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Abstract A new configuration of a hammerhead
crane is proposed. Instead of a single cable, it is intro-
duced a second hoisting cable. It is shown a mathe-
matical model that relates both hoisting cables and is
set the corresponding linear feedback control law that
coordinate both cables. We found that the new configu-
ration outperforms the old one (with single cable) with
respect to oscillations.

Keywords Bounded control · Crane ·
Linear feedback stabilization · Modeling

1 Introduction

Cranes are widely used, primarily in construction and
transportation industries. Since cranes are designed as
pendulums, oscillation of loads is a common problem
[1]. Transportation techniques, anti-swing controls or
cranes designs had arose in order to face this problem
[2–6]; in this paper we focus on the latest.

Hammerhead cranes aremostly used in construction
industry and are practically seen on top of every build-
ing in construction, being in charge of transporting the
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construction materials. Reducing transportation time
is fundamental for reducing costs and promotes invest-
ments; however, the actual hammerhead cranesmust be
moved slow enough to prevent dangerous oscillations,
and so, undesired efforts in structure [7] and [8].

All cranes are under-actuated systems. This crane
consists in a rotating structure, one trolley and a cable
that carries the suspended load, where three motors
modifies the crane rotation, the position of the trolley
and the length of the cable, respectively [21]. Adding a
second cable and consequently a second hoistingmotor
gives us the possibility of controlling the loads move-
ments in a more efficient manner. This basic observa-
tion implies the possibility of decreasing transportation
time while reducing oscillations; in the literature simi-
lar configurations have been called Bifilar Pendulum
[9], Multistring Pendulum [10] and [11], Blackburn
Pendulum [12] or 2D-Spider Crane [13].

Thus, one may think that the main problem of a 2-
wire crane is the natural difficulty of how to coordinate
both cables in order to reduceoscillations, this difficulty
increases considerably if we want to implement this
new hoisting system in any of the configurations of the
commercial cranes existing in the market.

Even more, despite many anti-swing techniques had
been developed, their use has been relegated by human
operators because the control method of a skilled
human operator is considerably different from that of
a computer control [4]; in that sense, the new con-
figuration presented in this paper may be considered
as a suitable anti-swing system, since it may reduce
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oscillations of the load without interfering with human
operators.

This paper is organized as follows: in Sect. 2, we
present the ’nominal’ mathematical model of a two
wired crane and is presented a linear coordinate trans-
formation that will fit better to our control objective
of transporting a suspended mass from one point to
anotherwhile reducing oscillations; in Sect. 3, using the
new coordinate system, a linear state-feedback control
is designed, and is set the way of how the transformed
system relates the ’nominal’ system; in the synthesis of
the control law we assume that controls are bounded,
this hypothesis makes the control more realistic. In
Sect. 4 are shown the simulations results; and finally,
in Sect. 5 are described the conclusions and future
work.

2 Mathematical model

Consider the hammerhead crane depicted inFig. 1,with
the following general assumptions:A1.The load is rep-
resented by a point mass, the mass of the crane and the
mass of the transporting car are represented by point
masses and their, respectively, moment of inertia, A2.

Fig. 1 The crane model

The cables are considered always tense and weight-
less, and A3. No deformation in crane structure due to
load acceleration is considered. The centre of mass of
the trolley is between the two hoisting motors that are
aligned with the crane boom, separated each other a
distance d > 0.

Let {X,Y, Z} be the inertial coordinate system
fixed to the crane tower axis, the coordinate system{
X ′,Y ′, Z ′} is the trolley’s coordinate system which

moves with the trolley. Where Z and Z ′ are parallel,
X ′ is aligned with the crane boom axis, and Y ′ is tan-
gential to the trolley’s rotation.

The notation used in the paper is:

m1 ≡ Trolley mass,
m2 ≡ Load mass,
r1 ≡ Trolley’s centre of mass,
r2,3 ≡ Position of hoisting motors,
r4 ≡ Position of the load mass,
l2,3 ≡ Length of mechanical cables,
θ ≡ Crane’s rotation,
P1 ≡ Plane passing through r2 parallel to the Y ′Z ′-

plane,
φ1 ≡ Swing angle projected on P1
ψ1 ≡ Swing angle measured from the P1-plane to

the load mass,
P2 ≡ Plane passing through r3 parallel to the Y ′Z ′-

plane,
φ2 ≡ Swing angle projected on P2
ψ2 ≡ Swing angle measured from the P2-plane to

the load mass,
u0 ≡ Force control over trolley,
u1 ≡ Force control over cable 1,
u2 ≡ Force control over cable 2,
u3 ≡ Torque control over crane rotation.

The position of the trolley’s centre of mass (r1) and the
position of the hoisting motors (r2 and r3) with respect
the fixed frame are

r1 =
⎡

⎣
ρ cos θ

ρ sin θ

0

⎤

⎦ , r2 =
⎡

⎣
(ρ − d/2) cos θ

(ρ − d/2) sin θ

0

⎤

⎦ ,

r3 =
⎡

⎣
(ρ + d/2) cos θ

(ρ + d/2) sin θ

0

⎤

⎦ .

The position of the load can be described from any of
the two hoisting motors by spherical coordinates [14],
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Two wired hammerhead tower crane 2139

because of the assumption of tense cables, it can be
written in terms of the triad (l1, φ1, ψ1), or the triad
(l2, φ2, ψ2).

Notice here, that the tense cables define univocally
a plane (the plane is defined by the two motors and the
load mass) that allows us to geometrically relate the
(l1, φ1, ψ1) and (l2, φ2, ψ2) triads. It is immediate that
φ1 = φ2, and using the law of cosines, we have

l2 =
√
d2 + l21 − 2l1d cos

(
π
2 − ψ1

)

ψ2 = −π
2 + arccos

(
d2+l22−l21

2l2d

)
.

(1)

Therefore, the coordinate system
[
ρ θ l1 φ1 ψ1

]T =:
q defines completely the configuration space of our
crane andmaybedefined as the generalized coordinates
in which we describe the motion. In this way, the load
position in the inertial frame is given by

r4(q) =
⎡

⎣
(ρ − d/2) cθ + l1sψ1cθ − l1cψ1sφ1sθ
(ρ − d/2) sθ + l1sψ1sθ − l1cψ1sφ1cθ

− l1cφ1cψ1

⎤

⎦ ,

(2)

where for notation convenience, we have denoted
sin(X) = sX and cos(X) = cX . With this coor-
dinate system, the potential energy of the system is
V = −mglcφ1cψ1 and the kinematic energy of the rail,
the trolley and the load are, respectively,

T1 = 1

2
I1θ̇

2,

T2 = 1

2

(
I2 + m1ρ

2
)

θ̇2 + 1

2
m1ρ̇

2,

T3 = 1

2
m2ṙT4 ṙ4,

where I1 is the moment of inertia of the rail structure,
and I2 is the moment of inertia of the car (further, we
will denote I = I1+ I2). Thus, we have the Lagrangian

L =
3∑

i=1

Ti − V,

and finally applying the Euler-Lagrange’s equations,
the dynamics may be expressed as

D (q) q̈ + C (q, q̇) q̇ + G (q) = Q (q,u) . (3)

where the generalized forces Q (q,u), in matrix form,
are written as

Q (q,u) =

⎡

⎢
⎢
⎢
⎣

1 sψ1 sψ2 0
0

(
ρ − d

2

)
cψ1 sφ1

(
ρ + d

2

)
cψ1 sφ1 1

0 −1 −c(ψ1−ψ2) 0
0 0 0 0
0 0 l1s(ψ1−ψ2) 0

⎤

⎥
⎥
⎥
⎦
u, (4)

with

u = [
u0 u1 u2 u3

]T
,

Explicit expression for the right hand terms can be
found in “Appendix 1”.

From Eq. (4) is clear that the dynamic of the ψ1-
variable, which describes the oscillation of the load
(fifth row), is affected by the term l1s(ψ1−ψ2)u2, i.e.
due to the control of the extra hoisting cable, we can
explicitly manage to reduce ψ- oscillations. Unfortu-
nately this natural selection of coordinates is not suit-
able since appears that only u2 affects directly the oscil-
lations (since there is no difference between cable 1 or
cable 2, we should expect that ourmodel gives the same
importance to both cables) and it is not clear how to con-
trol the height of the load mass, and so we cannot take
advantage of adding a second hoisting cable. However,
it is also clear that we cannot control φ-oscillations
directly.

2.1 Defining a virtual control

Here, we consider amore suitable coordinate selection,
see Fig. 2, we have then

ueq ≡ Equivalent control: u1 + u2
γ ≡ Distance on X ′ from centre of mass to the

applied equivalent force ueq
l3 ≡ Distance from the point γ to the load
P3 ≡ Plane passing through γ parallel to theY ′Z ′-

plane
φ3 ≡ Swing angle projected on the P3-plane
ψ3 ≡ Swing angle measured from the P3-plane to

the load mass.

Here ueq is contained in the parallelogram parallel
to the coordinate system formed by the two hoisting
cables and the load, and we may think of l3 as a vir-
tual hoisting cablewith a time varying suspension point
with distance γ (t) ∈ [−d/2, d/2] measured from the
mid point between the hoisting motors; let us define
[
ρ θ l3 φ3 ψ3

]T =: q̃,
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Fig. 2 The new coordinates selection

we have now, using this new coordinates

r4 (q̃) =
⎡

⎣
(ρ + γ ) cθ + l3sψ3cθ − l3cψ3sφ3sθ
(ρ + γ ) sθ + l3sψ3sθ − l3cψ3sφ3cθ

− l3cφ3cψ3

⎤

⎦ , (5)

And according to (2), we have the relation

q = f (q̃; t) ,

which by geometric relations, we found explicitly

q =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

ρ

θ
(
l3cψ3

) (
cos

(
arctan

(
γ+l3sψ3+d/2

l3cψ3

)))−1

φ3

arctan
(

γ+l3sψ3+d/2
l3cψ3

)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

(6)

where is immediate that the transformation corresponds
to the pair (l1, ψ1) and φ1 = φ3. Since it is a diffeomor-

phism, we have the relation L (q, q̇; t) = L̃
(
q̃, ˙̃q; t

)
,

the new dynamic equations can be defined as

d
dt

(
∂

∂ ˙̃q L̃
(
q̃, ˙̃q; t

))
− ∂

∂q̃ L̃
(
q̃, ˙̃q; t

)
= Q̃i , i = 1, 2, 3.

Making the corresponding computations, we get the
equivalent dynamical system

D̃ (q̃) ¨̃q + C̃
(
q̃, ˙̃q

) ˙̃q + G̃ (q̃) = Q̃′ (q̃, ũ) + F̃ (q̃, γ̈ )

(7)

where after the corresponding calculations are found

D̃ (q̃)=D (q̃) , C̃
(
q̃, ˙̃q

)
=C

(
q̃, ˙̃q

)
, G̃ (q̃)=G (q̃) ,

and the right-hand side of formula (7) is

⎡

⎢
⎢
⎢
⎢
⎣

1 sψ3 0
0 (ρ + γ ) cψ3sφ3 1
0 −1 0
0 0 0
0 0 0

⎤

⎥
⎥
⎥
⎥
⎦

⎡

⎣
u0
ueq
u3

⎤

⎦ + γ̈

⎡

⎢
⎢
⎢
⎢
⎣

−m2

ml3cψ3sα
−msψ3

0
−ml3cψ3

⎤

⎥
⎥
⎥
⎥
⎦

.

(8)

Since γ̈ may be considered as another control input;
i.e u4 = γ̈ ; similar controls over the acceleration are
studied in [23]; Eq. (8) can be written simply as

Q (q̃, ũ) = B (q̃) ũ =

⎡

⎢
⎢
⎢
⎣

1 sψ3 0 −m2
0 (ρ + γ ) cψ3 sφ3 1 ml3cψ3 sα
0 −1 0 −msψ3

0 0 0 0
0 0 0 −ml3cψ3

⎤

⎥
⎥
⎥
⎦
ũ,

with

ũ = [
u0 ueq u3 u4

]T
.

At this point, onemay think we have obtained basically
the same system, but we found some important differ-
ences; first, the effect on the height of the load appears
now explicitly as the combined effect of the two hoist-
ing forces of themotors; then, theψ-oscillations can be
reduced varying γ (t), and finally the relation between
hoisting cables is also easily deduce from γ .

Since physical cables can only pull the load,wemust
consider the following constraint

u1 ≥ 0, u2 ≥ 0. (9)

3 Main results

As stated earlier,with this change in the coordinate vari-
ables, is possible to coordinate both cables via a linear
feedback control; for this, we consider the extended
vector p ∈ �6

(
p = [

ρ θ l3 φ3 ψ3 γ
]T)

.

The dynamics of the extended vector p is simply
[
D (p) 05×1

01×5 1

]
p̈ +

[
C (p, ṗ) 05×1

01×5 0

]
ṗ + · · ·

· · · +
[
G (p)

0

]
=

[
B (p)

0 0 0 1

]
ũ,
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Two wired hammerhead tower crane 2141

in this extended system, and we can analyse the com-
plete behaviour of the system, stability and cable coor-
dination.

Linearizing around some equilibrium point pss =
[
ρss θss l3,ss 0 0 0

]T
, we obtain the second-order lin-

ear differential system

p̈ = Ap + Bũ
where

A =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 − g

l3,ss
0 0

0 0 0 0 − g
l3,ss

0
0 0 0 0 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (10)

B =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
m1

0 0 0
0 0 1

m1ρ2
ss+I

0

0 − 1
m2

0 0

0 0 − ρss
l3,ss

(
1

m1ρ2
ss+I

)
0

− 1
m1l3,ss

0 0 − 1
l3,ss

0 0 0 1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (11)

From Eq. (10) we see that the linearized unforced
dynamics behaves as two uncoupled pendulums with
equal natural frequencies (g/ lss)1/2. Defining z =
[
p ṗ

]T
, we have the 12-dimensional first-order linear

equation system

ż = A1z + B1ũ

where

A1 =
[
06×6 I6×6

A 06×6

]
, B1 =

[
06×4

B

]
.

and, since rank
([

B1 A1B1 . . . A11
1 B1

]) = 12, the sys-
tem is controllable.

3.1 LQR control

We proposed the standard cost functional of the form

J =
∫ ∞

0

(
zT (t) Qz (t) + ũT (t) Rũ (t)

)
dt

with Q = QT ≥ 0 and R = RT > 0. Optimal control
theory (as stated in any conventional optimal control

book, say [15]) states that the optimal control is given
by the state-feedback control

ũ (t) = −R−1BPz (t)

where the symmetric positive definite P matrix must
satisfy the algebraic Ricatti equation (ARE)

PA + ATP + Q − PBR−1BTP = 0,

and more important, an appropriate choice of R and Q
matrices must be made to obtain acceptable state and
control levels [16], one might choose these R and Q
matrices to be diagonal with

Q−1
i i = maximum acceptable value of [pi (t)]2

R−1
i i = maximum acceptable value of [ui (t)]2

(12)

3.2 Connection between controller and plant

Because of the coordinate transformation, the control
of the physical crane must be performed as shown in
Fig. 3, the error e(t) = r(t) − q(t), must enter the
controller, where a transformation T : (q, γ ) → z
will change the plant’s coordinates to the controller’s
coordinates; then a transformation T1 : (ũ, γ ) → u,
will assign each cable the corresponding tension, noting
that the control calculated for the trolley’s and crane’s
actuators has no difference in both coordinate variables.
The virtual variable γ (t) is obtain via u4(t), i.e.

γ̈ (t) = u4 (t) , γ (0) = γ0 ∈
[
−d

2
,
d

2

]

γ (t) =
t∫

0

t2∫

0

u4 (t1) dt1dt2

this way, γ (t) is perfectly defined during all the exper-
imentation time

3.2.1 Transformation T

We will assume that we have access to all q states. The
transformation q̃ = T (q, γ )

Fig. 3 Controller and plant
scheme
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2142 I. G. Carmona, J. Collado

q̃ =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

ρ

θ

(
l1cψ1

)
(
cos

(
arctan

(
l1sψ1−γ− d

2
l1cψ1

)))−1

q4

arctan

(
l1sψ1−γ− d

2
l1cψ1

)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(13)

which is the inverse transformation of Eq. (6) and is
valid almost everywhere. Here, ˙̃q can be obtained either
deriving the previous expression or numerically, for
simulation purposes we use the latest. So, with this
information we can form the z vector and calculate the
corresponding linear ũ (t) = −R−1BPz (t) controller.

3.2.2 Transformation T1

It is clear that we cannot control the physical crane
directly from our transformed coordinates; so, we
should be able to determine the pair (u1, u2) somehow
from the pair (ueq, γ ), we first observe that

u1 = u1

[−sψ1

cψ1

]
, u1 = |u1|,

u2 = u2

[−sψ2

cψ2

]
, u2 = |u2|,

and, also that

ueq = ueq

[−sψ3

cψ3

]
, ueq = ∣

∣ueq
∣
∣,

where ψ3 is known by (13) (where appears the depen-
dence on γ ); using the definition of ueq, we simply
have

ueq

[−sψ3

cψ3

]
=

[−sψ1 −sψ2

cψ1 cψ2

] [
u1
u2

]
,

where

det

[−sψ1 −sψ2

cψ1 cψ2

]
= −s(ψ1−ψ2),

and−s(ψ1−ψ2) 	= 0 if andonly ifψ1 	= ψ2 mod (π), sit-
uation that arises when we have parallel cables, which
is impossible in the proposed crane. So, we immedi-
ately have
[
u1
u2

]
= ueq

[−sψ1 −sψ2

cψ1 cψ2

]−1 [−sψ3

cψ3

]
.

3.3 Admissible controls

At his point, we have made a change of coordinates,
propose an optimal stabilizing control, and return the
control to the original coordinates. Unfortunately the
calculated control may be an inadmissible control; as
stated by condition (9), it is evident that all admissible
controls ueq must lay inside the parallelogram formed
by the two cables (or equivalently γ (t) ∈ [− d

2 , d
2

]
, ∀t);

so, in the transformation function T , instead of γ (t),
we use the saturation function

γsat(t) =
⎧
⎨

⎩

− d
2 if γ (t) < − d

2
γ (t) if γ (t) ∈ [− d

2 , d
2

]

d
2 if γ (t) > d

2

and we use the transformation

q̃ = T (q, γsat)

instead of transformation (13).
RemarkA large d will have better stabilizing proper-

ties (at the expense of the crane design); and as d tends
to zero, the behaviour of the two wired crane design
will tend to the behaviour of a single wired crane.

As stated earlier, γ (t) affects the velocity of conver-
gence of the angle, and due to the pendulum behaviour
of the load we will see small oscillations around the
equilibrium point, until the load losses enough energy
to be stopped by the saturated control, i.e. saturating
the γ -variable does not compromises stability, just the
transitory behaviour. Stability of saturated control in
mechanical systems is presented in more detail in [17]
and [18].

4 Simulations

In this section, we present the two possible motions;
we consider first the radial displacement of the trolley,
while the angle of the crane boom is fixed, then we
consider the rotation of the crane boom while keeping
the trolley in a fixed position.

Simulations were realized in Matlab Simulink, we
consider the following physical parameters: g =
9.81(m/s2), m1 = 1500(kg), m2 = 300(kg) and
I = 3000(kg · m2). The functional cost matrix Q can
be partitioned as

Q =
[

Q1 06×6

06×6 Q2

]

where Q1 weights the position terms and Q2 weights
the velocity terms; according to (12), we want to
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Two wired hammerhead tower crane 2143

penalize a lot the deviation from the desired coordi-
nate (Q1 have large diagonal elements), and the con-
trols are allowed to reach high values (Rii � 1 for
i = 1, . . . , 4). However, according to (12) we have
that the Q-element corresponding to the penalization
over the γ -position (denoted as Q66) should take into
account the physical restriction d, so it must be consid-
ered

Q−1
66 = maximum acceptable value of

[
γ (t)

]2 (14)

since is immediate that

max
t

[
γ (t)

]2 =
[
d

2

]2

we simply have

Q66 = 4

d2

and the gain matrices may be written as

Q1 = 103 ·

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0 0 0 0
0 30 0 0 0 0
0 0 0.05 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0

0 0 0 0 0 4·10−3

d2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

Q2 = 102 ·

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0.5 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 0.01

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

and

R = 10−2 ·

⎡

⎢
⎢
⎣

1 0 0 0
0 1 0 0
0 0 0.05 0
0 0 0 0.05

⎤

⎥
⎥
⎦ ,

And the ARE equation must be solved for each pos-
sible design value of d.

The LQR transitory behaviour for each calculated
controller was improved using input shaping [10,19,
22], also called prefiltering, as commonly used for
improving the behaviour of this kind of systems (see
“Appendix 2”), although other techniques may be used
for this purpose [20].

4.1 Case 1: Pure displacement of the trolley

While considering no rotation in the crane, the sys-
tem analysis is simplified. We consider two important
situations: firstly, when d is large enough to contain
the horizontal displacement of the load, and finally the
more interesting case for industrial implementation, the
case where d is considerably smaller than the horizon-
tal displacement of the load.

4.1.1 Simplest case: d ≥ horizontal load’s
displacement

Intuitively this case is the simplest case we should
find with the actual crane design, nor the crane nei-
ther the trolley should be moved in order to achieve
the load’s displacement; this may be considered a case
of the called spider crane [13]. For simulation, let us
consider a displacement of the load located initially
below the left hoisting motor (arbitrarily located at
r2 = [1, 0, 0]), whose final position must be placed
below the right hoisting motor (also arbitrarily located
at r3 = [11, 0, 0]), the distance between the hoisting
motors is clearly d = 10(m) which is also the load
displacement, the elevation of the load during all the
trajectory must be kept to a constant value, let us con-
sider the load to be placed 10(m) under the crane’s
boom. We can express, in p-coordinates, the position
of the load at initial and final time as

p (0) = [
6, 0, 10, 0, 0, −5

]T
,

p (tf) = [
6, 0, 10, 0, 0, 5

]T
.

Notice that moving the load between the hoisting
motors is equivalent to vary the virtual coordinate γ (t)
from −5 to 5(m).

In Fig. 4 is shown the position of the load in the XZ-
Plane, while in Fig. 5 is shown the transition of the total
tension effort from the left cable to the right cable; the
validity and advantages of the coordinate transforma-
tion are now easily seen. Is also clear that moving the
load without moving the transporting vehicle cannot be
performed in a 1-wire crane.

4.1.2 Case: d << horizontal load’s displacement

In this case, we want to perform only a displacement of
the trolley considering a small distance between hoist-
ing motors (we consider three possible values of d),
while keeping a constant altitude on the suspended
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Fig. 4 Position of the load in the XY-plane for d = 0.5
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Fig. 5 Final control force applied by cables

mass. For simulation purposes, we will consider a

translation from r1(0) = [
2 0 0

]T
at initial time to

r1(tf) = [
22 0 0

]T
at final time, or equivalently

p (0) = [
2, 0, 10, 0, 0, 0

]T
,

p (tf) = [
22, 0, 10, 0, 0, 0

]
.

Note that the final point does not coincide with
the linearization point, however, due to the nature
of the mechanical system as well as the inherently
robust capability to small perturbations of the linear
feedback controller, we can achieve a good system
response.

In Fig. 6, we see the displacement of the load and
we can see that the single cable crane is unable to
attenuate fast enough residual oscillations despite the
shaped input (see “Appendix 2”), meanwhile having
an extra hoisting motor eliminate residual oscillations
fairly well. In Fig. 7 is shown the variation of the ψ1-
angle, because of the shaped input, oscillations for the
chosen values of d were reduced. To make a fair com-
parison between the oscillations of the three chosen
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Fig. 6 X-displacement of the load
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Fig. 7 Variation of ψ1-angle
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Fig. 8 Horizontal distance between load and trolley

values of d, in Fig. 8 is depicted the horizontal distance
between the trolley centre of mass and the load. At this
point, now are clear the benefits of including an extra
cable.

For the sake of completeness, we show in Fig. 9 that
the intended height was also achieved. Note that the
tension in the cables will determine the attenuation in
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Fig. 11 Position of the load in the XY-plane

the oscillations as well as the height of the load, so
we cannot improve on one aspect without affecting the
other; this relation between coordinates is defined with
the proposed LQR cost functional.
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Fig. 12 φ-load rotation
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Fig. 13 ψ-load rotation

4.2 Case 2: Pure rotation of the crane

In order to analyse the behaviour of the crane in a pure
rotation motion, in the mechanical model we fix ρ ≡
10(m) (ρ̇ ≡ 0, ρ̈ ≡ 0).

Our crane will make a half rotation following a
step input; in Fig. 10 we see the effect of the input
in the crane rotation for distinct values of d, in Fig. 11
is shown the projection of the load in the XY -plane,
where the behaviour of the 1-Wire Crane and the
behaviour of the 2-Wire Cranes are pretty much the
same except in a neighbourhood of the final position,
due to the extra hoisting cable is possible to attenu-
ate ψ-rotations (Fig. 13), and as intuitively thought,
is immediate that a larger d will attenuate this oscilla-
tions faster, however φ-oscillations behave similarly
in all cranes because of the pre-filtered behaviour
(Fig. 12).
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5 Conclusions

The new crane configuration studied in this paper
promises an important reduction in oscillations onham-
merhead cranes; the increase in cost due to the addi-
tion of an extra motor should be compensated with an
important decrease of transportation times. This paper
provides an useful an simple approach for understand-
ing the behaviour of two wired crane, by a coordinate
change of variables, we havemanaged to coordinate the
tension in both cables to achieve the expected behav-
iour; and by a linear state-feedback controller we have
proved some advantages of using a second hoisting
cable.

Some few modifications can show that is possible
to control only the virtual coordinates (ψ3, γ ), i.e. to
control the tension relation between the cables and so
the radial oscillations, making possible to help human
operators while not interfering in their regular activ-
ities, by this, we consider this crane system to be
broadly suitable for implementation in actual hammer-
head cranes.

In the present paper, we analysed only the mechani-
cal behaviour of the proposed crane design. The imple-
mentation on nonlinear controllers should be studied
in order to achieve the maximum efficiency of the pre-
sented design.

By themethod exposed in this paper, we cannot con-
clude anything about the exact relation between oscil-
lation attenuation and the parameter d; recall that the
cables not only act on the oscillations but also in the
load height, and too large d may cause some prob-
lems in controlling the elevation of the system. In the
present paper, we have just shown that adding a second
cable will reduce the oscillations of the system; and, at
least locally, in we increase the distance between the
hoisting motors the control over the load will improve.
The ratio between the load elevation and the distance
between the hoisting motors, with the method exposed
in this work, should be carefully studied for each pos-
sible crane design.

Robust and adaptive techniques should be studied,
since we have not considered any parametric uncer-
tainty or the varying operational point.

In order to implement in a real crane, we have to
develop an angle observer, despite angles sensor are
common on academical prototypes, it does not seem
practical to try to measure any angle on industrial
cranes.

In order to control the oscillations produced by pure
rotation movements is required a third, non co-linear
with the other two, cable; however, this option does not
look viable in existing cranes.

Acknowledgments The first author thanks the Mexican coun-
cil for science and technology (CONACYT) for the scholarship
to study a postgraduate program in Automatic Control.

Appendix 1: Model terms

Themechanical model, is written in the following way:

D (q) = {
Di j

}
, Di j = Dji , i, j = 1, . . . , 5.

with

D41 = D43 = D53 = D54 = 0

D11 = m1 + m2,

D21 = −m2lcψ sφ,

D31 = m2sψ,

D51 = m2lcψ,

D22 = I + (m1 + m2) ρ2 + 2m2lρsψ + m2l
2 (

1 − cφcψ

)
,

D32 = m2ρcψ sφ,

D42 = m2

(
l2sψ + lρ

)
cφcψ

D52 = −m2

(
l2 + lρsψ

)
sφ

D33 = m2

D44 = m2
(
lcψ

)2

D55 = m2l
2

and

C (q) = {
Ci j

}
, i, j = 1, . . . , 5.

with elements

C11 = C33 = 0,

C21 = (
(m1 + m2) ρ + m2lsψ

)
θ̇

C31 = m2cψ sφθ̇

C41 = m2lcψcφθ̇

C51 = −m2lsψ sφθ̇

C12 = m2lsφsψψ̇ − m2cψ

(
sφ l̇ + lcφφ̇

) · · ·
· · · − (

m2lsψ + (m1 + m2) ρ
)
θ̇

C22 = m2

(
ρsψ + l

(
1 − c2φc

2
ψ

))
l̇ + m2

(
lcψ

)2
sφcφφ̇ · · ·

· · · + (
(m1 + m2) ρ + m2lsψ

)
ρ̇

+m2l cψ

(
ρ + lc2φsψ

)
ψ̇

C32 = m2sφ
(
cψ ρ̇ + lψ̇

) − m2lcφcψ sψ φ̇ · · ·
· · · − m

(
rsψ + l

(
1 − c2φc

2
ψ

))
θ̇

C42 = m2lcφcψ

(
sψ l̇ + ρ̇

) + m2
(
lcψ

)2
cφ

(
ψ̇ − sφθ̇

)

123



Two wired hammerhead tower crane 2147

C52 = −m2l1sφ1

(
l̇1 + sψ1 ρ̇

) − m2
(
l1cψ1

)2
cφ1 φ̇1 · · ·

· · · − m2l1cψ1

(
l1sψ1c

2
φ1

+ ρ
)

θ̇

C13 = m2cψ

(
ψ̇ − sφθ̇

)

C23 = m2

(
ρsψ + l

(
1 − c2φc

2
ψ

))
θ̇ · · ·

· · · − m2sφ
(
l + ρsψ

)
ψ̇ + m2cφcψ

(
ρ + lsψ

)
φ̇

C43 = m2lcψ(cψ φ̇ + cφsψ θ̇)

C53 = m2l(ψ̇ − sφθ̇)

C14 = −m2lcψcφθ̇

C24 = −m2lcφsψ(lsψ + ρ)ψ̇ + m2cφcψ

(
ρ + lsψ

)
l̇ · · ·

· · · + m
(
lcψ

)2
sφcφθ̇ − mlsφcψ

(
ρ + lsψ

)
φ̇

C34 = −m2lcψ

(
cφsψ θ̇ + cψ φ̇

)

C44 = m2lcψ

(
cψ l̇ − lsψψ̇

)

C54 = m2l
2cψ

(
sψ φ̇ − cφcψ θ̇

)

C15 = m2cψ l̇ + mlsψ
(
sφθ̇ − ψ̇

)

C25 = −m2sφ
(
l + ρsψ

)
l̇ − m2lcφsψ

(
lsψ + ρ

)
φ̇ · · ·

· · · + m2lcψ

(
ρ + lc2φsψ

)
θ̇ − m2lρsφcψψ̇

C35 = m2l
(
sφθ̇ − ψ̇

)

C45 = m2l
2cψ

(
cφcψ θ̇ − sψ φ̇

)

C55 = m2ll̇

and finally

G (q) =

⎡

⎢
⎢
⎢
⎢
⎣

0
0

−mgl1cφ1cψ1

mgl1cψ1sφ1
mgl1sψ1cφ1

⎤

⎥
⎥
⎥
⎥
⎦

The anti-symmetry of Ȧ − 2C was verified, and a
gravity compensatorwas used to ensure asymptotic sta-
bility of the presented controller.

Appendix 2: Prefiltering or input shaping

Prefiltering is a good alternative for improving tran-
sient response, since its design is simple and does not
affect the stability of the system. The basic idea consists
in decomposing an step input in two parts, a. firstly is
applied a step input scaled by A; b. then, a T -delayed
step input of amplitude (1 − A) is applied, as a result,
after time T , we found that the original step input is
applied. Since this filter is not used in the control loop
but only in the input signal, it does not modify the orig-
inal system response (see Fig. 14).

A+(1-A)exp(-sT) Y(s)h(s)U(s)

Fig. 14 Prefilter

Consider now, the second-order transfer function

h (s) = ω2

s2 + 2δωs + ω2 (15)

where δ ⊂ [0, 1), if applied the unitary step input at
t = 0, then we will find a maximum overshoot

Mp = exp

( −δ√
1 − δ2

)

at time

T = π

ω
√
1 − δ2,

so, we take T as the delay time, and the prefilter gain
is given by

A = 1

1 + Mp
.

To determine the prefilter parameter in our crane
design, observe that the stables poles of the closed loop
system are contained in the left half of the complex
plane (σ (A − BK ) ∈ �−).

The dynamic of a complex conjugate pair of poles
(s = −a ± bi) can be represented by a second-order
transfer function of the form

ω2

s2 + 2δωs + ω2

where is found that ω2 = a2 + b2 and δ = a/ω; and
consequently are easily determined the values of A and
T .
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