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Abstract A predator—prey system with stage struc-
ture and time delay for the prey is investigated. By ana-
lyzing the corresponding characteristic equations, the
local stability of a positive equilibrium and two bound-
ary equilibria of the system is discussed, respectively.
By using persistence theory on infinite dimensional
systems and comparison argument, respectively, suffi-
cient conditions are obtained for the global stability of
the positive equilibrium and one of the boundary equi-
libria of the proposed system. Further, the existence of
a Hopf bifurcation at the positive equilibrium is stud-
ied. Numerical simulations are carried out to illustrate
the main results.

Keywords Predator—prey model - Stage structure -
Time delay - Local and global stability - Hopf
bifurcation

1 Introduction

The predator—prey system is an important population
model, which has received extensive attention [1-3].
But all of these works ignore the stage structure of
species. However, in natural world, there are many
species whose individuals have a history that can be
divided into two stages, immature and mature. As is
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common, the dynamics—eating habits, susceptibility
to predators, etc.—are often quite different in these two
subpopulations. Hence, it is of ecological importance
to investigate the effects of such a subdivision on the
interaction of species.

Aiello and Freedman [4] proposed and studied the
stage-structured single-species population model with
time delay

%i (1) = axp (1) — yxi(t) — e ™ Txp (1 — 1),
S (1) = aeVTx, (t — 1) — Bx2 (1),

where x;(t) and x,,(¢) represent the densities of the
immature and the mature populations at time #, respec-
tively; « is the birth rate of the immature population
at time #; y and B are the death rates of the immature
and the mature at time ¢, respectively; t is the matu-
rity; ae VT x, (t — 7) represents the quantity which the
immature born at time + — T can survive at time 7.
Based on the ideas above, many authors studied differ-
ent kinds of ecology models with stage structure [5—
13].

In this paper, we study the following predator- prey
system with stage structure and time delay for the prey

21(1) = roa(D) —re™ T — ) — dixi (1),
Xo(t) = re NTxo(t — 1) — dzx%(t) _ kin@®y@®)

. TTax@ > (D
. 1)yt
() =200 — dyy (o).

In (1), x1(¢) and x,(¢) represent the densities of the
immature and the mature prey at time 7, respectively;
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y(t) represents the density of the predator at time z. The
model is derived under the following assumptions.

(A) The prey population: The birth rate is proportional
to the existing mature population with a propor-
tionality r > 0; the death rate of the immature
population is proportional to the existing imma-
ture population with a proportionality d; > 0;
the death rate of the mature population is propor-
tional to the square of the existing mature popu-
lation with a proportionality d» > 0; T > 0 is the
maturity.

(B) The predator population: The predators feed only
on the mature prey (this seems reasonable for a
number of mammals, where the immature prey
concealed in the mountain cave and is raised
by their parents; they do not necessarily go out
for seeking food; the rate they are attacked by
the predators can be ignored). The growth of
the species obeys a Holling type II functional
response. k| > 0is the capturing rate of the preda-
tor; % > ( is the conversion rate of nutrients into
the reproduction of the predator; o > 0 is the half
saturation rate of the predator; d3 > 0 is the death
rate of the predator.

The initial conditions for system (1) take the form
x1(0) = ¢1(0) =0, x2(0) = () = 0,
(@) =¢3(6) =0, 0¢€[-1,0),
¢ (0) >0, i=1,2,3, 2)
where
(@1(0). $2(0). $3(0)) € C([—7,0], RYy).
Ry = {(x1,x2, x3)|x; > 0,i = 1,2,3).

In order to ensure the initial continuous, we suppose
further that

0
x1(0) = / réa(s)eiSds.

-7
By the fundamental theory of functional differential
equations [14], it is well known that system (1) has
a unique solution (x1(t), x2(¢), y(¢)) satisfying initial
conditions (2). Further, it is easy to show that all solu-
tions of system (1) with initial conditions (2) are defined
on [0, +00) and remain positive for all > 0.

Lemma 1 [5] Consider the following equation
%) = ax(t — 1) — bx(t) — cx*(1),

where a,c > 0,b > 0; x(t) > 0 for —t <t <0, we
have
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(i) Ifa > b, then lim,_, o0 x (1) = “=2;

(i1) Ifa < b, then lim;_, 4 5 x(t) = 0.
Theorem 1 All positive solutions of system (1) satis-
fying initial conditions (2) are ultimately bounded.

Proof We know that all solutions of system (1) are pos-
itive. Hence, we study only in the domain
R} = {(x1,x2, x3)li > 0, = 1,2,3),

We derive from the second equation of system (1)
that
%2(t) < re Mxo(t — 1) — dax3(1).
By comparison and Lemma 1, for ¢ > 0 small enough,
there exists a 77 > 0 such that

re~dit
x(t) <

+e=:M,
2

forallt > Tj.

Let V(¢) = kox1(t) + koxa(t) + k1y(2), then the
derivative of V (¢) along solution of system (1) is
V(1) < rkaxa(t) — dikoxi (1) — sk y(0)

< —uV@) + (r +d)kaxa (1),

where © = min{d;, d3}. Therefore, we derive that for
t>T

V() < e H(=T1)

t
X |:V (T1)+/ (r +dy) kaxa (s) eM(S—Tl)dS:|
T

< emnt-Toy (1) 4 LHARM

% (1 _ ew(H.))

(r +dy) koM
% —_—

7
So there exists a constant M >0 and a 7> > T} such that
x1(t) <M, x2(t) <M, y(t) < Mfort > T>.

The proof of Theorem 1 is completed. O

(t > 400).

The organization of this paper is as follows. In the
next section, by analyzing the corresponding charac-
teristic equations, the local stability of a positive equi-
librium and two boundary equilibria of system (1) is
discussed, respectively; by using persistence theory
on infinite dimensional systems and comparison argu-
ment, respectively, the global stability of the positive
equilibrium and one of the boundary equilibria of sys-
tem (1) is discussed. In Sect. 3, the existence of a Hopf
bifurcation is studied. Numerical simulations are car-
ried out to illustrate the main results. A brief discussion
is given in Sect. 4 to conclude this work.



Stability and Hopf bifurcation of a predator—prey model

1411

2 Existence and stability of equilibria

In this section, we discuss the existence and stability of
each of equilibria of system (1).

It is easy to show that system (1) always has a trivial
equilibrium E((0, 0, 0) and a predator-extinction equi-
librium E| (X1, X2, 0), where

r2€7d1t(1 _ efdlr) N refd'r

£1 - , X2 =
did» dr

Further, if re ™% (ky — ad3) — dbd; > 0 holds,
then system (1) has a unique positive equilibrium
E>(x{, x5, y*), where
e rdad - e d17) _d3
' ditk —ady) ko —ads’
. kalre T (ky — ads) — dads]
ki(ka — ads)?

X

Theorem 2 The trivial equilibrium Ey is always unsta-
ble.

Proof The characteristic equation of (1) at E¢(0, 0, 0)
has the form

O+ d) (= re” T+ d3) = 0. (3)

Clearly, Ay = —dj and A3 = —dj3 are two negative real
roots of Eq. (3). Another root of (3) is given by the root
of equation

A —re” DT —

Let fi(A) = A —re”*+4)7 Since

£1(0) = —re™ 7 <0, lim fi(A) = +oo,
A—400

i) =1+ rre” T 5 0,

Then, f1(A) = 0 has a positive real root. Therefore, the
equilibrium Ej is unstable. This proves Theorem 2. O

Theorem 3 If re~%7 (ky — ads) — dads > 0, then the
equilibrium E|(X1, X2, 0) is unstable, while the posi-
tive equilibrium Eo(x{, x5, y*) exists; if re= 7 (ky —
adz) — drdy < 0, then Eq is globally asymptotically
stable.

Proof The characteristic equation of (1) at E1 (X1, X2, 0)
has the form

1+(¥f2

“)

g
(4 di) (A + 2da ey — re=3+DT) <k+d3 S ) 0

Clearly, A1 = —d; < 0 and

_ kaky _re™ N (ky — ad3) — dods
T 14 ak o dy + are—d17

A3

are two real roots of Eq. (4). Another root of (4) is given
by the root of equation

A4 2driy — re” AT = 0,
Let
fr(A) = A+ 2drRy — re” O FdDT
= A4 re 9t (2 _ e_)‘f),
Since
£0) =re™T >0, (1) =1 +rreCFT S

and the real part of root of equation A =re %17 (e ~*7—2)
is of the form

Rei = re” N7 [e "R cog(zImA) — 2] < 0,
then the equilibrium E is unstable if
re % (ky — ads) — dady > 0

and is locally asymptotically stable if

re N (ky — adsy) — dads < 0.

Next, we prove that E is globally asymptotically stable
with the above condition.

Let (x1(2), x2(¢), y(¢)) be any positive solution of
system (1) withinitial conditions (2). Since re T (ky—
ads) — drds < 0, we can choose ¢ > 0 small enough
such that

(re™ ™" + edy) (ky — ad3) — dads < 0,

dit

re 1" > kje.

We derive from the first and the second equations of
system (1) that

X1 (1) = rxp(t) —re” ot — 1) — dixi (1),

Xo(t) < re”WTxa(t — 1) — dax3(1).

Consider the following auxiliary equations

in (1) = ruz(t) —re™up(t = 1) —dun (). 5
i (t) = re N uy (t — v) — daud(2).

It is easy to see that system (5) has two equilibria
Fy(0,0) and Fy (i1, un), where

R r2e—d1r(1 _ e—d|r) A re—d]r

up = Sy = ——,

didy d
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and easily show that Fp is unstable and Fj is locally
asymptotically stable.

By the second equation of system (5) and Lemma 1,
we derive that
—dit

re

lim wuy(t) = = 122 = )?2.

t— 400 dr

Therefore, the limit equation of the first equation of
system (5) takes the form

r267d1r(1 _ e*dr{)
d>
which implies that

r2e—d1‘r(1 _ e—dl‘r)
didy
that is, the equilibrium Fj is globally asymptotically
stable. By comparison, there exists a 77 > 0 such that
x1(t) <x1+e&x) <xp+eforallr > Ty.
It follows from the third equation of system (1) that
fort >T)+1

ko (%2 + )
14+ a(xy +¢)

—dyuy (1),

u(t) =

=uyp =X,

lim wu(t) =
t—+00 1()

y(@) = [ —d3} y(@).
By comparison, itis easy to know thatlim;_, 4o ¥(¢) =
0. Therefore, there exists a 7, > 77 such that y(¢) < ¢
fort > T».

We derive from the first and the second equations of
system (1) that

21(0) = rxa(t) —re” Mot — 1) — dix (1),
Xo(t) = re ™ MTxs(t — 1) — dax3 (1) — kiexa ().

Consider the following auxiliary equations (for ¢ >
T+ 1)

i (1) = ruz(t) —re”un(t — 1) —dun (). o
() = re N uy (t — v) — daud(t) — kieua(t).
Similar with system (5), we know that system (6) has a
globally asymptotically stable equilibrium F5 (i1, u3),
where

r(1 —e %) (re 17 — kye) re T — ke
= , Up= .
didy ’ da

By comparison, there existsa 73 > T suchthat x1(¢) >
up — &, x2(t) > up — € fort > T3. Since this is true
for arbitrary and sufficiently small ¢ > 0, we conclude
that lim;—, 1 5o X1 (¢) = X1, limt_>+oo x2(t) = X, that
is, the equilibrium E is globally asymptotically stable.
The proof is completed. O

<

1
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Definition 1 System (1) is said to be permanent (uni-
formly persistent) if there are positive constants m and
M such that each positive solution of system (1) satis-
fies

m < lim infx;(#) < lim supx;(t) <M,i=1,2,
t——+00 t——+00

m < lim infy(t) < lim supy(t) < M.
t——+o0 —+0o0

In order to prove the stability of the equilibrium E»,
we present the persistence theory on infinite dimen-
sional systems from [15].

Let X be a complete metric space with metric d. The
distance d(x, Y) of a point x € X from a subset ¥ of
X is defined by

d(x,Y)=inf d(x, y).
yeY

Assume that Xo € X, X° c X, and Xo N X° =
¢. Also, assume that T'(r) is a Cy semigroup on X
satisfying

T@) : Xo— X0, T(@®): X° — XO. @)

Denote T} (t) = T(t)|x, and Aj be the global attractor
for Ty (1).

Lemma 2 Suppose that T (t) satisfies (7) and the fol-
lowing conditions:

(1) There is a ty > 0 such that T (t) is compact for
> 1oy,
(ii) T (t) is point dissipative in X;

(i) Ap = U w(x) is isolated and has an acyclic
xeAp

covering M, where
M = (M, M, ..., M,};
Gv) WWMHNX=¢fori=1,2,...,n

Then, X is a uniform repeller with respect to X°,
that is, there is an ¢ > 0 such that for any x € X0,
lim;— 100 inf d(T (¢)x, Xo) > €.

Theorem 4 If

dok
0 < re % (ky — ads) — dads < 22
o

holds, then system (1) has a unique positive equilib-
rium E(x{, x5, y*) and is permanent; furthermore,
the equilibrium E; is globally asymptotically stable.
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Proof The characteristicequation of (1) at E> (x], x5, y*)
has the form

kiy*
A4dp) |22 2dyx; + ————
avap [+ (2t + s
kikox3 y* i|_

— Gty
+
(1 + ax})?

XA —rie ®)
Clearly, A; = —d; is a negative real root of Eq. (8).
Another two roots of (8) are given by the roots of equa-
tion

*

k
A2+ [2d2x§ +—1 } A —rae” T

(1 + ax})?
klkgxiky* _
(I+axi)’
Denote
m = 2dyx; + —kly* p= —klkzx;y*
27 (A4 axh)? (1 +axi)’’
n=—re 47,

then, the above equation is written in the form

A+ mi+nre ™ 4+ p=0. 9)
If A = wi (w > 0) is a purely imaginary root of Eq.

(9), separating real and imaginary parts, we have

p— ®* + nw sin(wt) = 0,

mw + nw cos(wt) = 0.

Eliminating sin(wt) and cos(wt), we obtain the equa-
tion with respect to w

a)4—i—(m2—nz—Zp)a)z—i—p2 =0. (10)
Its discriminant is of the form
A= m?>—n?— 2p)2 - 4p2
=m—-—-m)(n+ m)(n2 +4p — mz).
By calculation, we derive that
kyy* —d
_ *
n+m—2d2x2+m—re 1T
drdsky — ads[re=47 (ky — ads) — dads] 0
p— > 9
ko (ky — ad3)

and n?2 — m? < 0. Hence, if n% + 4p — m? > 0, then
A < 0, that is, Eq. (10) has no positive real roots; if

n®>+4p—m? < 0,then A > Oand n*>+2p —m? < 0,
and then

> +2p—m?) £ VA
w1,2 = 3
that is, Eq. (10) has no positive real roots. When T = 0,
Eq. (9) becomes

< 0,

A2+(m+n)k+p=0.

Noting that p > 0 and m + n > 0, the positive
equilibrium E; is locally asymptotically stable when
T = 0. By Theorem 3.4.1 in [16], we see that if
0 < re™7 (ky — ads) — dods < 222 holds, then the
positive equilibrium of system (1) E; is locally asymp-
totically stable for all 7 > 0.

Now we state and prove the permanence of system
(1) with the condition

drk
0< re_d"(kz —adz) — dyds < ==
o

Choose ¢ > 0 small enough such that
re T (ky — ads) — dads — ed (ka — adz) > 0.

Firstly, we prove that the xjox, plane and the xjoy
plane repel positive solutions of system (1) uniformly.
Set

X1 = {(x1,x2,) € R¥x; > 0,x > 0,y = 0},
X2 = {(x1,%2,) € R¥x1 = 0,x2 =0,y > 0},
Xo = X1 UX>,

X0 = {(x1,x2,y) € R3|x1 >0,x >0,y > 0}.

In the following, we verify that the conditions in
Lemma 2 are satisfied. By the definition of X and
X0, and by Theorem 1, it is easy to see that the condi-
tions (i) and (ii) in Lemma 2 are clearly satisfied (see,
for instance, [16], Theorem 2.2.8). Thus, we need only
to show that the conditions (iii) and (iv) hold.

There are two constant solutions in X correspond-
ing to Eo(0,0,0) and E|(xy, X2, 0), respectively. In
x10x7 plane, system (1) can be written in the form

X1(0) = rxp(t) —re ™ Nxy(t — 1) — dixi (1),
%(t) = re N xy(t — 1) — dox3(1).

By Theorem 2 in [4], we know that the equilibrium
E|(X1, %) is globally asymptotically stable, that is, if
(x1(t), x2(t), y(t)) is a solution of system (1) initiating
from X1, then

(x1(8), x2(2), y(¥)) — E1(X1, X2,0) as t — +o0.

@ Springer
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In x10y plane, system (1) can be written in the form
x1(1) = —dix1 (1),
y() = —ds3y(1).
Clearly, x1(t) — Oand y(¢t) - 0 ast — 400, that is,
if (x1(7), x2(¢), y(¢)) is a solution of system (1) initiat-
ing from X», then

(x1(2), x2(2), y(t)) — Ep(0,0,0) as t — +o0.

Noting that the equilibrium Ej is isolated in X» and
the equilibrium E isisolated in X1, it follows that if E
and E are the isolated invariant sets of system (1) then
{Eo, E1}isisolated and is an acyclic covering. It is easy
to see that E is isolated invariant. By verifying the con-
dition (iv), we can derive that E is isolated invariant.

For the condition (iv), we only prove that W*(E{) N
X0 = ¢ holds since the proof of W*(Ep) N X0 = ¢ is
similar. Assume that W*(E1) N X? £ ¢. Then, there is
a positive solution of system (1) (x?(t), xg(t), YO (1))
initiating from X with

lim (x)(1), x3(0), y0(1)) = E1 (%1, %2, 0).
—+400

. ~ —dit
Therefore, we have lim;_, 4 xg(t) =X = dzl ,
that is, for ¢ > 0 small enough, there exists a 5 > 0
such that

re~dit

re~dit

—8<xg(t)< + &

dp dy
forall t > 19+ 7.

It follows from the third equation of system (1) that
fort >+t

k2 (re;:’lf _ 8)
l+a (re;:']r B 8)

—d5 | YO ),

W) >

and then,

Y@ = )

k> (re;jlf . 8)
l+a (re;j]r B 8)

— 400 (t = 400),

—d3 | (t —19)

X exp

which contradicts Theorem 1. Hence, we have W¥(E)
Nx°= ¢. By Lemma 2, we are now able to conclude
that xjox; plane and xoy plane uniformly repel posi-
tive solutions of system (1) initiating from X 0 that is,
there exists an gy > 0, such that

lim inf y(f) > ey and lim inf x;(¢) > .
t—>—+00 t——+00

Next, we prove that there is an &1 > 0 such that
lim;_, 4o inf x1 () > 1. With the condition

@ Springer

go < lim infxy(r) < lim supxy(t) <M
t——+00 t——+00

and the first equation of system (1), we derive that

X1(1) = —dix1 (1) + rxa(r) — re My (r — 7).

There existsa 7 > O such thatfort > T +

xi (1) = e~ =) [xl (T)

T

t
+/ (rxz (s) —re N7y (s — r)) edl(s_T)ds]
t
> efdl([fT)/ rxo (s) eh6=T gy
T
t
—e’dl(”T)/ re % xy (s — 1) ey
T

t -7
=re~ ! /xz (s)e5ds — re_d"/ X2 (s) e ds
T T

-7

' T
= re_d”/ x (s)e5ds — re_d"/ x2 (5) e ds
— T

T -7

—dyt
> réo (1 — e*dﬂ) _rMe (ele _ edl(T*T)>

T d d
reg (1 —e 4t
Ll
d
S _ reg(1—e~917) . .
etep = ——g—, then lim,_, 4 o inf x1 () > €7.

Hence, system (1) is permanent.

By the locally asymptotical stability of £, and The-
orem 8.2.3 in [16], we derive that the positive equilib-
rium E» of system (1) is globally asymptotically stable
with the condition

—dit dakr
0<re (ko —ads) —drds < o

The proof is completed. O

3 Hopf bifurcation and numerical simulations

In this section, we study the existence of a Hopf bifurca-
tion at the positive equilibrium. Numerical simulations
are carried out to illustrate the main results.

If re=17 (ky — ad3) — dads > 22 holds, from the
proof of Theorem 4, we see thatm+n < 0, n2—m? >0
and A > 0; therefore, Eq. (10) has two positive real
roots, denoted by

1 1
w+:\/5(n2+2p—m2)+5\/Z,

1 1
w_ = \/§(n2+2p —m?) — Ex/Z,
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respectively.
Denote

0 _ 2k + arccos (—2)

+ o ’
2km + arccos (—2

P = ( ”),k=0,1,2...;

w_

then, +iw4 is a pair of purely imaginary roots of (9)
witht =t k=0,1,2....

Define 79 = 9 In the following, we verify
transversality condition of Eq. (9). Differentiating (9)
with respect to t, it follows that

dx
QA+ m +ne ™t — nr)»e*“)d— —nA%e T = 0.
T

By direct calculation, we derive that

(d)\)_1 _ 20+ m +ne T —ntre

dr ni2e=>t
_ 20 +m n 1 T
A4+ mA+p) AT X

2wi +m 1
=Re|—— — — —
) wi(—w? + p +omi)  o?
. @*m? + 20 (0* — p) 1
T ot 2@ — )t @2
(@ =p) @ +p)
o w?m? 4 (0? = p)*T

A=wi
o re (9 -
= signiRe | —
& dt ]
A=wi
= sign{a)2 — p}l.
Therefore,
. dRei . 2
sign = sign{w| — p}
dt A.:w+i
S LS S N
=sign|{=-(n“—m )+—\/Z
2 2
> 0,
dReA . 5
sign = sign{w” — p}
dr A=w_i

1 1
= sign ’§(n2 - mz) — Ex/x]
< 0.

In such cases, we see that at T = r_f_o) a stability switch

from stable to unstable may occur. Since at 7 = 0 the
equilibrium E» is unstable, then it remains unstable for
all T € [0, ‘L'LO)). We also see that at T = rfo) > rJ(ro) a
stability switch from unstable to stable may occur. By
Theorem 4.1 in [17] and above results, we obtain the

following conclusion.

Theorem 5 Suppose that
drk
reidlr(kz —ad3) — dydz > 2
o
holds, then system (1) exists Hopf bifurcation at E,
when T = 1.
Now we give some numerical simulations to illus-
trate the main results.

Example 1 In (1), weletr = 0.2, d; = 0.2, d» =
0.1, k& =02, k =01, oa=07 d; =04,
and t = 1. It is easy to know that

re_dlr(kz —ad3) —dydz <0

holds. By Theorem 3, we see that the equilibrium
E; =~ (0.2968, 1.6375, 0) of system (1) is glob-
ally asymptotically stable. Numerical simulation illus-
trates our result (see Fig. 1). The above fact implies that
the prey species will persist and predator will become
extinct.

Example 2 In (1), we let r = 0.8, d; = 0.1, dp =
08, ki = 0.2, kp = 03, aa = 0.2, d3 =
0.1, and T = 2.6. System (1) with above coef-
ficients has a unique positive equilibrium E, =
(0.6543, 0.357, 1.7736). It is easy to know that

0 <re™ M (ky — ads) — dods < dzﬁ

holds. By Theorem 4, we see that the positive equilib-
rium E; is globally asymptotically stable. Numerical
simulation illustrates our result (see Fig. 2). The above
fact implies that both the prey and predator species will
coexist.

Example 3 In (1), we let r = 0.9, d; = 0.1, dp =
0.01, k& =02, kh =03, o« =0.1,d3 = 0.1,
and then, there exists a 79 ~ 1.218 such that the positive
equilibrium E; of system (1) is unstable if 7 < 7 (see
Fig. 3a) and is locally stable if T > 7¢ (see Fig. 3b),
where 7 satisfies the condition

drk
reidlr(kz —ad3) — dady > ﬁ
o
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Fig. 1 Graph of stability of the equilibrium E| with parameters
and condition in Example 1

Moreover, when 7 passes through the critical value
79, a Hopf bifurcation occurs (see Fig. 3c). Numeri-
cal simulations illustrate these results. The above facts
imply that the positive equilibrium changes its stability
and a periodic solution through Hopf bifurcation occurs
when t passes through 7, that is, a periodic evolution
of the prey and predator populations occurs.

4 Discussion

Population dynamics are an important subject in
mathematical biology. Understanding the dynamics of
predator—prey models will be very helpful for investi-
gating multiple species interactions. It is well known
that the introduction of time delay into the predator—
prey system may cause the periodic oscillations of pop-
ulations and can make the behavior of the model more
complex.
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Fig.2 Graph of stability of the equilibrium E» with parameters
and condition in Example 2

In this paper, we have investigated a predator—prey
model with stage structure and time delay for the prey.
By using comparison argument and persistence theory
on infinite dimensional system, respectively, we have
obtained the sufficient conditions for the global stabil-
ity of the positive equilibrium and the boundary equi-
librium. Further, we have discussed the existence of
Hopf bifurcation of system (1). From Theorem 3, we
obtain the conclusion: The boundary equilibrium £ of
system (1) is globally asymptotically stable under the
condition re_d”(kg — adz) — drds < 0, which leads
that the prey species persists and predator becomes
extinct. According to Theorem 4, we obtain the con-
clusion: The positive equilibrium E; of system (1)
is globally asymptotically stable under the condition
0 < re " (ky — ady) — dady < 222, which leads
both the prey and predator species to coexist. More-
over, these results suggest that the capturing rate of
the predator k; does not affect the permanence and
the extinction of predator species. By the discussion
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of Theorem 5, we can see that under some conditions
the positive equilibrium changes its stability and a peri-
odic solution through Hopf bifurcation occurs when the
delay t passes through a critical value 7. This implies
that the time delay is able to cause a periodic evolu-
tion of the prey and predator populations and alter the
dynamics of system (1) significantly.
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