0086
3 0.0992 x 103 [—0.0799 — 0.7798 0.6209]T [0.10810.55750.7141]T 0.0347
4 0.0992 x 108 [0.0799 —0.77980.6209]" [—0.10810.55750.7141]" —0.0347
5 0.0568 x 10* [—0.98990.1025 — 0.0977]T [—0.1424 —0.15221.2833]T 0.0557
6 0.0568 x 10* [—0.9899 — 0.10250.0977]T [0.1424 —0.15221.2833]T —0.0557

Fig. 7 Physical interpretation of the stiffness matrix based on
eigenscrew decomposition

by —2mh;. It can be seen from Table 2 that the six
screws can be divided into three groups with each group
having two springs. In each group, the two springs have
the pitches with equal magnitude and opposite sign.

From Fig. 7, it can be seen that the rigid body is
suspended by six screw springs which are distributed
in space. The six screws are reciprocal, and any twist
along one spring only leads to a wrench along the same
twist for the elastic system, which will not affect any
other directions. The six screw springs system yielded
by the eigenscrew decomposition reflects the eigen-
structure of the stiffness matrix.

6 Conclusions

The main contribution of this paper lies in the estab-
lishment of the kinetostatic analysis model of over-
constrained PMs. A novel 2-UPR + UPR PM is
proposed to illustrate the approach for solving the
kinetostatic of overconstrained PMs. Since the over-
constrained wrenches existed in each leg, the forces

and deformations situation become complex than non-
overconstrained PM. In the 2-UPR+UPR PM, there
are six constrained wrenches which produce multiple
deformations. The detailed forces and deformations are
solved based on the established kinetostatic model. The
kinetostatic of 2-UPR+UPR PM is calculated using
conventional model and the established model. The
results show that the actuator forces applied to actuators
used by two kinetostatic models are identical. In addi-
tion, a unified FE model for the PMs with linear legs
is established and a statics simulation of the 2RPU +
UPR PM is carried out, which verifies the correctness of
the analytic model. Furthermore, the distribution of the
stiffness in the prescribed workspace is described, and
the eigenscrew decomposition of the stiffness matrix
is carried out to have an insight view of the stiffness
characteristic of the 2-UPR + UPR PM. The method
proposed in this paper is particularly useful in kineto-
static analysis for overconstrained PMs.
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