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Abstract In this paper, the impact angle constrained
guidance problem, focusing on the nonlinear engage-
ment dynamics, is considered. In order to fulfill the ter-
minal constraints, a novel function-based finite-time
sliding mode control methodology is introduced to
design the guidance law. The main feature of this guid-
ance law is that it achieves the desired impact angle
exactly at the time of interception. In addition, it is
capable of ensuring a continuous and smooth con-
trol action. To improve the tolerance of initial head-
ing errors and broaden the application, a feasible guid-
ance logic is also developed. Numerical simulations in
various scenarios have shown that the proposed guid-
ance scheme can realize all-aspect interception against
stationary, constant-velocity and maneuvering targets.
Furthermore, comparison studies with respect to non-
singular terminal sliding mode control-based methods
demonstrate the superiority of the proposed method.

Keywords Guidance · Impact angle · Sliding mode
control · Finite-time control · All-aspect interception

1 Introduction

The primary objective of terminal guidance is to pro-
duce aminimummiss distance between themissile and
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the target. In current guidance law design, the impact
angle constraint is also of paramount importance due
to the requirement of enhancing the effect of warhead.

Conventional guidance laws, such as proportional
navigation guidance (PNG) [1,2] and its variants [3–
7], have beenwidely used as the guidance scheme in the
homing phase because of its ease of mechanization due
to less information demand. Apart from PNG, the guid-
ance laws based on modern control theory have also
been proposed, such as suboptimal guidance law [8],
backstepping guidance law [9] and Lyapunov-based
guidance law [10]. These guidance laws were devel-
oped based on Lyapunov theory to ensure asymptotic
stability or exponential stability. Hence, the line-of-
sight (LOS) angular rate converges to zero with infinite
settling time.

Finite-time control usually shows superior proper-
ties, such as faster convergence rate, higher accuracy
and better disturbance attenuation [11]. Therefore, it
is important to design finite-time guidance laws for
engineering application. In recent years, some valu-
able contributions in this field have been made [12–
22]. In [12], a guidance law based on Lyapunov scalar
differential inequalitywas derived formaneuvering tar-
gets using a finite-time stability approach. Afterward,
this method was further investigated in [13] taking the
autopilot lag into consideration. Although the meth-
ods proposed in [12,13] ensure finite-time error con-
vergence, both fail to address the impact angle con-
straint. The approach proposed in [14] took advantage
of the finite-time reaching phase of the sliding mode
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control (SMC) technique to guarantee that the impact
angle constraint can be satisfied at the time of inter-
ception. But this law is not applicable for the task
of hitting a maneuvering target. Based on the finite-
time convergence stability theory and the SMC the-
ory, the impact angle control guidance law was devel-
oped for intercepting maneuvering targets in [15]. The
guidance law in [16], which was obtained through a
combination of finite-time sliding mode control the-
ory and generalized disturbance observer, considers
the target maneuvers as well as the missile autopilot
dynamics. The impact angle in [15,16] was defined
as the LOS angle. In terms of enhancing the lethality,
the angle between the velocity vectors of the missile
and the target at the time of interception is a better
choice [17–19]. In [17], terminal sliding mode (TSM)
control-based guidance laws, which ensure finite-time
convergence to the desired impact angle, for stationary,
constant-velocity and maneuvering targets, were pro-
posed. But this approach suffers from singularity prob-
lemswhichmay lead to control saturation. Toovercome
this defect, nonsingular TSM (NTSM) control algo-
rithmwas introduced to handle the impact angle control
problem in [18]. Note that the target acceleration was
crucial for implementing the guidance laws in [17,18],
but unfortunately, the obtaining of the target accelera-
tion was not discussed in the aforementioned literature.
To deal with this problem, the guidance law in [19] was
designed through a combination of NTSM and a lin-
ear extended state observer (LESO). In this study, the
target acceleration was estimated by the LESO using
the current system states. Apart from the impact angle
control problem, finite-time control methods have also
been applied to solve the impact time control problem
and the impact time and angle control problem. Inter-
ested readers may refer to [20–22] and the references
therein.

The aim of this study is to provide a new approach
to the impact angle constrained guidance problem,
with which an all-aspect interception can be achieved
with smooth missile acceleration. Firstly, a novel con-
cept of function-based finite-time sliding mode control
(FBFTSMC) is presented. By incorporating a specific
time-varying function in the design of the sliding sur-
face, this control algorithm can realize a global sliding
mode (GSM) and drive the system states to zero at
a pre-specified finite time in the presence of matched
uncertainties. Besides, explicit closed-form solutions
for the control system can also be obtained. Then, the

well-developed control method is applied to the impact
angle control lawdesign. The associated sliding surface
is designed using theLOSand time-to-go (tgo) informa-
tion. Under the proposed guidance law, the LOS angle
error and its derivative would both converge to zero at
the final time which implies the desired impact angle
can be achieved at the time of interception. Finally, by
designing a feasible guidance logic, the missile can be
steered to intercept the target at any impact angle, even
in the presence of very large initial pointing errors. This
property is termed as “all-aspect interception” [17].

With respect to some previously published work,
the method proposed in this study makes several con-
tributions in the following aspects. First, the control
methods utilized in [12–19] only ensure bounded con-
vergence time. For the proposed method, however,
the convergence time is not only finite but also well
known in advance. In addition, the FBFTSMC algo-
rithm could provide a lot of flexibility in the controller
design by choosing different time-varying functions,
whereas other finite-time control methodsmay not pos-
sess this feature. Second, large switching gains are
required in [17–19] to enforce a sliding mode, which
in turn may aggravate the chattering problem [23].
Although some measures have been taken in [17,19]
to alleviate chattering, the resultant guidance com-
mands would be discontinuous. The methodology pre-
sented in this study belongs to the GSM category.
By the virtue of GSM, a relatively small switching
gain is applicable and smooth missile acceleration can
be achieved [24]. Third, compared with other impact
angle control methods which also have explicit tgo in
the closed-form guidance laws [25,26], the proposed
approach can guarantee interception for all states of
the missile and the target during the engagement with-
out accurate tgo estimation. Finally, while the method
in [27] requires two sliding surfaces to realize all-aspect
interception, only one sliding surface is needed in this
work.

The rest of this paper is organized as follows. In
Sect. 2, the problem formulation is described. InSect. 3,
the basic principle of FBFTSMC algorithm is intro-
duced. In Sect. 4, the impact angle constrained guid-
ance laws are designed based on FBFTSMC and a
feasible guidance logic is devised to realize all-aspect
interception. In Sect. 5, numerical simulations are per-
formed to validate the effectiveness of the proposed
guidance laws. In Sect. 6, conclusive remarks are pre-
sented.

123



Impact angle constrained guidance for all-aspect interception 1793

2 Problem formulation

In this section, a planar engagement between the mis-
sile and the target is considered.The engagement geom-
etry is depicted in Fig. 1a, where both the missile and
the target are treated as point masses. The missile and
the target are assumed to be traveling at constant speeds
of VM and VT, their flight path angle is denoted by γM
and γT, and the corresponding lateral acceleration is
defined by aM and aT. The LOS angle and the distance
between the missile and target are represented by λ and
r , respectively.

The equations of kinematic engagement for this
problem can be found in, for instance, [17], which is

Fig. 1 Relative position of the missile and the target. a Engage-
ment geometry. b Collision course

described in polar coordinate form as follows:

ṙ = VT cos(γT − λ) − VM cos(γM − λ) (1)

λ̇ = VT sin(γT − λ) − VM sin(γM − λ)

r
(2)

γ̇M = aM
VM

(3)

γ̇T = aT
VT

. (4)

As shown in Fig. 1b, the impact angle θimp can be
calculated as

θimp = γTf − γMf (5)

where γTf and γMf are the flight path angles of the target
and the missile when interception occurs.

When the collision course is enforced, the condition

VM sin(γMf − λF) = VT sin(γTf − λF) (6)

holds,which implies the relative velocity perpendicular
to the LOS is zero. Similar to [17–19], it is assumed
that VT < VM. Under this assumption, the desired final
LOS angle λF can be obtained as

λF = γTf − tan−1
(

sin θimp

cos θimp − VT/VM

)
. (7)

From Eq. (7), the one-to-one correspondence bet-
ween λF and θimp can be established. The interested
reader can refer to [17] for detailed information.

Note that for the maneuvering target case, the tar-
get’s flight path angle γT varies with time. In order to
ensure a desired impact angle at the time of intercep-
tion, γTf , in Eq. (7), is replaced by its instantaneous
value, γT, which yields [19]

λF = γT − tan−1
(

sin θimp

cos θimp − VT/VM

)
. (8)

From Eq. (8), the first and second time derivative of λF
can be derived as

λ̇F = γ̇T = aT
VT

, λ̈F = γ̈T = ȧT
VT

. (9)

The design goal of this work can be described as
follows.Design a proper guidance law such thatλ and λ̇

could converge to λF and λ̇F at the time of interception.
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3 Function-based finite-time sliding mode control

In this part, the basic principle of FBFTSMC will be
introduced. First, let us consider the following typical
second-order nonlinear uncertain system:{
ẋ1 = x2
ẋ2 = g(x) + b(x)u + d

(10)

where x = [x1, x2]T is the state vector, u is the control
input, g(x) and b(x) �= 0 are assumed to be known
functions of x , and d is the lumped uncertainty which
is bounded but unknown. The design objective of this
control problem is to find a controller such that the
system states would converge to zero at the designated
finite time tf , i.e., lim

t→tf
x1 → 0, lim

t→tf
x2 → 0.

Before moving on, a specific variable is designed as
follows:

σ = x2 − n ḟ (t)

f (t)
x1 (11)

where n > 1 is a constant and f (t) is a time-varying
function which satisfies: (1) f (t) is second-order dif-
ferentiable, (2) f (t) �= 0 for 0 ≤ t < tf and f (tf) = 0.

Then, the sliding surface function is designed by
adding an additional term to σ :

s1 = σ + ξ (12)

where ξ(0) = −σ(0), ξ̇ = −m ḟ (t)
f (t) σ and m ≥ n is a

constant. Consider the control law (13)

u = 1

b(x)

[
n f (t) f̈ (t) − (m + 1)n( ḟ (t))2

( f (t))2
x1

(13)

+ (m + n) ḟ (t)

f (t)
x2 − g(x) − ksgn(s1)

]

where the switching gain k > ||d||∞, and one can get
the following theorem.

Theorem 1 For the nonlinear uncertain systemdescri-
bed in Eq. (10), by adopting the sliding surface func-
tion (12) and the control law (13), a GSM is realized.
Furthermore, the state variables x1 and x2 will both
converge to zero at t = tf .

Proof Consider the following positive Lyapunov func-
tion candidate

V = 1

2
s21 . (14)

Taking the time derivative of V and making use of
the control law (13), one gets

V̇ = s1(−ksgn(s1) + d) ≤ −(k − ||d||∞)|s1| ≤ 0.

(15)

Apparently, V̇ is nonpositive, and hence V ≤ V (0).
Further notice that s1(0) = σ(0) + ξ(0) = 0, one gets
V ≤ 0.On theother hand,V ≥ 0 is ensuredbyEq. (14).
Therefore, it is concluded that V ≡ 0, implying s1 ≡ 0
for t ∈ [0, tf ]. Thus, a GSM is realized.

Then, using Eq. (12), the derivative of s1 = 0 can
be found as

ṡ1 = σ̇ − m ḟ (t)

f (t)
σ = 0. (16)

Rearranging variables, Eq. (16) can be rewritten as

1

σ
dσ = m ḟ (t)

f (t)
dt. (17)

Then, by integrating Eq. (17) from (0, σ (0)) to some
later point (t, σ (t)), the analytic solution for σ can be
obtained as

σ = b2( f (t))
m (18)

where b2 = σ(0)
( f (0))m is a constant.

Substituting Eq. (11) into Eq. (18), one gets

x2 − n ḟ (t)

f (t)
x1 = b2( f (t))

m. (19)

The equation above is a typical first-order linear differ-
ential equation whose solution can be solved as

x1 = ( f (t))n
(
b3 + b2F(t)

)
(20)

where F(t) = ∫
( f (t))m−ndt is the primitive function

of ( f (t))m−n , and b3 = x1(0)
( f (0))n −b2F(0) is a constant.

It is worth noticing that F(t) always exists in this study
because f (t) is a continuous function and m ≥ n. In
addition, F(t) is bounded for t ∈ [0, t f ] because it
is continuous during this time interval. Based on the
above analysis and notice f (tf) = 0, it can be con-
cluded that x1 will converge to zero at t = tf .
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Taking the time derivative of Eq. (20) yields

x2 = ( f (t))n−1
[
n ḟ (t)

(
b3 + b2F(t)

) + b2( f (t))
m−n+1

]
.

(21)

From the above equation, it can be found that x2 will
also converge to zero at t = tf . 	

Remark 1 By inspecting Eq. (13), it can be seen that
f (t) appears in the denominator of two terms in the
control law. Since f (tf) = 0, it would appear to lead to
a singularity at t = tf .As amatter of fact, the singularity
can be eliminated by properly tuning the value of n.
Substituting the analytic solutions of x1 and x2 into the
control law (13) yields

u =
[(
n f (t) f̈ (t) − (m + 1)n( ḟ (t))2

)
(b3 + b2F(t))( f (t))n−2

−g(x) − ksgn(s1) + (m + n) ḟ (t)
(
n ḟ (t)

(
b3 + b2F(t)

)
+ b2( f (t))

m−n+1)( f (t))n−2
] 1

b(x)
. (22)

From the above equation, it can be concluded that the
singular problem is avoided as long as n ≥ 2. There-
fore, the value of n should be chosen no less than two
during the implementation of the control law.

Remark 2 If there is control saturation during the
implementation of the control law (13), the system
states would deviate from the sliding surface (12) and
thus the control performance would be affected. How-
ever, if the sliding surface can be reached at some finite
time before tf , e.g., s1 = 0 for tr ≤ t ≤ tf , the sys-
tem states can still be driven to zero at t = tf . This is
because from tr onward, the system states x1 and x2 are
still governed by Eqs. (20) and (21) with the constants
b2 = σ(tr)

( f (tr))m
and b3 = x1(tr)

( f (tr))n
− b2F(tr).

Remark 3 Note that although the proposed controller
guarantees fixed time convergence, the control action
is over at the desired final time tf . Therefore, the devel-
oped control method is suitable for the practical control
problems which require a goal to be achieved in a given
time.

Remark 4 The SMC approach proposed in this work
is closely related to the time-varying function f (t).
Besides, such a controller can guarantee finite-time
convergence of the system states. In this sense, the pro-
posed method is named as FBFTSMC algorithm. To
derive a feasible impact angle control law, a simple

expression for f (t) is selected, which takes the form
of

f (t) = tf − t. (23)

It can be easily verified that Eq. (23) meets all the
requirements for f (t). Since the expression for f (t) is
not unique, it gives lots of flexibility in the associated
guidance law design. For example, f (t) can be spe-
cially designed to provide additional degrees of free-
dom for other control goals. This characteristic would
be further analyzed in Sect. 5.4.

4 Impact angle constrained guidance law

This section details the steps in the application of
the FBFTSMC algorithm to the impact angle con-
strained guidance problem. Note that the stationary and
constant-velocity target scenarios can be treated as spe-
cial cases of themaneuvering target scenario. The guid-
ance laws in this part are developed for the general case
of a maneuvering target. Before moving on, the follow-
ing assumption is made as in [17–19]; that is, only the
target acceleration is unknown and other parameters
are assumed known.

By differentiating Eq. (2), one gets

λ̈ = −2ṙ λ̇

r
+ cos(γT − λ)

r
aT − cos(γM − λ)

r
aM

(24)

which exhibits the relationship between the LOS angle
λ and the missile acceleration aM. Note, from Eq. (24),
that λ can be controlled only when |γM − λ| �= π/2.
As has been shown in [17,18], |γM − λ| = π/2 is an
unstable equilibrium point due to γ̇M − λ̇ �= 0 when
|γM−λ| = π/2. Hence, aM can be employed to control
λ.

4.1 Guidance law design

In this subsection, the guidance law is developed for
a maneuvering target, whose acceleration and flight
path angle vary with time. The LOS angle error Λ is
expressed as

Λ = λ − λF. (25)

Note, from Eq. (9), that λF and λ̇F vary with time.
Hence, the first and second time derivatives of the LOS
angle error can be obtained as
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{
Λ̇ = λ̇ − aT

VT

Λ̈ = − 2ṙ λ̇
r + cos(γT−λ)

r aT − cos(γM−λ)
r aM − ȧT

VT
.
(26)

Apparently, Eq. (26) is a nonlinear second-order sys-
tem.

According to Eqs. (11), (12) and (23), the sliding
surface is designed as

S1 = Λ̇ + nΛ

tf − t
+ ξ1 (27)

where ξ1(0) = −Λ̇(0) − nΛ(0)
tf

and ξ̇1 = m
tf−t

(
Λ̇ +

nΛ
tf−t

)
.

Remark 5 From Eq. (27), it can be seen that the term
tf − t is involved in the design of the associated sliding
surface. The final flight time tf , however, cannot be eas-
ily known in advance, and hence, it cannot be specified
here. To solve this problem, Eq. (27) is rewritten as

S1 = Λ̇ + nΛ

tgo
+ ξ1 (28)

where tgo = r
Vc
. Vc = −ṙ denotes the closing velocity

between the missile and the target. Correspondingly,
the variable ξ1 satisfies ξ1(0) = −Λ̇(0) − nΛ(0)

tgo(0)
and

ξ̇1 = m
tgo

(
Λ̇ + nΛ

tgo

)
.

Assume the target acceleration aT is known and treat
the term ȧT

VT
as the disturbance, the associated guidance

command can be derived by using the FBFTSMC algo-
rithm, which takes the form of

aM = r

cos(γM − λ)

[
(m + n)

(
λ̇ − aT

VT

)
tgo

+ (m + 1)n(λ − λF)

t2go
− 2ṙ λ̇

r
(29)

+cos(γT − λ)

r
aT + k1sgn(S1)

]

where k1 > || ȧTVT ||∞.

Remark 6 For the case of intercepting a stationary or
constant-velocity target, one gets aT = 0. Therefore,
the guidance law (29) can be simplified to the following
form

aM = r

cos(γM − λ)

[
(m + n)λ̇

tgo
(30)

+ (m + 1)n(λ − λF)

t2go
− 2ṙ λ̇

r
+ k1sgn(S1)

]

It is interesting to note that the continuous counter-
part in Eq. (30) can be further rewritten as 1

cos(γM−λ)[
(m + n + 2)Vcλ̇ + (m+1)n

tgo
Vc(λ − λF)

]
,which is sim-

ilar to the so-called biased PNGwith an additional term
in the denominator. The first component controls the
missile to hit the target, and the second component con-
tributes to the achievement of the desired LOS angle.
Because the LOS angle error and angular rate would
both be driven to zero at the time of interception, zero
magnitude of the guidance command can be achieved.

It can be seen from Eqs. (26), (28) and (29) that
the target acceleration really plays an important role in
the guidance law development. In practical implemen-
tation, however, it is usually difficult to measure the
target acceleration directly. A possible solution to this
problem is using the current system states to estimate
the target acceleration. Motivated by the work in [19],
the LESO is employed to obtain the estimation of aT.
First, we define a new variable Vλ = r λ̇, which cor-
responds to the relative velocity perpendicular to the
LOS. Differentiating Vλ with respect to t yields

V̇λ = −ṙ λ̇ + aT cos(γT − λ) − aM cos(γM − λ). (31)

Taking aTλ = aT cos(γT − λ) as an augmented state,
one can get the following second-order dynamic system

{
V̇λ = −ṙ λ̇ + aTλ − aM cos(γM − λ)

ȧTλ = l.
(32)

Then, the second-order LESO for the aforementioned
system can be designed as [19]

{
ż1 = z2 − ζ1e1 − ṙ λ̇ − aM cos(γM − λ)

ż2 = −ζ2e1
(33)

where e1 = z1−Vλ, e2 = z2−aTλ, ζ1 = 2ω0, ζ2 = ω2
0

and ω0 is the bandwidth of the observer. Assume the
initial values of Vλ and aTλ are Vλ0 and aTλ0, respec-
tively. In practice, however, aTλ0 is hard to obtain. So
the initial values of z1 and z2 are set to Vλ0 and 0,
respectively.

The convergence of the LESO can be established by
the following lemma.

Lemma 1 [28] Assuming l is bounded, there exist a
constant pi and a finite time tp > 0 such that |ei (t)| ≤
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pi , i = 1, 2, ∀t ≥ tp > 0 and ω0 > 0. Furthermore,

pi = O
(

1
ω
q
0

)
, for some positive integer q.

From Eq. (32), it can be easily found that l is
bounded. Therefore, via tuning ω0 appropriately, the
observer output z1 and z2 would both converge into a
close neighborhood of the actual states Vλ and aTλ in
finite time.Then, the target acceleration canbeobtained
as

aT = aTλ

cos(γT − λ)
= z2

cos(γT − λ)
. (34)

Substituting Eq. (34) into Eqs. (28) and (29), the mod-
ified sliding surface and guidance command can be
derived as

S1m = λ̇ − z2
VT cos(γT − λ)

+ n(λ − λF)

tgo
+ ξ1m, (35)

aMm = r

cos(γM − λ)

[
(m + n)

(
λ̇ − z2

VT cos(γT−λ)

)
tgo

− 2ṙ λ̇

r

+ (m + 1)n(λ − λF)

t2go
+ z2

r
+ k1msgn(S1m)

]
,

(36)

where ξ1m(0) = −λ̇(0)− n(λ(0)−λF (0))
tgo(0)

, ξ̇1m = m
tgo

(
λ̇−

z2
VT cos(γT−λ)

+ n(λ−λF)
tgo

)
and k1m corresponds to the

switching gain which satisfies

k1m >

∥∥∥∥cos(γT − λ)aT − z2
r

∥∥∥∥∞
+ ‖W (t)‖∞

VT

+
∥∥∥∥ n

tgo

(
z2

VT cos(γT − λ)
− aT

VT

)∥∥∥∥
∞

+
∥∥∥∥ ȧTVT

∥∥∥∥∞

(37)

where W (t) = d
dt

( z2
cos(γT−λ)

)
.

Theorem 2 With the sliding mode manifold given by
Eq. (35), observer obtained by Eq. (33), the trajectory
of the closed-loop system (26) can be driven into a
neighborhood of the sliding surface (28) in finite time
with the guidance law (36).

Proof Consider the Lyapunov candidate V1 = 0.5S21m .
Taking the derivative of V1 and making use of the guid-
ance law (36) yield V̇1 ≤ 0. Therefore, it can be con-
cluded that V1 ≤ V1(0). Note that S1m(0) = 0, one
gets V1 ≤ 0. Further considering V1 ≥ 0, it can be
concluded that V1 ≡ 0, which implies S1m ≡ 0. From
Lemma 1, the observer errors e1 and e2 can converge

to a small vicinity of zero in finite time by tuning ω0

properly. Therefore, the system states can be ensured to
reach a close neighborhood of the sliding surface (28)
in finite time. 	

Remark 7 From the above theorem, it canbe concluded
that although S1m is treated as the sliding surface, the
closed-loop system (26) can be driven into a close
neighborhood of S1 = 0 in finite time. Since the size of
the observer error can be controlled by the user, the dif-
ference between S1m = 0 and S1 = 0 can be reduced to
a negligible magnitude. Associating this result with the
FBFTSMC algorithm, we can conclude that the LOS
angle λ and its derivative λ̇will converge to λF and λ̇F ,
respectively, at the time of interception.

As an inherent problem of SMC, chattering is an
undesired phenomenon because it involves high con-
trol action that may excite high-frequency unmodeled
dynamics. To soften chattering, the saturation function
sat(S) is used to replace the sign function sgn(S) in the
implementation of the proposed laws, which takes the
form of

sat(S) =
{

ε−1S, |S |≤ ε

sgn(S), otherwise
(38)

where ε is the boundary layer thickness.

4.2 Guidance logic for all-aspect interception

To achieve all-aspect interception, the guidance law
is required to ensure interception for all states of the
missile and the target during the homing engagement.
To this end, an SMC-based approach is investigated in
[27]. In this work, two different sliding surfaces are
designed and a specific switching logic is developed to
make the guidance laws to switch between enforcing
slidingmode on one of these two surfaces. Because two
kinds of guidance laws are designed, two sets of guid-
ance parameters are required, which adds difficulties to
the implementation of this method. More importantly,
if the guidance parameters are not properly tuned, the
sliding mode may not be enforced from the first slid-
ing surface to the second sliding surface, and thus, the
result would be a miss.

From the basics of terminal guidance, it is known
that the closing velocity Vc should be larger than 0 to
guarantee a successful interception. But in the large ini-
tial heading error cases, Vc may have a negative value
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at the early stage, which would give rise to an unac-
ceptable tgo estimation (i.e., tgo < 0). To solve this
problem, the time-to-go estimation is modified to the
following form:

tgo =
{
r/Vc, Vc > 0

2r/VM, Vc ≤ 0
(39)

It should be noted that although the estimation of tgo
will always have a positive value with this modifica-
tion, the estimated value may be quite different from
its true value, and thus, the performance of the proposed
guidance law may also deteriorate in large initial head-
ing error cases. Although somemodified methods have
been presented to improve the precision of tgo estima-
tion [25,26], the stationary target scenario is assumed.
So these methods may not produce accurate tgo esti-
mates in the presence of a moving target.

From the above analysis, it can be found that the
closing velocity Vc may be negative when the head-
ing error is really large, and thus, the proposed guid-
ance law cannot ensure successful interception. To
achieve all-aspect interception, the closing velocity
should always be positive before the time of intercep-
tion. Motivated by this conclusion, a suitable guidance
logic is developed to realize all-aspect interception,
which takes the form of

aM =
{
aMmaxsgn(aM0), if Vc ≤ κ

aM, if Vc > κ
(40)

where aMmax > 0 is the maximum lateral acceleration
that the missile can generate, aM0 represents the initial
value of aM and κ is a positive constant that needs to be
determined. For the case of intercepting a nonmaneu-
vering target, κ can be set to a small value, e.g., 0. For
the case of intercepting a maneuvering target, a rela-
tively large value of κ is required. This guidance logic
can be explained as follows. First, by using the maxi-
mum lateral acceleration, themissile changes its course
quickly so that the large heading error can be reduced to
a relatively small magnitude (i.e., Vc > κ is achieved).
Then, the proposed guidance law can be used during
the remaining flight to realize a desired interception
course. It should be noted that if Vc > κ maintains for
the entire homing phase, only the proposed guidance
law would be used. Because the proposed guidance
logic possesses a simple format and requires no addi-
tional switching surfaces, it is more practical than the
method in [27].

Table 1 Simulation parameters

Parameters Values Parameters Values

VM 500m/s ε (for Cases 1, 2) 0.1

γM0 30◦ ε (for Cases 3, 4) 0.8

VT 250m/s k1m (for Cases 1, 2) 0.01

γT0 120◦ k1m (for Cases 3, 4) 0.05

n 2 κ (for Cases 1, 2) 0m/s

m 2 κ (for Cases 3, 4) 300m/s

ω0 100

5 Numerical simulations

To validate the effectiveness of the proposed guidance
laws, simulations for a variety of scenarios are per-
formed in this section. To begin with, the initial condi-
tions of the missile–target engagement are illustrated.
The initial LOS angle and the distance between the
missile and the target are assumed to be 30◦ and 10km,
respectively. The initial position of missile in inertial
coordinate system is assumed to be XM0 = YM0 = 0m.
To evaluate the performance of the proposed guidance
laws in the presence of system lag, the simulation stud-
ies in this section are all performed with a first-order
lag system for which the time constant is 0.1 s. The
maximum lateral acceleration aMmax is set to 400m/s2,
as used in [18]. Other initial conditions as well as the
guidance parameters used in the following cases, unless
specified, are listed in Table 1. All the simulations are
terminated at a closing distance of less than 0.1m.

5.1 Case 1: stationary target

In the first study of this case, the proposed guidance law
is implemented to intercept a stationary target from dif-
ferent directions and the desired impact angles are cho-
sen as 0◦, 90◦, 180◦ and −90◦. The associated results
are presented in Fig. 2.

From Fig. 2a, it can be seen that the proposed guid-
ance law is able to steer the missile to the collision
course and the desired impact angles are achieved at
the time of interception. It can be seen from Fig. 2b
that a relatively large magnitude of lateral acceleration
is required during the period when the missile changes
its course. Once the desired LOS angle is achieved,
there is no need for the missile to change its course
any more. Therefore, the lateral acceleration converges

123



Impact angle constrained guidance for all-aspect interception 1799

0 2000 4000 6000 8000 10000

0

1000

2000

3000

4000

5000

6000

7000

Y
 (m

)

X (m)

θimp=0°

θimp=90°

θimp=180°

θimp=−90°

0 5 10 15 20 25 30 35
−400

−300

−200

−100

0

100

200

300

400

M
is

si
le

 a
cc

el
er

at
io

n 
(m

/s2 )

Time (s)

(a)

(b)

Fig. 2 Interception of a stationary target at different impact
angles. a Trajectories of the missile. b Missile acceleration his-
tories

to zero at the time of interception. Besides, it can be
found that no sudden change occurs in the associated
guidance command histories due to the GSM nature of
FBFTSMC.

The next simulation is performed with different
launch angles of 0◦, 90◦, 180◦ and −90◦ and a specific
impact angle of −90◦, with the results shown in Fig. 3.

As can be seen from Fig. 3a, the missile can be
steered to the same interception course decided by the
desired LOS angle. For the cases of γ0 = 180◦ and
γ0 = −90◦, the initial heading errors are very large.
According to the guidance logic (40), the maximum
lateral acceleration, as seen in Fig. 3b, is imposed dur-
ing the initial period in these cases. When the head-
ing errors are reduced to a relatively small magnitude,
which in this case is Vc > 0, the proposed law is then
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Fig. 3 Interception of a stationary target at a given impact angle
but with different initial flight path angles. a Trajectories of the
missile. bMissile acceleration histories

employed to achieve successful interceptions. It should
be noted that the all-aspect capability of the guidance
law against a stationary target is justified by the results
in this subsection.

5.2 Case 2: constant-velocity target

In this part, the case of intercepting a constant-velocity
target in three kinds of engagement geometries, i.e.,
tail-chase, lateral-impact and head-on, is first consid-
ered. In this regard, the desired impact angles are
selected as 0◦, 90◦ and 180◦, respectively. Since the
target does not execute a maneuver, its flight path angle
maintains a constant value of 120◦. The results for this
set of simulations are shown in Fig. 4.
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Fig. 4 Interception of a constant-velocity target at different
impact angles. a Trajectories of missile and target. b Missile
acceleration histories

For each specified interception geometry, Fig. 4a
shows that the proposed guidance law generates a fea-
sible homing trajectory which fulfills the impact angle
constraint. The average impact angle error for the three
cases is 0.0784◦. As shown in Fig. 4b, the lateral accel-
erations must initially increase to force the missile into
the desired engagement dynamics that are governed by
the sliding surfaces. Furthermore, high control effort is
applied during the period when the missile performs a
turning back maneuver.

The next set of simulations in this part involves
engaging a constant-velocity target at a desired impact
angle of 90◦ but for different initial launch angles.
The associated results are represented in Fig. 5. By
inspecting these results, similar conclusions to the sta-
tionary target case can be drawn. Also, these results
demonstrate the all-aspect capability of the guidance
law against a constant-velocity target.
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Fig. 5 Interception of a constant-velocity target at a given impact
angle but with different initial flight path angles. a Trajectories
of missile and target. bMissile acceleration histories

5.3 Case 3: constant maneuvering target

In this part, the simulations are performed for the sce-
nario of intercepting a maneuvering target at a desired
impact angle of 90◦ but for different initial flight path
angles. The target maneuver is assumed to be aT =
20m/s2.

The results for this case are presented in Fig. 6. For
simplicity of notation, “True value” and “Estimated
value” are replaced by “TV” and “EV” in illustration.
From Fig. 6a, it can be seen that the proposed guidance
logic can control the missile to the desired intercep-
tion course even in the presence of large initial heading
errors and a highmaneuvering target. The estimation of
the unknown target acceleration, as shown in Fig. 6b,
converges to 19.5m/s2 in about 0.8 s and then stays
in the interval of 19.9 and 20.1m/s2, which implies
high estimating precision of the target acceleration by
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Fig. 6 Results for intercepting a constant maneuvering target. a
Trajectories of missile and target. b Estimation of target acceler-
ation. c Missile acceleration histories. d tgo Estimation

the LESO. Figure 6c shows that the maximum lateral
acceleration is applied for the cases of γ0 = 180◦ and
γ0 = −90◦ at the early stage due to large initial heading
errors.When the heading error is reduced to a relatively
small magnitude, the term r

Vc
is able to provide good

estimates of tgo for the implementation of the guidance
law (see Fig. 6d).

5.4 Case 4: results with different f (t)

In the derivation of guidance law (36), f (t) is chosen as
the time to go. Asmentioned in Remark 4, the selection
of f (t) is not unique and it gives lots of flexibility in
the guidance law design. In order to verify this charac-
teristic, the results with different f (t) are analyzed in
this subsection. According to the constraints for f (t),
the time-varying function can be chosen as polynomial
functions of the time to go. Without loss of generality,
f (t) is selected as

f (t) = At2go + tgo (41)

Then, the corresponding sliding surface and guidance
command can be derived as

S2 = λ̇ − z2
VT cos(γT − λ)

+ n(2Atgo + 1)

At2go + tgo
(λ − λF) + ξ2

(42)

aM = − r

cos(γM − λ)

[
2ṙ λ̇

r
− z2

r
− k2sgn(S2)

− (m + n)(2Atgo + 1)

At2go + tgo

(
λ̇ − z2

VT cos(γT − λ)

)

2nA(At2go + tgo) − (m + 1)n(2Atgo + 1)2

(At2go + tgo)2
(λ − λF)

]

(43)

where ξ2(0) = −λ̇(0) − n(2Atgo(0)+1)
Atgo(0)2+tgo(0)

(λ(0) − λF(0)),

ξ̇2 = m(2Atgo+1)

At2go+tgo

(
λ̇− z2

VT cos(γT−λ)
+ n(2Atgo+1)

At2go+tgo
(λ−λF)

)
,

k2 >

∥∥∥∥ n(2Atgo+1)
At2go+tgo

( z2
VT cos(γT−λ)

− aT
VT

)
)

∥∥∥∥∞
+ ‖W (t)‖∞

VT
+∥∥∥ cos(γT−λ)aT −z2

r

∥∥∥∞ +
∥∥∥ ȧT
VT

∥∥∥∞. As can be seen, if we

choose A = 0, the guidance law (43) turns out to be
the guidance law (36).

In this case, the initial flight path angle is selected as
30◦ and other engagement conditions are the same as
the simulation conditions in Sect. 5.3. Since the coef-
ficient A can be an arbitrary constant, it is set to 0,
0.05, 0.1 and 1, respectively. The associated results are
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Fig. 7 Results with different f (t). a Trajectories of missile and
target. b Missile acceleration histories

depicted in Fig. 7. From these results, it can be con-
cluded that the function f (t) = At2go + tgo can also
lead to feasible homing results. In addition, the guid-
ance performance can be adjusted by tuning the value
of A. As the coefficient A increases, the guidance com-
mand during the initial phase decreases.

5.5 Case 5: comparison with NTSMC-based laws in
the weaving target scenario

For comparative analysis, the guidance laws proposed
in [18] and [19], which are also based on the basic
principle of SMC, are carried out in this subsection.
The simulations are performed for a weaving target
with aT = 15 sin(π t/10)m/s2. The initial flight path
angle of the missile and the desired impact angle are
both set to 90◦. The results for this set of simulations
are represented in Fig. 8.
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From Fig. 8a, it can be seen that all the three guid-
ance laws are able to guarantee successful interception.
The associated impact angles are 89.9839◦, 90.4829◦
and 90.0356◦, respectively. The proposed law gener-
ates a deviation of−0.0161◦ comparedwith the desired
impact angle, while the corresponding results under the
NTSM [18] and the ESONTSM [19] are 0.4829◦ and
0.0356◦, respectively. Figure 8b shows that the three
guidance laws generate different LOS angle histories.
Compared with the NTSMC law, the guidance law
of [19] makes the LOS angle to approach its desired
profile more rapidly. This is because the unknown tar-
get acceleration aT, which is crucial for implementing
the guidance laws, is estimated by the observer in [19].
The guidance law of [18], however, simply treats aT as
zero. Different from the laws in [18] and [19], the pro-
posed guidance law would not enforce a desired LOS
angle until the final time due to the inherent nature of
FBFTSMC.

Figure 8c, d shows the results for themissile acceler-
ation and the sliding surface, respectively. FromFig. 8d,
it can be seen that the reaching phase is eliminated in the
proposed sliding mode design compared with the work
in [18] and [19]. Such a design is beneficial in terms
of reducing the switching gain. As seen in Table 1, the
switching gain used in this case is 0.05, while in [18]
and [19], the corresponding values are chosen as 3000
and 120, respectively. Due to high switching gain and
a lack of target acceleration information, the missile
acceleration, under the NTSM guidance law, varies
faster and experiences a higher magnitude than the
other two laws.Although amodified switching gain has
been presented in [19] (see Eq. (39) in [19]), the guid-
ance commandwould be discontinuous (see the sudden
change in the guidance law at roughly 6 s). Compared
with the laws in [18] and [19], the proposed guidance
law shows superior performance in the sense that more
accurate impact angle can be achieved with smoother
missile acceleration.

6 Conclusion

In this paper, a novel finite-time SMCmethod is devel-
oped, and through a challenging impact angle con-
trol guidance problem, the potential of the developed
method is demonstrated. The simulation results have
shown that the proposed guidance scheme is able to
intercept stationary, constant-velocity and maneuver-

ing targets from any specified direction, even in the
presence of system lag and large heading errors. Also,
the comparison results have demonstrated that the
proposed guidance law outperforms the NTSM-based
guidance laws in the sense that more accurate impact
angle can be achieved with smoother missile accelera-
tion. Future work in this area could focus on involving
the impact time constraint in the guidance law design.
The flexibility in the controller design can be further
analyzed, which seems to have a lot of potential in solv-
ing practical finite-time control problems.
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