
Nonlinear Dyn (2016) 83:137–159
DOI 10.1007/s11071-015-2315-7

ORIGINAL PAPER

A study on dynamics of flexible multi-link mechanism
including joints with clearance and lubrication
for ultra-precision presses

Enlai Zheng · Rui Zhu · Sihong Zhu ·
Xinjian Lu

Received: 1 January 2015 / Accepted: 2 August 2015 / Published online: 14 August 2015
© Springer Science+Business Media Dordrecht 2015

Abstract It is essential to establish a dynamic model
of flexible multi-link mechanism with clearance and
lubrication for ultra-precision presses to analyze its
dynamic response. Traditional dynamic models of
mechanical system rarely consider the effect of flexibil-
ity, revolute and spherical clearance joints, and lubrica-
tion together, which causes lower precision analysis. In
order to study the dynamic characteristics of multi-link
mechanism more accurately, a novel dynamic model
of flexible multi-link mechanism with clearance and
lubrication for ultra-precision presses is established in
the present work, which considers the effect of revolute
and spherical clearance joints, lubrication, and flexibil-
ity of crank shaft and linkage. It is demonstrated that
the dynamic responses of flexible multi-link mecha-
nismwith lubricated clearance joint model agree better
with experimental data than those with dry clearance
model and the validity of the proposed model is ver-
ified. The simulation results also show that the exis-
tence of lubrication reduces the dynamic responses of
flexible multi-link mechanismwith revolute and spher-
ical clearance in a significant manner and act as a sus-
pension for multi-link mechanism. The motion of the

E. Zheng (B) · R. Zhu · S. Zhu
Department of Mechanical Engineering, College of
Engineering, Nanjing Agricultural University,
Nanjing 210031, China
e-mail: EnlaiZheng@njau.edu.cn

X. Lu
Xuzhou Metal-Forming Machine Group Co., Ltd,
Xuzhou 221116, China

crank shaft center and ball center of spherical joint
was mainly characterized by two phases: free flight
and impact motion. Furthermore, the influences of the
clearance size and input speed of crank shaft as well as
blanking force on the dynamic responses of the multi-
link mechanism were also investigated.
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Multi-link mechanism

List of symbols

δ Normal penetration at the contact point
e Magnitude of the eccentricity vector

between the bearing and journal centers
c Radial clearance
ex , ey Displacement of the journal inside the

bearing along X and Y directions
FN Normal force between the journal and

bearing
FT Tangential force between the journal and

bearing
uQ
i ,uQ

j Global position vector of point Qi and
Q j for revolute clearance joint

uP
i ,uP

j Global position vector of point Pi and
Pj for spherical clearance joint

Ak Transformation matrix between global
and local position for spherical clearance
joint
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g′P
k Local position vector of point P for

spherical clearance joint
Ri , R j Socket and ball radius
RB, RJ Radius of bearing and journal
n, t Normal and tangential direction to the

impacted surfaces
νN, νT Relative velocity in the normal and tan-

gential direction to the surface of colli-
sion

fN, fT Normal and tangential force vectors at
the contact points

Mi ,M j Moments acting on the mass center of
body i and j

cmax Normal maximum damping coefficient
dmax Maximum normal boundary penetration
n Exponent of the force deformation char-

acteristics
K Normal stiffness coefficient
C(δ) Instantaneous normal damping coeffi-

cient
E1, E2 Elasticity modulus of the solids in con-

tact
μ1, μ2 Possion’s ratio
R1, R2 Radius of the solids in contact
μ Friction coefficient
z Average bristle deflection
σ0 Bristle stiffness
σ1 Microscopic damping
σ2 Viscous friction coefficient
μk Coefficient of kinetic friction
μs Coefficient of static friction
LB Journal–bearing length
ε Eccentricity ratio
γ Angle between the X and Y components

of eccentricity vector
ω Relative angular velocity between the

journal and bearing
Fmax Maximum value of the blanking force
T Period of the crank shaft

1 Introduction

The ultra-precision press with multi-link transmission
mechanism, as “less/non-chip finish” high-effective
machine tool as well as one of the key industrial equip-
ments, can manufacture metal parts closer to their final
shapes and comply better with the requirements of
highly advocated clean and green production. With

the increase in rotational speed, the impact frequency
between revolute joints increases dramatically as a
result of clearance, which reduces the stability of the
transmission mechanism and causes its lower work-
ing accuracy. Therefore, in order to improve the per-
formance of multi-link mechanism, it is essential to
investigate the effect of the clearance and lubrication
on its performance.

The main feature of the multi-link mechanism is
the existence of clearance and lubrication for multi-
ple revolute and spherical joints and complex struc-
ture of mechanism, which transforms the dynamics of
the entire multi-link mechanism into strongly nonlin-
ear one. Furthermore, the effect of the inertia force and
balance mechanism should be also considered. There-
fore, it is difficult to establish the dynamic model of the
multi-linkmechanismwith clearance and lubrication to
study its dynamic performance.

There have been a number of publications on the
dynamics of multi-body system with clearance. The
previous models can be divided into three categories:
rigid model with dry clearance joints, flexible model
with dry clearance joints, and model with lubricated
clearance joints. As far as rigid model with dry clear-
ance joints be concerned, Flores [1] presented a para-
metric study which shows the large effect of the clear-
ance size on the dynamic load and overall system
behavior of a slider–crank mechanism. Using both the
spring-dampingmodel and the collisionmodel,Mukras
[2,3] developed a dynamic model of the slider–crank
mechanism based on the Archard model to study the
effect of the wear on the mechanism. Farahanchi and
Shaw [4] studied the influence of the clearance size,
friction, and speed of crank shaft on dynamic response.
Jia andWang [5] considered the clearance of joints as a
rigid linkage and investigated the dynamic errors of the
slider–crank mechanism for closed high-speed presses
based on the continuous contact model. In order to
stabilize the slider–crank mechanism with a revolute
joint between the slider and the connecting rod and
prevent its chaotic behavior, Olyaei and Ghazavi [6]
proposed a control mechanism using Pyragas method.
Muvengei et al. [7] studied the parametric effects of
differently located frictionless revolute joints on the
dynamic characteristics of a planar slider–crank mech-
anism. The simulation results demonstrate that differ-
ent joints in a multi-body system have different sensi-
tivities to clearance size. Gummer and Sauer [8] have
developed a methodology to calculate a slider–crank
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A study on dynamics of flexible multi-link mechanism 139

mechanismwith a revolute clearance joint based on the
commercialMBS toolRecurDyn, and thevalidity of the
methodology was verified and compared with results
in other papers. Megahed and Haroun [9] established a
model of slider–crank mechanism with multiple clear-
ance joints in Solidworks/CosmosMotion, which has
an embeddedADAMS engine for conducting the simu-
lation. Muvengei et al. [10] studied the behavior of pla-
nar rigid-body mechanical systems due to the dynamic
interaction of multiple revolute clearance joints by
using a slider–crank mechanism and found that clear-
ance joints in a multi-body mechanical system had a
strong dynamic interaction. Erkaya et al. [11–13] stud-
ied dynamic response of mechanism having revolute
joints with clearance, which demonstrates that the joint
clearance leads to chaotic behavior on kinematic and
dynamic outputs of mechanism and the optimal adjust-
ing of suitable design variables gives a certain decrease
in shaking forces and their moments on the mechanism
frame. Machado et al. [14] analyzed the main issues
associated with the most common compliant contact
force models and presented results in terms of the
dynamic simulations of multi-body systems. Varedi et
al. [15] optimized the mass distribution of the links of
a mechanism to reduce the impact forces in the clear-
ance joint and solved the highly nonlinear optimiza-
tion problem for slider–crank mechanism with a revo-
lute clearance joint between the slider and connecting
rod based on PSO algorithm. Askari et al. [16] consid-
ered a quasi-static analysis and a multi-body dynamic
approach to study the effect of friction-induced vibra-
tion and contact mechanics on the maximum contact
pressure and moment of artificial hip implants and
observed that the friction-induced vibration influences
the contact pressure. Varedi et al. [17] also solved the
highly nonlinear optimization problem for a slider–
crankmechanismwith revolute clearance joints byPSO
algorithm and found that the linear and angular acceler-
ations of the links and the contact forces in the optimal
design are very smooth and bounded. Brutti et al. [18]
presented a general computer-aided model of a 3D rev-
olute joint with clearance suitable for implementation
in multi-body dynamic solvers. Koshy et al. [19] pre-
sented a computational and experimental study on the
contact forces developed in revolute clearance joints
and concluded that the selection of the appropriate con-
tact force model with proper dissipative damping plays
a significant role in the dynamic response of mechani-
cal systems involving contact events at low ormoderate

impact velocities. Yan et al. [20] proposed a compre-
hensive model for 3D revolute joints with radial and
axial clearances which is firstly conducted to reveal the
characteristics of the relative motion between the jour-
nal and bearing and characterized the axial movement
of the journal relative to the bearing and misalignment
between the two elements.

For flexible model with dry clearance joints case,
Bauchau and Rodriguez [21] developed the dynamic
equations of flexible multi-body system with clear-
ance based on the nonlinear dynamic theory and
studied the effect of clearance and flexibility on the
dynamic response of slider–crankmechanism.Khemili
and Romdhane [22] established a rigid-flexible cou-
pling model of slider–crank mechanism with clearance
and studied its dynamic response with the connect-
ing rod considered to be a flexible body. Dupac and
Beale [23] discretized the connecting rod into several
rods and studied the dynamic response of the flexi-
ble slider–crank mechanism with clearance and ana-
lyzed its stability using Lyapunov equations. Schwab
et al. [24] analyzed the dynamic behavior character-
istics of a slider–crank mechanism when the coupler
is rigid or flexible. The simulation results show that
the flexibility of the connecting rod has a smoothing
effect on its dynamic responses and acts as a suspen-
sion for the mechanism compared to the rigid one. Gu
et al. [25] studied the dynamic response of the flexible
slider–crank mechanism with clearance and confirmed
the chaotic and periodic motion of the mechanism
using numerical and experimentalmethods. Erkaya and
Uzmay [26,27] also investigated the effects of joint
clearance on the dynamics of flexible mechanism by
computational methodology. The authors [28] have
also studied the effect of the joint clearance on the
dynamics of flexible slider–crank mechanism for press
system. Alves et al. [29] compared the identified con-
tact force models for simple solid impact problems and
found that the prediction of the dynamic behavior of
contacting solids strongly depends on the selection of
the contact force model. Pereira et al. [30] used a tooth
fixed coordinate system in the methodology of describ-
ing the tooth profile and allowing for the contact detec-
tion to evaluate all quantities required by the contact
force model.

Formodel with lubricated clearance joints case, Flo-
res et al. [31–35] proposed dynamic models of rev-
olute clearance joints with lubrication and spherical
clearance joints, respectively. Based on the lubrica-
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tion model, Alshaer et al. [36] established a dynamic
model of the slider–crank mechanism with clearance
and investigated its dynamic response by numerical
method. Compared to the dry friction model, the simu-
lation results show that the lubrication model increases
damping and stiffness.Machado et al. [37] investigated
a comprehensive methodology for dynamic modeling
and analysis of planar multi-body systems with lubri-
cated revolute joints and established three different
hydrodynamic force models. Tian et al. [38,39] pre-
sented a new computational methodology for model-
ing and analysis of flexible planar and spatial multi-
body systems with clearance and lubricated revolute
joints and incorporated several efficient methods in the
proposed model. Tian et al. [40] also proposed a new
methodology for the dynamic analysis of rigid-flexible
multi-body systems with ElastoHydroDynamic (EHD)
lubricated cylindrical joints and found that the bear-
ing flexibility played a significant role in the system
responses, extended the lubricant distribution space,
and reduced the lubricant pressure. Tian et al. [41] stud-
ied the coupling dynamics of a geared multi-body sys-
tem supported by ElastoHydroDynamic (EHD) lubri-
cated cylindrical joints by proposing a comprehen-
sive computational methodology. Liu et al. [42] gave
a survey of the basic friction models, tested and com-
pared five friction models, and provided contributions
to motion control systems with friction, especially for
micro-stick-slip or step motion systems as well as gen-
eral micro-motion systems.

As far as we know, the previous dynamic models
of multi-link mechanism rarely considers the effect of
flexibility, revolute and spherical clearance joints, and
lubrication together, which leads to a low-precision
dynamic analysis. The primary objective of this work
is to analyze the dynamic behavior of multi-link mech-
anism for presses in a more reasonable and accurate
way. In this work, the effect of revolute and spheri-
cal clearance joints, lubrication, and flexibility of crank
shaft and linkage is considered and a complete dynamic
model of flexible multi-link mechanism with clear-
ance and lubrication for ultra-precision presses is estab-
lished.

This paper is organized as follows: The working
principle and configuration of the multi-link mecha-
nism with clearance for presses is described briefly in
Sect. 2. The dry and lubricated revolute joint clearances
and dry spherical joint clearance are modeled in Sect.
3. The flexible dynamic model of multi-link mecha-

Fig. 1 Working principle and configuration of multi-link mech-
anism

nism with clearance and lubrication is established in
Sect. 4. Numerical simulations of the dynamic model
are described and discussed in Sect. 5. The presented
flexible model of multi-link mechanism with clearance
and lubrication for presses is summarized in Sect. 5,
and the conclusions are also presented in this section.

2 Physical description of multi-link mechanism
with clearance

The working principle and configuration of the multi-
link mechanism for presses is shown in Fig. 1. Motion
and energy from the motor are transmitted to the main
slider (10) through a transmission system, which can
manufacture the metal parts closer to their final shapes.
The belt transmits the motion of the motor from the
small pulley to the big pulley, and then, the motion is
transmitted to themain crank shaft (2) from the big pul-
ley. The upper end of the linkage (3) is connected to the
crank shaft, and the lower end is connected to the slider
(4), which converts the rotary motion of the crank shaft
into a straight reciprocating motion. In order to balance
the inertia force, additional weight (12, 12′) is added.
To meet the needs of the production process, the slider
is alternately in motion and motionless so the press
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A study on dynamics of flexible multi-link mechanism 141

Fig. 2 Generic
configuration of revolute
and spherical joint with
clearance: a revolute joint, b
spherical joint

(a) (b)

must have a brake and clutch. Such presses often have
a fly wheel to keep the load-bearing requirements on
the motor uniform and to make the press more energy
efficient.

It is assumed that there exist revolute joints with
clearance between the crank shaft and themain linkage,
and between the main linkage and the main slider. The
load acted on the revolute joint along the axial direc-
tion of the multi-link mechanism for high-speed press
system is smaller than that along the radial direction,
especially under high-speed blanking condition, and its
axial effect of clearance revolute joint can be neglected
in this work. The difference in radius between the bear-
ing and the journal defines the size of radial clearance.
A generic configuration of revolute joint with clearance
in the multi-link mechanism is shown in Fig. 2a. When
the mechanism operates, the dynamic behavior of the
revolute joint with clearance can be expressed as an
oblique eccentric impact between the journal and the
bearing. When contact between the journal and bear-
ing exists, the impact force will develop at the revolute
joint. When the contact is lost, no constrains or impact
forces are caused by the revolute joint. The mechanics
of the impact involves the normal and tangential forces
[43,44]. Therefore, once the impact occurs, a certain
contact law must be applied and the resulting impact
forces are introduced as a generalized force to affect
the motion of the system [45].

When some amount of clearance is included in a
spherical joint, the ball and socket can move relative
to each other. When the multi-link mechanism oper-
ates under high-speed blanking condition, the effect of
spherical joints with clearance should be considered.
Figure 2b illustrates the different possible types of ball
motion inside the socket, namely: contact or follow-
ing mode, free flight mode, and impact mode. In the

contact or following mode, the ball and the socket are
in permanent contact and a rolling or sliding motion
relative to each other exists. This mode ends when the
ball and socket separate from each other, and the ball
centers in free flight mode. In the free flight motion, the
ball moves freely inside the socket boundaries. In the
impact mode, impact forces are applied to the system.
The stiction between ball and socket is not considered
in the present work.

3 Modeling of joints with clearance

3.1 Model of dry revolute joints with clearance

The centers of journal and bearing coincide in the clas-
sical analysis of a revolute joint, which is considered
as ideal or perfect revolute joint. The clearance sep-
arates the two centers. From practical point of view,
the clearance always exists in revolute joints in order
to allow relative motion between the journal and the
bearing. Therefore, compared with an ideal joint, two
extra degrees of freedom are added to the system for a
model with a clearance joint.

It is clear that a revolute joint with clearance does
not impose any kinematic constraints on the system, but
limits the journal orbit inside the bearing’s boundaries.
Three different types of motion between the journal
and bearing can be observed during the dynamics of
the revolute joint clearance: (1) free flight mode, in
which the journal moves freely within the bearing’s
boundaries, that is, the journal and the bearing joint
are not in contact; (2) impact mode, which occurs at
the termination of the free flight mode, being impact
forces applied to and removed from the system; and (3)
permanent contact or followingmode, in which contact
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Fig. 3 Representation of a
revolute joint with
clearance: a normal and
tangential forces, b relation
of two bodies

(a) (b)

is always maintained although the relative penetration
depth between the bearing and journal varies along the
circumference of the journal [46].

If there is no lubricant, the journal can move freely
within the bearing until contact between the two bod-
ies takes place. When the journal impacts the bearing
wall, normal and tangential contact forces are devel-
oped and guide the dynamics of the journal–bearing,
as shown in Fig. 3a. These forces are of a complex
nature, and their corresponding impulse is transmit-
ted throughout the system. The impact which has both
normal and tangential relative velocities is treated as
an eccentric oblique collision between two bodies. The
normal velocity determines whether the contact bodies
are approaching or separating, whereas the tangential
velocity defines whether the bodies are sliding or stick-
ing.

For the actual dynamic configuration of the system,
the relative penetration depth between the journal and
the bearing is given by:

δ = e − c > 0 (1)

This geometric condition relates the location of the cen-
ters of the bearing and journal relative to the radial
clearance in the point. The magnitude of the eccentric-
ity vector is expressed as:

e =
√
e2x + e2y (2)

The journal is considered in free flight motion relative
to the bearing until the geometric inequality criterion of
Eq. (1) is verified and the contact mode is initialized.
When δ = e − c = 0, the bearing and the journal
get into contact with each other. However, a tolerance

is introduced to accommodate for inaccuracies in the
numerical results as a result of the accumulation of
computation round-off errors. The bearing and journal
are considered to be in contact when the penetration
depth is larger than 1.0× 10−10 throughout this paper.

The relation of two bodies for a revolute clearance
joint is shown in Fig. 3b, and the global position of
points Qi and Q j is given by [47]:

uQ
k = uk + gQk + Rkn, (k = i, j) (3)

The vector n is the unit vector normal to the plane
of collision, which is defined by:

n = e√
e2x + e2y

(4)

The vector n is along the direction between the jour-
nal and bearing center, which can be determined by
calculating the position of journal and bearing center.
The velocity of contact points Qi and Q j is obtained
by differentiating Eq. (3) with respect to time.

u̇Q
k = u̇k + ġQk + Rk ṅ, (k = i, j) (5)

The relative contact velocity, necessary to evaluate
the contact force, can be defined as:

δ̇ = (
u̇ j − u̇i

) +
(
ġQj − ġQi

)
+ (

R j − Ri
)
ṅ (6)

The relative contact velocity has to be projected onto
the normal and tangential direction to determine the
components of the normal and tangential velocities.
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The dynamics of a dry journal–bearing is character-
ized by two different situations. Firstly, when the jour-
nal and bearing are not in contact with each other, there
is no contact force associated to the journal–bearing.
Secondly, when the contact between the two bodies
occurs, the contact–impact forces are modeled accord-
ing to a nonlinear Hertz’s force law (normal force)
together with LuGre friction law (tangential force).
These two conditions can be expressed as:

F =
{
0 δ < 0
FN + FT δ ≥ 0

(7)

3.2 Model of lubricated revolute joints with clearance

When the space between the journal and the bearing is
filled with an oil lubricant, a hydrodynamic resistance
force develops in opposition to the journal’s motion.
The hydrodynamic force results from both squeeze-
film andwedge-film actions. In the squeeze-film effect,
the pressure generation is caused by relative radial
velocity of the journal–bearing surfaces. However, the
wedge-film effect corresponds to the relative rotational
velocity.

Dividing the eccentricity e by radial clearance c
yields the eccentricity ratio ε written as:

ε = e

c
(8)

The time rate change in eccentricity ratio ε̇ can be
obtained by differentiating Eq. (8) with respect to time,
that is

ε̇ = ė

c
(9)

The angle γ between the X and Y components of
eccentricity vector e is given by [31]:

γ = arctan

(
ey
ex

)
(10)

The time rate of parameter γ̇ can be obtained by
differentiating Eq. (10) with respect to the time, that is

γ̇ = ex ėy − ėx ey
e2

(11)

Fig. 4 Spherical joint with clearance

In dynamically loaded journal–bearings, evaluation
of the force components obtained from the integration
of theReynolds equation only over the positive pressure
regions, by assuming null the pressure in the remaining
portions, involves finding the zero points. The variable
γ is used to determine the angle forwhich positive pres-
sure begins and the angle for which the pressure is null.

3.3 Model of spherical joints with clearance

The connecting points of two bodies that are connected
by an ideal spherical joint are coincident. The spherical
clearance joint separates the two points, and the bod-
ies can move freely relative to each other. The spheri-
cal clearance joint cannot constrain degree of freedom
like the traditional ideal spherical joint any longer. In
a spherical joint with clearance, the dynamics of the
joint is controlled by contact–impact forces as a result
of the collision between the bodies connected, which
can be considered as force joints.

Two bodies i and j are connected by a spherical
clearance joint shown in Fig. 4. The ball part of body
j is located inside of a spherical part of body i , the
socket. The radius of socket and ball are represented
by Ri and R j , respectively. The difference in radius
between the socket and the ball defines the radial clear-
ance. The mass center of bodies i and j are located
at Oi and Oj . Body-fixed coordinate systems ξηζ are
attached at their mass center, while XY Z represents the
global coordinate system. Point Pi indicates the center
of the socket, being the center of the ball denoted by
Pj . The vector that connects the point Pi to point Pj is
used to define the eccentricity vector e. In practice, the
magnitude of the eccentricity is much smaller than the
radius of the socket and ball.
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The eccentricity vector e shown in Fig. 4, which
connects the centers of the socket and the ball, can be
given by [32]:

e = uP
j − uP

i (12)

The global position vector of point P is expressed
by:

uP
k = uk + gPk = uk + Akg′P

k (k = i, j) (13)

The magnitude of the eccentricity vector can be cal-
culated as:

e =
√
eT e (14)

The magnitude of the eccentricity vector shown in
the global coordinates is written as:

e =
[(

x Pj − x Pi

)2 +
(
yPj − yPi

)2 +
(
zPj −zPi

)2]1/2

(15)

and the rate of change in the eccentricity in the radial
direction, that is, in the direction of the line of centers
of the socket and the ball is

ė =
[(

x Pj −x Pi

) (
ẋ Pj − ẋ Pi

)
+

(
yPj −yPi

) (
ẏ Pj − ẏ Pi

)

+
(
zPj − zPi

) (
ż Pj − ż Pi

)] /
e (16)

in which the dot denotes the derivative with respect to
time.

A unit vector n along the eccentricity direction is
given by:

n = e
e

(17)

As shown in Fig. 5, the socket and the ball bodies
are in contact, which is identified by the existence of
a relative penetration. The contact or control points on
bodies i and j are denoted as Qi and Q j , respectively.
The global position of the contact points in the socket
and ball are given by [35]:

uQ
k = uk + Akg

′Q
k + Rkn (k = i, j) (18)

Fig. 5 Penetration between the socket and the ball

The velocity of the contact points Qi and Q j in the
global coordinate system can be obtained by differen-
tiating Eq. (18) with respect to time, which yields

u̇Q
k = u̇k + Ȧkg

′Q
k + Rk ṅ (k = i, j) (19)

It is assumed that there is no contact between the
ball and the opening area in the socket. The relative
normal velocity determines whether the contact bodies
are approaching or separating, and the relative tangen-
tial velocity determines whether the contact bodies are
sliding or sticking. The relative scalar velocities, nor-
mal and tangential to the surface of collision, can be
obtained by projecting the relative impact velocity onto
the tangential and normal directions.

⎧
⎪⎨
⎪⎩

νN =
[(

u̇Q
j − u̇Q

i

)T
n
]
n

νT =
(
u̇Q
j − u̇Q

i

)T − νN ≡ νTt
(20)

Similarly, when the magnitude of the eccentricity
vector is smaller than the radial clearance, there is no
contact between the socket and the ball and, conse-
quently, they can freely move relative to each other.
When themagnitude of eccentricity is larger than radial
clearance, there is contact between the socket and ball,
being the relative penetration. Then, a constitutive con-
tact law, such as the continuous contact force model
proposed by Lankarani and Nikravesh [43], is applied
to evaluate the contact force developed in the direction
perpendicular to the plane of collision.

As these forces do not act through the mass cen-
ter of the bodies i and j , the moment components for
each body need to be evaluated. Furthermore, the con-
tribution of the contact forces to generalized vector of
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Fig. 6 Contact forces
defined at the contact points
between socket and ball

forces are foundbyprojecting thenormal and tangential
forces onto the X , Y , and Z directions. The equivalent
forces and moments acting on the mass center of body
i shown in Fig. 6 are given by:

fi = fN + fT
Mi = g̃Qi fi (21)

where a tilde (∼) placed over a vector indicates that the
components of the vector are used to generate a skew-
symmetric matrix. The forces and moments acting on
body j are written as:

f j = fN + fT

M j = g̃Qj f j (22)

3.4 Model of normal contact force

The contact method based on the IMPACT function
was used to model the normal contact force under
ADAMS. In this method, the contact force from the
IMPACT function is calculated by the ADAMS func-
tion library. The contact force is typically modeled as
a spring damper element. If this element is linear, the
approach is known as the Kelvin Voigt model [48].
In this work, the relation is nonlinear and the contact
force between the journal and bearing underADAMS is
essentially modeled as elastic-damping contact model.

The normal contact force for a joint is composed of
rigidity and viscous damping. The rigidity is a function
with respect to penetration δ, and the viscous damping
is a function with respect to the speed of penetration δ̇.

The normal contact force can be given by:

FN =
{
K δn + STEP (δ, 0, 0, dmax, cmax)δ̇ δ > 0
0 δ ≤ 0

(23)

where STEP(·) represents a function with respect to δ,
dmax and cmax. A reasonable value for the parameter
dmax is 0.01mm.

The normal contact force can be rewritten as:

FN = K δn + C(δ)δ̇ (δ > 0) (24)

where C(δ) is a cubic step function of the penetration
in ADAMS software package shown in Fig. 7.

The instantaneous damping coefficient can be given
by:

C(δ) = STEP(δ, 0, 0, dmax, cmax)

=
⎧
⎨
⎩
0 δ ≤ 0
cmax(δ/dmax)

2(3−2δ/dmax), 0<δ<dmax

cmax δ ≥ dmax

(25)

The damping coefficient is considered to be about
1% of the stiffness coefficient Kn , and then, the normal
maximum damping coefficient cmax is 0.01.

Based on Hertz model [49], the exponent n of the
force deformation characteristics was set to be 1.5 for
the metallic surfaces of the joint and normal stiffness
coefficient can be expressed as:

K = 4ER1/2/3 (26)
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Fig. 7 Schematic diagram of the step function

where 1/R = 1/R1 + 1/R2, 1/E = (1 − μ2
1)/E1+

(1 − μ2
2)/E2.

3.5 Model of friction force

The purpose of the modified Coulomb’s law is to avoid
discontinuity of friction force at zero relative tangential
velocity and does not represent accurately the physical
processes associated with the friction phenomenon at
the revolute clearance joints. Therefore, it is essential
to model the actual physical friction phenomenon, that
is, the sliding friction, stiction friction, and the stick-
slip transition motion both at microscopic and macro-
scopic levels. In this work, the LuGre friction model
is selected to simulate the stick-slip friction in revolute
joints of multi-link mechanism for high-speed press
system. Since the normal contact force at a revolute
clearance joint can be obtained from the contact force
models as illustrated in Eq. (23), then from the classical
definition of friction based on the LuGre friction law
[50], we have:

FT = μFN (27)

The instantaneous coefficient of friction (μ) to be
used in Eq. (27) can be represented as:

μ = σ0z + σ1 ż + σ2υT (28)

The differential equation for the average bristle
deflection can be given by:

ż = dz

dt
= υT − σ0 |υT|

μk + (μs − μk)e
−

∣∣∣ υT
υS

∣∣∣γ
z (29)

Substituting Eq. (29) into Eq. (28) yields:

μ=σ0z

[
1− σ0 |υT|

μk+(μs−μk) e−|υT/υS|γ

]
+(σ1+σ2) υT

(30)

Writing Eq. (28) and Eq. (29) in non-dimensional
forms as illustrated [51], we have

μ̄ = (
1 − β̄σ̄1

)
z̄ + (σ̄1 + σ̄2) ῡT (31)

where

μ̄ = μ

μk
, ῡT = υT

υS
, ¯̇z = ż

υS
, z̄ = σ0z

μk
,

g (ῡT) = 1 +
(

μS

μk
− 1

)
e|ῡT|γ , β̄ = ῡT

g (ῡT)
,

σ̄1 = σ1υS

μk
, σ̄2 = σ2υS

μk

Therefore, the friction force in Eq. (27) becomes:

FT = μ̄μkFN (32)

The LuGre friction model is characterized by three
dynamic parameters; z, σ0, and σ1; and five static para-
meters; μk, μs, υS, γ , and σ2.The selection of these
parameters is of great importance, which has influences
on the results. The static parameters are first estimated
by performing open-loop experiments. These parame-
ters are then used to estimate the dynamic parameters
using nonlinear numerical methods in dynamic experi-
ments [52]. Swevers et al. [51] and Kermani et al. [53]
presented experimental methodologies that can be used
to identify the parameters of LuGre friction model for
the joint of an industrial robot. The first stepwhen iden-
tifying the friction parameters of a manipulator’s joint
is to obtain an experimental plot between the friction
force and the velocity at the joint [53]. Then, based on
the derived analytical LuGre model, the plot is used to
estimate the friction parameters dynamically; however,
it is not feasible to obtain such a friction–velocity plot
by running the joint at different constant velocities and
measuring the friction force [54].

In this work, the choice of z and σ2 was based on
the following assumptions:
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Table 1 Material property of flexible components

Flexible
components

Modulus of
elasticity (Pa)

Poisson’s ratio Density
(kg/m3)

Crank shaft 2.1 × 1011 0.3 7850

Linkage 1.69 × 1011 0.286 7200

(a) since simulations at steady-state condition are
required, then the average bristle deflection (z)was
assumed to be constant for a particular value of rel-
ative tangential velocity of the journal and bearing.
Hence, at steady state [54], we have

ż = dz

dt
= υT − σ0 |υT|

μk + (μs−μk)e−|υT/υS|γ z = 0

z = υT

|υT| × μk + (μs − μk)e−|υT/υS|γ

σ0
(33)

(b) since the work here was concerned with dry fric-
tion at the joints, then the viscous friction coef-
ficient (σ2) which models the lubricant’s viscous
properties was assumed to be zero.

The values of σ0, σ1, υS, and γ were chosen based
on observations by other researchers as follows:

(1) A lot of friction models are sufficiently described
using γ = 2 [54].

(2) σ0 = 100,000N/m [55].
(3) σ1 = 400Ns/m [53].
(4) The characteristic Stribeck velocity υS is usually

chosen to be small compared to the maximum rel-
ative velocity encountered during the simulation.
In every simulation, υS was chosen to be 1% of
the maximum tangential velocity achieved.

4 Flexible model of multi-link mechanism
with clearance and lubrication

Although the crank shaft is relatively more solid than
others, the flexibility of crank shaft must be consid-
ered as a result of the inertia force and load under high-
speed blanking condition.When the press system oper-
ates under blanking condition, the impact load from
the upper and lower mold will cause the current links
under large deformation. Therefore, the crank shaft and
the linkage should be considered as flexible bodies.
The crank shaft and linkage were established under
the finite element software ANSYS, which enabled us
to obtain the eigenfrequencies and eigenmodes of the
crank shaft and linkage. The material properties of the
crank shaft and linkage are listed in Table 1, and the first
twenty modes with corresponding natural frequencies
were chosen for the simulation of dynamic behavior of
themulti-linkmechanismwith clearance. The five typi-
cal natural frequencies of the crank shaft were 538.192,
2221.68, 2334.63, 5080.91, and 7633.93Hz, and the
corresponding five natural frequencies of linkage were
5657.49, 8024.39, 8258.71, 10,250.3, and 12,973.3Hz,
as shown in Figs. 8 and 9. The flexible crank shaft and
linkage were then exported to the ADAMS to connect
with other rigid components of the mechanism, which
were used to obtainmore accurate response in the simu-
lation tests. The flexible model of the multi-link mech-
anism with lubricated revolute clearance joint and dry
spherical joints for ultra-precision press system under
ADAMS is shown in Fig. 10. In this model, the revo-
lute joint between the crank shaft (2) and the linkage
(3), and spherical joints between the linkage (9) and
the slider (10) were modeled as clearance joints.

Fig. 8 Five typical
eigenmodes of flexible
crank shaft: a undeformed
flexible element of crank
shaft, b second mode, c fifth
mode, d sixth mode, e tenth
mode, f sixteenth mode
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Fig. 9 Five typical eigenmodes of flexible linkage: a unde-
formed flexible element of crank shaft, b second mode, c fifth
mode, d sixth mode, e tenth mode, f sixteenth mode

It is assumed that the pressure gradient around the
circumference is small compared to those along the
length and the pressure distribution is integrated only
over the positive region by setting the pressure in the
remaining portion equal to zero. These are known as the
Gumbel’s boundary conditions. The component forces
along eccentricity direction and its perpendicular direc-
tion are, for ε̇ > 0, given by [37],

Fr = −μLBR3
J

c2
6ε̇

(2 + ε2)(1 − ε2)3/2

×
[
4kε2 + (2 + ε2)π

k + 3

k + 3/2

]
(34a)

Ft = μLBR3
J

c2
6πε (ω − 2γ̇ )(

2 + ε2
) (
1 − ε2

)1/2
k + 3

k + 3/2
(34b)

And for ε̇ < 0

Fr = −μLBR3
J

c2
6ε̇

(2 + ε2)(1 − ε2)3/2

×
[
4kε2 − (2 + ε2)π

k

k + 3/2

]
(35a)

Fig. 10 Flexible model of multi-link mechanism with clearance
and lubrication

Ft = μLBR3
J

c2
6πε (ω − 2γ̇ )(

2 + ε2
) (
1 − ε2

)1/2
k

k + 3/2
(35b)

where

k2 = (1 − ε2)

[(
ω − 2γ̇

2ε̇

)2

+ 1

ε2

]

The contact module by default in the ADAMS is used
to simulate the dry revolute and spherical joints with
clearance. The radial clearance size of the revolute and
spherical joints was considered to be 0.1mm for the
present work, which was supplied by the manufacturer.
A damping ratio of 2% was used in this model, and it
was also possible to modify these parameters. In order
to simulate the effect of lubrication, the radial and tan-
gential force between the lubricated journal andbearing
under ADAMS can be user-defined as function.

5 Results and discussion

It is shown in Fig. 8 that themulti-linkmechanism used
in the simulation conformed to the characteristics pre-
sented in Table 2. To solve the differential equations of
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Table 2 Simulation characteristics

Radius of the solids in contact R 0.07m Length of main crank shaft (2) 0.03m

Modulus of elasticity E 2.1 × 1011 Pa Length of main linkage (3) 0.383m

Static friction coefficient μs 0.01 Mass of linkage (8) 155.3kg

Dynamic friction coefficient μk 0.01 Length of additional linkage (11) 0.275m

Clearance 0.1mm Length of linkage (8) 0.55m

Normal maximum damping coefficient cmax 0.01 Length of linkage (7) 0.164m

Normal maximum penetration dmax 0.01 Length of linkage (6) 0.24m

Bristle stiffness σ0 100,000N/m Length of linkage (5) 0.23m

Microscopic damping σ1 400Ns/m Mass of main crank shaft (2) 217.6kg

Viscous friction coefficient σ2 0 Mass of main linkage (3) 184.5kg

The stiffness coefficients Kn 2.5545 × 1010 N/m Mass of main slider (10) 1347kg

The maximum damping coefficients 2.5545 × 108 Ns/m Mass of linkage (7) 15.5kg

Mass of linkage (6) 24.13kg Mass of additional linkage (11) 22.58kg

Mass of linkage (5) 22.72kg Mass of counterweight (12) 1847.2kg

motion, we used the software ADAMS, which allows
computation using several integrators. ADAMS/Solver
uses multi-step integration methods that contain a pre-
dictor and a corrector. Four stiff integrators and one
non-stiff integrator are currently available. The four
stiff integrators are composed of CONSTANT_BDF,
RKF45, GSTIFF, and WSTIFF.

We choose the gear stiff integrator (GSTIFF) used
by default, which gave the best results. The method
used a backward differentiation formula (BDF) to inte-
grate differential and algebraic standard index-three
equations. It provides good solutions for simulations
of stiff models (models with a mix of high and low fre-
quencies). During the simulation, the integration tol-
erance was set to be 0.001 and the step size was set
to be 0.001s. The maximum number of iterations for
the Newton–Raphson iterations to get converged solu-
tion of the nonlinear equations was 10. We choose the
integrator formulation (SI1) for the selected integration
method (GSTIFF), which takes into account the con-
straint derivativeswhen solving the equations ofmotion
and monitors the integration error on the impulse of
the Lagrange multipliers in the system. The Jacobian
matrix remains stable at small step sizes, which in turn
increases the stability and robustness of the corrector
at small step sizes.

Kinematic analysis on each revolute clearance joint
is performed simultaneously to determine the inden-
tation depth, eccentricity ratio, as well as the normal
and tangential components of relative velocity. In the

dry clearance joint case, if the indentation depth on
a joint is greater or equal to zero, the normal contact
force in Eq. (23) and the LuGre friction law given in Eq.
(27) are computed, respectively. Otherwise, the normal
contact and frictional forces are zero. In the lubricated
clearance joint case, if the eccentricity ratio is greater
than zero, the hydrodynamic force components along
the direction of the eccentricity and of its normal in
Eqs. (34a) and (34b) are computed. For negative eccen-
tricity ratio, the normal hydrodynamic and frictional
forces given in Eqs. (35a) and (35b) are calculated. The
presentmethodology can deal with contact scenarios of
arbitrary shape surfaces and does not need to know the
accurate contact position before contacting. The con-
tactmay be a surface in virtue of the contacting surfaces
as a result of link flexibility in the ADAMS software.

The object of the simulation tests was to study the
effect of joint clearance, lubrication, and flexibility on
the performance of multi-link mechanism under no-
load and blanking conditions. The blanking working
condition is generally used in the process of factory
inspection and test after the products of press are man-
ufactured. The impact load under blanking condition
can be described as triangular shape of pulse load [56]
shown in Fig. 11. The impact load can be given by:

F(t) =

⎧
⎪⎪⎨
⎪⎪⎩

0 0 ≤ t < T0
Fmax
2τ t T0 ≤ t < T0 + 2τ
Fmax

τ
(3τ − t) T0 + 2τ ≤ t < T0 + 3τ

0 T0 + 3τ ≤ t < T0 + T

(36)
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Fig. 11 Impact load under blanking condition

Fig. 12 Physical figure of test platform

It is assumed that the revolute joint clearance
between the crank shaft (2) and the linkage (3), and
spherical joints clearances between the linkage (9) and
the slider (10) are considered in thiswork. The essential
parameters for the simulation are presented in Table 2.
In order to verify the validity of the proposedmodel, the
test platform of multi-link mechanism for high-speed
press system is set up. The physical figure of test plat-
form and the principle diagram of the test are shown in
Figs. 12 and 13. The test platform includes the L-type
conductor, holder, eddy current sensor, and Selber GX
accuracy tester. The L-type conductor is fixed on the
slider, and the eddy current sensor is installed on the
press table. When the press operates, the displacement
signals of slider is obtained by eddy current sensor and
collected by the SelberGX accuracy tester through data
lines. The corresponding velocity and acceleration of
slider can be also obtained by differentiating the dis-
placement. In this simulation, the rotation speed of the

Fig. 13 Principle diagram of the test

crank shaft was 240 rpm and the clearance size was
0.01mm. When the maximum blanking force Fmax is
10KN and the simulation characteristics were applied
toflexiblemodel ofmulti-linkmechanismwith/without
lubricated clearance joint under no-load and blank-
ing conditions, the displacement, velocity, acceleration,
and journal center path of multi-link mechanism for
ultra-precision press are shown in Figs. 14, 15, 16, 17,
and 18.

Figure 14 shows that the low dead point position of
slider for flexible multi-link mechanism with/without
lubricated clearance joint under no-load condition is
at the location of 0.466 and 0.4688m, respectively,
and that for flexible multi-link mechanism with lubri-
cated clearance joint under 10KN, blanking condi-
tion is at the location of 0.467m, while the traditional
ideal low dead point position of multi-link mecha-
nism is 0.47m and the measured low dead point posi-
tion of slider for flexible model of multi-link mech-
anism is 0.466m. Compared to the ideal rigid case,
the low dead point position of slider for flexible model
ofmulti-linkmechanismwith/without lubricated clear-
ance joint clearances under no-load or blanking condi-
tions drops dramatically. Figure 15 shows that oscil-
lation exists during the velocity response occasion-
ally and the frequency of oscillation for flexible model
without lubrication is larger than that with lubrica-
tion. It is also shown that the frequency of oscilla-
tion for flexible model of multi-link mechanism with
lubricated clearance joint under blanking condition is
larger than that under no-load condition. Figure 16
shows that fierce oscillation exists during the accelera-
tion response and the maximum peak value of slider’s
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Fig. 14 Displacement of slider: a no-load, b blanking
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Fig. 15 Velocity of slider: a no-load, b blanking
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Fig. 16 Acceleration of slider: a no-load, b blanking

123



152 E. Zheng et al.

Fig. 17 Journal center path
of revolute joint: a no-load,
b blanking
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Fig. 18 Ball center path of spherical joint: a no-load, b blanking

acceleration for flexible model of multi-link mecha-
nism with/without lubricated clearance joint under no-
load condition is 29.4 and 57.44m/s2, respectively, and
that for flexible model of multi-link mechanism with
lubricated clearance joint under 10KN blanking condi-
tion is 40.4m/s2,which demonstrates that the flexibility
of crank shaft and linkages, and lubrication as well as
blanking force act as a suspension for multi-link mech-
anism and absorbs part of the kinetic energy and the
metal-to-metal contact to produce smoother responses.
The maximum peak value of slider’s measured accel-
eration for multi-link mechanism under no-load condi-
tion is 17.8m/s2. Therefore, the computational results
of flexible multi-link mechanism with lubricated clear-
ance joint model agree better with experimental data
than those with dry clearancemodel, and the validity of
the proposedmodel is verified. Figures 17 and 18 show
that only two modes: free motion and impact with pen-
etration, can be identified from the journal center path
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Fig. 19 Displacement of slider under different clearance sizes

of revolute joint and ball center path of spherical joint
and permanent contact mode can be neglected, which
may result from the effect of spherical joint clearances
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Fig. 20 Velocity of slider under different clearance sizes

and flexibility of crank shaft and linkages as well as
lubrication and cause strong nonlinearity of the mech-
anism.

5.1 Influence of the clearance size

The influence of the clearance size on the dynamic
behavior of flexible multi-link mechanism with clear-
ance and lubrication under no-load condition is inves-
tigated. In the simulation, the revolute joint between
the crank shaft (2) and the linkage (3), and spherical
joints between the linkage (9) and the slider (10) were
modeled as clearance joints, and the effect of lubrica-
tion between the revolute joint is also considered. The
slider displacement, velocity, and acceleration of the
mechanism with different clearance sizes are shown in
Figs. 19, 20, and 21.

It can be seen in Fig. 19 that the existence of the
clearance for revolute and spherical joint and flexible
parts as well as lubrication affects the slider’s displace-
ment in a significant manner, and the slider displace-
ment of the flexible multi-link mechanism with clear-
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Fig. 21 Acceleration of slider under different clearance sizes: a 0.05mm, b 0.1mm, c 0.15mm, d 0.2mm
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ance 0.05mm was generally consistent with that of
clearance 0.15mm.With the increase in clearance size,
themaximumdeviation value of the displacement at the
low dead point firstly rose and then dropped gradually
relative to the rigid ideal case. Figure 20 shows that the
oscillation frequency of the velocity becomes larger
and when the clearance size increased from 0.05 to
0.2mm, and in sharp contrast, the corresponding max-
imum peak value of the velocity decreases and then
increases. The slider acceleration was affected by the
clearance size dramatically, and the maximum peak
value of slider’s acceleration increased from 70.2 to
105m/s2, as shown in Fig. 21. Unlike reports in other
studies [57,58], the increase in the clearance size did
not increase the level of accelerations strongly. The rea-
son for this phenomenon may be that the elastic crank
shaft and linkage, and lubrication acted as a suspen-
sion for themulti-linkmechanism. Therefore, too small
or large clearance size will damage the performance
of multi-link mechanism, and the approximate clear-
ance size for multi-link mechanism of ultra-precision
presses is considered to be 0.1mm.

5.2 Influence of the rotation speed of crank shaft

The influence of the input speed of crank shaft on the
dynamic behavior of the flexible multi-link mechanism
with lubricated clearance joint under no-load condition
is reported in this section. Again, in the simulation of
the multi-link mechanism, the revolute joint between
the crank shaft (2) and the linkage (3), and spherical
joints between the linkage (9) and the slider (10) were
modeled as a clearance joint and the radial clearance
size of the revolute and spherical joints was considered
to be 0.1mm, and the effect of lubrication between the
revolute joint is also considered. The slider’s displace-
ment, velocity, and acceleration of the flexible multi-
link mechanism with lubricated clearance joint under
different crank shaft speeds are shown in Figs. 22, 23,
and 24.

Figure 22 shows that the influence of the crank shaft
speed on the slider displacement is significant, and the
low dead point position of slider for flexible multi-
link mechanism with revolute and spherical joint clear-
ances drops dramatically, compared to the ideal rigid
case. With the increase in the crank shaft speed, the
slider position and the maximum deviation value of
the displacement rose at the low dead point generally.
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Fig. 22 Displacement of slider under different crank shaft
speeds
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Fig. 23 Velocity of slider under different crank shaft speeds

Figure 23 shows that the oscillation frequency of the
velocity becomes larger andwhen the crank shaft speed
increased from 200 to 500 rpm and slider’s velocity at
the low dead point position increased from 0.438 to
0.904m/s. The effect of the crank shaft speed is evident
on the system’s acceleration response, namely in high
peaks on slider acceleration, as shown in Fig. 24. The
slider’s acceleration is affected by the crank shaft speed
strongly, and the maximum peak value of slider accel-
eration increased from 34 to 445m/s2. Therefore, with
the increase in input speed of crank shaft, the dynamic
responses of multi-link mechanism increase tremen-
dously.

5.3 Influence of blanking force

The influence of blanking force on the dynamic behav-
ior of flexible multi-link mechanism with clearance
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Fig. 24 Acceleration of slider under different crank shaft speeds: a 200 rpm, b 300 rpm, c 400 rpm, d 500 rpm
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Fig. 25 Displacement of slider under different blanking forces

and lubrication is investigated. In the simulation, the
revolute joint between the crank shaft (2) and the
linkage (3), and spherical joints between the link-
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Fig. 26 Velocity of slider under different blanking forces

age (9) and the slider (10) were modeled as clear-
ance joints, and the effect of lubrication between
the revolute joint is also considered. The slider dis-
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Fig. 27 Acceleration of slider under different blanking forces: a 10KN, b 20KN, c 30KN, d 40KN

placement, velocity, and acceleration of the multi-link
mechanism for different blanking forces are shown
in Figs. 25, 26, and 27, where the radial clearance
size of the revolute and spherical joints was consid-
ered to be 0.1mm and input crank shaft speed was
240 rpm.

It can be seen in Fig. 25 that the existence of the
blanking force applied to the flexible multi-link mech-
anism with lubricated clearance joint does not affect
the slider’s displacement in a significant manner, and
the slider displacement of the flexible multi-link mech-
anism under blanking force 10KN was generally con-
sistent with that under 20, 30, and 40KN. With the
increase in blanking force, the maximum deviation
value of the displacement at the low dead point firstly
rose and then dropped gradually. Figure 26 shows that
the oscillation frequency of the velocity becomes larger
and when the blanking force increased from 10 to

40KN, the corresponding maximum peak value of the
velocity also increased and then decreased in a similar
way. The slider acceleration was affected by the clear-
ance size dramatically, and the maximum peak value of
slider’s acceleration increased from 23.5 to 69.1m/s2,
as shown in Fig. 27.

6 Conclusion

In this work, an improved dynamic model of flexi-
ble multi-link mechanism with clearance and lubrica-
tion was established using ADAMS software, where
the crank shaft and linkage were considered as flexi-
ble bodies, and where the effect of the revolute clear-
ance joint between the crank shaft and the linkage,
and the spherical clearance joints between the link-
age and the slider as well as the lubrication were con-
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sidered. The dynamic responses of flexible multi-link
mechanism were explored both under the case with
lubricated clearance joint and dry clearance joint. It
is demonstrated that the dynamic responses of flex-
ible multi-link mechanism with lubricated clearance
joint model agree more with experimental data than
those with dry clearance model, and the validity of
the proposed model is verified. The simulation results
also showed that the dynamic responses of flexible
multi-link mechanism and its oscillation frequency
were reduced greatly by the lubrication when com-
pared to the case with dry clearance joint and the exis-
tence of lubrication act as a suspension of multi-link
mechanism. The dynamic responses of flexible multi-
link mechanism with lubricated clearance joint under
blanking condition fail to become larger than those
under no-load condition. The motion of the crank shaft
center and ball center of spherical joints was mainly
characterized by only two phases: a free flight motion
and an impact motion. The permanent contact mode
can be neglected, which may result from the effect of
spherical joint clearances and flexibility of crank shaft
and linkages as well as lubrication and strong nonlin-
earity of the mechanism. Furthermore, the influence
of clearance size and input speed of crank shaft as
well as blanking force on the dynamic responses of
the multi-link mechanism was also investigated. With
the increase in clearance size, the dynamic responses
of flexible multi-link mechanism with lubricated clear-
ance joint decrease firstly and then increase dramat-
ically. The selection of approximate clearance size
plays an important role in improving the performance
of multi-link mechanism. With the increase in input
crank shaft speed and blanking force, the dynamic
responses of multi-link mechanism increase tremen-
dously.
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12. Erkaya, S., Doğan, S.: A comparative analysis of joint clear-
ance effects on articulated and partly compliant mecha-
nisms. Nonlinear Dyn. 81, 323–341 (2015)

13. Erkaya, S., Doğan, S., Ulus, Ş.: Effects of joint clearance on
the dynamics of a partly compliant mechanism: numerical
and experimental studies.Mech.Mach. Theory 88, 125–140
(2015)

14. Machado,M.,Moreira, P., Flores, P., Lankarani,H.M.:Com-
pliant contact force models in multibody dynamics: evolu-
tion of the Hertz contact theory. Mech Mach Theory 53,
99–121 (2012)

15. Varedi, S.M., Daniali, H.M., Dardel, M., Fathi, A.: Optimal
dynamic design of a planar slider–crank mechanism with a
joint clearance. Mech. Mach. Theory 86, 191–200 (2015)

16. Askari, E., Flores, P., Dabirrahmani, D., Appleyard, R.:
Study of the friction-induced vibration and contact mechan-
ics of artificial hip joints. Tribol. Int. 70, 1–10 (2014)

17. Varedi, S.M., Daniali, H.M., Dardel, M.: Dynamic synthesis
of a planar slider–crank mechanism with clearances. Non-
linear Dyn. 79, 1587–1600 (2015)

18. Brutti, C., Coglitore, G., Valentini, P.P.: Modeling 3D rev-
olute joint with clearance and contact stiffness. Nonlinear
Dyn. 66, 531–548 (2011)

19. Koshy, C.S., Flores, P., Lankarani, H.M.: Study of the
effect of contact force model on the dynamic response of
mechanical systems with dry clearance joints: computa-

123



158 E. Zheng et al.

tional and experimental approaches. Nonlinear Dyn. 73,
325–338 (2013)

20. Yan, S.Z., Xiang, W.W.K., Zhang, L.: A comprehensive
model for 3D revolute joints with clearances in mechani-
cal systems. Nonlinear Dyn. 80, 309–328 (2015)

21. Bauchau, O.A., Rodriguez, J.:Modeling of joints with clear-
ance in flexible multibody systems. Int. J. Solids Struct. 39,
41–63 (2002)

22. Khemili, I., Romdhane, L.: Dynamic analysis of a flexible
slider–crank mechanism with clearance. Eur. J. Mech. A
Solids 27(5), 882–898 (2008)

23. Dupac,M., Beale, D.G.: Dynamic analysis of a flexible link-
age mechanism with cracks and clearance. Mech. Mach.
Theory 45(12), 1909–1923 (2010)

24. Schwab, A.L., Meijaard, J.P., Meijers, P.: A comparison of
revolute clearance models in the dynamic analysis of rigid
and elastic mechanical systems. Mech. Mach. Theory 37,
895–913 (2002)

25. Gu, P.Y., Dubowsky, S., Mavroidis, C.: The design implica-
tions of chaotic and near-chaotic vibrations in machines. In:
Proceedings of ASME Design Engineering Technical Con-
ference, pp. 1–11, Atlanta, GA (1998)
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