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Abstract We study the stability and Hopf bifurcation
analysis of a coupled two-neuron system involving both
discrete and distributed delays. First, we analyze sta-
bility of equilibrium point. Choosing delay term as a
bifurcation parameter, we also show that Hopf bifurca-
tion occurs under some conditions when the bifurcation
parameter passes through a critical value. Moreover,
some properties of the bifurcating periodic solutions
are determined by using the center manifold theorem
and the normal form theory. Finally, numerical exam-
ples are provided to support our theoretical results.
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1 Introduction

In recent years, researchers in the field of recurrent
neural networks (RNNs) have been increasing due to
their applications to signal processing, pattern recog-
nition, associative memories, optimization and other
fields (see, e.g., [3,5,6,9,19,21,25,26,30,31] and ref-
erences therein). In 1984, Hopfield [10] described a
new neural network model which is capable of per-
forming computational tasks using energy function.
Following this pioneer study, due to the transmission
of signals in a network, time delays have been incorpo-
rated into neural network models by many researchers
[1,2,15,16].

In biological neural networks, it is well known that
time delay may force a stable system to oscillate (see
[31] for a detailed reference list). It is also known that
time delay is one of the main sources to lead instabil-
ity. For example, for biological neurons, it has been
observed that autapses (a specific synapse which con-
nects to its dendrite) which include time delays can
affect the dynamical behavior of systems [18,24]. In
practical applications, because of finite time of the
switching and transmission of signals, time delays are
indispensable in the artificial neural networks which
underlines that the history influences the present. Since
delays may cause oscillation or chaos, effects of time
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delays have been investigated in neural network mod-
els, in particular in RNNs, intensively. RNNs which
generate chaotic dynamics can be used to model oscil-
lations in the cortex and to control chaotic dynamical
systems [27].

In 1994, Baldi and Atiya [2] studied a network
that consists of different delays between the adja-
cent neurons. Following this work, neural networks
including multiple delays have become popular [4,
7,17,20,22,25,28]. Also, instead of considering dis-
crete time delays, researchers have incorporated time
delays which are continuously distributed over an infi-
nite interval reflecting the fact that the distant past has
less influence compared to the most recent neurons’
states on the current states of system. Actually, since
a distributed delay becomes a discrete delay when the
delay kernel is a Dirac delta function at a certain time,
infinite time delay is more general [13,23,29]. We refer
to [3,11,12,14,20,32] and the references therein for
related work on networks including distributed delays.

For the motivation of the model, let us first look at
the following two-neuron system consisting of discrete
time delays that was studied by Guo et al. [17]:

uy () = —ui (t) +ar fur (t — 11)
+apn fux(t — 1)),

Uur (1) = —ua (1) + az1 f (w1 (t — 1))
+axn f(u2(t — 12)).

ey

The authors studied several cases, including 71 = 17,
aj1 = ay. They found that system (1) undergoes a
Hopf bifurcation at certain values of delay.

Recently, Li and Hu [14] studied the following sys-
tem of differential equations with multiple delays:

t
x ) =—x1(t)+anf (/ F( — S)x1(S)dS)

+ apnfa@ — 1)),
X3(1) = —x2(t) + ax1 f (x1(t — 7))

t
+ anf (/ F(t — S)X2(S)dS).

First, they investigated the stability of the zero equilib-
rium using Routh—Hurwitz criterion when delay term
7 = 0. And then taking discrete delay term t as a bifur-
cation parameter, they showed the existence of local
Hopf bifurcation using Hopf bifurcation theorem.

2
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In this paper, we focus on periodic solutions of a
system of two neurons involving multiple discrete and
distributed delays. The system we consider has self-
feedback terms with distributed time delays as in sys-
tem (2), but the signals that neurons send to each other
is different, that is,

X;(t) = —x1(t) + a1 fu (/

—00

t

F(t —s)x; (s)ds)

+an fia(x(t — 12)),
Xy (t) = —x2(t) + az fo1 (x1(t — 11))

t
+an f» (/ F(t — S)xz(S)dS) ,

—00

3)

where x; (t) = % x;(t) represents the state of the
ith neuron at time ¢ and @;; (i = 1,2 and j = 1,2)
are real constants. Here, F'(-) is nonnegative bounded
delay kernel defined on [0, co) which reflects the influ-
ence of the past states on the current dynamics. System
(3) is reduced to system (2) if f;; = f (i = 1,2 and
j = 1,2) and 711 = 1. Similarly, it is reduced to sys-
tem (1) when the delay kernel is taken as Dirac delta
function and f;; = tanh. Therefore, system (3) that
we are interested in is more general than systems (1)
and (2). The architecture of system (3) is illustrated in
Fig. 1.

This paper is organized as follows. In Sect. 2, we
study the stability of the zero solution when 71 = 0
and o = 0. Following it, regarding T = 11 + 12 as
a bifurcation parameter the dynamical behavior near
Hopf bifurcation is investigated using Hopf bifurcation
theorem. In Sect. 3, the direction of Hopf bifurcation
and the stability and period of bifurcating periodic solu-
tions on the center manifold are determined applying
the normal form theory in [8]. Finally, in Sect. 4, we

Fig. 1 Architecture of the model (3). Two neurons send signals
to each other with a discrete delay (solid line), 7, j = 1, 2. One
element receives one delayed input from itself with distributed
delay which is denoted by dashed line
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consider an example and simulate it by using MATLAB
to support our theoretical results.

2 Stability analysis and Hopf bifurcation

In this section, we consider only the weak kernel, that
is,

F(s) =ae™™,

where o > 0, and 1/« reflects the mean delay of the
weak kernel. In order not to affect the equilibrium val-
ues, we normalize the kernel satisfying the normaliza-

tion condition fooo F(s)ds = 1. Now, it is necessary to
make the following assumptions:

(H) fij € C3 fij(0) = 0, (i = 1,2and
i=1,2),
(Hy) t=1+1.

For convenience, we define new variables as follows:

t
x3(1) =/ F(t — s)x1(s)ds,

—00

1

xq(t) = / F(t — s)xp(s)ds.
—00

Applying the linear chain trick technique, system (3)

can be transformed into the following system:

X1 (1) = —x1(t) + an fi1 (x3(1))
+ ap fr2(x2(t — 12)),

X3 (1) = —x2(1) + a2 fo1(x1 (¢ — 1)
+ a f22(x4(1)),

x3(1) = —ax3(t) + ax; (1),

“4)

x4(1) = —axa (1) + axa(1).

By the hypothesis Hj, it is easy to see that the ori-
gin (0, 0, 0, 0) is an equilibrium point of system (4).
Let us define u;(t) = x1(t — 11), u2(®) = x2(t),
u3(t) = x3(t — 11), ua(t) = x4(t). Now using these
new variables together with the hypothesis H», system
(4) can be rewritten as the following equivalent system:

uy (t) = —u1 (1) + ar1 fi1 u3(0) + an fra(ua(t — 1)),
Uy (t) = —un (1) + az1 fo1 (w1 (1)) + an fro (ua(t)), )
uy(t) = —auz(t) + au (0),

(1) = —auy(t) + aus(t).

Under the hypothesis Hj, the linearization of system
(5)at (0,0,0,0) is

M/1(l) = —u(t) +anus(t) + apux(t — 1),
Uy (1) = —un (1) + aaguy (1) + anpua (t), ©
uy(t) = —ous (1) + auy (1),

uy(1) = —aug(t) + aus (1),

dfij
i
. ui ul:o . . . .
The corresponding characteristic equation of (6) is

where o; ,@=1,2andj = 1,2).

A+ a3h + wr? + ah + ag
+ (baA? + bid 4 bo)e™*T =0, (7

where
ay =20 +2

a» =a?+4da+1 —a(ar; + o)

a = 207 + 200 — alor + o) — 052(0111 + a)

ap = o — a®(a11 + o) + alarjan (®)
by = —apan;
by = —2aaipaz1
2
b() = —0 (12002].

If T = 0, that is, when there is no discrete time delay,
Eq. (7) will be

A b aand o+ (a + bo)A?
+ (a1 + b1)A + (ap + bp) = 0. ©)

Now, it is necessary to investigate the distribution of
roots of Eq. (9) in order to determine the stability of
the origin. Using Routh—Hurwitz criteria for n = 4, all
roots of the polynomial (9) are negative or have negative
real parts if and only if the following conditions hold:

az > 0,

ap + by > 0,

ar+b; >0,

az(a + b1)(az +ba) > (a1 + b1)* + a3(ap + bo).

Ealb e e

Now, letus take T # 0. We shall investigate the roots
of the transcendental equation (7) that lie in the left half
of the complex plane. Suppose that A = iw be a root of
the characteristic equation (7) with @ > 0. Substituting
this in Eq. (7) and separating real and imaginary parts
yield the following equations:

@ Springer
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ot — a2w2 +ag + (bg — bga)z) cos wT

+biwsinwt =0, (10)
— a3w3 + ajw + biwcos wt

+ (byw? — by) sinwt = 0. (11)

By taking square of (10) and (11) and then adding them
up, one obtains

w8+pa)6+qa)4+rw2+s =0, (12)
where p = —2ap + a%, q = 2a0 + a% — 2ajaz — b%,
r = —2apay + a} + 2boby — b? and s = a} — b,

Setting z = w?, Eq. (12) can be written as follows:
z4+pz3+qzz+rz+s=0. (13)
Let us denote Eq. (13) as

_ 4 3 2
8() ="+ pz’ +qz" +rz+s. (14)

First, suppose that s < 0. Since lim,_, o, g(z) = o0,
Eq. (14) has at least one positive root, as well Eq. (12) .
On the other hand, suppose now s > 0. From Eq. (14),
we have

dg(z)

i =472 +3p® 4+ 2gz + 1. (15)

Now, we need to find the roots of Eq. (15). Let us
denote the right-hand side of it by h(z) = 4z + 3pz?
+ 2qz + r. By applying Cardano’s formula and using
the transformation: y = z+ %, we obtain the depressed
cubic terms, that is,

¥} +30y—2R =0, (16)
where

8q—3p? 4pq —8r — p?
0= %, R = —a (17)
Let y = u + v, where uv = — Q. Then we can obtain

the resolvent equation as follows:
u® —2Ru? - Q3 =0. (18)

Thus, we can write the roots of Eq. (16) as

S+T,
y=1-3L +m©S-1), (19)
—SL —m(S-T),
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where
S=1R++/A,
T =\ R— A, (20)
i3
m=—,
2
A= Q>+ R Q1

Since y =z + %, the roots of Eq. (15) are obtained as

p
—s4+T7-72,
21 + 1
S+ T
n=——tms -1 L,
S+T
Z3=—T—m(S—T)—§.

Assume that A > 0, from Cardano’s formula, we know
that the equation /(z) = 0 has only one real root zj =
z1. If A = 0, then the equation 2(z) = 0 has three
real roots, namely z;, z» and z3 (at least two of them
are equal) and we can define z? as max{z1, z2, z3}. If
A < 0, then all roots z1, z2 and z3 of the equation
h(z) = 0 are real and distinct. In this case, assume that
z§ = max{z1, 22, z3}. Now, we can give the following
lemma without proof (see [14] for its proof).

Lemma 1 For Eq. (13), we have the followings:

1. If s <0, Eq. (13) has at least one positive root.

2. If s = 0, then Eq. (13) has no positive root if one
of the following conditions holds: (a) A > 0 and
7 <0, (b)A=0andz; <0;(c)A < 0and
73 <0.

3. If s = 0, then Eq. (13) has at least one positive root
if one of the following conditions holds: (a) A > 0,
Zf > 0and g(zf) < 0, (b)) A =0,25 > 0and
8(z5) <0;(c) A <0,2z5 >0and g(z3) <O0.

Suppose that Eq. (13) has positive roots. Without
loss of generality, we can assume that it has four pos-
itive roots denoted by z1, z2, z3 and z4, respectively.
Then, Eq. (12) has four positive roots w1 = /z1, w2 =
V22, w3 = /73 and w4 = fz4. For k = 1,2,3,4,
there exists a sequence {‘L’kj |j =1,2,3,...} such that
Eq. (7) holds. One can easily obtain

; 1 c40® + 30 + r0? + ¢
rk(])z{arccos( 4 3 2 ! —|—27rj},
Wi

(br? — b)? + bw?
(22)
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where

c1 = —apbg

¢ = aoby + axbg — a1by
c3 = aszby —arbr) — by
c4 = by.

Thus, £iwy is a pair of purely imaginary roots of Eq.
(7) with r = 7).

Define 7 = 7, = min{z” [k = 1,2,3,4}, g =
wy, and let A(t) = a(7) +iw(7) be the root of Eq. (7)
near T = 1 satisfying «(tg) = 0, w(79) = wp. Then
we have the following transversality condition.

Lemma 2 Suppose that zx = i and g'(zk) # 0,
where g(2) is defined by (14). Then

|:d(ReA(r))

dr ]r:r(“ #0 @3)

and [(d(Re)»(r))/dr)]Fru) and g'(zx) have the same
'k
sign (see Lemma 4 in [32]).

The following main theorem summarize the results
obtained on the stability and Hopf bifurcation of system

5.
Theorem 1 For system (5) the followings hold:

(i) Ifs > 0and one of the following conditions holds:

(a) A>0andzjf <0;(b) A=0andz5 <0;(c)
A <0Oandz5 <0,
then the equilibrium point (0,0, 0, 0) of system
(5) is asymptotically stable for all T > 0.

(ii) If either s < 0 or s > 0 and one of the following
conditions holds:
(a) A > 0,27 > 0and g(z}) < 0;(b) A =0,
25 > 0and g(z5) < 0;(c) A < 0,25 > 0and
g(z3) < 0.
then the equilibrium point (0,0, 0, 0) of system
(5) is asymptotically stable for t € [0, 19),

(iii) If the conditions of (ii) are satisfied, and g’ (z) #
0, then system (5) undergoes a Hopf bifurcation
at origin when T = 1.

3 Direction and stability of Hopf bifurcation
In Sect. 2, we have shown that system (5) undergoes

a Hopf bifurcation when t passes through the critical
value 9. In this section, we investigate the direction

and stability of periodic solutions by using the normal
form theory and center manifold reduction presented
in [8].

For fixed k € {1,2,3,4} and j € {0,1,2,...}, let
us introduce © = 1 — rk" as a new parameter of the
system. Normalizing the delay t by the time scaling
t — t/t and denoting r,fj) = tU), Eq. (5) can be
rewritten as

x(0) X1 (1)
(1) () x2(1)
=TV +wA(
() ( WA(T) 3 (t)
xé/‘(t) x4(1)
x1(t—=1)
) x2(t —1)
+ (/" + wB(1) Xt — 1)
x4t — 1)
+ @V 4 @) f(x1, X2, X3, X4), (24)
where
-1 0 a11 0 00(1200
| a2 =1 0 axn 10000
AD=1"7 0 -0 |'PP=100 00|
0 ¢ 0 —« 0000
fi
fx1, x2, x3, x4) = (9 + ) 2 ,
Ja
where

fi = Buxi (@) +onx3(6) + Broxy(t — 1)
+o12%5(t — 1) + HO.T,
o = Buxi(t) + 021x3 (1) + Baoxi(t) + 020x3 (1)

+HO.T,
f3=0,
fa=0
dzf" d3f
. . _l . Jij _l . 1)
inwhich g;; = 5a;; dul-z ,0ij = gdij e

u;=0 Uy =0
(i=1,2and j =1, 2),and H.O.T. denotes the higher-

order terms. Notice that all coefficients ¢;;, B;; and o;;
dependona;;. Letu(r) = (x1(2), x2(1), x3(), xa()T.
The linearization of Eq. (24) around the origin is given
by /(1) = (V) + wA@u@) + (9 + @ B(1)
u(t —1).

@ Springer
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For ¢ = (¢1, 2, 93, ¢4)T € 2 = C([—1,0],R*)
we can define L, : 2 — R* as follows:

Lu(@) = @D+ 10A@)¢0)+ @D + 1) B()p(—1).
(25)

Now, system (24) can be written as a functional differ-
ential equation in §2 as

M/(l) = L,Lb(ut) + f(y“v I’tl)v (26)

where u; (0) = u(t+6) = (x1(t+6), x2(t+6), x3(t +
0), x4(t +0))7 and f : R x 2 — R* where

Jo1

o2 27
s (27)

Joa

Fle, @) = @D 4+ 1) x

in which

for = B1193(0) + 01163 (0) + Brag3 (—1)
+ opp¢3(—=1) + HO.T,

fo2 = B2191(0) + 02197 (0) + P22 (0)
+ 02¢3(0) + HO.T,

fo3 =0,

Joa =0.

By Riesz Representation theorem, there exists a 4 x 4
matrix-valued function n(@, u), 8 € [—1, 0], whose
elements are of bounded variation such that

0
Lup= / dn(@, e ). (28)
-1
In fact, we can choose

@, ) =TV 4+n)A80)+( PV +u)BSO+1), (29)

where § is the Dirac delta function. For ¢ € £2, define

LAy 0 el-1,0),
Agg =1 ¢ (30)
JopdnE we©), 6 =0,
and
0el-1
L S 31)

@ Springer

Then the functional differential equation (26) is equiv-
alent to the following abstract differential equation:

up = A(wur + R(wuy, (32)

where u;(0) = u(t + 0) for 6 € [—1,0). For ¢ €
C([0, 1], (R")*), define

_dve s €. 1],
Ay =1 ds (33)
[ dnTE 0y (=§), s =0,

and a bilinear form

(Y (s), 9(0)) = ¥(0)p(0)

0 6
- / / V(€ — 6)dn(0) (§)dé, (34)

—1£=0
where (@) = n(0,0). Thus, A(0) and A*(0) are
adjoint operators. Suppose that g(f) and g*(s) are
eigenvectors of A(0) and A*(0) corresponding to
A = iwg and A = —iwy, respectively. Let us
take ¢(0) = [l,q1,92,¢3]" ™’ and ¢*(s) =
51 a7, a5, 43]" 0. Using A0)q(®) = iwoq(®)
and A*(0)g™(0) = —iwpq™(0), one can easily obtain

_ (o — a0k + (ke + K)iwp — w)e'™

o a2 (ka + iwg) ’
_ ko
= i +iwo’
(k +iwo)g1 — kaz)
q3 = s
ank
= k+iwy — kag;
! Oéglk ’
. ko
& ka +iwy’
kotzzq*
* 1
= —, 35
a3 ko +iwg (35)
where k = ©). Furthermore, using the relation

(g*(s), ¢(8)) = 1 one can calculate D as follows:
D =1+qiq+ g+ aiqs + Ve Pang:.

In the remainder of this section, we use the same nota-
tions as in [8]. We first compute the coordinates to
describe the center manifold Cy at © = 0. Let u; be the
solution of Eq. (32) with & = 0. Define

2(t) = {q*, ), w(t,6) =u; — 2Re{z(1)q(6)}. (36)
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On the center manifold, we have

w(t,0) = w(z(1),z(1), 0)
z? 72
= wzo(Q)E + wi1(0)zZ + woz(@)E 4

(37)

where z and 7 are local coordinates for the center man-
ifold Cy in the direction of ¢ and ¢*. For u; € Cop we
have
z(t) = (q*, uz) = (q*, Aur + Rut)

= iwo (¢, ) +q*(0) fo(z,2) =
where

82,2 =¢*(0) fo(z.2)
2 _ z 2%z
=820+ T 81122+ 802 + 821+ .

2 2 2
(38)

Here, fo(z,7z) denotes f(z,z) at w = 0. Notice that
ur (11 (6), u2:(0), u3 (0), uas (0)) = w(r, 0)+2q(0)+
zq(0) and q(0) = [1, q1, qz ¢31T &%, 50 we have

i (0) =z +7+ w(”(0>— + i} (0)zz
+ ng(O)% +0(z. 7).

u3(0) = zqo +7q2 + wzo) (0)— + wﬁ)(o)zf
+ wg?(o% +0(z.7P),

14 (0) = 2g3 + 7G5 + wiy <0>— + w022

=2
Z _
+w$)(0)—2 +0(z. 7P,

Uz (1) = 2q1e™' + Zgre @ 4wl (— 1)—

2
+uwP(=Dzz+w (- 1)—+0(|z z1%).

Thus, it follows from the definition of f (u, @) and (38)
that

Vit
() N £9
TV 2
— [1 a5, a5 431 ,
7

£

8z, 2=¢"0) fo(z,2) =

iwoz(t) + g(z,2),

where

fL = Bi1u3,(0) + o11u3, (0) + Brau, (—1)
+oppu3, (—1),

1 = B3, (0) + 09113, (0) + Baau?, (0)

+622u3,(0),
=0,
£ =0,

so that g has the following form:

8(z.2) = ¢*(0) fo(z.2)
)
=1 {[1‘311612 + Bragie He

+B214f + Brqiai ]
+[2B119232 + 2B12q1q1e”
+2B2197 + Zﬂzzf%%] 2z
+[Bu@2* + Bragiie 2
+ B214} + B2a (a7 |2 + [2B1192w7, (0)

2iwg

+ Bugawio(0) + 30119742
+2B12g1e” P wi; (—1)

+ Bragie w3y (—1) + 3o12g7gTe”
+ 2,321ﬁw%1(0) + ﬂzlq_l*wéo(o) + 3021ﬁ
+2B0g3q; w1 (0) + B2g3q; w3y (0)

3iwg

+ 302@@]%]82} +HOT.

Comparing the coefficients in (38) one obtains the coef-
ficients as follows:

)
T . _
820 = 27[/31161% + Brogie ™ + Boigy

+,322ECI32],
L)

g1 == — 28119232 + 2B12q1Gie H " + 22147

+2,322ﬁq3q_3],
W i
g0 = 2—[,311612 + BragiZe 2 + Ba1gy

+ Bqi 73],
)
g1 = 2—[2/3116]2w11(0) + ,311612w20(0)
+301143q2 + 2B12gie wd, (—1)
+ﬁ12%eﬂw0w§o(—l) + 30126]12%e

—3iwo

@ Springer
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+ Zﬂzlﬁw{] ) + ,321q_Tw%0(0) + 3021ﬁ

+ 20437 w11 (0) + Brgagi wi(0)

+ 302739143 -
In order to determine g1, we need to compute wy(6)
and wyo(0). From (36) we have

w(t, 0) = x; — 2Re{z(t)q(0)}

_ | Aw—2Re {0 foq(®)} . 0 e[—1,0)
Aw — 2Re {q*(0) fog(®)} + fo. 6 =0
=Aw+ H(z,z,0),
where
2 =2

Z <

H(z,7,0) = Hzog + Hyi1zz + Hp > +---. (39

On the other hand, one has
W= wz + wzZ

on the center manifold. Thus, comparing the coeffi-
cients one obtains that

(A = 2iwo) wao(0) = —H0(6),
Awy1(0) = —Hy1(0). (40)

For 6 € [—1, 0), it is easy to see that
H(z,7,0) = —2Re{z(1)q(0)}.

Comparing the coefficients of (40) with those of (39)
we obtain the following equalities:

Hy(0) = — (q(0)g20 + 7(0)Z02) »
Hi1(0) = — (q(0)g11 +7©)g11)
Hp () = — (q(0)802 + 7(0)Za) -

From (40) and the definition of A (see Eq. 30), we get
wa(8) — 2iwgwro(®) = q(0)g20 + 7(0)Z0n-
Then, since ¢(8) = g(0)e’“?, we have

i . i _ _;
w0 (0) = w—ogzoq(me’wog + %gozq(o)e iwof

+ EleZiwoe

@ Springer

E"
E(Z)
where E| = 13) € R* is a constant vector. Simi-
£C
1
E{"
larly,

—i . i . w
w1 (0) = w—oguqm)e‘woe + ooBuaOe iw0f 1 B,

)
E2

@
E2

e € R* is a constant vector. Let us
2

where E) =

E®
find the values of E| and E,. If we take 6 = 0 at (40),

then one obtains that

0
/dfl(9)wzo(9) = 2iwow0(0) — Hy(0), (41)
21

0
/dn(é’)wu(@) = _Hy(0). 42)
2
Also, for 6 =0,

H(0) = —g20q(0) — g02q(0)

Br143 + Pragie 20
Ba1 + Bg? 43)
0
0

+ 2t

and

H11(0) = —g119(0) — g1,9(0)

2B119292 + 2B12q1q1¢€
2B21 + 2B22q3q3

0

0

—2iwg

)

(44)

On the other hand, since A(0)g(0) = iwoq(0) and
A(0)g(0) = iwog (0) we can write

B 0

iwgl — / d%dn6) | ¢(0) = 0, (45)
L —1
B 0

—iwol — / e %dn ) | 7(0) = 0. (46)
L —1
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Substituting (43) in (41) and then using (45) we obtain where
? ] ) )
. . Diwg + 1t —7U —7U 0
210)01 _/e2lw00dn(9) El Lo ‘ T 0[124 o1 :
1 B —tWay 2iwy — W) 0 —tWDay,
- 1= . .
5 5 o —tWy 0 2iwy + 1V 0
—Zlw( X X
Biiay + Bragie 0 —tWg 0 2iwg 4+ 1V

Ba1 + Braq3

=27
0
0
which is equal to
2iwg + 1 —tWDap —tWay 0
—t WDy 2wy — 1) 0 WDy
—tWgy 0 2iwy + 1V 0 b
0 —tWa 0 2iwg + Ve
B11q5 + Pragie 2™
0 Ba1 + B2a3 @7
0
0

Now, if one solves this system for £ one can find that

Similarly, substituting (44) in (42) and then utilizing
(46) we can easily get

—loapag O
ar =1 0 a2
o 0 —a 0
a 0

)

-

—2iwo

—2B119292 — 2B12q1q1¢€
=221 — 2824393

0

0

B11g3 + Pragie 2 —tWay, —tWeayy 0
ED = 2tV B + B43 2iwg — ) 0 —tWap, |
Ay 0 0 2iwg + Ve 0
0 —tWgy 0 2iwg + Vo
2iwg + T Brigd + Biagie H0  —tWay 0
Eiz) _ 20 | —tWay Ba1 + Bdi 0 —tWay, |
A —tWg 0 2iwg + Vo 0
0 0 0 2iwg + Ve
2iwg + 1 —tWDayy  Brigs + Prage w0 0
20 _ 20 | —tWay 2iwg — W) Ba1 + B3 —2Way
! Al | g 0 0 0 ’
0 —tWg 0 2iwg + Ve
2iwg + 1 —1Wayy —tWayy  Biigs + Bragie 2o
£ _ 2e ) | —tDayy  2iwy — ) 0 Bor + B
POAL | U 0 2iwy + tVar 0 ’
0 —tWy 0 0
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Solving this system for E;, we have

ES)
—2B1192q2 — 2B2q1qre o a0
_ 1 —2B21 — 26229393 -1 0 ax
A, 0 0 —a 0]
0 o 0 -«
e
-1 =2Buqx@2 — 2B2qiqie 2 an 0
_ 1 oo =221 — 224393 0 ox
A | o 0 —a 0
0 0 0 —o
EY
-1 ann —2B19232 — 2Bqigie ¥ 0
_1joar 1 =221 — 2P0q3q3 %)
Ala 0 0 0]
0 o 0 —a
@
E,
—1 o an —2B192q2 — 2P12q1qie 2
_ Ljer -1 0 —2B21 — 280q3q3
A | o 0 -« 0 ’
0 o 0 0
where
—1lapa O
ar; —1 0
Ay = |92 a»
a 0 —a 0
0 ¢ 0 —«

Finally, we substitute E; and E; in wji(f) and
w0 (#) and find the coefficients of g(z, 7) to determine
the following formulae to investigate the properties of
bifurcating periodic solution on the center manifold at
the critical value rk(J ). The formulae have the following
forms:

i g2l g1
0) = — —2gn|? - 22y 4 &2
c1(0) 2w0(g11820 lg11] 3 )+ 5
__ Refei(0)}
Re{+/(t)}’

B> = 2Relc1(0)},
_Im{e1 (0} + poIm{n' (7))

t,fj ) a

These are the quantities that determine the properties
of bifurcating periodic solutions on the center mani-
fold at rk(j ). Here, 117 determines the direction of Hopf
bifurcation, 8, determines the stability of the bifurcat-
ing periodic solution and 75 determines the period of

@ Springer

the bifurcating solution. Hence, we have the following
result.

Theorem 2 11, determines the direction of Hopf bifur-
cation;

— Ifuy > 0, then the Hopf bifurcation is supercritical
and the bifurcating periodic solutions exist for T >
70,

— If ua < O, then the Hopf bifurcation is subcritical
and the bifurcating periodic solutions exist for T <
70.

B> determines the stability of the bifurcating periodic

solution;

— If B2 < O, bifurcating periodic solutions are stable,
— If B2 > O, bifurcating periodic solutions are unsta-
ble.

T» determines the period of the bifurcating solution;

— If T, > 0, the period increases,
— If T, < 0, the period decreases.

4 Numerical simulations

In this section, we present some numerical simulations
to support our results in Lemmas 1, 2 and Theorem 1.
As an example, we simulate system (5) with aj; =
—O.5,a12 = —1.8, ar) = 1.3,(122 =17anda =1.In
addition, for simplicity, we take f;;(.) = tanh(.) for
i = 1,2 and j = 1, 2 so that the system we simulate
has the following form:
) (1) = —up(r) — 0.5tank (u3 (7))

— 1.8tanh(ur(t — 1)),
Uy (1) = —ua(t) + 1.3tanh(u; (1))

+ 1.7tanh(u4(t)),

w3 (1) = —u3(t) + uy (1),
uy(t) = —ua(t) + ua(t).
Then, we have

0® + (6.4)0° + (2.6644) 0" + (1.6888)w”
—4.3731 = 0. (49)

(48)

Equation (49) has only one positive root, that is,
wo ~ 0.8152. Also, one can easily obtain 75 ~ 1.4040
from Eq. (22). For the simulation, we choose 71 = 0.5
and o =0.7sothatt =11+ =12 < r(()). Thus,
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Fig.2 Graphsofsolutions of system (5) witht; = 0.5, = 0.7,
n+n=12< rg. The origin is asymptotically stable

05
04
= 03
= o2
S o1
0
-0.1
-02
%4-0 002 <520 02 %
2 04 55 0604 )
uy(t 1

Fig.3 Graphsofsolutions of system (5) witht; = 0.5, = 0.7,
n+n=12< r(?. The origin is asymptotically stable

from Theorem 1, the equilibrium (0, 0, 0, 0) is stable
when 7 < r(()) as it can be seen in Figs.2 and 3. Since
2 > 0, when t passes through the critical value rg ,the
equilibrium loses its stability and a Hopf bifurcation
occurs, i.e., a family of periodic solutions bifurcates
from the origin when delay increases. Figures4 and 5
show the periodic solutions whent =11+ = 1.5~
r(()). Since 7T, > 0 and B, < 0, the period of the periodic
solutions increases as 7 increases and periodic orbits
are stable. If we choose 71 = 0.9 and 7, = 0.9, then
T=14+17=18> r(()). Whent =1.8 > r(()), Figs.6
and 7 represent that the corresponding periodic solu-
tions have larger period than in Fig. 4. Since our system
has four dependent variables (depends on time), one can
choose three of them randomly and observe bifurcation
diagram partially. One can also see the restricted limit
cycles with increasing periods as 7 increases in Fig. 8.

5 Conclusion

In this paper, we investigate local stability of the equi-
librium (0, 0, 0, 0) and local Hopf bifurcation in a cou-

0.6 0.5
04 04
’ 0.3
0.2 ‘ 0.2
-0 ‘ | o 01 {
-02 I o0
‘ -0.1
-0.4
-0.2
-0.6 03
-0.8 -0.4
100 200 300 400 500 0 100 200 300 400 500
Time t Time t
04 0.5
0.3 | 0.4
0.2 | | 03
0.1 ’ | 0.2
o 0 < |
= | I =S¥ 01
-0.1 ‘ i 0 |
-0.2
-03 01 ‘
-0.4 -0.2 ‘
-0.5 -0.3
100 200 300 400 500 0 100 200 300 400 500
Time t Time t
Fig. 4 Bifurcating periodic solutions when 7y = 0.75, i =

075,11+ =15>1)

0.4 06
02 04
s 0 Z o2
5 -02 EA
-0.4 —0.2
-06 -04

05 05
05 05
0 0 0 0
Z05 “0.5
uy(t) 051 u (9 uy(t) o8- u,(t)

Fig. 5 Bifurcating periodic solutions when 71 = 0.75, o, =
075, 1+ =15>1
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0 50 100 150200 250300 350400 450 500 0 50 100 150 200 250 300 350 400 450 500
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Fig. 6 Bifurcating periodic solutions when 71 = 0.9, 72 = 0.9,
1+ =18>r1
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Fig. 7 Bifurcating periodic solutions when 71 = 0.9, o = 0.9,
1+ =18>r1
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0.4

0.2

0

-0.2

0.5

-04  -0s u,(t)

Fig. 8 Some limit cycles when t increases from t = 1.5 to
T =158

pled two-neuron system consisting of multiple discrete
and distributed delays. We show that the equilibrium
is asymptotically stable when t € [0, 70) and unstable
fort > 7¢. Inparticular, employing the Routh—-Hurwitz
criterion and the results on distribution of the zeros of
transcendental functions, we get a set of conditions to
determine the stability of the fixed point of model (3)
and the existence of Hopf bifurcations. Also, we paid
attention to the direction and the stability of the bifur-
cating periodic solutions by applying the normal form
theory and the center manifold theorem. Finally, we
have performed some numerical simulations to sup-
port our analytical results. In particular, if we choose
the kernel as delta function instead of weak kernel,
that is, F(s) = 6(s — ;) i = 1,2, respectively, and
all f;j(-) = ffori = 1,2 and j = 1,2, then our
system (3) reduces the model (1) that was studied in
[17]. In summary, all theoretical results obtained in the
present paper are generalization of former studies given
in[11,14,17].
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